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I'maBa 1

IloBepxHOCT 1 MOBEPXHOCTHHIE
MHTETPAJIbI

1.1 IloBepxHocTu

B nanHoil riiaBe Mbl 3aBepIuM, HadaToOe B KOHIIE IIPOILIOIO CeMecTpa u3y-
YeHre KPaTHBIX W IOBEPXHOCTHBIX MHTErpasioB. Mbl HauHeM C ITOBTOPEHUS
MOHSATHI (KyCOYHO-) TUIaJIKON MOBEPXHOCTH M MHTEIPAJIOB 110 TAKUM MOBEPX-
HOCTSIM.

1.1.1 OmnpeneneHue IMOBEepXHOCTE M CIOCOOBI UX 3aTaHUS

uaTyntusno, nenpepvierai noseprHocms IBIAeTCd MHOXKECTBOM I' B Tpex-
MEPHOM €BKJIIJOBOM IIpocTpaHcTBe K3, KayKknas TOYKa KOTOPOTO HMEET
okpecTHOCTL V' B I, ABJISIONIYIOCST 20Me0MOPPHHBILM (T.€. B3AUMHO OJHO3HA-
HBIM U B3aMMHO HENPEpPhIBHBIM) 06pa3oM Kpyra K eIuHIIHOrO pajmyca Ha
€BKJINJIOBOI IJIOCKOCTU.

Ecmu monosnuTenbuo norpedboBaTh JudHepeHImpyeMoCTH COOTBETCTRY-
IOIIEro OTOOPaKeHUsi 1 0OPATHOIO K HEMY, TO MbI IIOJIYIUM 2440KY10 NOBEPT-
nocmy. Texamdaeckast TpodJIeMa, JIjId YeTKOM (pOPMYyJIMPOBKI TAKOT'O OIpe/ie-
JIEHUsI COCTOMT B TOM, YTO HYKHO HCKJIOUNTH U3 ONpPeEJIe/IeHUs] MTPOU3BO.I,
CBSI3AHHBII ¢ BHIOOPOM KOHKPETHOI'O OTOOparKeHusi JIjIsd KayKJI0i OKPeCTHO-
cru (mapa, cocTosimast u3 OKpecTHOCTH U M COOTBETCTBYIOIIETO €l roMeo-
MopdHoro orobpazkenus: h : K +— U, HasbiBaeTcsa kapmoti), U COIJIACOBATH
OTOOpaYKeHMs JI/IsT PA3HBIX OKPECTHOCTEH. DTOr0 MOXKHO JIOOUTHCS U JIaKe
OIIPeIeIUTh ITOBEPXHOCTH a0CTPAKTHO 0e3 cojeprKalllero ee eBKJIMI0Ba I1POo-
cTpaHcTBa. Ha 9TOM Iy TH 1MOJIy9aloTcst ONpeeeHust HenpepuieHo2o N 2aa0-
K020 MH02000pa3ull TPOU3BOJILHBIX pasmeprocteil [10]. Ho sToT nyTh Texnu-
YeCKU CJIUIIKOM CJIOZKEH JIJIsi HaC U MBI 110 HeMY He TI0ii/IeM, OTPaHuInBIINCh
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8 HOBerHOCTI/I U INIOBEPXHOCTHDBIC UHTEI'DaJIbl

paccMOTpeHUeM ITOBEPXHOCTE, 3a/1aBACMbIX OJTHON KapTOil NJIN ABHO COCTaB-
JIEHHBIX 13 HEDOJIBIIOr0 UX INC/IA.

B kypce aHaIuTHYECKO I'€OMETPHU MblI YK€ BCTPevYa/lCh C ITOBEPXHO-
CTSIMH BTOPOT'O IMOPSIJIKA: SJIMICOMIOM, TUIIEPOOIONIOM, SJLINITUICCKIM 1
runepooInIecKuM 1apadboOIoNIaMu, IIUINHIPOM, KOTOPBIE SIBJIAIOTCS TJIa/l-
KUMHI [TOBEPXHOCTAMU. DTU MOBEPXHOCTH OBLIN 3a/laHbl HEIBHO YPaBHEHHIEM

F(z,y,2) =0,

rjae F' — MHOro4seH BTOPOro Hopsjika. 3aMeTHM, YTO JJjIsi MHOTOYJIEHOB F

IPOM3BOJIHLHOI'O TTOPSIIKA TaKNe TOBEPXHOCTH HA3BIBAIOTCH (A2€0PAUYECKUMU.
Ho yxe nys konyca

22 =2 4y (1.1)

touka (0,0,0) He 0b1a18€T OKPECTHOCTHIO B KOHYCE, TOMEOMOPQHOT OTKPBI-
TOMY KpyTy (IOCKOJIbKY I'PAHUIIA 9TOH OKPECTHOCTH COCTOUT U3 HE MEHEe JeM
JIBYX CBSI3HBIX KOMIIOHEHT, a I'DAHUIa OTKPBITOrO Kpyra cpssna). [loBepx-
HOCTBH KyOa sBJIseTcs TJIaJIKOi Be3se, Kpome ero pedep. Toukm, B KOTOPBIX
HapyIaeTcss TpeboBaHe HAJMIHsT OKPECTHOCTU, FOMeOMOP(MHOI eMHUIHO-
MY KPYTY, Ha3bIBAIOTCST 0COObILMU OAA HENPEPHIEBHBIT NOGEPTHOCTEN, 8 TOUKH,
B KOTOPBIX HapyIaeTcs TpedoBaHue TJIaIKOCTH ITOBEPXHOCTH — 0COObLMU 0N
enadkux noseprrocmet. Ecin pacemorpers mosioBuny koryca (1.1), Bbije-
JIEHHYIO ycjioBueM z 2= (0, TO MBI MOJyIUM HEIPEPLIBHYIO MOBEPXHOCTH, HO
raajikoit oHa Gyaer Besje, 3a uckiodennem Toukn (0,0, 0).

Takum oOpa3oM, HEBO3MOXKHO JaTh €JMHOe OIIpejle/ieHne ITOBePXHOCTEIl,
MIPUTOJIHOE JIJIST BCEX BCTPEYAIONINXCA B MaTeMaTUKe CUTYalllil, 1 Ipu pac-
CMOTPEHUN KOHKPETHBIX CJIy4YaeB IOBEPXHOCTEH PUXOIUTCSI MUPUTLCS C Ha-
JITIUEM OCOOBIX TOYEK.

[IpocTeitmuM, HO Ba>KHBIM IIPUMEPOM IOBEPXHOCTH, 38 IaHHOI OHOIT Kap-
TOI, sIBJISIETCS ITOBEPXHOCTD [, siBjIstonasicss rpaukoM OyHKIIIHT

Z:f(xhy)? (I,y) 677 (12)

rie V' — obsacTh (T.e. OTKpBITOE CBsI3HOE MHOXKecTBO) B R?. a dyHKius
f(x, ) mMeeT HempepBIBHbIE YaCThle IPOU3BOAHbIE B V 1 HempephisHa B V. B
stom ciydae h(x,y) := (x,y, f(z,y)) u [ := U := h(V). Bzanmnooao3Ha-
HOCTBH COOTBETCTBHsI MKy Toukamu (x,y) € V u roukamu nosepxaoctu [
TO3BOJIsIET PACCMATPUBATD (1, Y) Kak KoopauHaTsl Ha [

[Ipu TakoM 3aJaHUU HOBEPXHOCTH KOOPAMHATHLI X, Y U KOOPAMHATA Z HE
pasHonpasibl. OHE CTaHYT PABHOIPABHLIMU, €CJIU YIACTCS BBECTU HOBLIE
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KOOPMHATHI (U, V) U 3aJIaTh IIapaMeTPU3AIUI0 TOYeK HoBepxHoctu I' B Bujie:
= ¢(u,v), y =Y(u,v), z=x(u,v), (u,v) €V C R?

riae dyuknnn (u,v), ¥(u,v), x(u, v) IMEIOT HEIPEPLIBHbIE YACTHBIE ITPO-

n3BojiHble B oOJiacT V' u HenpepbiBHbI B V. MHade a1y dopmysry MOKHO
3allCcaTh B BHJIE

r(u,v) = @(u, v)i+ Y(u,v)j + x(u,v)k, (u,v) €V C R (1.3)

ITo OIIPECJICHNTIO, €CJIN CYHIECTBYET KacaTe/IbHasAd IIJIOCKOCTL K ITOBEPXHO-
CTU B HGKOTOpOfI TO4YKE, TO BEKTOpa Iy, U Iy, e IIpUHaJIJIEZKAT.

Omnpenenienne 1.1. I[lapamempusayuto (1.3) nasosem pezyrapnoti, ecau
6EKMOPA T, U Ty AUHETHO He3aucumv, das ecex (u,v) € V u coomsem-
cmeue r(u,v) : V — T 83aummno-odnosnauro.

Perynasipnocrs napaMerpusanyy rapaHTHPyeT CYIIeCTBOBAHUE HOPMAJIN
n = [r,,r,] (1, TeM cambIM, KacaTeJbHOIl MJIOCKOCTH) K MOBEpXHOCTH [ BO
BCEX €€ TOUYKAX.

3HavyaabHO © 1 U ABJISIIOTCS JI€KaPTOBLIMU KoopauHaTaMu B obiactu V,
HO B3aMMHOOJHO3HAYHOCTHL OToOpaxkenus r(u,v) : V +— [’ nmosBosser pac-
CMATPUBATL UX Kak (PYHKIUM Ha HOBepxHOCTH I’ wjm, mHade, KaK KPUBO-
nuHeitable Koopanuarel Ha I'. IIpm sToM KpusBble u = const 1 v = const
SIBJISIIOTCST KOOPOUHAMMHbLMU AUHUAMY Ha ToBepxHocTH .

1.1.2 IlepBag kBaapaTtu4dHada (popMa IIOBEPXHOCTHI

Onpeanenenune 1.2. Illepsoti xeadpamuuwroti popmoti usu mempuroti no-
BEPTHOCTIU HA3BLBAEMCA KEAOPAMUIHAA POPMQ

I(u,v) := E(u,v)du® + 2F (u,v)dudv + G(u,v)dv* := ds* =
= dr® = r’du® + 2(r,, r,)dudv + r’dv?

ede sexmop-dynryua r(u,v) 3adana ypasneruem (1.3).

Yepes nepByto kBagparTudayio Gopmy I(u,v) MOXKHO BBIpA3UTDH JTUHBI
BEKTOPOB
dr = r,du + r,dv, ér = r, 0u + r,0v,

JIE2KalllnX B KacaTeJIbHOI IIJIOCKOCTHU, 1 YIJIbI MEKAY HUMUN

(dr,or) Edudu + F(dudv + dudv) + Gdvdv

cosf = = ,
|dr||or|  /Edu? + 2Fdudv + GdvivV/Eéu2 + 2Féudv + Gov?
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Tem cambiM, iepBasi KBagpaTudHas (hopMa ONPEIETIeT 6HYMPEHHION 2€0-
MEMPUIO TTOBEPXHOCTH, T.€. MO3BOJIACT HAXOAUTH HA TOBEPXHOCTHU JJIHHBI KPU-
BBIX 1 YTJIBI MEKJIy BEKTODAMI.

Koopaunartubie jiHuM u4 = ¢; = const m v = ¢9 = const opTOroHaJIb-
HBI, €CJIN B TOUKe UX nepecedenns F' = 0. Kpuposmmeiimbie KoopuHaThl Ha
MTOBEPXHOCTH I HABBIBAIOTCS 0PMO2ONAALHbLMU, €CITH BCE NX KOODIANHATHBIC
JIMHUY TIEPECEKAIOTCsI MOJ TPSIMBIMI yIJIAMH. DTO SKBHBAJEHTHO YCJIOBUIO
F(u,v) =0.

Ecsm na nosepxnoctn I' 3asama riajikast Kpusas <y, onpe/eieHtas -
depentpyembivn dyuxmmsamu (u(t), v(t)), t € [a,b], To ee aruny MOXKHO
HaiiTi 110 opmyJie

b
L= / VE(t), v(t))w? + 2F (u(t), v(t))u'v + G(u(t), v(t))v2dt.

IIpumep 1.1. /Jlaa noseprrnocmu epawenus
r(u,v) =x(w)cosu-i+z(v)sinu-j+ z(v) -k, 0<u<2r7

samemaemoti kpusot x(v), z(v) 6 naockocmu (x,z) (npodurem noseprro-
cmu) npu ee spawenuy okpye ocu Oz, Mol UMEEM

r, =—x(v)sinu-i+ x(v)cosu - j,
r, =2’ (v)cosu-i+a'(v)sinu-j+ 2'(v) - k.
Caedosamenvio, E = x(v)?, F =0, G =2'(v)* + 2 (v)? u

L(u,v) = z(v)*du® + (' (v)* + 2/ (v)?)dv?.

Mepuananbr (Aunuu w = const) u napamienn (AuHuu v = const) no-
BEPTHOCTNU BPAUECHUA, OUEGUIHO, OPMO20HAALHYL. Ecau napamemp v npo-
Pura x(v), z(v) ABAAEMCA HAMYPAALHLM, M.€. dAunol dyeu, u Mmo2da
2'(v)? + 2'(v)? =1, mo

I(u,v) = z(v)*du? + dv.

IMpumep 1.2. /s chepv paduyca 1 ¢ yernmpom 6 nanane Koopounam umeem
x(v) =cosv, z(v) =sinv, —T<v < T U

I(u,v) = cos® vdu® + dv*.
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Puc. 1.1: karenons. Puc. 1.2: resmukons.

IIpumep 1.3. Jlunus nposeca 001opodHoti mAKCEAOt HUMU HA3DIEACTNCA
UENHOT AUHUET U ABAACTNCA 2Padurom 2unepbosuveckozo Kocunyca x(v) =
ch(v), z(v) = v. Coomeememeyrouwas el NOGEPTHOCING BPAULEHUSA BOKPY2
ocu Oz HA3VIBAEMCA KAMEHOUIOM U OASA HE20

I(u,v) = ch®v(du® + dv?), 0 < u < 2m, v € R.

ITpumep 1.4. I[Tycmv npamasn, nepnendukysaprasn ocu Oz, pasHOMEPHO 6Pa-
WAEMCA BOKPY2 HEE, OCMABAACYH €1l NEPNEHOUKYAAPHOT U 0OHOBPEMEHHO NOO-
HUMGACH GUHMOBVIM 08UNCEHUCM HA BBLCOMYY, NPONOPUUOHANOHYIO Y2AY NO-
sopoma. Iloseprrocmy, 3amemaemasn Imoti NPAMOT, HA3BIBACTNCA 2eAUKOU-
dom.! Ona umeem 6ud 6unmosozo nandyca 0as 66304 AEMOMAULUN.

Ecau v — napamemp na npamotl, a u — Y204 nNOSOPOMG, MO 2eAUKOUO
Ooydem umemsv NapamMempu3auuro

r(u,v) =vcosu-i+vsinu-j+u-k, u,v € R.
Iosmomy
r, = —vsinu-i+wvcosu-j+Kk,
r, =Ccosu-i+sinu-j,
omryda E=1+1* F=0,G=1u
I(u,v) = (14 v*)du* + dv*.

B nosvix xoopdunamaxr u = ui, v = sh vy mow noaywum 1 +v% = 14sh?v; =
ch? vy, du = duy, dv = chvidvy, u nosmomy

I(u;,vy) = ch® vy (du? + dv?).

TloBepxHOCTD, 3aMeTaeMas IPAMOI IHHMeH IIPH ee TBIKCHHUHN, HA3LIBACTCH Aunetinamot.
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Ompenesieane 1.3. B3aumHo-00H03HawHOE 0MObOPatcenue noseprHocmer
['1 — D'y, nepesodawee xpusvie na noseprrnocmu I'y 6 kpuswvie Ha nosePrHo-
cmu 'y moti orce daunnl, nasweaemces usomempuets I'y na I's. Ixeusarenm-
HOE COTPAHEHUIN OAUH KPUBHLT MPebosaHUe COCMOUMm 6 MoM, 4Mo Keadpa-
muyras popma Ir, nepesodumcea e gopmy Ir,.

I3 paccMOTPEHHBIX IPUMEPOB Mbl BIJINUM, YTO pa3pe3aHHbI 110 MEPHIU-
any u = 0 xkaTenou 1 mzomerpuder dyactu 0 < u < 27 reJIMKOuIaA.

IIpumep 1.5. Paccmompum éeprhioro noay konyca 2> = x° + y2, ewdease-
MY U3 Hezo ycaosuem z = 0. Beedem dasa nee napamempusauro

r(u,v) =vcosu-i+vsinu-j+v-k, v>0,0<u<2nr.
Tozda

r, = —vsinu-i+wvcosu-j,

cosu-i-+sinu-j+ Kk,

I,
omxyda E =12, F =0, G=2u
I(u,v) = v’du® + 2dv*.
Beedem nosvie xoopdunamol (T,7) no dopmyram

T = ﬁvcosi, Yy = \/éfusini

V2 V2
omxkyoda
u u u u
di = V2 cos —dv — vsin —du, dj = V2 sin —dv + v cos —du,
NG vz NG NG

di? + di? = 2dv® + v*du® = 1.

Tem camvim, BEPITHAA NOAG KOHYCA, PAPEIAHHAL NO 00PaA3YI0OULET, U3OMEM-
PUYHG HEKOMOPOMY NAOCKOMY CEKMOPY, MO Ha2AA0H0 nodmeepirciaemcs
BO3MONHCHOCTDIO CKAECUMD KOHYC U3 BHIPE3AHH020 U3 NUCTA OYMA2U CEKMO-
pa 6e3 ee CMAMUA UAU PACTANCEHUS.

1.2 Ilgomiaabr moBepxXHOCTH

[Lnomaab sgBJisieTcst 17100a/IbHON XapaKTepUCTHKONI T0BEPXHOCTH.
OrnpenennM IOMALL TVIAJIKON MOBEPXHOCTH U MOBEPXHOCTH, COCTOSIIEH
13 KOHEYHOI'O 4MCJia IQJIKIX KYCKOB.



ILmoma e moBepxHOCTH 13

[Iycrs rmajikast nosepxaocTh 1 3ajana dopwmyioit (1.3). Pazobbem ee
KyCOYHO-IVIAJKIM KPUBBIMU Ha KOHe4dHoe uncsio dacreit I';, d; := diam I,
BbIOEpeM Ha Kaykjioit vactu I'; Touky M;, mnoctpouM B KaxKjoil Touke M,
KacaTeJIbHYIO ILJIOCKOCTb (v;. SICHO, 9TO ILJIOCKOCTD (v; HATSIHYTa Ha BEKTOPA
Ty, 1 Tyly, . CupoexTupyem kazkyio obmactsb I'; na cooTseTcTByIONIy!IO €if
IJIOCKOCTD (v ¥ IIYCTh S; — IJIOMAAN dTUX ILJIOCKUX 00J1acTeil.

Omnpenenenue 1.4. [Lrowadvio noseprrnocmu I nasvisaemces npedes unme-
2PANLHBLL CYMM,

S(Fl, Mz) = Z SZ

npu d ;= max — 0, ecau amom npedes ne 3asucum om pa3dueHUs NosepI-
1

nocmu I' na obaacmu I'; u ewbopa movwex M;. B amom cayuae noseprrocmo
HA3L6aEMCA KEadpuPyemod.

ILrowadvio S kycouno-2aa0dK01 NOGEPTHOCU, COCMABAEHHOT U3 KOHEYU-
HO20 YUCAQ 2A00KUT NOBEPTHOCMEN, 3a0anHbix dopmyaamu muna (1.3), na-
3bIBACMNCA CYMMA UT NAOWGET.

[Tonmyuum cbopmysty st BbIUMC/IeHUs ILoma u mnosepxuoctu I'. Byuem
pas3buBarh MoBepxHOCTb I' Ha objacTu ['; KOOpAMHATHBIMU JIMHUSIMU U =
const 1 v = const Ha KPUBOJMHENHbIE YETHIPEXYTOJbHUKU. Y OJIHOM ITa-
pPbl CTOPOH TaKOT'0 YeThIPEXYTOJbHUKA 3HAUEeHUs IMapaMeTpa U COBIaJIAIOT,
a 3HAYEeHMs IapaMeTpa v Pa3indaloTcsd Ha Beanmunny Av;, a y JIpyroi ma-
Pbl CTOPOH TaKOI'0 YeThIPEXYroJIbHIKA COBIIQJIAI0T 3HAYEHUS ITapamMerpa v,
a 3HAYEHUS IapaMeTpa U pa3indaiorcsd Ha Bequndnny Awu;. fcHo, 910 Takue
pasduMeHns MOXKHO BBIOPATH Tak, 4To0bl d — (), 9TO COOTBETCTBYET TOMY, UTO
max max{Au;, Av;} — 0.

ZHOHHTHO, 9TO TIOMIAN S; OTIMIAIOTCS OT TLIOMAJIell mapaJsiieorpamM-
MOB, ITOCTPOEHHBIX HA BEKTOPAX Iy | s, Aug, ry| v, Av; Ha BeTmauiy HopsjiKa
MaJIOCTH BhbIIie BTOporo 1mo Au,;, Av;. Ilpu Berauciennn mpejesia nHTerpaib-
HBIX CYMM 3Ta PA3HOCTH TEPEXOJIUT B HOJIB, TIOTOMY MbI MOy YaeM

S = //\[ru,rvﬂdudv,

r? — (r,,r,)? = EG — F? u okoHuarejbHo

<l

IS

Vurem Terepb, uto [ry, .2 =r

_ [ VEG = F dudv. |
S 4/ EG — F? dud (1.4)

[IOJTY UMM
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B

\/
Puc. 1.3: Ogun cioit «ca- Puc. 1.4: «Camor» IlIBap-
noray [IIBapria. 1a.

Herpyso ybeauThest, 9T0 JIjisi MOBEPXHOCTEl, 3ajaHHbix hopmyitoi (1.2),

MBI TIOJTy UM (DOPMYJTY
S://,/1+f§+fy2dxdy. (1.5)
v

AHAJIOrTIHO ONpeIeIeHIIO IINHBI [IJIOCKOH MM IPOCTPAHCTBEHHONH KPH-
BOI1 uepes Ipejiest JUIMH BINCAHHBIX B HEE JIOMAHBIX MOYKET IIOKA3aThCs ecTe-
CTBEHHBIM OITPEJIC/IUTDH ILJIOMA/ b TOBEPXHOCTH KaK IIpejesl ILIONaJIeil BIu-
CaHHbIX B Hee MHOTorpaHHukoB. OuHako, cieytomuii mpumep IIBapia (Ha
MaTeMaTHIeCKOM YKaproHe HasbiBaeMmblil Takzke "camor"[lIBapra), mokasbi-
BaeT HEBO3MOXKHOCTH TAKOI'O OIIPEICICHUSI.

PaccmoTpum mpsimMoit KpyroBoit munnap pajuyca R BeicoTel H, pas;ie-
JIEHHBIII Ha 1M «TOHKUX» HUJUHJAPOB m + 1-0il nmapaJijie/ibHOI 1JI0OCKOCTbBIO,
HePHeHINKYITPHON OCH IITHIPA.

Kaxk1y1o moIyIuBIIyIOCS B CeUEHUSIX OKPYKHOCTH Pas3Jie/InM N TOUKAMU
Ha M dacTeil, pacroJiaras TOYKH Ha COCEIHNX OKPYZKHOCTSIX CJBUHYTBIMI
JIPYT OTHOCUTEJIBHO JIPYTa Ha MOJIOBUHY CEIMEHTa MEYKJIy COCETHUMU TOUYKAa-
M. BosMeM JiBe cocejiHMe TOUKN Ha OJIHON OKPYKHOCTU U TOUKY, JIEZKAIILYIO
HaJT WIN TI0JT CepeIMHON TYTH, COeMHSIONIEIl 9TH JIBe TOUKU, U TOCTPOUM Ha
9TUX TPeX TOUYKax TpeyrobHUK. COBOKYIIHOCTb BCEX TAKUX TPEYTOJIbHUKOB
obpasyeT (HEBBITYKJIbIIT) MHOTOTDAHHUK, BIUCAHHDBI B MCXOHBIN THITHID.
DTOT MHOTOI'PAHHUK HaIlOMHUHAET rojieHuine camora. C pocToM m u N ILJI0-
111a/1b KasKJI0ro TPEYTroJbHIUKA CTPEMUThCSI K HYJIIO, HO YKCJIO TPEYTrOJIbHIKOB
pacteT. Mceieayem BO3MOYXKHBIE TIpe/JIe/IbHbIC 3HAYCHUSI T1JI0TIa,/ 1 MHOI'OIpaH-
HUKa. PaccMOTpUM OJIMH U3 «TOHKUX» IUJIUHIAPOB (cM. puc. 1.3) u ojus u3
TPEYTOJLHIUKOB, BIIMCAHHBIX B 3TOT muinHap. [lycrs A — cepemuna ocHOBa-
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HuA TPEYroJIbHUKa, a l— JJINHa 9TOI'O OCHOBaHUMA. TOFILa

n n

7\ 2
|OA| = Rcosz7 |AB| = (—) + R? (1 — COS —) (= 2Rs1n—
n m

1 0\’ 2
SA=§£‘AB‘=RSH1Z (—) + R? (1—COSE>.

n m n

B kaxkoMm ciioe 2n TpeyroJbHUKOB, T.e. Bcero 2nm. Orcioa miomals ca-
ora" ecThb

.om T 2
S:2nmSA:2nRsm—\/H2—|—R2m2 (1—COS—) =
n

n

— 9nRsin Z\/ H? + R2m2sin’ —
n 2n

Ecimn % — q upu n — 00, m — 00, TO
n

R27T4q2

S—>27TR\/H2—|— 1

3a cuer BLIOOPa ¢ MOXKHO IOJIYYUTL B IIpejiesie jiroboe ducso. Beibop ¢ = 0
COOTBETCTBYET ILIOMIAIN IIOBEPXHOCTU IUJIMHIPA.

[Tpuunna Takoro sdpdexra B ToM, 9T0 IpH ¢ #* 0 IJIOCKOCTH BINCAHHBIX
B IIUJINHJID TPEYTOJIbHUKOB HE IPUOJIMKAIOTCA IIPU N — 00, M — 00 K I10-
BEPXHOCTH IIJINH/IPA.

1.3 IloBepXHOCTHBIE MHTErpaJibl IIEPBOTO POJIA

[ToBepxHOCTHBIE UHTETPAJIBI OIPEIETISIIOTCS 110 CTAHIAPTHON cxXeMe Yepe3 MH-
TerpaJibHble CYMMBI.
[Tycts I' — KBajipupyeMast TOBEpXHOCTH U MyCTh f — orpaHmdeHHast QPyHK-

nus Ha ['. Pazobbem noeepxHocTh I' Ha n KBajpupyembix dacteit I; @ ' =
n

U Iy, ma kaxoit wactu ['; BeiGepem mpousBosibHYIO TOUKY M; 1 cocraBum

i=1
UHTErpaibHyI0 CyMMY

I(T;, M;) Zf

riae S(I';) — miomans Ty, Ilyers d; := max diam I';.

1<i<n
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Ounpepenenne 1.5. Yucao I nasvieaemcs npedesom wHmMe2pasvHvir CYMm
I(T;, M;) npu d — 0, ecau Ve > 0 35 > 0 maxoe, wmo ¥ paszbuernus I';, y
xkomopozo d < & u a100020 6vibopa mouex M; 6binoAHACMCA HEPAGEHCTNEO

‘I(FZ,Ml) — I| < €.

B amom cayuae wucao I nasvieaemes noseEPTHOCMHbIM UHIMELDANOM TED-
6020 poda om pynxuuu f no noseprrnocmu I' u obo3nauaemcs

/ /P F(M) do.

Criestyionasi Teopema JIaeT Crocod BHIYUC/ICHUs TOBEPXHOCTHOIO MHTEIPa-
JIa TIEPBOTO POJIa, CBOJIS €ro K JBOMHOMY MHTErpaJIy 1O IJIOCKONH 00JIaCTH.

Teopema 1.1. [lyemwv enadkas noseprrocmov I zadana dopmyaot (1.3), a
f — nenpepwienan dynxuyus na I

Tozda noseprrocmmwill unmezpan nepeozo poda | fr f(M)do cywecmsy-
em U CnpasediuBo PaseHcmeo

//Ff(M) do = //f(M(uvU))\/Wdudv.

st nosepxuoctu I, 3amannoit hopmystoit z = f(x, y), Mbl MOy IUM dacT-
HBII corydail mocsieiHeit (hopMyJIbL:

[ r0ndas= [ [ a1+ 52+ 5 o
T v

1.4 Opuenraliusi TOBepXHOCTEI

Eine ojHoil, Hapsi/ly ¢ ILIOIAIbBIO, II00AJIBLHON XapaKTepPUCTUKON ITOBEPXHO-
CTU ABJISICTCS €€ OPUEHTUPYEMOCTb.

[TonsiTne cTOPOHBI MOBEPXHOCTH NHTYUTUBHO SICHO JIJIsl IIOBEPXHOCTEN, 3a-
JAHHBIX SIBHO ypaBHeHueM z = f(x,y), U NOBEPXHOCTEl, OrPAHNINBAIOIIIX
KaKyI0-JI100 TPeXMEepHYI0 00JIacTh. DTO UHTYUTUBHOE MOHSITHE MOXKHO (hop-
MaJIn30BaTh.

Onpegenenne 1.6. [wadkan noseprnocmos I' — opuenmupyeman (dsycmo-
POHHAR), €CAU HA HETl CYULLCTNBYEM HENPEPBIBHAA BEKMOD-PYHKUUA eOUHUY-
HOLL HOPMAAET K NOBEPTHOCTIU, M.C.

n(M) = (M)i+ny(M)j+nz(M)k, [n(M)| =1,

ede ny, No, Ng — HenpepusHvle GYHKUUL Ha noseprrocmu L.
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ﬁlllllllllllllllllllll [TTT1]
D ’ B il}:lllv‘\‘\!‘l\%‘l\ﬁi
Pwuc. 1.5: Boibop opuenra- Puc. 1.6: quct Mebuyca.

U JJIsl IIOBEPXHOCTH, 3a-
JAHHOU ypaBHEHUEM 2z =

f(z,y).

fcrHo, UTO ecim CymeCcTBYET OJIHA TaKas BEKTOP-QPYHKIUs, TO UX CYIIE-
crByeT B TouHocTH fBe: £n(M ). Beibop Jr060it n3 HUX HA3BIBACTCS OPUEHIMA-
yueti noseprrocmu. B 9acTHOCTH, JIJIsT TIOBEPXHOCTH, 3a/JaHHON ypaBHEHIEM
z = f(x,y), HOpMAJIH, COOTBETCTBYIOIINE OJHON OPHUEHTAIUN, COCTAB/ISIOT
ocTphiit yroy ¢ ocbio Oz, a HOpMaJI, COOTBETCTBYIOIIIE BTOPOM, COCTABJISI-
10T Tymoit yroJi ¢ ockio Oz.

Eciu I' cBsI3HA, TO MOXKHO IBITATHCA CTPOUTH TAKYIO HEIPEPBLIBHYIO
BEKTOP-PYHKIINIO €IMHUYHBIX HOpMaJieil, BLIOpaB HOpMaJib B (PUKCHUPOBAH-
noit Touke My € I' n nmepenocs ee HempepbIBHO BO Bce Apyrue Touku M € T
BJI0JIb KPUBBIX, coeauustomux My u M (B cuy CBSI3BHOCTH MOBEPXHOCTH [
TaKue KPUBbIE BCETJIa CYIIECTBYIOT). Ho TyT MOYKHO CTOJIKHYTHCS ¢ HEOJTHO-
3HAYHOCTBIO PE3yJIbTaTa TaKOT'O IIEPEHOCa M0 JIBYM Pas3sHbIM KPHUBBIM, COCIH-
HatomuM Touku My u M.

DKBUBAJEHTHO: IPU HEIPEPBIBHOM IIE€PEHOCe HOPMAJH I10 3aMKHYTOMY
KOHTYPY MOXKHO IIOJIYYUTH B ToOuke M HOpMaJib, IIPOTUBOIIOJIOXKHO HaIlPaB-
JIEHHYIO0 K McxogHoii. IIpuMepoM HeopueHTUPYyeMOil IOBEPXHOCTU siBJISIETCSI
et Mebnyca.?

DTO HPUBOIUT K CJIEIYIOMIEMY OIPEJIeIeHNUIO.

Onpenenenune 1.7. Ecau daa 210600 mouxu My, npunadsestcauets cea3-
Hot 2aa0k0t noseprrocmu I', u A100020 3amrxnymozo konwmypa v € I’ ma-
ko020, umo My € 7, ewbparmoe ¢ mouke My Hanpasierue HOPMaAU NPU
HENPEPLIBHOM NPOJOAACEHUU 600N KOHMYPA GO3BPAULAETNCA K UCTOOHOMY,
mo noseprrocmy I nasweaemes opuenmupyemotds (dsyxcmoponnets).

Eciu onpeiesienne 1.6 (win onpeesierne 1.7) He BBITOJTHEHO JIJIsT CBA3HOMN
rajikoii mosepxuoctn ', TO OHA HA3BIBAETCS Heopuewmupyemoti (OTHOCTO-
pOHHeH).

2Mébuyc Asryct OepauHaHT (1790-1868) — meMmenkwuii MaTeMaTHK.
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Ecimm rinagkasi moBepxHoCTh I' cOCTOUT U3 M OPUEHTUPYEMBIX CBSI3HBIX Ya-
crefi (KOMIIOHEHT CBSI3HOCTH), TO Ha KaxKJOfl M3 KOMIIOHEHT CBSI3HOCTH BO3-
MOXKEH BBIOOD OJIHOI M3 JIByX BO3MOYKHBIX OpHMEHTallMii, a 3HAYUT Ha BCeii
HOBepXHOCTH [’ MOXKHO BBIOpaTh 2" pasjmdHbIX opueHTalnii. Ecim xors Ob
OJIHa U3 KOMIIOHEHT CBSI3HOCTH HEOpPUEHTHUPYyeMa, To 1 [’ HeopueHTHpyeMa.

Onpenenenns 1.6 u 1.7 opueHTUPYEMOCTH HE IHOAXOJIAT JJIsi HEeIJIaJIKuX
[IOBEPXHOCTEIA.
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IIpumep 1.6. Kyob.

19

Puc. 1.7: ky®.

Bo3MOKHBII BBIXO, /15T HETJIAIKIX
[IOBEPXHOCTEHl COCTOUT B TOM, UTOOBI
3a0BITh PO HOPMaJIb W JIaTh JIPYyroe
OlpelIeNIeHne JIJIA  MPUGH2YAUDYEMDLT
noBepxHOCTeil (He 00s3aTe/IbHO SIBJISIO-
IUXCS TJIQJIKUMIE), T.€. [OBEPXHOCTEI,
KOTOpbIE MOYKHO Ppa30uTh Ha KOHEY-
HOE YHCJI0 KPUBOJUMHEHHBIX TPEYTOJIib-
HIUKOB HEIPEPBIBHBIMI KPUBBIMU (IIPH
9TOM, CTPOI'O TOBOPs, JIBa, KPUBOJIHHET-
HBIX TPEYTOJbHIKA JTHOO He IepeceKka-
10TCsl, JTMOO MMEIOT OJHY OOIIYIO Bep-
HuHy, b0 UMEIOT OJ[HO obIiee pedbpo).

Hazosem Hanpasaeruem obxoda mpe-
Y20NDHUKG  MPUAH2YAAUUY  TTOPSIIOK

Puc. 1.8: Tpuanryssims moBepxHOCTH.

mepeducjieamsl €ro Bepiumna ¢ TO9YHOCThIO 10 [MUKJINYECKOMI InepecTaHOBKH.

Onpenenenune 1.8. Tpuareysupyeman nogeprHocms HA3BIBAEMCA OPUECH-

mupyemoti, ECAl Ha (KPUBOAUHETIHDIT) MPEY2OALHUKAT MONHCHO BLLOPAML CO-

200C08AHHOE HANPABAEHUE 00X0da MaK, 4¥Mmo Ha A000T CMeAHCHOT CTOPOHE
08YX MPEY20A5HUKOE HANDPABAEHUA 002000 NPOMUBONOAOHCHYL. Boibop ma-
KU CO2AACO8GHHDLT HANPABAeHUT 002000 (KPUBOAUHETHDIT) MPEY20AbHUKOE

HA3bBL6AEMCA opueHmauuez‘z.

JlocTouncTBa onpeaeaeHns.

1. Her anenisiuu K 00beMJTIONIEMY TTPOCTPAHCTBY.

2. He Tpebyercs 1y1ajIkocTh.
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OpueHTHpyeMOCTh, TAKUM 00Pa30M, €CTh 8HYMPEHHEE CBONCTBO TTOBEPXHOCTH

u daotce ne 2EOMEMPUYECKOE, O m0n0ﬂ02u%€0%’0€3.

Sameuanue 1.1. Opuenmayus na 08YMePHOT NOGEPTHOCTU NOPOAHCIAEM,
OPUEHMAUUIO HA OOHOMEPHOTL 2panuLe IMoTi NOSEPTHOCTU NOCPEICTNEOM 3a-
daHUA HANPABAEHUA 00X000 MPEY20NOHUKOE MPUGH2YAAUUL, NPUMBIKAOULUT
K eparuue noseprrocmu. Bascrnocms amozo daxma mu. ysudum danee, xo20a
oydem paccmampusams gopmysy Cmokca.

HeoctaTok omnpesenenns: OHO sIBHO 3aBUCUT OT KOHKPETHON TPUAHTYJIS-
IH.

JL1sT Ipeo10JIeH IS 9TOr0 HEJIOCTaTKa HY»KHO COTJIacoBaTh orpejeseHue 1.8
OPUEHTUPYEMOCTH JIJII PA3/JINIHBIX TPUAHTYIATUN. B npunmume, 3To MOXKHO
cJleJ1IaTh, HO MBI 9TUM 3aHUMAaTbCs He OyIeM.

JL1st TaIKuX mMoBepxHOCTEl olipeiesienne 1.8 coryacyeTces ¢ onpeeaeHns-
M 1.6 n 1.7 npu oMoty mpaBuia mpaoro BunTa. [lob3ysch sTum coryaco-
BaHUEM, MOYKHO ‘TIePEeHOCUTH  HOPMaJb Ha KYCOYHO-TJIAJIKUX ITOBEPXHOCTSIX
yepes3 pedbpo.

1.5 IloBepxHoCTHBIE MHTErpaJjibl BTOPOIO Poja

[Iycts ' — Titajikasi ABYXCTOPOHHSsI TIOBEPXHOCTh. BbiOepeMm Ha Heii Hempe-
pbiBHOE TI0Jie eiuHudIHbIX HOpMaseii n(M), M € T'. Obosnauum uepes
a(M), B(M),~(M) yrasr Mmexay BekTopoM n(M) n ocsiMu KOOpIUHAT, T.e.
n(M) = cos ai+ cos 3j + cosvk. Ilycrs Ha nmoepxuoctu I' onpe/iesieHbr Tpu
orpaaunvennsie Gy P(M), Q(M), R(M).

PaccMoTpuM TOBEPXHOCTHBIE MHTETPAJIBI TIEPBOTO POJIa

11://P(M)Cosa(M)da, Igz//Q(M)cosﬁ(M)do
]3://R(M)cosv(M)da.

OHU HA3BIBAIOTCS NOBEPTHOCTNHOLMU UHMELPAAAMY 6TOP020 POJa OT PYHK-
it P, (), R coOTBETCTBEHHO 1 0003HAYAIOTCSI TaKzKe CJIEJIYIONIM 00pa3oM

11_// M) dyd=. 12—//Q ) dzdz 13—// M)dady. (1 7)

3 Tononozueti HA3BIBACTCS Pa3Iesl MATEMATHKY, B KOTOPOM HOHSITHE HEIIPEPLIBHOCTH H3yUaeTCs B HAH-
6oJtee gncroMm Bujse. HeckoJIbKO Orpy0iisisi CUTYaAIMIO, MOYKHO CKa3aTh, YTO TOIOJIOTUsI POJICTBEHHA Ieo-
METPHUHU, HO He NHTEPECYeTCs PACCTOSHUEM MeXKJy TOYKaMHU IIPOCTPAHCTB.

(1.6)
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[Tepexost KO BTOpOMY BapuaHTy 0003HAYEHNUIT MOTUBUPOBAH TE€M, YTO BEJINIU-
ra cos (M) do ecTb, ¢ TOTHOCTBIO 10 GECKOHETHO MAJIBIX MOPSIIKA OOJIbITe
JIBYX, PaBHA ILIOMIAJN TTIPOEKITNN TUIOMAIKN do HA II0CKOCTH (', Yy). AHaJo-
IUIHBIM 06pa3oM 0bcTouT jeo ¢ Besmaunnamu cos 3(M) do u cosy(M) do.
[Ipu cmene opuenTtarun nosepxuoctu I kocurycer cos a( M), cos (M),
cosy(M) cMmeHAT 3HAK, a 3HAYAT U3MEHST 3HaK W uHTerpasbl I, Iy, Is.
B 3T0M OTHOIIEHUN TIOBEPXHOCTHBIE MHTErPaJibl BTOPOIO POJia aHAJIOTHUHbBI
KPUBOJIMHEHBIM MHTErpajiaM BTOPOro POJia, KOTOPbIE TAK:Ke MEHSIOT 3HaK
IpU U3MEHEeHUN Halpas/ieHusi 06xoia KpuBoit. Cymma

I =L+ L+13=
— // (P(M)cosa(M)+ Q(M)cos (M) + R(M) cosy(M)) do =
— // P(M) dydz + Q(M) dzdx + R(M) dzdy. (1.8)

Ha3bIBaeTCA 06U4UM NoGEPITHOCITMHBIM UHTNE2PANOM BTNOPO20 poda.

Bameuanue 1.2. Omauue no6EPTHOCMMHO20 UHME2PAAL 8MOPO20 POJA OM.
NOBEPTHOCTHOZ20 UHMEZPAAG NEPBO20 POOa COCOUM 68 MOM, YMO 6 UHIME-
2pane 8mopozo poda Naowadv do paccmampusaemcs He Kk CKAAAPHAA, «
KaKx 8EKMOPHAA BEAUMUHA, UMENULAA KOMNOHEHMbL

cos(n, i) do, cos(n, j) do, cos(n, k) do

U NOMOMY HANPABAEHHAL NO HOPMAAU K noseprHocmu. Paszeumue amot
Mmouku 3peHus npusodum K nouamuto Juddeperuuarorot Gopmol, AEdHCa-
Wemy 3a PAMKAMU HAWE20 KYPCa.

Ecmu Bectn Bekrop-dyukimio a(M) = P(M)i+ Q(M)j + R(M)k, to

MOZKHO 3allUCATh PABEHCTBO
I://(a,n)da.
r

IMpumep 1.7. I[lomox srcudkocmu ¢ noaem ckopocmeti v(M) wepes opuen-
muposarmyo nosepriocms I cHabrcenHyro Henpepvi8HbIM NOAEM HOPMANET

//(V, n)do.

n(M) sadaemcsa unmeepaniom
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BoiunciieHne mOBEepXHOCTHBIX MHTErPaJiOB BTOpOro poxa. llo-
CKOJIbKY MOBEPXHOCTHDII MHTErpaJj BTOPOro poja ObLI OIPEIesIeH 4epes3 Io-
BEPXHOCTHBIN HHTErPaJI IEPBOIO POJIA, TO €r0 MOYKHO BLIYUCIATD 110 OPMYJIe
TeopeMbl 1.1, BBOJIS ITapaMeTpU3aIlnio IOBEPXHOCTH U CBOJIS €ro K JIBOIHOMY
MHTErpaJly 1o 00JacTH B ILJIOCKOCTH HapaMETPOB.

Eciin MbI MOKeM B3aMMHO-0JIHO3HAYHO CIIPOCKTUPOBATE CBSI3HYIO TOBEPX-
nocts I Ha cBA3HyI0 06s1acTh V B II0CKOCTH (7,7 ), TO HHTErpal

/ / R(M) dzdy = + / / R(M(z. 1)) dady, (1.9)

e 3HaK + BBIONpaeTcst paBHBIM 3HAKY cos(n, k), KOTOpBIit B 9TOM CiIydae He
MOXKET MEHATLCH, T.K. 3TO MPOTUBOPETUIO OBl B3AUMHON OJTHOZHATHOCTH ITPO-
ektupoBanud. s mosepxuoctn I', cocrosieit 13 HECKOJIBKNIX CBA3HBIX KOM-
IIOHEHT, I0/I00HOE PABEHCTBO CIPABEJIMBO JIJIA KaXKJI0 KOMIIOHEHTBI, MpU
YCJIOBUH €€ B3alMHO-O/IHO3HAYHOIO IMPOEKTUPOBanms. Hakomner, napyiienue
TpebOBaHMsI B3aUMHON OJIHO3HAYHOCTU IIPOEKTUPOBAHUS Ha MHOYKECTBE HYy-
JIEBOI IO/ He HapyiaeT paBeHcTBa (1.9). AnajormaHoe BepHO ¥ JIJIsT

//P(M) dydz, //Q(M) dzdx

11 KOOPJMHATHBIX ILJI0CKOCTel (Y, 2) 1 (2, 2) COOTBETCTBEHHO.

NHTEIrpaJioB

1.6 UWnaTerpajbable POPMYJIbI

1.6.1 Popmyna Ocrporpajckoro—I'aycca

Omnpepesienne 1.9. [Tycmo dynxuyuu z1(z,y) u z2(x,y) onpedeaenvr u
HENPEPLIENDbL 6 o2panuvennot samxnymot obaacmu D € T2 npuuem
21(z,y) < 2o(x,y). Samxnymyro obracmv G = {(z,y,2) € E*|(z,y) €
D, z(z,y) < 2 < 22(z,y)} 6 eskaudosom npocmpancmee B nasosem z-1u-
JIMHIPUYICCKOIL.

AHAJIOrTIHO ONPEJICTISIOTCA L -UUAUHOPUYECKAA T Y-UUAUHOPUYECKAA 38~

MKHyTBIe obsacTi.*

4Tlon obracmbio B MaTeMaTHKE OGBITHO IIOHUMAIOT OTKPBITOE CBA3HOE MHOYKECTBO, & HHTEIDAJIBI OIIpe-
JIeJIAIOT 110 3aMKHYTBIM MHOYXKeCTBaM. UTOOBI He [EPErPyKaTh TEKCT KaK/IbIH pa3 Pa3bsCHEHUSIMUA STOTO
00CTOSITETHCTBA, JOTOBOPUMCS WHTEIPUPOBATH MO 3aMKHYTBIM OOJIACTSM MJIM 3aMBIKAHUIM OTKPBITHIX
MHOXKECTB, 8 B OCTAJIbHBIX CJIy4asX, €CJIU He CKA3aHO IIPOTHBHOE, CYNTATH 00JIACTHIO OTKPBHITOE CBSI3ZHOE
MHO2K€ECTBO.
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X

Puc. 1.9: z-nmmunapudeckas 06J1acThb.

BaMeTI/IM, qTO Tr-TWJIMHAPpUYECKad, Y-IIUJINHIPUICCKasd N Z-TUJINHAPUYICC-
Kasl 00JIaCTU SIBJIAIOTCH OI'paHUYCHHbBIMMU.

Omnpenenenue 1.10. Obaracmov G na3o6em TPOCTOM, €CAU ee MOAHCHO Pa3-
OuUMbB KYCOUH0-2A00KUMU NOBEPTHOCTNAMU HG KOHEUHOE YUCAO T-UUAUHOPU-
weckux obaacmetl, a Makdice Ha KOHEYHOE YUCAO Y-UUAUHIPULECKUT 000~
cmetl U HG KOHEYHOE YUCAO Z-UUAUHOIPUNECKUT 00AaCME.

Hanpumep, napaJesnenuie/ u map — IpocTble objactu. [loBepxHOCTD,
orpaHnYnBaoNy0 objactb G, Oygem obo3HadyaThb depes I'. 3ameTum, 4TO
1pocTasi 00JIacTh OrpaHUYeHa, IIOCKOJIbKY pas30uBaeTcsl KyCOUHO-TJIAIKUAMU
[IOBEPXHOCTSIMI Ha KOHEUHOE YNCJI0 OrPpaHMIEHHBIX 00JIacTeil.

Teopema 1.2. ITyemov ¢yrnxuyuu P(x,y, z), Q(z,y, 2), R(z,y, 2) u ux wacm-

8P 0Q OR .
Hole NPou3eodHbIE G- By 9, MENPEPLLGNLL 6 NPOCTNOT ooracmu G, oepanu-

YeHHOT %:ycoqno—mad%m‘z noseprrocmoio I'. Tozda

/// o aQJrg]j dxdyd'z://(PCosoHrQCOSﬁJFRCOS'V)dU:
r

_ / / Pdyd= + Qd=dx + Rdxdy, (1.10)
T

20de NOGEPTHOCTHBIT UHME2PaA DEPEMCA MO BHEWHET CMOPOHE NOBEPTHO-
cmu I, a o, B, v cymsv yeave mescdy eneuwsnets Hopmaivio x noseprrocmu I’
u ocamu xoopdurnam Ox, Oy u Oz, coomsemcmeeHHo.
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®opwmyia (1.10) naseisaercst dpopmyioii Ocrporpajckoro-Taycca.”

okazameavcmeo. Paccmorpum cHadaga ciydait, korga G — z-IIIHHIPHI-
yeckad 00J1aCTh, U JIOKAXKEM CIIPaBEJIIMBOCTb PaBEHCTBA

// —dxdydz-//Rda:dy, (1.11)

r

rJle MHTerpaJl clipaBa OepeTcs 110 BHEIIHEeH CTOpPOHe MoBepxXHOCTH 1.
Caejist TPOIHOI MHTErpaJs K MHOBTOPHOMY, TOJIYIUM

///% dxdydz_//dxdy / (z,y,2)dz =
// vy, 2) 20 dﬂfdy—// v,y 2(z,y)) dedy—  (1.12)
// z,y, z1(x,y)) dedy = //Rdxdy-y//}gdxdy,

I Iy
rae Mbl BblpaBI/IJII/I ﬂBOﬁHbIe I/IHTeraﬂbl ‘{epGS HOBerHOCTHI)Ie 110 FQ — Ber—

Heit m [y — HmkHell cropoHe moBepxHocTn I', ¢ yaeToM opueHTanmii Ha STUX
croponax. Ha 6okoBoit cropone '3 moBepxuoctu I' nmeem cos v = 0, mosTomy

//Rda:dy://Rcos'ydU:O.

Ts Ty

Tenepn pasencTBo (1.12) MOXKHO 3amucaTh B BHJIE

/// dxdydzzi//Rdwd?J://Rdxdy.

Takum obpasom, dopmyia (1.11) gokazana.

IIyctb Tenepp G — mpoctasi objiacTb. PazodbeMm ee Ha KOHEUHOE HHCJIO
z-nmmHapuydeckux obsacreit G ¢ rpannnamu 'y, ¢ = 1,..., n. s kaxpoit
obsactn G cripaBei/InBo paBeHCTBo (1.11):

/ / —dxdydz— / / R dxdy.

Ty

®Qcrporpasckuit Muxant Bacumbesna (1801-1862) — poccuiickuit MaTeMaTHK, KOTOPbII TIOJTY I 3Ty
dopmyny B 1828 rosy, omybsmkosast B 1831 1. B 1834 1. on 06061mm1 3Ty popMysry Ha n-MepHBIH cryvaii,
omybsmkoBas B 1838 1. s wacrHoro ciayuas P = x, Q = y, R = z sty dopmyny noxyumn layce B
1813 .
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CyMMEpYysl BCe 9TU PaBEHCTBA, MOJYIIM CJIeBa

/// g—Rd:cdydz, a crpaBa — //Rdxdy,
z
a r

IIOCKOJIBKY ITOBEPXHOCTHBIE HHTEI'PAJIBI 110 BCIIOMOTATEIbHBIM TOBEPXHOCTSIM,
pasjengiomnuM obstactb G Ha dactu G, 0epyTcst IBazKibl, IPUYeM OJIIH pa3
10 OJHOI CTOPOHE KazKJO#l TaKOil ITOBEPXHOCTH, a JIPYroil pa3 — MO JIpy-
roif CTOpOHE, 1 IOTOMY, CYyMMa TaKHX JIBYX MHTErpajoB paBHa HyJo. Tem
CaMbIM, MBI JTOKa3aJu paBenctso (1.11) s mpocroit obmactn.

AHaJIOrIIHO MOYKHO JOKa3aTh JJIs1 IpocToit obiactu G cieayroIne pa-

BEHCTBA
// — dxdydz = //dedz, (1.13)
r
/// dxdydz = / Q dzdx. (1.14)
CruagpBast (1.11), (1.13) u (1.14), moayuum pasencrso (1.10). O

3ameuanue 1.3. Moowcno doxazamv, wmo dopmyara Ocmpoepadcrozo—
Taycca cnpasedausa das mobotl oepanuvennot obaacmu G, epanuua Ko-
Mopoti COCMOUM. U3 KOHEUH020 YUCAL KYCOUYHO-2AA0KUT NOBEPTHOCEN (CM.

Qurmenzoavy I'M. Kypc duddepenuyuarvrozo u unmezpasvHo20 uUcCHUCLE-
nus. B 3-x momazx. M.: Qusmamaum, 2003, m. 3, n°. 638, c. 333).

CaenctBue 1.1. Ecau pynxuuu P, (), R maxosv, wmo S5 ap —|— —i— %Ij =1,
mo u3 opmyave Ocmpoepadcrozo—Iaycca nosyuaem

:/// dxdydz://dedz+dedx+Rd:1:dy.
G r

_ 1 - & 4 ok
B wacmnocmu, ecau P = g, Q = 3y, R = Z mo 8x +o T = L
noIMOMY

1
V(G) = 3 //xdydz + ydzdr + z dxdy.

Kaorcowti ud unmeepa.nos

//xdydz, //ydzdx, //zdxdy
r r

r
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pasen V(G). Ocmvicaums amom @Garxm MOHCHO HA NPUMEPE Z-UUNUHOPU-
weckotl obaacmu G, 02pa%uneHH0a chudy naockocmuvro Oxy, a ceepry —
NOBEPTHOCBIO Z = ,y). Tozda

//zda:dy—//zda:dy—/ f(x,y) dxdy

— 3HaKoMas Gopmysa Oas 00BeMa KPUBOAUHETH020 UUAUHIDA.

ITpumep 1.8. Buvucaumo

[ / / (2 + f1(y,2)) dydz+(cosy + fo(x, 2)) deda+(z+ fs(x,y)) dudy,

2de I' — enewmnan cmopona chepul, 3adannoti ypasruenuem x> +1y>+ 22 = R2.
3decv P = xQ + fl(y7 ) Q = COSY + f2($7z)7 R=z+ f3($7y)ﬂ nosmomy

88—1; = 2, %—g = —siny, 8R = 1. Ilo gopmyare Ocmpoepadcrozo—Iaycca
NoAYUaEM

/// <8P 8@ (9R) dxdydz =
0z
: 4 3
= /// (2x —siny + 1) dzdydz = §7TR :
G

M. K. UHME2PAADL OM HEYEMHBLT GYNKUUT 22 U SINY PasHbL HYAIO.

IIpumep 1.9. [Tycmv G — obaacmv 6 E? ¢ npoussoavroti 3amrxnymoti
Kycouno-22a0k00 epanuuet I'. Toeda

://(?J+Z) dydz + (v + 2) dzdx + (z +y) drdy = 0,

1.6.2 dPopmymaa CTokca

Onpenenenne 1.11. Hazosem noseprrocmo I «xyz-npoexmupyemotis, ec-
AU OHG B3AUMMHO-00HO3HAUHO NPOEKMUPYEMCA HaA KAHCIYIO KOOPIUHAMHYIO
NAOCKOCTND NPAMOY20A5HOT cucmemvt koopdunam Oxyz.
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[TosepxtocTb I', ABAAIONTYIOCT «XYZ-TTPOEKTUPYEMOIT», MOXKHO 3aaTh JITO-
ObIM U3 TpeX ypaBHEHMIT:

Z = f1(:c,y), (3779) € Dy,
r = foy, 2), (y,2) € D, (1.15)
Yy = fS(Zax)a (Z,iE’) S D37

e D;, 1 = 1,2, 3 — npoeknuu nosepxnoctu [ Ha Koop/iInHATHDBIE TJIOCKOCTH.

[Ipocreiimum TpuMepoM TaKOoil MOBEPXHOCTH SIBJISETCS YACTh IJIOCKOCTH, 3a-

JIaHHOIT ypaBHeHUeM T + y + z = 1 u ylosjeTBopsolias ycjaopuaM x = 0,
>0,z2>20.

[ox enadkoti «xyz-npoexmupyemotis nogeprrocmuvro OyIeM IOHUMAaTh Ta-
KYIO MOBEPXHOCTh, 9TO Kaxkdas n3 ¢yHkmnuit (1.15) nmeer B cOOTBETCTBYIO-
meit 3aMKHyTOl obacTu [; HelpepbIBHbIE YaCTHDLIE TPOU3BOHBIE TEPBOTO
MOpsAJIKa, a TpaHullell MOBEPXHOCTH SABJIAETCHA KYyCOUHO-TJIAJKNN KOHTYp L,

B3aMMHO-O/THO3HAYHO IIPOEKTUPYIOIINIICS Ha T'PAHUILY KaykJjoil obsactu D,
1=1,2,3.

Teopema 1.3. [Iycmo

1) pynruuu P(z,y,2), Q(x,y,2), R(r,y,2) u ur wacmmuue npoussoonvie
nepeo2o nopAdka HENPEPLIGHBL 6 Hexkomopot obaacmu G

2) enadkan <xyz-npoexmupyemans noseprHocms L', o2panusennan 3aMKHYy-
motm Konmypom L, pacnonooicena enympu obaacmu G.

Tozda cnpasedausa popmyaa

%Pdw—l—@dy—FRdz:// 8_@_6_P) dzdy+
dy
L

(O_R _ (9_?) dydz + ((9_]3 — (9_R) dzdx =
// [(8_@ — 8_P) cosy + (8_]% — (9_@) cos -+
dy oy 0z

OP OR
+ (& — 8_1:) COSB] do

6 Komopoti nanpasserue 06xoda xonmypa L coeaacosano ¢ opuernmaued
noseprrocmu L', a a, B, v — yeaw meorcdy sexmopom nopmanu n(M) x

(1.16)

nosepxrocmu I u ocamu xoopdunam.
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®opwmyia (1.16) naspisaercst dopmyiioii Croxca.% Ona BblpazkaeT Kpupo-
JIMHEIHBIN HHTErpaJsl BTOPOTO poja 110 3aMKHYTOMY KOHTYPY L depe3 moBepx-
HOCTHBIII HHTErpaJl BTOPOro Pojia 1o MmoBepxHocTu ', orpaHnveHHONl KOHTY-
pom L.

Joxaszamensvcmeo. 3anuiieM ypaBHenue nosepxuoctu ' B Bujie

Z:f(l',y), (513,y) S Dl?

rne D — npoeknnus noepxaoctn I' Ha mockocts Oxy. Obosnaunm depes £
IPOEKIIO KpuBoii L Ha miockocth Oxy. Kortyp £ sBisgercs rpannmeii mioc-
Koit obstactu Dy. PaccMoTpuM niepBoe ciaraemoe

Y{de

L

B Jsieoit wactu (1.16) u mpeobpasyeMm ero B mHTErpaJt mo mopepxHoctu I 1o

Ay

1. JInst onpejieieHHOCTH OYIeM PaccMaTpPUBaTh BEPXHIOID CTOPOHY MTOBEPX-

CJIEIYIOIIel CcxXeMe:

noctu [' m cornmacoBannoe ¢ 3Toit opuenTalueil mopepxuoctn [ mampas-
jeHne obxoja Koutypa L. [Ipu npoekTupoBanun Ha 110CKOCTh Oxy 9TO
HallpaB/jieHne ooxojga KOHTypa L 1epexoJiuT B HallpaBjieHue KOHTypa £,
MOJIOKATETHLHO coryiacoBannoe ¢ obactbio Dy. [Tosromy

%P(m,y,z) dx = %P(m,y,f(x,y)) dx

L 4

ITOCKOJIBKY HHTEr'paJibHbIE CYMMBbI 9THUX JIBYX HMHTEI'PaJ/iOB COBIIa/alOT.

2. Ilo dbopmyite ['puna

§ Py fla) de = / / 5 [Py, fa,0)] dady =

B Car e

5Croxc dzxopmk Tabpusis (1819-1903) — anrymiickuit GU3NK U MaTeMaTHK.
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3. Tlockosbky

n:{cosoz,cosﬁ,cosw}:{ e fy’l}
w/1+f2‘+f2
cosy = (1-|-f2-|—f2) 1/2 W f, = cosﬁ.
COS Y

[TosTomy

] (5 55 o
//( 6085_2—50087> 1+ 12+ frdudy =
//( COS@—%—Z)COSfy) do.

fpdx—//( cosﬁ_g_jcom) do. (1.17)

AHAJIOIrMYHO MOZKHO JO0Ka3aTb, 9TO

fan [f (o~ Roma) iy
%Rdz—// (—eom—%m@) (1.19)

CruagipiBasg pasenctsa (1.17)—(1.19), moaygaem

Nrax,

ch{PdaﬁLQdwaRdz =
L
B oQ 0P OR 0Q oP OR
—// [(6:1: ay)costr(ay 62)COS&+(82 agj)cosﬁ] do
r
4TO U TPebOBAJIOCH JIOKA3ATh. ]

Bameuanue 1.4. Qopmyasa Cmokca ocmaemcs cnpasediusoti, ECAU NOGEPT-
nocms I mootcHo pazbums KycouHo-2Aa0KUMU KPUGHLMU HA KOHEYHOE “UC-
A0 <TYz-npoexmupyemoirs wacmed. Jlokazamesvbcmeo npocmo: crkaadviEa-
em popmyav, Cmoxca Oas Kaotcdotll wacmu U YUUmvl8aeM, 4Imo no oouuM
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YACTAM 2PAHULDL NPUAC2aOWUL Opye K dpyey “wacmets KpusoAuHeTHvle UH-
mezpavt CoOKpauLatomcs. IIpumepom maxot noeeprHocmu ABAAEMCA chepa,
Pa3dbUMaA Mpems NONaAPHO NEPNEROUKYAAPHLLMU NAOCKOCTAMU, NPOLOOA-
WUMU YEPE3 €€ UEHMP, HA BOCEMD <TYZ-NPOEKMUPYEMDBIT> Yacmed.

Bameuanue 1.5. Qopmyara C'mokca cnpasedsusa u 0as naockuz obaacmer,
NAPAANEALHBT KAKOT AUOO KOOPOUHAMHOT NAOCKOCTU, TOMA OHU U HE ABNA-
WMEA <TYZ-npoexmupyemvimus. B amom cayuae ona nepexodum 6 dopmyay
I'puna.

Sameuanue 1.6. Caazaemvie 6 obeur wacmax gopmysv. Cmoxca noayya-
romes dpye u3 0pyea YUKAUNECKOT 3a.MeH0T, N0IMOMY JOCMAMOYUHO 3ANOM-
HUMb 6ud NEPeo20 u3 wux, m.e. gopmyary I'puna.

Bameuanue 1.7. Qopmyara C'mokca ocmaemcs cnpasedsusoti, eciu 2paru-
ua L noseprrnocmu I' cocmoum u3 meckosvkuxr céa3nvlx komnonenm. Ilpu
IMOM 8 Ne60T Yacmu JoNHCHA OBIMD CYMMA UHMEZPANOE NO BCEM CEA3HbIM
Komnorwenmam xorwmypa L.

Bameuanne 1.8. B ¢opmyrax Horomowna—Jletionuya, Cmoxca u laycca—
Ocmpoepadckozo umeemcs edunoobpasue, cOCMOAULLE 8 MOM, YMO ¢ 00HOT
CMOPOHDL 6 KaHCAOT U3 HUT CMOUM UHME2PAA MO N-MEPHOMY MHOHCECMEY,
a ¢ dpyeoti cmoporve — unmeezpan no (n — 1)-meproti epanuye 9mMo20 MHo-
orcecmea daan = 1,2,3. C nomouywvro nonamus duddepertyuarvroti opmo,
AEHCAULE20 30, PAMKAMU HAULE20 KYDCA, MOHCHO 3ANUCAND 6CE IMU HOPMIYAbL
U Ux aHan02u OA8 npoussosvhozo n € N edunoobpasno. Coomsememeyrou,as
obuas hpopmyaa, cnpasedsusas OAs 2AG0KULT MHO2000pa3UTl, MaKMHCEe HOCUM,
Hazearue popmyarve C'moxca.

1.6.3 YcjoBue He3aBUCUMOCTH KPUBOJHWHENHOTO HHTErpaJja oT
MMyTU WHTErPUPOBAHUSA

[Iycts G — obaacthb B mpoctpancTse E3, a I' — Kycodno-riaikas opHeHTH-
pyeMas MOBepXHOCTL B npoctpanctse E3. Bynem naspisath obmacts G no-
BEPTHOCTHO 00HOCBA3HOT, €CJIN JIJIsT JTIOOOTO KYCOTHO-TJIATKOTO 3aMKHYTOTO
KoHTypa L, siexkamiero B (G, CyIecTByeT OpHeHTHPyeMasl KyCOUHO-TJIaIKasl
[IOBEPXHOCTh, OlpaHUYeHHAsT KOHTYPOM L, Takke IeJuKoM Jiexkarasd B G.
Amnastornuno, OyJileM Ha3bIBATH TOBEPXHOCTH I 00M0C6A3MHOT, ec st JTEO-
60T0 KyCOYHO-TJIaJIKOIO 3aMKHYTOTO KOHTYpa L, jiexkarero B I'; cymecrByer
KYCOYHO-TJIa/TKasl TOBEPXHOCTH, OTPaHnYeHHas KOHTYPOM L, TaKKe IeJTUKOM
Jexkanias B I
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[Ipumepamu MOBEPXHOCTHO OJHOCBSBHBIX 00JIACTEN SIBJISIOTCS Iap, 00-
JIACTH MEXKJIy JIBYMs KOHIICHTPUICCKUMU cpepaMu U 00JacT, TOMEOMOPd-
HBIE OJTHOI U3 9THX JIBYX obJacTeil, Hanpumep, see npoctpanctso E3. [pume-
POM OJTHOCBSI3HON TOBEPXHOCTH SIBJISIETCS cdepa U Jitodasd MOBEPXHOCTD, eif
romeomopduasi. Hamporus, yToJieHHas MOBEPXHOCTb TOPa U MOJHOTOPHUE
He SBJISIOTCS MOBEPXHOCTHO OJTHOCBAZHLIMU OOJIACTSMMU, a TOP HE SBJISIET-
Cs1 OJIHOCBSI3HON MTOBEPXHOCTDHIO. JloKazaresbecTBa 9TUX (aKTOB MbI JIaTh HE
MOZKEM, TIOCKOJILKY 3TO TpebyeT yriy6jeHns B TOHOIOrHIO. |

Teopema 1.4. 1. Ilyemwv dynrwyuu P(x,y, z), Q(x,y, 2), R(z,y,z) onpe-
deaervt u nenpepuierv. 6 obaracmu G. Tozda caedyrowyue mpu ycaosus
IKGUBANEHMHVL (M.€. U3 Kacdo20 U3 HUT caedyrom 06a Ipyaur):

(a) Jlas 06020 samrrymozo xonwmypa L C G:

j{de+Qdy+Rdz:0.
L

(b) JTas mobvx deyx mouex A, B € G kpusosunetinoil unmezpan

/de—l—Qdy—i—Rdz
AB

HE 3a6UCUM 0M NYMU UHME2PUPOSAHUA, M.E. 0Mm 6bib0pa KpuUeot,
coedunmowets mouku A u B u yesuxom aescaweti 6 obracmu G.

(¢) Bupasicenue P dx + Q dy + R dz asasemcesa noanvim dugddepenyu-
asom, m.e. 6 obracmu G cywecmsyem duddepenyupyeman pyrx-
yus w(x,y,z) = uw(M) maxaa, wmo du = Pdx + Qdy + Rdz.
Omcroda caedyem, 6 wacmmocmu, 4mo

/Pd:z:—i—@dy—l—Rdz _ w(B)—u(A) YA BeCG.
AB

2. Ecau pymnwuuu P, QQ, R umerom 6 obaracmu G nenpepuiérovie 4acmmvie
npoussodnvle NePEo2o nopadka, Mo u3 A106020 u3 yciosul (a)—(c) cae-
dyem ycrosue

(d) 0oQQ 0P OR 0Q 0P OR
or Oy Oy 0z 0z Ox
7CyH_LeCTBOBaHI/Ie B I1ape HereprBHOﬁ OpI/IeHTI/IpyeMOﬁ IIOBEPXHOCTH, OI‘paHI/I‘{eHHOI‘/’I IIPOU3BOJIbHBIM

HAIepe/l 33 [aHHBIM KOHTYPOM, JIEXKAIIUM B JIAHHOM IIape, JI0Ka3aHa, Hanpumep, B opormope B.B. Tlpa-
cosioB «Harsimaas Tonostorusi», M.: MITHMO, 1995, c. 22, teopema @pankis—Iloarparuna—3eiidepra.

6 oonacmu G
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Ecau, kpome mozo, obaacmo G noseprnocmmo 00noceaAsna, mo u Ha-
obopom, uz ycaosua (d) caedyrom ycaosus (a) — (c).

Jlokasameavcmeso. JlokazkeM repBoe yTBEp:KI€HNE TEOPEMBI TT0 cxeme (a) —
(b) = (c) = (a).

[Tycrb BBITOTHEHO yeaoBre (@) U mycTh L;, i = 1,2 — jBa KOHTYpa, Coe -
astionue Toukn A u B u nenukom Jiexkamue B obsiactu (G. Tormaa pasHocTb
MHTEIPAJIOB

/Pd:z:+Qdy+Rdz—/Pd:U+Qdy+Rdz

Ly Ly

SBJIIETCS UHTETrPAJIOM 0 3aMKHYTOMY KOHTYPY U IMTOTOMY paBHa HyJ10. Tem
caMbIM, cripaBe/yinBo ycyosue (b).

[Iyctes BBIONHEHO yeaoBre (b) u mycrb A — (UKCHpOBaHHAST TOYKA B
obsactu G. Tornma B obyiactu G KOPPEKTHO omnpejesieHa (hyHKITIS

u(z,y, z) == / Pdx+Qdy+ Rdz.

AB(z,y,2)

Paccmarpusast npupaitierust (yHKIMN U BJI0JIb KOOPIMHATHBIX 0Ceil, 110 Ghop-
MyJie CPeJIHer0 3HaueHHusl JIerKO I0KasaTh, 9ro u.(x,y,z) = P(z,y,z),
uy(r,y,2) = Qx,y,2) n u.(x,y,2) = R(x,y, 2), a 3HAYUT, B CHJLy HeIpe-
poiBHOCTH byHKIM P, @, R, byuxius u(z,y, z) muddepennupyema B G.

Nmmnkanus (¢) — (a) odeBuHA.

Jlokazkem BTOpoe yTBepzKjieHne TeopeMbl. [loCKOIbKY yrKe JloKa3aHa 9K-
BIBAJICHTHOCTb yCJIOBHA (a) — (¢), TO JOCTATOYHO JOKA3aTh HMILTUKAIIIIO
(¢) — (d) u, B IpeANOIOKEHIN O TIOBEPXHOCTHON OJHOCBSI3HOCTH 00JIACTH
G, nmmmkaiio (d) — (a).

— _ Ou _ Ou _ Ou

[lyecre Pdx + Qdy + Rdz = du, Torma P = 2, _a_ng—%' ITo
yesoBuio, Gyukimu P, (), R uMeroT HelpepbiBHbIE YaCTHbIE TIPOU3BOJIHBIE,

oP _ Pu 0@ _ du
no3TOMy YHKIIN G- = 755 1 5 = 705 nenpepbisHbl B oonactu G. Crezno-
BATEJIHLHO, TI0 COOTBETCTBYIOIIEMY YTBEPZKIEHIIO BTOPOIO CEMECTPA, CMeITaH-

QP . Pu 299 _ op
HBIE JACTHBIE IPOU3BOJHBIC PABHBI F3o = 50, T.e. 5o = 5o Anajsiornaso
JIOKA3bIBAETCS, UTO %—]; = %, %_1; = % B obstactu GG. TeMm cambIM, JIoKa3aHa

nMiinKaims (¢) — (d).
[Tycrs Tenepb 0bsacTb G IIOBEPXHOCTHO OJHOCBA3HA U BBIOJIHEHO YCJIO-
sre (d). Bosmem mpousBosibHblil 3aMkHYTBI KOHTYD L C G. Ilyers [N —
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rJIajiKas OpueHTUpyeMast MOBEPXHOCTL, PaclojioyKenHas B o01actu G 1 orpa-

nmuennag KontypoM L. ITo ¢popmyne Crokca®

%deJerynLRdz:// (‘9_@_8_P dxdy+
or 0Oy
L r N

7

+ <8_R_@> dydz + <8—P—8—R) dzdx =0,
z

oy 0z

\ 7 \ 7
TV TV

=0 =0

qITO O3HAYAET CIPABEJIMBOCTD YCJIOBUS (a). O

Sameuanue 1.9. Yeaosua (a) u (b) nenocpedecmserno nposepumo caodicko,
NOCKOABKY 6 HUX PUypupyem Hecuemmoe MHONCECMEO NYMEL unme2pupo-
6aHUA, KOMOPOE HE UMEETN, AGHOT NAPAMEMPUSALUL.

Yeaosue (¢) mootcno nposepumo, cmpoa dynkyuwro (T, y, z) Kax uHme-
2pan

u(z,y, z) = / Pdx+Qdy+ Rdz,
Latgm
ede Lypy — waxum-mo obpazom 6vOparnvie nymu, coeOuHA0UUE MOYKY
My (0, Yo, 20) ¢ mouxot M (x,y, z) (nanpumep, smu nymu mo2ym 6vimv A0-
MAHDMU, COCTNABAECHHBMU U3 0MPE3KOE KOOPIUHAMHLEL AUHUL), @ 3amem
nposepas duddepenyupyemocmyv Gynryunu w(x,y, z) u cpashusas Judge-
pernyuan di(x,y,z) v Pdx + Qdy + Rdz. Oduaxo nocmpoennas marum
obpazom pynryus U(x,y, z) Mmoocem He bbims dasice HEnpPepveHOT.
IIpowe 6cezo, Koneuno, nposepaemes yeaosue (d).

8,ZLJ'I$I BO3MOZKHOCTHU €€ IPUMEHEHUA HaM U HY2KHa OPUECHTUPYEMOCTDH ITOBEPXHOCTHU I.



I'1aBa 2

CKaﬂHprIe N BEKTOPHbLIE I10JIA

2.1 OcHOBHBIE NIOHSITUS TEOPUN CKAJAPHBIX U BEKTOP-
HBLIX II0JIeH

2.1.1 CkanagpHoe 110JIe

Onpepesienne 2.1. Ecau xascdoi mouke M obaacmu G (nwa naockocmu
UM 6 MPOCMPAHCGE) NOCMABAEHO 6 COOMBEMCMEUE HEKOMOPOE “UCAO
u(M), mo 2060pam, wmo 6 obaacmu G 3adano ckaraproe noae.

@usnyeckue MpUMepbl CKaJISIPHBIX I10JIeil: 10JIe TeMIIepaTyp KaKoro-andoo
TeJia, 10Jie IJIOTHOCTH MAaCChl KaKOro-JIn0O TeJsia, 10Jie IJI0OTHOCTU 3JIEKTPH-
YECKOro 3apsjia B 00J1aCTU WU Ha MOBEPXHOCTH.

Besmauna v ectb dyHKIUS Touku M; ec-

JII BBECTH OPTOIOHAJIBHYIO CHCTEMY KOODIMHAT
Oxyz, TO cKaJsIpHOE I10Jie Oy/IeT OIUCHIBATHCS
dbyHKImed Tpex nepeMeHubx: u = u(x,y, z). B é
pa3HbIX CHCTEMaX KOOPJAMHAT 3Ta (DYHKIMSA MO-

JKeT nmMeTh pasjndnbiii Bug. Ho npu dukcupo-

BaHHOII cucTeMe KOOpJAMHAT 3ajiaHue (OyHKIUN
Puc. 2.1: junum ypoBHHA

u = u(x,y,z) SKBUBAJCHTHO 3aJ[aHUIO0 CKAJIsIp- (DYHKIUIH JBYX TICPEMEHHDLX.

HOrO 110J1d. MBI OyemM cunTarhb, 9TO (PUKCHPO-

BaHa HEKOTOpasl MPSMOYTOJIbHAsT CHCTEMa KOOpD-

JIMHAT, U II09TOMY OyJIeM T'OBOPUTH, 9TO (PYHK-

st u = u(x,y, 2), (x,y,2) € G 3amaeT cKasp-

Hoe rosie B obstactu G. TlommuozkecTBO oOsactu (G, 3ajaHHOE ypaBHEHIEM

u(x,y, z) = ¢ = const, HA3BIBAETCS MHOXKECTBOM YPOBHsT GyHKINE U (T, ¥, 2).
Bce 9T0 BBINISINT HOCTATOYHO TPUBHAJIBHBIM, OJHAKO TYT €CTh U BECh-

Ma HETPUBHAJBHBIN MOMeHT. V3BecTHO, 9TO /11060 3aMKHYTOE IOIMHOKE-

34
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CTBO TpocTpancTBa R" ABJIsIeTCS MHOYKECTBOM yPOBHS HEKOTOPOI OecKoHe-
Ho juddepeniupyemoit dbynkuun (reopema Yurhu)l. B To e Bpemsa us-
BECTHO, YTO 3aMKHYTbIe MHOYKECTBA MOTYT OBITH BEChbMa HEPETYITPHBIMIE;
IIPUMEPOM SIBJIAETCS KAHTOPOBO MOIMHOKeCTBO oTpeska [0, 1]. OHo He coep-
JKAT HU OJHOI'0 NHTEpBaJia, ABJIACTCA TaK HAa3bIBAEMDBIM HYAb MHOHCECTNEOM
(T.e. MOZKeT OBbITh IOKPBITO KOHEYHON MJIM CUYETHON CHCTEeMOll MHTepPBaJIOB
CKOJIb YI'O/IHO MaJIOil CyMMapHOI ,]ZLJII/IHBI), u 1pu ToM HecdeTHo. OJHAKO
JUTs JTannoit 6eckonevdno auddepeHnupyeMoit pyHKIMU % MHOXKECTBO TeEX
3Havennit ¢ € R, 711 KOTOPBIX MHOYKECTBO YPOBHS He ABJISIETCS TJIAJIKOIM
MIOBEPXHOCTBIO, ABJISAETCA HYJIb MHOYKECTBOM, IIPU ITOM TpeboBaHMe Ha IJIa/l-
KOCTB (DYHKITN MOYKHO TOHI3UTH (Teopema Capra).

2.1.2 BekTopHoe 110J1€

Onpegnenenne 2.2. Ecau kaoscdoti mouke M obaacmu G (na naocko-
CMU UAU 6 NPOCTPAHCINEE) NOCABAEH 6 COOMBEMCMEBUE HEKOMOPYI GeK-
mop a(M), mo 2060pam, wmo 6 obaacmu G 3adano 6eKMOPHOE NoAe.

Dusnieckne MpUMepPbl BEKTOPHBIX ToJIeil: amekrprdeckoe mose E(M),
maranTHoe moste B(M), mose Tarorenust Kakoii-mbo maccer F(M), mose
ckopocteit kugroctn v(M).

[Ipn duxcuposainoii cucreme koopaunar Oryz BEKTOPHOE T0JIE 38,/1a€T-
cst BeKTop-byHKIme a(z,y, z) mim TpeMsi CKaJgpHbIMU (DYHKINAMEI — ee
KOOD/IMHATAMUI

a(r,y,z) ={P(r,y,2),Q(x,y,2), R(z,y,2)} . (2.1)

Ounpenenenne 2.3. Inadkas kpusas L masviéaemcs BEKTOPHON JHHUEI
sexmopnozo noaa a(M), ecau 6 kascdot mouke M wpueot L eexmop a(M)
nanpasaen no Kacamesvnol x xpueot L.

B nasbreiinmeM OyJieM cUuTaTh, YTO (PYHKIINU, 338/a01e CKAJISIPHOE WK
BEKTOPHOE TI0JIe, NMEIOT HelpPePhIBHbIE YaCTHBIE NTPOU3BOIHBIE TTEPBOTO I0-

pAIKa.

YVurau Xacep (1907-1989) — amMepuKaHCKHUi MATEMATHUK.
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2.1.3 IIpousBogHas 110 HAIIPABJEHUIO U I'PAJANEHT CKAJSIPHOTO I10-
a4

Bo Bropom cemectpe jijist cKassipHOro 1moJist (ckassiproit dbyukunu) u(x, y, 2)
ObLJIM BBEJIEHDbI IIOHATHUS I'PAJIMeHTa U IIPOM3BOIHON 110 HAIIPABJIEHUIO:

q ou Ou Ou ou, Ou, 8uk ou dul
gradu = oz 9y 0= —%H“a—yt]*‘% T (grad u, 1),
rjie | — e uHNYHBI BeKTOP 3aJaHHOIO HAIlPpABJICHIHSI.

JlaHHoe olpejiesieHne rpaJueHTa CBI3aH0 ¢ BLIODOPOM CUCTEMbI KOOPIMHAT.
OpiHako ObLIO ITOKa3aHO, YTO Ha caMOM Jiejie BeKTop gradu He 3aBHUCUT OT
BBIOOPA CUCTEMBI KOOP/IMHAT, ITOCKOJIBKY €r0 HallpaBJeHIe eCTh HallpaBJIeHIe
HanbOJIBIIIEr0 POCTa CKAJISIPHOI BEJTMIUHBL U, & | grad u| ecTh CKOPOCTH pocTa
BEJINYMHBI U B 9TOM HallpapjeHuu. Ecim BBecTu JApyryio CUCTeMy KOOp/INHAT,
TO KOOPAMHATHI BeKTOpa grad u M3MEeHSATCsI, HO caM BEKTOp, T.e. ero JJINHA 1

HaITpaBJIeHUE, OCTAHYTCA 0€3 U3MEHEHHUSI.

Onpenenenne 2.4. Bexmoproe noae masvieaemcs MOTEHIUAJIBHBIM 6 00-
aacmu G, ecau €20 MoorcHo npedcmasums 6 amot obaacmu Kax 2paduerm
HEKOMOPo20 CKaaaprozo nois u(M):

ou, Ou, 0
Mm:gMMMﬁﬁ%+éﬁ+£k (2.2)

Dynryusa u(M) nazwieaemes CKATAPHBIM OTEHIMAIOM GEKMOPHO20 NO-
as a(M).

ITpumep 2.1. [lomenuyuan snexmpuuecko2o nois Mo%euHo20 3apAda q paset

u(M) = g, 4 CaMO INCKMPUMECKOE NOAE CCTIL
r
q
E(M)=—gradu(M) = 5T npu 7= Va2 + 22 40, (2.3)

ede r = ri+yj+zk — paduyc-eexmop. Anarozuvnvim 06paszom nomenuuans-
m

HOLM ABAACMCA U 2PABUMALUOHN0E nose moueunol macco, B (M) = —7—31'.
r

2.1.4 JluBepreHnus BEKTOPHOIO I10JIs

Onpenesienne 2.5. [luseprenrueii eexmoprozo noas (2.1) wazweaemcs
CRANAPHAL DYHKUUA

or _9Q  OR
ox Oy 0z

2B ¢busuke MPUHATO CYUTATH, YTO TOTEHIMAILHOE BEKTOPHOE TI0JIe & CBA3AHO CO CBOMM MOTEHIINAIOM
U paBeHCTBOM a = — grad u.

diva =
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D10 onpejiesenne diva cBI3aHO ¢ BLIOOPOM CUCTEMbI KOOPAUHAT. MBbI 110~
KazkeM, 9To Ha camoM jeste dyuknng diva(M ), M = M (z,y, z) He 3aBucut
OT BBIOOpA CUCTEMBI KOODJIMHAT.

ITpumep 2.2. Bunucium dusepzenyuto s4eKmpuieckozo noas (2.3) moveu-
H020 3aPA0A ¢, NOMEWEHH020 68 HAYAAO KOOPIUHAM.

e =a[ 2 (2)+ 2 %)+ 2 ()]

0 (:U) 1 3xz0r 1 32°

ox \r3 3 rior 3 b
Ananoeuvno:
o0 [y 1 3y® 0 [z 1 322
) s mG) s
Caedosamenvro,

3r? — 3(z? + y* + 2?)

divE = ¢q =
”

=0, r#0.

2.1.5 PoTop BEKTOPHOIO II0JIs

Omnpepesiernne 2.6. Poropom eexmoprozo noas (2.1) nazvieaemes 6exmop-

byrruua
L)k OR  0Q oP OR 0Q oP
_ |9 o0 9| _ [Zr Y. il - % _ 7
rota=ar oy o (ay 8z>1+<8z 8:1:)‘]+<8x ay>k'

Huke MBI TOKaKeM, 9TO pOTOP BEKTOPHOTO TOJIS, TaK YKe KaK W JIUBep-
TeHIs BEKTOPHOTO T0JIs, He 3aBUCUT OT BBHIOOPA CUCTEMBI KOOPIIMHAT.

CutymaresisiM IpeJijiaraeTcst caMoCcToATe/IbHO yoeauThest, ato rot B = 0,
r # 0 JJIs 9JIEKTPUIeCcKOro moJis (2.3) TOUedHOro 3apsijia ¢, MOMEIEHHOTO B
HavaJI0 KOOP/INHAT.

2.1.6 IMupkyisamnus BEeKTOPHOTO IIOJIs

Omnpepesienne 2.7. [lycmov 6 obaacmu G 3adano eexmoproe nose (2.1) u
nycmv AB — Kycouno-aaadkan xpueas, aedxcawan 6 obaacmu G. Kpusosu-
HeUHDIT UHMezpan 6mopo2o pooa

/ Pdx + Qdy + Rdz
AB
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Ha3v6aemesA UPKYJIIueit 6exmopro2o noas a 60oav kpusoti AB.

Ecm dl = tds =: idx + jdy + kdz — xacaTeJbHBIII BEKTOP K KPUBOIt
AB (B TOoUYKax ee IIaJKOCTH), t — eIMHUYHBII KacaTebHbIH BEKTOD, a ds —
nuddepeHIa JJIMHBL JyTH, TO TUPKYJIAINI0 MOXKHO 3aIllUCATh B BUJIE KPH-
BOJIMHEITHOT'O MHTErpaJjia BTOPOIro WK IEepPBOro pPoja

/Pd:z:+Qdy—|—Rdz:/(a,dl):/(Pcosoz—l—Qcosﬁ%—Rcosv) ds.

AB AB AB

Hannas popma 3anmc MUPKYIAINNN TOKa3bIBAET, YTO UYUPKYAAUUA HE 346U-
cum om 6ub0pa cucmemv, KoopouHam.

Pabora cuiosoro nosg F npu mepemeriennn MarepuagbHOW TOYKH, HA
KOTODPYIO OHO JeficTBYyeT, 110 KOHTYpY L sBjsieTcs nupKysasanueit noias F 1o
KOHTYDY L.

2.1.7 IloToK BEKTOPHOIO I10JIs

Omnpepesienne 2.8. [lycmov 6 obaacmu G 3adano sexmoprnoe noae (2.1)
u nycmv I' — xycouno-zaadkas 08YTCmMOpoHHAA NOBEPTHOCTL, NEHCA-
was 6 obaacmu G. Bwbepem 0dny u3d cmopon nosepxnwocmu I, sapuk-
CUPOBAB HENPEPVIEHOE BEKMOPHOE NoAe eIUHUNHLL Hopmaneld n(M) =
{cos o, cos 3, cos v}, m.e. opuenmupyem noseprrnocmo. [loseprrocmmvit un-

mezpas 6mopozo poda
//(a, n)do (2.4)
r

HA3bL6AEMCA TIOTOKOM 8EKMOPHO20 NOAA & YePe3 OPUEHMUPOBAHMIIYIO NOBEPT-
nocmo 1.

[ToTok (2.4) MOXKHO TaKk’Ke 3alucaTh B BHJIE

//an da—// (Pcosa+ Qcos 3+ Rcosy)do =

= // Pdydz + Qdzdr + Rdzdy.
r

OueBHHO, YTO IOTOK BEKTOPHOI'O IIOJISI Yepe3 OPUEeHTUPOBAHHYIO IMOBEPX-
HOCTb HE 3aBHUCHT OT BbIOOpa CUCTEMbI KOOD/IMHAT.

PusnyecKuMH IIPUMepaMy I[I0TOKOB Yepe3 IMOBEPXHOCTL 1’ sIBJIsIIOTCs: Ipn
a = V — IIOTOK »KHUJKOCTHU, TP a = B — MOTOK MarHuTHOrO mOJIs.
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2.1.8 NuBapmaHTHOe oIllpejieJieHne JIUBEPreHIun BEKTOPHOIO TI0-
Jad

C 11OMOIIIBIO BBEJICHHBIX MOHATUN JIMBEPIeHIINN U IOTOKA BEKTOPHOT'O IOJIs
dopmyny Taycca—-OcTporpajickoro MoXKHO 3alucaTh B BU/IE:

/// divadzdydz = //(a, n)do, (2.5)
e r

T.€. IOTOK BEKTOPHOT'O I10JIs Yepe3 BHEIIHIOI0 CTOPOHY 3aMKHYTO ITOBEPXHO-
ctu I’ paBeH mHTErpaJjy OT JUBEPreHIun 110Jis 110 obacTt (G, orpaHnIeHHO
IIOBEPXHOCTHIO .

[To dopmysie cpesHero 3uadeHus JIeByIO 9acTb (2.5) MOXKHO 3amnucarh B
BIJIE

/// divadzdydz = diva(M*)-/// dxdydz = diva(M™*)-V(G), M* € G.
G

G

[Tosromy
diva(M*) = ﬁ / / (a,n) do.

Bynem tenepn craruBaTh moBepxHocTh I K Hekoropoit Touke M € G. Ilpu

srom V(G) — 0, M* — M n

diva(M) = lim % / / (a,n) do. (2.6)

Tax kak oobeMm obstactu G 11 TTIOTOK I0JIsT & Yepe3 IMOBEPXHOCTh [ He 3aBUCAT
oT BbIOOpa cncTeMbl KoopamHat, To n Beqmuuua diva(M) me zaBucuT OT
BBIOOPA CHCTEMBI KOOD/MHAT, & 3aBUCHT TOJBKO OT caMoro moJjist a(M ).
Ob6cyauMm Terepb bu3nyuecKknii ¢cMbIC guBeprennuu. IIycrs mosiem a siB-
JisieTcs snekTpudeckoe noJie E, cosnannoe HabopoMm /N TOUYEUHBIX 3JIEKTPU-
YecKux 3apsiioB ¢;, ¢ = 1,..., N, pacnojoxkeHHbIX B objactu G. Yiaanm
u3 obsiactu G MaJible Maphl ¢ IEeHTPaMU, COBIAJIAIOININMUI C JaHHBIMU 3apsi-
JIAMU, U BBIYUCIUM II0TOK 4epe3 rpanuiyy IV mosyuusiieiics obsacru G'. C
OJIHOfT CTOPOHBI, MOCKOJIbKY JINBEPIEHIIHsl [0JIs TOUYEeTHOro 3apsija (a 3Ha-
9UT, ¥ UX CYNEepPHO3UINN) PaBHA HYJIO BCIOJY, KDOME TOUYKH DACIIOJIOKEHNUST
CaMoro TOYEYHOIo 3apsijia, To 1o dopmyse 'aycca—OcTporpajickoro moTox
SJIEKTPUUIECKOIO 10JIsE uepes nosepxuoctsb I pasen mysmo. C apyroii cropo-
HbI, OH CKJIaJIbIBAeTCsA M3 II0TOKa depe3 rpanuiy I' obnactu G 1 1HOTOKOB
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yepe3 BHYTpPEHHNEe TOBEPXHOCTH MAJBIX cdep. YeTpeMmsds pajuychbl MaJIbIX
chep K HYJIIO, TTOJTydaeM, 9TO TTOTOK depes i-yio chepy ecTh —4mq;, a 3HAUNT,

//(E, n)do = 47Q,

rje () — TOJHBII s1eKTpudecKuil 3apst obsactn G. Hannas dgpopmysia, Ha-
3bIBAEMasi B 9JIEKTPOCTATUKE meopemoti 1 aycca, He 3aBUCUT OT KOJIUIECTBA
TOYETHBIX 3apsI0B B 00stacTi (G, & IOTOMY CIIPpABE/JINBA U B IIPEIEJILHOM CJIy-
Yae HelpepbIBHOIO paciipejieienns 3apsjia B obsactu G ¢ 00beMHOIl 10T-
HocThio p. [lofcraBiss Teneph JgaHHOe 3HAUYeHUe MOTOKa B (hopmymy (2.6),
MBI 10JIy9aeM PaBEHCTBO

divE(M) = 4np(M).

Taxum obpaszom, dusepzenyus ABAAEMCA, C MOYHOCNBLIO 00 MHOHCUMENS,
005eMHOT NAOMHOCTIBIO UCTNOYHUKOE BEKMOPHO20 NOAA.

C roMoIbo onepannn JINBepreHiing 3alichbiBaloTcst ypapaennst Makcser-
JIa, JIJIsE BEKTOPA 3JIEKTPUIECKOTo cMeleHns: D 1 BeKTopa MarHuTHON MHIYK-
unu B:

divD = 4mp(M), divB = 0.

2.1.9 HVaBapuaHTHOe oIIpeJejieHINe POTOPa BEKTOPHOI'O MHOJIsA

C 1OMOIIBIO BBEJICHHBIX MMOHSTHN IUPKYJISIUU U OTOKA BEKTOPHOI'O IOJIs
dopmyny Crokca MOYXKHO 3aIllicaTh B BHJIE:

j{(a, dl) = //(rot a,n)do, (2.7)

T.€. IOTOK POTOPA BEKTOPHOIO O/ Yepe3 OPUEHTUPOBAHHYIO IIOBEPXHOCTE I
paBeH LUPKYJISIUUA 9TOI0 BEKTOPHOTO II0Jisl 10 rpanuie L nosepxuocTu I
HalpaB/ieHne 00Xo1a KOTOPOil COrJIaCOBAHO 110 IPABUIY IIPABOIO BUHTA C OPU-
enTanueil mosepxuoctu I

[To dhopmyite cpesHero 3HadeHus! MPaByo 9acThb (2.7) MOXKHO 3alucaTh B
BUJIC

//(rota,n) do = (rota,n)|,,. // do = S(I') (rota,n)|,,., e M* € I.
r r
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[TosTomy

(rota,n)|,, = % j{(a, dl).

Bynem renepsb crsiruBarh rpanuiy L K HeKoTopoil Touke M € I' Tak, 4T00bI
HOpMauJib K moBepxuoctu I' B Touke M ObLta nocrostanoii. [Ipu stom S(I') —

0, M* — M u

1

(rota,n)|,, = /}L%ﬁ y{(a, dl). (2.8)
L

Tak Kak IIOma(b MOBEPXHOCTH I’ M NUPKYJIAIUs BEKTOPHOIO IIOJS & 110

KOHTYpy L He 3aBuCAT OT BLIOOpA CUCTEMbI KOODJIMHAT, TO ¥ BEJINYMHA

(rot a,n)|,, He 3aBUCHT OT BBLIOOPA CUCTEMBI KOODAMHAT, & 3aBUCHT TOJIBKO

ot camoro 1ot a(M).

O6cyum Tenepb dusnueckuit empica poropa. Hupkyssnust §(a, dl) ss-
L
JITETCsT KOJIMYECTBEHHOM Mepoil 3a6urperHocmu BEKTOPHOTO ToJist a (T.e.

ero CrocOOHOCTH COBEPIIATH HEHYJIEBYIO PAOOTY BJIOJb 3aMKHYTHIX KPUBBIX)
BJIOJTb TPAHUIIBI TOBepxHOCTH ') TO9TOMY OTHOIIIEHNE

1
) Z{(a, dl)

MOXKHO PacCMaTpUBaThb KaK CPEJIHIOI0 3aBUXPEHHOCTD I10J1 & Ha 110BEPXHO-
cru I', a npesest sroro ornommenus npu L — M — Kak 3aBUXPEHHOCTD 110JId &
B Touke M B buKcupoBaHHOM HalpasaeHnn n. Tem cambim BekTOp rot a(M )
XapaKTePU3yeT 3aBUXPEHHOCTb BEKTOPHOIO 110J1d & B TouKe M.

C momoImpio onepanuy poTopa 3alluChbIBAIOTCS ypasHeHns Makcseiia,
CBA3BIBAIOIINE JICKTPUYECKOE U MArHUTHOE I10JI:

4 10D 10B
tH= 254 -2 tE= =22
ro c‘]+08t’ro c Ot

3J1ech ¢ — CKOpPOCTh cBeTa B BakyyMe, H — HAIPsizKeHHOCTH MarHUTHOTO MMOJIs,
a J — IJIOTHOCTDL 3JIEKTPUIECKOTO TOKA.

2.2 IloreHmnuaJjibHble BEKTOPHbBIE TOJIS

O06cynuM CBOMCTBa MOTEHIINAIBHBIX BEKTOPHBIX TIOJIEH.
Ecu Bekroproe nojie a(M) = {P, Q), R} norenrmaibio B obactu G, 1o,
cpaBumBas (2.1) ¢ (2.2), momyaaem

ou

ou ou
p=% g% p_2
ox’ ¢ oy’ h 0z
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CitetoBaTeIbHO, BhIPaYKEHIE

Pdm—l—Qdy—l—Rdz:%dx-l—%dy—Fa—udz
ox oy 0z

sBJIsteTCst TOJHBIM Judbdepentuanom dbyskimn u(x,y, z) B obnact G. 910
O3HAYAET, YTO BBIIOJHEHO ycjoBue (¢) TeopeMbl 1.4 06 yeaoBUsIX HE3aBUCH-
MOCTHU KPUBOJIMHEITHOIO NHTeIrpaJia BTOPOro POJa OT IIYTH MHTErPUPOBAHMUS.
[TosToMy, 110 JaHHOI Teopeme, oTeHIMaIbHOE B 001acT (G BEKTOPHOE I10J1e
a(M) obajsaer cieyomnM CBOCTBAMIL

1. Hupkysinust norernuaabroro mojs a(M) Baosb 106010 3aMKHYTOTO
kouTypa L C (G paBHa HYIIO:

j{(a, dl) = %Pda: + Qdy + Rdz = 0.
L L

I/IHOF,H‘a 3TO CBOMCTBO IIPUHUMAIOT 3a OIIpeJcJICHUE ITIOTCHIINAJILHOT'O I10-
JIA.

2. VA, B € G mupkynanus norernuaiabroro mosst a(M) = grad u(M)
BJIOJIb KPUBOIi, coeaunsiionieil Toukn A n B u e uKoM Jiexkaleii B 00-
nactu (G, He 3aBUCUT OT BHJIa 9TOI KPUBOI N paBHA PA3HOCTHU 3HAUYCHIUIT
noTeHIaJa u B Toukax A n B:

/ (a,dl) = u(B) — u(A).

AB

3. Ecim dyukiuu P, (), R uMeroT HelpepbIiBHbIE YacTHbBIE TPOM3BO/IHBIE
nepBoro mnopsiika u eciau nose a(M) = {P,Q, R} noreHnuaabHO, TO
CITPABE/IJINBO PABEHCTBO

9Q 0P OR 0Q 0P OR
or Oy’ Oy 0z 0z O

OTu paBeHCTBa O3HadaloT, 4To rota = rot gradu = 0, T.e. nomenyu-

. (2.9)

anvHoe noae AGAAEMCA 6636U33p€8’bw\/t.

PaccMmorpuM 0OpaTHBI BOIIPOC: BEPHO JIK, UTO O€3BUXPEBOE 110J1e B 0018~
ct G gBJIIETCSI TOTEHIUAILHBIM? DTO 3aBUCUT OT obsactu. Ecin obiaacts G
ITIOBEPXHOCTHO OJIHOCBSI3HA, TO B CHJIy TeopeMbl 1.4 u3 ycinoBud rota = 0, T.e.
13 ycaoBus (2.9), caeyer cynecTBoBanne (hyHKIUE U, OIPeIeTIeHHOl B 0618~
ctu G 1 Takoit, uTo a = grad u, 9YTO 03HAYAET MOTEHINAJIHLHOCTH BEKTOPHOTO
10JIS a.
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Ecmu ke obacts G He sSIB/IsSIETCsT TOBEPXHOCTHO OJHOCBSI3HOIM, TO He3BIX-
peBoe T10J1e B 9TOH 00JIaCTH MOXKET He ObITh MOoTeHInaJ bHbIM. [leficTBuTeb-
HO, IycTh B npocTpancTse [E3 BBejiena jekapToBa, CHCTEMa KOODIMHAT TY2
1 obaacth G mosydena yiaasenueM n3 E3 ocn Oz. OupejesnM BeKTOPHOE
nosie a B G popmy.ioi

= 0. 2.10
awy2) = {5 s (2.10)
Torna
i J k
rota=| 3% I1=0-i40-j+
9 x 0
I2+y2 $2+y2
1 222 1 29
— a + — J = 0 B obsractu G.

2+ (2+y2)? 22+ (22 +y2)?
Paccmorpum 3aMKHyTBIT KOHTYP L @ o = cost, y = sint, z = const, 0 <
t <27
2w 21

j{(a,dl):/ _sint-dcost n cost -dsint :/dt:27r7é().
0 0

sin?t 4+ cos2t  sin’t + cos?t
L

Taxum obpasom, xoTst rot a = 0, HO 10JIe & He SIBJISeTCs IMOTEeHIAJbHbIM B
obnactu G.3

2.3 ConeHnongajibHbIe BEKTOPHBIE IOJIS

Bekroproe nosie a(M) HasbiBaercsi coaenoudasvrvim (IO Tped. “rpybua-
TeiM”) B obsacTt G, econ B 910it obstactu diva = 0, T.e. B obactu coJre-
HOMJIAJILHOCTH HET UCTOYHUKOB BEKTOPHOTO IIOJIA.

qr </
IIpumep 2.3. Iaexmpuueckoe noae movweunozo sapada E = — 6 100011
r

oonacmu G, ne codeporcaweti 3apada.

3Hasnuunio 6e3BUXPEBEIX BEKTOPHBIX MOJIEH B IIOBEPXHOCTHO HEOIHOCBSI3HBIX 00JIACTSIX OOSI3aH CBOUM
CyIIeCTBOBaHNEM Tak HasbiBaeMblil addekt Aaporosa—Boma (1959 r.). IlycTh nmeercs JyIMHHBIH TOHKAIT
COJIEHOWJI, C TOKOM. BHe coJieHOUua MATHUTHBIN IMOTEHIINA, C TOYHOCTHIO JI0 IMOCTOSTHHOI'O MHOYKUTEJIS,
paser (2.10), u eMy cOOTBETCTBYeT HyJieBOe MarHuTHOE noje. [loaromy cosenons| BHe cebst He OKA3bIBa-
eT BJIMSAHMS HA JIBUYKEHUE KJIACCUIECKON 3apsikenHoil yactunpl (cuwia Jlopenna pasna nyio). OnHako B
ypasuenue IlIpenunrepa /1t KBAaHTOBOW YaCTUIIBI BXOAUT He camo MaruuTHoe roje H, a ero BekTopubrii
norenimal A, rot A = H, 94T0 npuBOIUT K JUCKPETHOMY CIEKTDY €€ SHEPTHil U PACCESTHIIO Ha COJIEHOU/IE.
IMonpobree cm. M1.M. Tepuos, B.Y. 2Kykosckuii, A.B. Bopucos. KBanToBast MexaHuka 1 MaKpOCKOITYIE-
ckue 3ddexrer. MY, 1993. C. 15-26.
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Ecin BeKTOpHOE 110JIe MOXKHO IPEJICTABUTH B BUJIE
a =rotb,

TO BEKTOPHOE MOJIe & SIBJISETCS COJIEHOMIATBHBIM (TIOCKOJIBKY JIEMKO TPOBE-
pstercst, uto divorot = 0), a BekropHOe T0Jie b Ha3BIBAETCS BEKTOPHBIM
MOTEHINAIOM BEKTOPHOTO TIOJIS a.

BepHo 111, 94TO 1MPOU3BOJILHOE COJIEHOU IAILHOE BEKTOPHOE T10JIe B 00JIa-
ctu G ¥MeeT BEeKTOPHBIN MMOTeHIna ! DTO 3aBUCUT OT 00JIACTH, U CYIIECTBY-
10T 00JIaCTH, B KOTOPBIX 9TO HEBEPHO.

[Mpumep 2.4. Paccmompum saexmpuueckoe nose B = qr/r3 moueunozo
3apAda q, Pacnosodiceninozo 6 navane Koopduram, 6 obaacmu G, 3aKA10-
YeHHOT MeHcAY 08YMA KOHUEHMPUYECKUMU CHEPAMU C UEHMPOM 6 HAUGNE
Koopduram. Kax mwv eudesu eviwe, 6 ooracmu G cnpasediuso paseHcmeo
divE = 0, no ecau 61 6 obnacmu G cyuwecmeosan 6EKMOPHLLTL NOMEHUU-
as b maxot, umo E = rot b, mo das mpemwet chepor S, xonuenmpuueckot
C NEPEHIMU D8YMA U PACTLONOHCEHHOT, MENHCIY HUMU, 6 CUNY IAEKMPOCTNAMU-
weckot meopemwl [aycca u hopmyave Cmokca 640 Obl 6HINOAHEHO PABEHCMNEO

Arq = //(E,n)da = //(rot b,n)do = /(b,T)df =0,

oS

nockoavky 0S = ().
THoryuennoe npomusopeuue noka3vleaem omcymcemeue 6eKmopHo20 no-
MEHUUANAA ONA OAHHO20 CONEHOUDANDHO20 NOAA.

Obsactb G HasbIBaeTCd 006eMHO 00HOC6A3HOU, €CTU It JIIOOOI OpueH-
TUPOBAHHON KYCOYHO-TJIQIKO 3aMKHYTOI (: 0e3 rpaﬂmubl) [MOBEPXHOCTU
I' C G cymecrsyer obsacts G C G ¢ rpannneit I

[ITap, napasienunes — o0beMHO ojiHOCBsI3HBIE obacT. Obyacts G, 3a-
KJIFOUeHHAsT MEKJly JBYMs cdepamn (He 00s13aTeIbHO KOHIIEHTPIHIECKIMI ),
HE SIBJISIETCS O0BEMHO OJIHOCBSI3HOM (HO SIBJISIETCSI TIOBEPXHOCTHO OJIHOCBSI3-
HOI1), TIOCKOJIBKY (JiechopMupoBaHHast) cepa, 3aKII0UeHHAsT MEXKIY JBYMSs
IPaAHUYIHBIMU chepaMiu, He siBJIsieTcs IpaHuIleil HUKaKoi 1oj001acT 0dJ1a-
ctu GG. [lostHOTOPHE SIBJISIETCST OO'BEMHO OJIHOCBSI3HOIT 00/1aCThIO, HO HE SBJISI-
eTCs MMOBEPXHOCTHO OJTHOCBSI3HOIA.

MpbI HE MOYKeM JIOKa3aTh 3TU (PaKThl, IOCKOJbKY 9TO TPEOYeT yIIyOIeH s
B TOIIOJIOTHIO.

CouteHonjaJibHoOeE 110J1€ B 00beMHO OJIHOCBsI3HOI obstactu G 0bJ1a1aeT cJie-
JIYIOIIUM CBOMCTBOM: MOMOK CONEHOUDAALHOR0 NOAS HEPE3 A00Y10 KYCOUHO-
2000KY10 3aMKEHYMY10 noseprrnocmsb I, pacnoaoocennyro 6 obaacmu G, pasen
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Hyat0. JleficTBUTEIbHO, ITyCTh MOBEPXHOCTL ' siBJIsieTcst rpaHuiieil odJacTu
G C G. Ilo dopmysie Octporpajickoro—laycca mmeem

//(a, n)do = ///divad:z:dydz = ///0 dzrdydz = 0.
r el

G

Kak ciejtyer ns npumepa 2.4, Jijisd objracteii, He SIBJIAIONIIXCST 00bEeMHO OJ1-
HOCBS3HBIMU, JJAHHOE CBONCTBO COJIEHOUIAJBLHBIX IOJIeil He NMeeT MecTa.
DTO CBOICTBO COJIEHOUIAJIBLHOTO I10JIsI IIOKA3bIBAET, UTO
BEKTOPHbIE JITHUN COJIEHONIAJILHOTO T0JI He MOTYT Havn-
HAThCA W 3aKaHIYNBATHCS BHYTPH 00JIACTU COJIEHOUIAJTh-
HOCTH (KAK BEKTOPHBIE JIMHUU 3JIEKTPOCTATHYECKOTO TO- E
JIsd, HAUWHAIONINECT ¥ 3aKAHIMBAIOIINECT Ha 3apsjiax).
Onu b0 HAUNHAIOTCS 1 3aKAHINBAIOTCS HA IPAHUIE 00- &
Jactu (IIpUMeEp: 3JIEKTPOCTATHYECKOE TI0Jie B 00JIACTH, He
cojleprKaIleil 3apsijioB), JIMOO SBJISTIOTCS 3AMKHY THIMU JI-
HUSIMU (TTPUMEP: MarHUTHOE T10JIe JJIMHHOTO TPOBOJIHIKA).
s cosenontaIbHOrO TMOJIS UMEEeT MEeCTO 3aKOH CO- B
XpaHeHUs MHTEHCUBHOCTU BEKTOPHOII TPyOKwH, T.c.
TPYOKHU, COCTaBJIEHHON U3 BEKTOPHBIX JIMHUIA.
[TockombKy

// (a,n)doc =0u //(a,n)dazo,
Puc. 2.2: comaeno-
I's

INES P B nJIAJbHBIE T10JI.

B CHWJIy TOI'O, 49TO IIOJIE a KacCa€TCsd OOKOBOI1 IIOBEPXHOCTHU

//(a, n)do = — //(a, n)do.

3menunB opreHTAINIO TOBepXHOCTH ['y, mTosTyanm

//(a, n)do = //(a, n)do,

T.€. IIOTOK COJICHONJAJILHOT'O BEKTOPHOI'O II0JIA 9€PE3 BCE CEHYCHU A BeKTOpHOfI

TPYyOKH, TO

TPYOKHU TIOCTOSTHEH.

Bameuanue 2.1. Jhoboe sexmoproe nose a MoHcHO NPedcmasums 6 Gu-

de CYMMbvL NOMEHUUAABHO20 U COAEHOUDAALHO20 BEKMOPHBLIT NOAET: a =
gradu + b, 2de divb = 0.
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elicTBUTE/ILHO, B3SIB JTUBEP- p ”
TEHIINIO OT paBEeHCTBA a = i
b+ grad u, moyiyunm ypaBHeHue
Ilyaccona® divgradu = Au =
diva, KoTopoe mMmeeT perieHue
(¢ GOJIBIINM TIPOU3BOJIOM B BH-
Jle TPAHUYHBIX YCJIOBHii), 9TO nla
JlokasbiBaeTcss B kKypce MMO. a
[Torarasg Tenepr b = a —
grad u, moygaeM MCKOMOE pas- Puc. 2.3: TpyOKa BeKTOPHOrO HOJIA.
JIOZKeHne. 3aMeTuM, 4TO olepa-
Top div o grad, jieficTBy IOl Ha CKAJSIPHBIX (DYHKIUSX, HABBIBACTCS ONEpa-

mopom Jlansaca.

2.4 Omneparop 'amunbroHa 1 mOBTOPHBIE AuddepeHITn-
aJIbHbIE OIepaInun

Oneparop Nammibrona’ (nmm oneparop “na6ia’®) onpeyensercs opmyioii

C_0 L0 0 (000
- Oz J@y 0z |0z’ 0y’ 0z

[Ipn omepammsax ¢ STUM OIEpPaTOPOM HYXKHO YUHUTBLIBATH €ro JIBOSKYIO
BEKTOPHO-nd hepeHnnaabayo Ipupoay. Kak BeKTOp OH YIOBJIETBOPSET
TOKJIECTBaM BEKTOPHOI aJireOphl, a Kak olepaTop — IpaBuiaM auddepeH-
IUPOBAHNS.

C nomoripio oreparopa ['aMIIBTOHA MOXKHO 3aITCATh Olepallii BEKTOP-
HOT'O aHAJ/IM3a B cJejrytomieil dpopme:

ou ,0u ou
radu =Vu=i—+j— + k—,
& Ox Jay 0z
orP 0@ OR
diva= (V,a) = + + , rtne a= Pi+ Qj+ Rk,
(V,a) = — o "o ™ Qj
i j k
rota= |5 & | =[V.,a], A=(V,V).
P Q R
TTyaccon Cumeon Jlenn (1781-1840) — dpaniysckuit MaTeMaTHK.
STammibron Yuabam Poyan (1805-1865) — upiaHICKHii MaTeMaTHK.

5TIo apeBmerpedecku croBo “Habsa’ o3HAUAET Poj apdBl C TPEYTOILHEIM OCTOBOM.
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Badukcupyem HekoTopyio (OTKpbITyIo) obsacth G B npocrpancrse E2,
Ob6oznaunm yepe3 F JimHeiiHOe IPOCTPAHCTBO OECKOHEUYHOE YNC/I0 pas Jud-
bepennupyeMbix ckaaspabix GyHKInit Ha G. [Tocko/ibKy 1pu yMHOYKEHUN
dyuknmit u3 F Apyr Ha Jpyra W Ha BEMIECTBEHHBIE YUC/Ia PE3YIbTaT OyJeT
OISThH JieKaTh B JF, TO JIMHEHHOe MPOCTPAHCTBO F SIBJISIETCS (KOMMYMa-
muehoti) aseebpoti. ObosHauum depes X JIMHEHHOE MTPOCTPAHCTBO OECKOHE-
HOe 1nc/io pa3 JanddepeHnupyeMbix BeKTop-3HadHbiXx GyHKIuit Ha G. [Ipn
yMHOKeHUU GpyHKINA 13 X Ha PYHKIUNA 13 KOMMYTATUBHOI ajiredpbl F Mbl
nosiydaeMm yaknun n3 X. Ilosromy imHeiHOE MpocTpancTBO X ABJIsAETCS
Modyaem Hal anareopoit F.

Tenepn u3 oreparnuii grad, rot, div MO¥KHO COCTaBUTD CJICIYIONIYIO MTOCIE-
JIOBATE/ILbHOCTH OTOOparKeHMit

grad div

F N &

F,

IpUIeM, KaK Mbl YK BHJICJN DAHEe, BBITOJHEHNE JIBYX [OCJIC/IOBATEIbHbBIX
0TOOpazKeHN!ii 13 9TOI MOCIIeIOBATEILHOCTH JIAeT HYJb (II0CIeI0BATEIBHOCTD
IIPOCTPAHCTB U OTOOPAKCHUI ¢ TAKHMU CBOMCTBAMN HA3BIBACTCS UETHbIM
KOMNAEKCOM).

Kpome 3TuX JIByX HYJIEBBIX MOBTOPHBIX OIEpAIiii BO3SMOXKHBI eIle Tpu
IOBTOPHBIE OTEPAITHN:

0*u N 0u N 0%u
oxr?  Oy? 022

— omeparop Jlamnaca u omnepanun rot orot, grad o div, cBsB3aHHBIE TOXK/IE-

=: A\u

divogradu =

CTBOM
rot orota = grad odiva — Aa,

TTOJIY IAE€MBIM 13 M3BECTHOf (hOPMYJIBI BEKTOPHOTO aHAJIN3a
[a, [b,c]] = b(a,c) — c(a, b),
KOTOpasi B JJAHHOM CJIydae 3aIllChIBACTCS B BHJIE
V,[V,a]] =V (V,a) - (V,V)a

u rje ornepainsi /A NPUMEHSIETCsI K BEKTOPHOMY TIOJII0 & TOKOMIIOHEHTHO.
Ypasuenne Ilyaccona Au = f u ero dactHblii ciaydait — ypasuenue Jla-

maaca’ Au = 0 gBIAIOTCA BaKHBLIMEI YPaBHEHHAMN MaTeMaTHUecKoil ¢u-

3uKn. BaykHocTh oneparopa Jlamiaca u 6oJibIasi 9acToTa ero MmosiBJIeHns B

" JTanmac Isep Cumon ne (1749-1827) — cbpanIy3cKuii MATEMATHK.
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HPUJIOXKEHIAX 00bsICHSIETCsI TeM (haKTOM, 9TO OH SIBJISETCS ¢ TOUYHOCTHIO JI0
IOCTOSTHHOI'O MHOYKHUTEJISI €IMHCTBEHHBIM JnddepeHnalIbHbIM OIEPATOPOM
BTOPOTO Topsijika n3 JF B JF, COXPaHSIIOIMM CBOIl BHJ BO BCEX JEKAPTOBBIX
cucreMax KoopjauHar. Bojee Toro, Bce jauddepennnaibabie OepaTOPhl 13
F B F, cOXpaHdIOIIe CBOIl BUJ BO BCEX JEKAPTOBBLIX CHCTEMaX KOODIMHAT,
SIBJISIIOTCST MHOT'OUJIEHAME C IMOCTOSTHHBIMEU KO DUIMEHTAMII OT OIlepaTopa
A,

OyHKIMK, yJI0BIETBOpsiiome B obsactu G ypasHenuio Jlarjaca, Ha3bl-
BAIOTCS 2aPMOHUYECKUMU B 3TOI obsactu. IIpuMepsl rapMoHnIecKnX QyHK-
nnit: u = Ax + By + Cz, A, B,C = const; u = 1/r, r # 0. Crenyrommue nBa
IIpUMepa IPUBOJIAT eCTeCTBEHHBIM 00pa3oM K onepaTopy Jlamiaca u rapmo-
HIYECKIM (DYHKITISIM.

IIpumep 2.5. [lycms sexmoproe noae a ABAAEMCA NOMEHUUAAOHHM U CO-
senoudasrvroim. Toeda a = gradu, Au = divgradu = diva = 0, m.e.
CRAAAPHBLT NOMENYUUAA BEKMOPHO20 NOAA, ABAAOULE20CH NOMEHUUANDHBLM
U CONEHOUDAADHDIM, ECTND 2APMOHUYECKAA PYHKUUA.

[TockoyibKyY BelliecTBEHHAS U MHUMAs 9acTh aHAJTUTHICCKON (DYHKITIH STB-
JII0TCA TapMOHUYECKNMU, TO TaKUM 00pa3oM ToJydaeTcs OOJIBINON 3arac
SIBHBIX TAPMOHUYECKIX (PYHKITHUI.

IIpumep 2.6. IIycmv sexmoproe nore a = Pi+Qj+ Rk asasemca corero-
udanvrowm u bessuxrpesvim, m.e. diva =0 urota =0, a e2o0 Komnonermol
— deaotcdvl menpepuiero dupdepernuyupyemot. Tozda
8P+(9Q+8R: 8Q:8P 8R:8Q 8P:(9R
oxr Oy 0z or Oy Oy 0z 0z Oz
Omcroda noayvaem:
0’P  0%Q O’R 0’Q  0*P O0*R  0°P
Ox? i Oxdy * 020z 0, Oxdy Oy’ Ordz 022
2p 2p 2p
ga:? +gy2 +(?922 =0, = AP =0.
Ananoeuuno doxaswvisaemes, ymo ANQ =0, AR = 0. Taxum obpaszom, xom-

NOHEHMBL CONEHOUIANDHO20 OE3BUTPEBO20 NOMA ABAAIOMCA 24PMOHUYECKUMU
bynryuAMLU.

0,

IIpumep 2.7. [Iycmv sexmoprnoe nose a = Pi+ Q) asasemcsa corenou-
danrvHvim u bessuxpesvim. Tozda

) _6?P 8@_ (‘9@_813
dlva_8x+8y_0 U ax—ay.
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Omo 6 mounocmu yeaosus Kowu—Pumana oas dynrkuuu xomniexcnot ne-
pemennot f(z) = Q(z,y) +iP(x,y), z = x + iy, Komopas, 6 npednosorce-
HUU CYULECTNGOGAHUA HENPEPDLEHBIL YACTIHBLT NPOU3CoOHLIT Y Pynruul P, Q)
6 oonacmu D, asasemca anasumuyeckoti ¢ D.

2.5 Omnepanuum BEKTOPHOIO aHAJIN3a B KPUBOJMHENHBIX
OPTOTOHAJIBHBIX KOOPAMHATAX

['pajieHT, JIUBEPreHIust U PpOTOP OBLIM BBEJEHBI B NMPSIMOYTOJILHON CHCTe-
me koopjuHar Oxyz. Bo MHOrmX 3ajadax MareMaTndeckoi (pusuku yj100-
Hee T0JIb30BaThCd BbIPAXKEHUSAMU JIJIs 9TUX Olepallnili B JIDYIUX CHUCTeMax
KOOP/INHAT, HAIIPUMED, B IIJIMHIPIIECKO nin cdepnieckoii. Mbl BeIBegeM
BbIpaykenus Jiist grad, div u rot B Tak Ha3bIBAEMbIX KPUBOJUHEWHBIX OPTO-
FOHAJIBHBIX KOOPJAMHATAX, YACTHBIMU CJAYYaAMU KOTOPBIX ABJIAIOTCH [TUJINH-
Jipudeckas n cpepruieckasi CUCTEMBI.

2.5.1 KpuBoJjimHeiiHbIe OPTOTrOHAJIbHbIE KOOP/INHATHI

[Ipn m3ydennum TpoiHOTO MHTETpaJia y»Ke PacCMaTPpUBAIUCH 3aMEHBI Tepe-
MEHHBIX BUJIA

r = @(u,v,w),y = Y(u,v,w),z=x(u,v,w).

Tpoiiky wucen (u,v,w), COOTBETCTBYIOILYIO TPOiKe wucesn (&Y, z), MOKHO
paccMaTpuBaTh KakK KPUBOJMHEHHbIC KoopanHaThl Touku M (x,y, z), upu-
HaJIexKaleil Hekotopoit obyiactu (G, KoTopasi MOYKET COBIAJAaTh CO BCEM
npocTpaHcTBoM E3. DTH KOOpIMHATHI HA3BIBAIOTCH KPHUBOJIMHCHHBIMHE II0-
TOMY, 9TO COOTBETCTBYIOIIE UM KOODJMHATHBIE TTOBEPXHOCTH (U = const,
v = const wi w = const) U KOOpJUHATHBIE JTUHUN (MHOYKECTBA MOCTOSTH-
CTBA TTAPBI KOOP/IMHAT) sIBJISIOTCS, BOOOIIE TOBOPsi, KPUBBIMI TIOBEPXHOCTSIMU
W JINHUSIMI.

B pannom naparpade Oyiem o603HAYATH KPUBOJMHEHHBIE KOOPIMHATHI
q9epes qi, G2, G3, & GOPMYJIbI, CBA3BIBAIOIINE KOOPAUHATHI (X, Y, 2) ¢ KOOP/IU-
wHatamu (q1, g2, q3), OyJleM 3alliChIBATD B BUJIE

r=2(q1,¢,9),y =y(q1,9,6), 2 = 2(q1, 92, ¢3),

cuntas bynknnn x(qi, g2, q3), Y(q1, @2, 43), 2(q1, @2, q3) muchdepentupyempi-
MM JOCTAaTOYHOE€ KOJIMYECTBO pas. LIGPGB KazKAyI0O TOYKY IIPOCTPaHCTBa I1PO-

XO0OAT TpU KOOpAMHAaTHBIE JIMHUM, Ha K&)KILOﬁ N3 KOTOPbLIX U3MEHACTCA TOJIb-
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KO OJHa M3 KOOpAMWHAT: (¢1, o WJIN (3. KpHBOJIHHefIHbIe KOOpArHaTbl Ha3bI-

BarOTCd opmo2o0rasbHbiMU, €CJIN B JII00OIT TOUKeE TpU KOOpAMHATHBLIE JIMHUN,

MPOXOJIAIINE Yepe3 3Ty TOUYKY, IMOIAPHO OPTOTrOHAJbHBI, T.€. KacaTeJlbHble K

KOOPpAMHATHBIM JIMHUAM B 9TOI TOYKE I[IOIIapHO HNEPIECHANKYJIAPHDBI.

2.5.2 Ilapametrpsi Jlame

IlycTsb q1, @2, g3 — KpUBOJIMHEHHBIE OPTOTOHAJIBHBIE KOOP-
JIMHATBL. PaccMOTpUM KPUBOJIMHEHHBIN MapaJsiiesennmnes,
OrpaHNIEHHBI TpeMs IapaMn OJM3KHX KPUBOJIMHENHBIX
KOOPJIMHATHBIX TMoBepxHocteil. [lycts Touka M coorser-
CTByeT TPOIKaM KOODJAUHAT (i, ¢o, 3 U T, Y, Z, & BIOJb
KpuBoJinHeiiHoro orpeska [M, M;] koopauHaTHO# JHHUK
KOOpJIMHATA, (¢; yBeandnBaeTcsa Ha Beamdnny Ag; > 0, 1 =
1,2, 3. Berancomwm jaymast Al; pebep [M, M;], 1 = 1,2, 3 na-
paJiesiennmnesa, mioa i ero rpafeil n ero 00beM B Iep-
BOM HeHysieBoM mopsike 110 Aqi, Age, Ags. Ilyers gexap-

N
M,

N;
M M,
Puc. 2.4: xpuBosnu-

HeAHbIl mapaJuie-
JICTIUTIE T,

TOBBI IPSIMOYTOJIbHBIE KOOPAHATEI TouKN M paBubl (x+Ax, y+Ay, z+Az).

Torna
ox )
Ar =z(q1 + Aqi, g2, 43) — (@1, @2, q3) = a—ql(M)Aql + O(Aqy).
Anajiornaso,
ay ) 8z 9
Ay = 8—(M)Aq1 + O(Aq)), Az = —(M)Aq + O(Aqy).
5l oq1

[osromy Al = H1Agy + O(Ag?), rae

A (‘9y>2 (82)2
Hi=\[l+—) t{5) +|5) -
' \/<891) (5% oq1

Anasiornuno, Aly = HyAgs + O(AG3), Als = H3Aqz + O(Ag3), e

oz \? 8y)2 (82)2
Hy=+/|2—) +|5) t|{5 )
? \/<3CJ2> (892 Iq2
2 (@)Z(%)?
dq3 dq3

=
Il
&
Sla
SiS
N———
_I_
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Bemmunner Hy, H,, Hs naswesatorcs napamempamu Jlame® s Kpuso-
JINHEHHBIX KOOPJIMHAT 1, G2, 3 WIN MACWmabnovLmu mrodicumenramu. OHn
XapaKTepus3yloT U3MeHeHNe JJINHbI KOOPIMHATHBIX JUHUNI B 3aBUCUMOCTHU OT
N3MEHEeHUs COOTBETCTBYIONIECH KPUBOJIMHEIHON KOOPANHATDI.

[Lnomam rpaneit mapaJiesenuie/ia paBabl, COOTBETCTBEHHO,

ASl = A£2A€3 -|- O(Ag) = HQHgquAQ?) -|- O(Ag),
ASg = AglAfg + O(Ag) = HngAqlAq;), + O(Ag),
ASg = AglAEQ + O(Ag) = H1H2AQ1AQQ + O(Ag),

a ero oobLeM —
V(G,) = HiHyH3Aq1 AgAgs + O(A4), (211)

e A;, 1 = 3,4 — cyMMa BCeX BO3MOXKHBIX MOHOMOB %-bIX CTEIeHeil OT IIe-
pemenubIX Aqq, Aga, Ags.

ITpumep 2.8. Jlrsa yuasundpuveckux xoopdunam T = rcosp, y = rsin,
2=Z, Q1 =T, Q2 =Y, 3 = Z, U Mbl NOAYYAEM

oz 2 oy 2 02\ 5 . 9
Hl—\/(g) +<E> +(§> —\/cos @ +sin“p+0=1,
or\ oy 2 02\ ? . 2 2
HQ\/(%) +<%> +<%) —\/(rsmgp) + (rcosp)”+0=r,

o\ oy 2 92\ °
Hy=«/[=) +(Z) +(=Z=) =vV0+0+1=1.
0z 0z 0z

Mo MOKHCHO Yemompemsb u 6e3 8vivucierutl us pucymnra 2.5.

IIpumep 2.9. Jiaa chepuneckux koopdunam (em. puc. 2.6) x = rsin 6 cos p,
y=rsinfsing, z=rcosl, qg=1r>0, =0 € [0,7], 3= €1[0,27), u
MBL NOAYUAEM,

NIORONO)

= \/sin2 6 cos? o + sin? @ sin? p + cos? 6 = 1,

8JTame Tabpuasn (1795-1870) — dbpanIy3cKuii MaTeMaTHK.
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A7

Puc. 2.5: mumnpuyeckne KOOPIMHATHI Puc. 2.6: cdepuyeckne Koop/IMHATEHI

oz’ oy 2 02\ >
= (%) *(%) *(%) -

= \/(7" cos 0 cos ) + (rcosfsin ) + (rsinf)? = r,

oz '\ oy 2 02\ >
s = (@) *(%) *(%) -

= \/(7“simﬁsing0)2 + (rsinfcos )’ + 0 = rsiné.

2.5.3 TI'paguent

[Tycrb, kax u Beitie, M(qy, g2, q3) ¥ IyCTh €1, €2, €3 — OPTOrOHAJILHBIIT Ha3uc,
COCTOAIINI U3 eIUHIYHDBIX KACATEILHBIX BEKTOPOB K KOOPIMHATHLIM JINHUSIM
B Touke M, HAIPaBJICHHLIX B CTOPOHY BO3PACTAHUsSI COOTBETCTBYIONIUX KOOP-
JMHAT. 3aMETUM, UTO IIPU JABUZKeHHU Touku M HalpaBjeHus BEKTOPOB €,
ey, e3 OyiyT, Boobie ropopst, MensThes.” Ilyers u(M), M € G — nexoro-
pasi nucddepennupyemasi B obsactu G dyuximst. Pasmoxum grad u(M) mo
6a31/1(:y €1, €9, e3.

Koopmuuarsr Bektopa grad u(M) B Gasuce €1, €, €3 — 9TO MPOEKINN
BekTopa grad u(M) na 6asucubie BekTopbl. Ho npoexiust grad u(M ) na Bex-

9Takoil 6a3UC HABBIBACTCH NO0GUNCHBIM DENEPOM.
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TOp €; paBHa cKajisipHomy npousseennto (grad u(M ), e;), 9ro coBnagaer ¢
IIPOU3BOIHON (PYHKIIMHU U 110 HaIIpaBjeHuio €;. IToaromy

au . U((h + Aql)QQaQ?)) - u(QlaQQaQS)
M - — 1 f—
(grad u(M), e;) Jo — i, Al
b ula A, a) —ulgge ) L Ou
Hy Agi—0 Aq H,0q

AHaJIornuHO moJIygaem

0 10
g %93
oe, H;0q;
OKoHYATEIbHO,
10 1 0 1 0
gradu(M) = ——uel + ——ueg + ——ueg.

H, gy Hj gy H3 g3

CutymatresisiM 1pejijiaraeTcsi BbIINCATb POPMYJIbI JIJIsI IPaMeHTa B IUJINH-
JIprdecKoit 1 cepudeckoil cucreMax KOO IMHAT.

2.5.4 IuBepreHius

[Iycts a(M) = Z?:l a;(M)e;(M) — nuddepennupyemoe BEKTOPHOE TOJIE B

obmactu G. s nonydennst Boipazkenust diva(M) B OpTOrOHAJBHBIX KPU-
BOJIMHEITHBIX KOOPIMHATAX OY/IeM HCII0JIb30BaTh MHBAPHAHTHOE OIpE/Ie/IeHIe
JINBEPreHIn:

diva(M) = lim (1G,) / / (a(M), n) do. (2.12)

rjie nopepxuocTsb I orpannuusaer obaactb G, cojeprkarliyio Touky M, u crs-
ruBaercd B Ipejesie K 3roii rouke. B kauecrse obact G Mbl BO3MEM KPUBO-
JINHEHBIH HapaJiiesenuies], n300parkeHHbIil Ha pucyHke 2.4 (TOT dakxT, 9To
touka M jiexxut Ha ero rpaxute [', He urpaer posn) u nepeiijgem B (2.12) x
npejeny npu Ag; — 0, i = 1,2, 3. [ockosbky V(G') — Besmuuna tperbero
MOPSIKA MAJTOCTH OTHOCUTENLHO Ag;, TO JJist BbIYUCIeHNs Tipejeia B (2.12)
HaM HYKHO BBIYUC/IATL WHTETrPaJI

[ @)y do (213)

r
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C TOYHOCTDBIO OO YJIEHOB TPETLETO IIOPAAKaA Ma.HOCTI/I.10

I[Iyctsb G, G2, g3 — KOOpAMHATHI lIepeMeHHOi Touky B napaJuienenumneie G .
Obozravunm vepes ['; rpanb mapaJuiesienume/ia, JeKallyo Ha TOBEpXHOCTH
gi = qi, a depe3 I, — rpanp napajuiesenume/ia, JeKamiyo Ha ITOBEPXHOCTH
¢ = q; + Ag;. Torya

{/(a( da—Z// n) do.

F ur,

[Tockosibky HOpMaJib K rpansm 'y u '] napaienenunena G' napajiienbaa
KOOPJNHATHON JIMHUHU ¢ |, TTOITOMY, da‘rlur’l = HyHs3dgodgs, TO 1epsblit
MHTErpa MOYKHO IIPEJICTABUTH 110 (DOPMYyJIe CpeIHero 3HadeHust u (popMyJie
KOHEUHDIX IIPUPAINEHUIl B BUE:

J[@onmdr =[] (@) @+ da @) -

r,ury a2<d2<a2+2az
43<G3<93+Aq3

— (a1 H2H3) (q1, G2, G3)] dqods = [(a1 HoHs) (g1 + Aqi, 45, ¢5)—

* * a
—(G1H2H3)(CJ1,QQ7Q3)]AQ2AQ3 = g - Aqi AgAgs,
1 * * ok
(q7,45.95)

rie ¢ < qF < ¢+ Ag, v =1,2,3. IIpuMenss MUKINIECKYIO II€PECTAHOBKY,

— (a1 HyH3)

T10JIY UIM
0 0
n)do = 97 — (a1 HyH3) 8 —(ayH  H3) +
e (47,4545 7 (@1.2:T5)
0
+ 8—(a3H1H2) - A A Ags,
43 (G1,G2,d3)

e ¢ < G, G < ¢+ Agi, i = 1,2,3. YuurbiBas Beipaxkenue (2.11) mis
o0beMa KPUBOJIMHEHHOTO napaJiie/enumesa, mo gopmylie (2.12) noaydaem

1 0
diva(M ——— lim a1HoH + 2.14
= Hy HyHy Agi—0 8q1( M) (41.45,43) ( )
0 0
a (CLQHng) + a_(a3H1H2) —
e (91,92573) a3 (G1,G2,d3)

00 rmernm, uro B knure Bygak B.M., ®omun C.B. Kparnsie unrerpannst u psuasl. Uza. 3-e, M., ®us-
mariaut, 2002 dpopMysia Jjisi JUBEPreHIIUd B OPTOrOHAJIBHBIX KPHBOJMHEHHBIX KOODJMHATAX IOJIYYEHA
HECTPOTO, MOCKOJIbKY IIPU BbIuucjeHun uarerpasia (2.13) paccyKuaeHus BeiyTcs ¢ TOUHOCTBIO TOJIBKO J0
BTOPOIO TOPSIJIKA MAJOCTH. AHAJIOrMYHOE 3aMeYaHue CIPABEJINBO JIJIsi BBIYUCEHUS] POTOPA.
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1 Jo
H\HyH3 | Oq:

0 0
(a1HoH3) + —(asH1Hy) + —(asH Ho)

aQQ a% (fh #12,!13)

CirymaresisiM IpejijiaraeTcs BbIINCATh (DOPMYJIbI JIJI JUBEPIreHIINN B IIAJIMH-
JIpUIECKOil 1 chepudecKoil cucreMax KOOPIMHAT.

2.5.5 Porop

st mostydenust Beipakenust rot a(M) B OpTOrOHAJBHBIX KPUBOJMHEHHBIX
KOOpJAMHATax OyJieM MCII0JIb30BaTh MHBAPUAHTHOE OIpeJie/ieHe POTopa.

(rota(M), n(M)) = Jim (lro) jf (a(M), dI). (2.15)

L

rJie 3aMKHyTasi KpuBast L orpaHnunBaeT MOBEPXHOCTH 1), cojiepKaliyo To4-
Ky M, n cTdruBaercd B IIpejiesie K 9TO TOUKe, a HallpaBJIeHHEe 00X0ga KPH-
BOil L cBsI3aHO IPABUJIOM IIPABOI'O BUHTA C II0JIEM €JUHUYHBIX HOpMaJeil n
Ha noBepxHocTu I'y. B kagecTtBe moBepxaoctn I’y Mbl BosmeM rpanb I'y Ha-
I1ero KPUBOJIMHEIHOrO IapaJuieselnieia, n300pasKeHHoro Ha pucyHke 2.4,
B KadecTBe HOPpMaJM K IOBepxHOCTH [') BbIOEpeM BHYTPEHHIOI HOPMaJb K
napaJuienenumey u mnepeiiiem B (2.15) k npegeny npu Ag; — 0,1 = 1,2, 3.
[Tockosbky S(I'g) — Besmmanta BToporo mopsijika MajgocT OTHOCUTETHHO Ag;,
TO JIJIsT BBIYUCICHU 1pejiesia B (2.15) HaM HY’KHO BBIYUC/IUTH UHTErPaJI

]{ (a(M), dl) (2.16)

C TOYHOCTBIO JIO0 YJIEHOB BTOPOIO MOPSIJIKA MAJIOCTH.
Borancum narerpad (2.16) mo dbopmysie cpeHero sHaderust u hbopMmyJie
KOHEUYHBIX IIPUPAIIEeHUil ¢ y4eTOM TOro, 4To

dll(gl:const - iHQGngQ, dl'zzl:const — :|:H3€3dd3

gz =const go=const
Nneewm:
@2+Age

f(a(del): / ((asH) (a1, G2, 65) — (a2H) (a1, @2, g5 + Ads)] do+

L q2
g3+Ags

+ / [(a3H3) (q1, @2 + Aq2, G3) — (a3H3) (q1, 42, 33)] dG3 =

q3
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= [(aoH>2) (q1, 5, q3) — (aaH2) (q1, @5, g3 + Ag3)| Aga+
+{(asHs) (g1, 02 + Aqo, g3) — (asH3) (q1, 2, ¢3)]Ags =
0

— 8—%(662}[2)

0
+ —(CL3H3)

- AgA

((Jlaq%< 763) (ql 7627q§)

rie ¢; < G, ¢F < ¢ + Ag;, i = 2,3. Otciona o dhopmyie (2.15)

1 0 0
(rota(M),e;) = lim [—(agHg) — —(agH>) ] =
HyH3 233:8 ach (q1,92,93) 6Q3 (91,495,d3)
1 0 0
= —(asHs) — =—(asH
H2H3 [an( 3 3) 8Q3( 2 2)] (91,42,43)

HpOI/ISBOﬂH IMNKJINYIECKYIO IIEPECTaHOBKY MHICKCOB, IIOJTYYIUM

1 H161 ngg ng3
_ 0 0 0
rot a(M) = m I{aql ]{&]2 }[3(13 . (217)
1a1 202 3a3

CoymaresisiM IpejijiaraeTcst BbIucaTb GOPMYJIbL JIJIT POTOPa B IIUJINHIPH-
yeckoil n chepudecKkoii cucreMax KOOpPUHAT.
2.5.6 Omneparop Jlaniaca

Bripazkenue Jijist oieparopa Jlaiiaca B OpToroHa/IbHbIX KPUBOJINHEHHBIX KO-
OpJIMHaTaX I0JIy4aeTcss KoMmIo3unueii oneparopos div u grad:

u = .
HiHyHy |01 \ Hi Oq dg2 \ Hay Ogo g3 \ Hz Ogs
CitymatessiM 1peJijiaraeTcsi BuIucarTh (hopMyJIbl /st onieparopa Jlamaca B
MUJTTHIPUIECKOi 1 cpepruyeckoil crucreMax KOOPMHAT.




I's1aBa 3

YHucJjioBble pgabl

CamocrosiTe/IbHOE 3HAYEHIE TTOHSITHE YNC/I0BONO U (PYHKIIMOHAIBHOIO Psijia
npuobpesio B 17 Beke, ocobernno mnocsae pabor V. HploToHa, MOCBAIEHHBIX
cTeneHHbIM psajgaM, padot I Jleitonuna u f. Bepuysm o npumenennn psijion
JIJIST BBIYHCJIEHUS] OIIPEJIe/IeHHBIX NHTErPAJIOB U UHTErPUPOBAHUsT OObIKHOBEH-
HbIX Jnddepennuaabiubix ypasuennii. B 1712 r. b. Teitiop namen dpopmyiny
passioykernst (byHKIUIT B CTEIIEHHBIE Psijibl, HOCSIIYIO Terepb ero nMsi (ormyo-
mukoBaHa B 1715 1.). B HECKOJIBKO MHOM BH/Ie 9TOT Psiji OBbLT paHee M3BECTeH
Jleitonuny n 4. Bepnysimn.

B 18 Beke psjibl MUPOKO KCIOJIb30BAINCH JIJISI TTPOBEJIEHUST UNC/IEHHBIX
pacdeToB, B YACTHOCTH B 3ajadaxX HeOeCHOI MeXaHUKU, ¢ TOYHOCTHIO, HEJI0-
CTUXKMMOIL B IIpeablAyInre Beka. Hampumep, 3ajiadeii BbIUUC/IEHIs JUCIa T C
BO3MOYKHO OO0JIbINIEll TOYHOCTHIO MaTeMaTHKU WHTEPECOBAJINCH €Ille ¢ aHTHY-
nocti.! B xonie 16 Beka rosanickuil Mmaremaruk Jlononnd sBan Lleitien,
3aTpaTHB JIECATDH JIeT Ha BBIYUC/ICHHUS YNCJIa 7 HIPH TOMOIIW IPABUILHOIO
n-yrojpHIKaA TIpH . = 60 - 229 = 32212254720, mosyumn 20 TOYHBIX 3HAKOB,
a TI03/IHee JI0BeJ YHCJI0 TOYHBIX 3HAKOB 10 35.2 OHaxko B Hauase 18 Beka
IIPU IIOMOIIN Psijia,

o~ ) $2k+1
k=0

P 3HAYNTE]BHO MEHBIINX 3aTpaTax TPY/a ObLIO MOIyYeHO 3HAYUTEIHHO
OOJIBINIE TOYHBIX JIECITUIHBIX 3HAKOB dncyia 7. [Ipu o = 1 wiensr psa (3.1)

OOl U3 IpHYMH 3TOro GBLTA HAJEXKIA OOHADPYKUTDH MEPHUOJ B JeCATUTHOM PA3JIOXKEHHH T U 3aTEM
OKa3aTh, YTO OHO PAIMOHAJIBHO, 9TO HE BEPHO, KakK ObL10 moka3ano B 1761 romxy W.I'. Jlambeprom.

2HeTpymHO IIPOBEPHUTH, UTO, €CIU P, U P, — IepuMeTphbl BIHCAHHOIO U ONMCAHHOIO HPABUILHBIX
MHOTOYTOJILHUKOB BOKPYT OKpYy2kHOCTH jyinHbl C, TO p, < C < P,. Apxumej, paccMoTpeB 96-yroibHUK,
OJTYy IUJT OTIeHKY 3.14084 - - - = 3% <A 3,14159 < 3% ~ 3.14285. ... Ilpu 3ToM, Apxume | UCIIOIb30BAJ
GdopMyJIBI, BhIpaXKaloIe epuMeTp IPABUILHOIO BIIMCAHHOIO WJIN OMMCAHHOI'O MHOTIOYTOJIbHUKA, depe3
MepUMETP IIPEIBIIYINEro ¢ BIBOE MEHBINM YHUCIOM CTOPOH. DTUM Ke [MojIb3oBajica u BaH lleitieH.

o7
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CJIUIITKOM M€JIJIEHHO YOBIBAIOT, OJTHAKO MCIOJIB3YS (POPMYIIBI

T 1 1 1 1

— = arctg 1 = arctg = 4 arctg - = 4arctg - — arctg ——

4 2 3 5 239
u psiz (3.1), MaTeMaTHKaM yIAT0Ch BBIYHC/INTE CBBIINIE CTA TOYHBIX JECs-
TnaHbIX nudp. Hanpumep, Ditiep, ObIBIINIA, KpoMe ITPOYEro, YHUKAJIbHBIM
BBIUKC/IATEIEM, MOAYIMI 153 TOUYHBIX JAECSITHYHBIX 3HAKOB uncia 7 3a 80

qacoB, ITO 0oJIee UeM JIOCTATOUHO JJIA BCEX MPAKTHUECKIX HMPHIOKEHHIT.

3.1 OcHoBHBIE ITOHATUS Teopnmu 4nCJIOBbBIX PAJ0B

dopmasibHasg cyMMa

o0
Zak:al—l—ag—l—ag—i—...,akER (3.2)
k=1

Ha3bIBaeTCA YUCAOGBIM pﬂ&a/w, a COOTBETCTBYIOIIaA el 1mocJjie10BaTeIbHOCTD

n

Sn:Zak

k=1

— NOCAEAOBATENLHOCTIBLIO YACTNUMHDIL CYMM, HUCA0B6020 pﬂ@@.

Onpepesienne 3.1. Hucaosot pad (3.2) nasvieaemes croOAuuMcs, ecau

cxodumces nocaedosamesvrocms Sy,. Ilpu smom S = lim S, Haswvieaemces
n—oo

cymmoti pada (3.2). Ecau oice nocaedosamesvnocms Sy, ne crodumca x Ko-
neuromy npedeay, mo pad (3.2) nasvieaemes pacrodAUUMCA.

[Ipm nccnemoBannm CXOAUMOCTH YHCJIOBBIX PAJTOB MBI CJCIUM 38 MAJIO-
CTbIO YJIEHOB G, T.€. 32 CKOPOCTHIO U3MEHEHUs YJIEHOB 110C/Ie10BaTEIbHOCTH
Sy, B TO BpeMsI KaK IIPU HEIIOCPeICTBEHHOM HUCCJIEI0BAHII CXOIMMOCTH I10-
CJIeJIOBATEILHOCTH S, MbI CJIEJINM 3a IPUOJINKEHUEM ee UJIEHOB K HEKOTOPO-
My 1ipejienty. Takum oOpa3oM, MbI BUJNUM, 9TO CXOJUMOCTH YUCJOBBIX PsiJIOB
IpeJicTaB/IsieT coO0i MHOM B3IVISIJ HA MOHSITHE CXOIUMOCTHU 110 OTHOIIEHUIO K
CXOJIMMOCTHU TIOCJIE0BATEIbHOCTEI].

3TTo cocrosiamio na 2011 rox BbIUECIeHo 10 TPULIMOHOB JIECATHYHBIX 3HAKOB umcaa 7. [IpuMeps
3 PEKTUBHBIX BBIYUCIEHUN BPYUYHYIO C IIOMOIIBIO psijioB ¢M. B Kuure Puxrenrosnit ['M., Kypc mudde-
PEHIUAJIBHOIO U UHTerpaJibHOro ucuuciaenus, 1. 2, m. 409-412. BoJiee 1o ipoOHO 0 UCTOPUU BHIYUC/IEHUST
qucsa T MOXKHO npounTarh B 6pomriope A.B. 2Kykos, O aucie 7w, M: MITHMO, 2002.
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ITpumep 3.1. Psad

Z(_l)k—l

00
k=1

pacxm?umm, nocroavry NnocAe008aAMEALHOCTNG €20 YACTNUMHDIL CYMM Sn =

;(1 = (=1)") ne umeem npedeaa.

ITpumep 3.2. Paccmompum psd

> g

o0

k=1

COCMABAEHHBIT U3 UNEHOEB 2eoMempuveckoli npoepeccuu. Feo wacmuunas
cymma S, npu q # 1 umeem 6ud

1—q" 1 q

Sn — — - .

l-=q¢ 1-q¢ 1-—gq

Ouesudno, wmo npu |q| < 1 nocaedosamervrocms wacmuunvir cymm Sy,
<1
crodumecsa u umeem npeden, pasHvil T Taxum obpasom, npu |q| < 1 pac-
(2 1
CMAMPUBAEMBIT PAD CXOOUMCA U UMEEM CYMMY, PABHYIO t
IIpu |q| = 1 nocaedosamenvrocms S, pacrodumcsa, a 3navum, pacrodum-

CA U PACCMAMPUBAEMBIT PAO.

ITpumep 3.3. Ilycmov x € R. Jokaswcem, wmo psd

E:G%Hﬁ (3.3)

00 k—
k=1

crodumcs x cymme er.
Jleticmeumennvro, 6 nepsom cemecmpe OvA0 NOAYUEHO PA3NOHCEHUE
byrxuyuu e* no popmyre Maxropena

2 xn—l n

T i T T s
=1l+—-—+=+... +—+— 0<6<1.
L T TR ST
Omcroda
2 n—1 n

Taxum obpasom, pad (3.3) cxodumea x Pynryuu e*.
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ITpumep 3.4. Ananozuuno, ucnorvsys gopmysy Maxropena oan dynruud
sin T u cos T, MO2HCHO JoKa3amyb, Mo PAdvl

k 1 2k 1 k 1$2k_2

Zl 2k—1 Z 2k—2)

k=1

CTOOAMCA npu A0OOM T U UMEIOM CYMMDBL, COOMBEMCMBEHHO, SiInT U cosx.

Cuemyroriue JiBa CBOMCTBA PsJIOB CPa3y CJIACAYIOT U3 ONPEIeJIeHIA CXOJIH-
MOCT.

ITpennoxkenue 3.1. 1. Omobpacvisanue KOHEYHO20 YUCAL HAEHOE PAJA
(unu dobasaerue K Pady KOHEUHOLO YUCAG YAEHOSB) HE BAUAET HA CTO-
JUMOCMB UAU PACTOUMOCTNG IMO20 PAJG.

2. FEcau ¢ = const # 0, mo pad Y cap crodumcea mozda u moavko moeda,
k=1

Koeda crodumcs pad > ag.
k=1

Teopema 3.1 (xpurepuit Kommu). Jaa mozo wmobwv pad (3.2) cxodunca,
neobxodumo u docmamouno, wmobv Ye > 0 AN makoe, wmo Yn > N u
Vp € N 6v1.10 6bin0AHEHO HEPABEHCTEO

n—+p

Z ap| < €. (34)

k=n+1

Joxazameavcmeo. lokazarenbcTtBo Kputepusa Koim cpazy mosydaercd ns3
KpuTepusi Kot /st CXOMMOCTH TTOCIE0BATE/THLHOCTH YACTHIHBIX CYyMM Sy,

n+p
OCKOJIBKY Spip — Sp = >, Q. O
k=n-+1
o0
Caencrue 3.1. Beauwuna 1, := Y. aj HA3WEALTNCA N-bM OCTATIKOM
k=n+1

pada (3.2). Ecau pad (3.2) crodumca, mo nocaedosamesvocms Ty, AGAA-
emces 6eCKOneUHO MAAOT.

oxasamenvemeo. TTockoNbKy pst i 1y, OTIMIAETCS JTUITH KOHEYHBIM YNC-
JIOM CJIAraeMbIX OT psijia (3.2), TO U3 CXOJAUMOCTH MOCJIEJIHErO CJIe/IyeT CXO/U-
MOCTB 11epBOro. Ec/ii yKe pu 9TOM [epeiiTi B JIeBOi YacTi HepaBeHCTBa (3.4)

4Komm Orrocten JIyn (1789-1857) — cbpaHIy3cKumii MaTeMaTHK.
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K Ipejiesly Ipu p — +00, TO MBI TOJydnM, 4Tto Ve > 0 3N Takoe, 9TO
Vn > N BBINIOJTHEHO HEPpaBEHCTBO

DTo 1 o3HaYaer, 9To 1, — 0. ]
AwnayormaabiM 06paszom, mosiaras B (3.4) p = 1, noaydaem

CaencrBue 3.2 (HeoOXOANUMbBIIT IPU3HAK CXOAUMOCTH psijia). Keau psad (3.2)

crodumcs, mo lim ap = 0.
k—o0

HpI/I HccJIeJ0OBaHU BOIIPOCa O CXOAMMOCTH PAda IIOJIE3HO CHa4daJla IIPOBE-
PHUTDH BLIIIOJIHEHHE HGO6XO,ZLI/IMOFO I[IprU3HaKa CXOAUMOCTH.

IIpumep 3.5.

T =

o0
k=1
— rapMoHmIdecKuii psi. Heobxodumoe ycaosue crodumocmu Ois 0an1o20 pa-

da, ouesudro, svinosrerno. Qonaro dannoiti pad pacrodumces. eticmeumeno-
HO, eCAU NoAoHCUMD 6 kKpumepuu Kowu p = n, mo Vn umeem

n+p 2n
1 1 1 1
—_ = — 2 _— = - = ,
k=n+1 k=n-+1

YIMo Baeuem pacroduMocmsd 2aPMOHUYECKO20 PAJG.

"1
H, = ZE
k=1

CAPMOHUHECKO20 pﬁ&a HasvleatoMCA rapMOHUYICCKMMU YUCJIaMW U Ueparom

Yacmuunvie cymmol

CYULLCNBEHHYIO POAD 68 MEOPUL YUCEN.

3.2 Psaapl ¢ HeoTpulaTeJIbHBIMU YJI€HAMU

PaccmoTpuM cHavasa BOIPOC O CXOAMMOCTH PSIJIOB CO 3HAKOIOCTOSIHHBIMU
qJIeHAMHU, IIOCKOJIBKY JIJI HUX II0CJIeJ0BaTeJIbHOCTb S, MOHOTOHHA. Jljst
OIIPEICJICHHOCTH OYJIeM pacCMaTpPUBATh Psijibl ¢ HEOTPHUIATEIbHBIMU YJIeHa~
MM, TIOCKOJIbKY OJIHOBpEMeHHas 3aMeHa 3HaKOB BCeX 4JIeHOB Psijia He BJIMSET
Ha ero CXO/IMMOCTb.
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13 cBoiicTB MOHOTOHHBIX IIOCJIEAOBATE/ILHOCTEH BBITEKACT CJIEIYIONIast
TeopeMa.

Teopema 3.2. /Jlaa cxodumocmu pada

Zpk, pr 20 (3.5)
k=1

C HEOMPUUAMENOHBIMU HYANEHAMU HEOOTOOUMO U docmamO%Ho, Ymobwvl nocae-
dosamenvHocms €20 4acCmMuUYHbLT CYMM oviAa 02paHuUYeHa.

oxazamensvcmeo. Kak yze ObLIO CKa3aHO, II0CJIEI0BATEIbHOCTD YaCTUIHbBIX
cyMM psifia (3.5) MOHOTOHHO He yOBbIBAeT, TOITOMY, €CJH OHA OTPAHIYCHA,
To oHa cxomurcs. C JIpyroit CTOPOHBI, KaK y»Ke ObLIO JOKAa3aHO B IIEPBOM
ceMecTpe, BesKas CXOJIsIasics M0c/e/10BaTeIbHOCTh OrPaHnIeHa. [

Cueyroriue JiBe TEOPEMbI, Ha3bIBaEMbIC ITPU3HAKAMU CPaBHEHUS PsiJIOB,
IIO3BOJISAIOT CJleJIaTh BBIBOJ O CXOJIMMOCTU UM PAaCXOUMOCTH 3HAKOIIOCTOSH-
HOI'O psijla C MIOMOIbIO €r0 CPaBHEHMSI C 3aBEJIOMO CXOJISAIIUMCA WU PaCcXO-
JSAMIAMCS PSJIOM.

Teopema 3.3. I[lycmv umeemesn pad (3.5) u psad

0.}
/ /
Zpk, pr =0, (3.6)
k=1
npuvem 6vNOAHEHO HEPABEHCTNGO

pr < D) (3.7)

Tozda u3 cxodumocmu pada (3.6) caedyem cxodumocmv pada (3.5), a u3
paczodumocmu pada (3.5) caedyem pacrodumocmv pada (3.6).

Hoxasamenrvemso. Iycrs Sy, == >0 pe, S :=> 4 P}, TOIJIA 110 YCJIOBHIO
Teopembl S, < S/. Tlocyentee HepaBeHCTBO O3HAYALT, YTO OIPAHUIEHHOCTD
IOCJIEJIOBATEIBHOCTH S, BJICUET OTPAHNIEHHOCTD TTOCJIeI0BATEIbHOCTH Sy, &
HEOIPAHUYEHHOCTD I10CJIEI0BATEILHOCTH S, BJIeUeT HEOTPAHUIEHHOCTH I10-
ciesoBaresibHoctn S B cuty Teopembr 3.2 9TOr0 JIOCTATOYHO JIjisl JIOKA3a~
TEJIbCTBA TEOPEMBI. ]

ameuanue 3.1. Ha ocnosaruu n. 1 npedroocenus 3.1 meopema 3.3 ocma-
HEMCA CNPaBediusotl, ecal 68 €€ YCA06UuU Nompebosams GbiNOAHEHUE HEPA-
sernemea (3.7) ne o scexr Homepos k, a AuUWD HAYUHAA C HEKOMOPO20 HO-
Mepa.
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Bameuanue 3.2. Ha ocrosanuu n. 2 npedaoscenus 3.1 meopema 3.3 ocma-
HEeMCA CNPasedausotl, eCAl 6 ee YCAOB8UL 3aMEHUMD Hepasercmaeo (3.7) nepa-
BEHCMBOM

e < cpy,

2de ¢ — npou3deoNvbHaA NOAOHCUTMEADBHAA TVOCTNOAHHAA.

CaencrBue 3.3. [Ipusnar cpasHenus u3 meopemvt 3.3 MOAHCHO CHOPMYNU-
posamd u 6 npedesvroli opme: ecau cywecmsyem npeoen

lim 2 = 1, 0 < L < +oo, (3.8)

k—oo Dy
mo npu L < 400 u3 crodumocmu pada (3.6) caedyem crodumocmv pada
(3.5), a npu L > 0 us pacxodumocmu pada (3.6) caedyem pacxrodumocmo
pada (3.5). B wacmnocmu, npu 0 < L < 400 padw (3.5) u (3.6) crodamesn

UAU PACTOOAMCA 0OHOBPEMEHHO.

Jlokazamenvcmeo. Tlycrs BoinosHeHo paBeHcTBo (3.8) npu L < +o0. Tora,
T10 OITpeJIeICHUIO TTpejieta, A1 HeKoToporo £ > 0 Haiiercsa Homep /N Takoif,

qT0 1pu k = N BBINOJHSAETCS HEPABEHCTBO
L—e< p—f < L+e.
P
[Tostomy, pu k& > N cupaseyuso nepasenctso pp < (L + €)pj.. B cumy
3aMedannsd 3.2 3TO JIOKa3bIBaeT cjie/icTBue npn L < 400.
/
, 1
Ilpu L > 0 Mbl umeem khm P _ 17 < 00, OTKYJIa 10 y7Ke JIOKa3aHHOMY
=0 Pk

3 cxouMocTu psifia (3.5) caegyer cxomumocth psiaa (3.6). [losromy, eciu
psizt (3.6) pacxoaurcst, TO pacxouTces u psii (3.5). O

Teopema 3.4. I[Tycmwv das ecex nomepos k = 1 cnpasedauso nepasercmeo

/
Pk Py
Tozda cxodumocmo pada (3.6) eaeuem 3a coboti cxodumocmsv pada (3.5), a
paczodumocmyv pada (3.5) eaewem 3a coboti pacxodumocmv pada (3.6).

Jlokasameavcmeo. Tlepemuoxkast wepasencrsa (3.9) mpu k = 1,...,n — 1
MeYK]Iy COOOI, MOTyIrM P < = wm p, < p—/lp% B cuny 3amevanus 3.2
P1 P Dy

InocJjieJHee HEpaBECHCTBO 3aBEpIIacT AOKa3aTEJIbLCTBO. ]
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Teopema 3.5 (upusnax 1’ Anambepa). °

1. Ecau Yk, navunas ¢ Hexomopozo HOMEPG, BbiNOAHEHO HEPABEHCTNEO

@<q<1<@>1>, (3.10)
Pk Pk

mo pad (3.5) cxodumea (paczrodumces,).

2. Ecau cyuecmeyem npeden

lim 282 — [, (3.11)
k—oo Dy

mo pad (3.5) cxodumesa npu L < 1 u pacrodumes npu L > 1.

Jlokazamenvemeo. Ilycrs p), := ¢* (p), == 1), Torma nepasenctso (3.10) Mozx-
HO Ieperncarh B BUJIE

AN =

Pre1 Pt (pk+1 S P?m) _
P P, P Pl
Torna nepBoe yTBep:KIeHNE TEOPEMBI CJIeIyeT U3 TeopeMbl 3.4.

Jokazkem BTOpOe yTBep:KaeHue Teopembl. Ecmm B (3.11) L < 1, To mosio-
KM € 1= %(1 — L) > 0, rorna L + ¢ = 1 — . Ilo onpezesnenuto mnpejea
110CJIE/IOBATE/ILHOCTH JIJIsi YKA3aHHOIO € Halijiercd HoMep N Takoii, 4To Ipu
k>N

L—e< cppe=1-c (3.12)
Dk
B cuty yrke 0Ka3aHHOTO MEPBOTO yTBEPXK/ICHHsI JaHHO TeopeMbl psijf (3.5)
CXOJINTCA.
Ecmu xxe L > 1, 1o nosioxkuMm € := L — 1 > 0. Ousith, 110 olIpeaeseHno

1pejiesia Mocje/I0BaTeIbHOCTH JIIs YKa3aHHOoro € Haiijercsa nomep N Takoii,

yro nipu k > N crupaBeinBo Phst > L — e = 1. Torna, B cuty yxKe Jl0Ka-

Dk
3aHHOI'0 IIEPBOI'0 YTBEPXK/ICHNUA JTAHHOI TeopeMbl pPsi/l (3.5) pacxoautesd. [

Bameuanune 3.3. Hepaserncmeo (3.10) 6 meopeme 3.5 neavas 3amerums Ha
Di+1

nepasencmeo —— < 1. B camom dene, Kax noxasano sviuie, 26pMoHUMECKUT
Dk .
Pk+1
pad pacxodumcs, HO Oaa 9mMo20 pada = < 1.
Dk k+1

ST’ Anambep 2Kan e Pon (1717-1783) — cdbpanmysckuit Mmatematnk u buaocod.
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Ecau 6 meopeme 3.5 L = 1, mo o crodumocmu pada (3.5) neavas cra-
3amsb Huve2o onpedenennozo. B camom dese, 0aa pacrodsw,e2ocs 2apmoru-
weckozo pada L = 1, 6 mo orce épema L = 1 u daa crodawezocs (kax moi

yeudum nuoice) pada
= 1
>
k=1

IIpumep 3.6. [Ipumerum npusnar d’Arambepa 6 npedeavroti popme x pady

0 kk/Z
Rl
k=1
HUmeem
/2
o . (RAD)EDZ 1 1\"?*
e TSI =y A G R

1\ /2
= e (1) =0ve=os<n

YIMO 03HAYMGEM CTOOUMOCND PACCMAMPUBAEMO20 PAJG.

Teopema 3.6 (npusnak Kommmn). 1. Ecau Vk, navunas ¢ nexomopozo no-
MEPQ, BLINONHEHO

Ve < q<1(Ypr 2 1), (3.13)

mo pad (3.5) cxodumes (pacxodumces).

2. Ecau cyuecmsyem npedea

lim /pr = L, (3.14)

k—o00

mo pad (3.5) cxodumesa npu L < 1 u pacrodumes npu L > 1.

Jlokasameavemeo. Ilycts p), := ¢* (p), == 1), Torna nepasenctso (3.13) Mozx-
HO Ilepenucarh B BUJIE
pe < (o2 1h)-
Torja mepsoe yTBep:KJeHUe TeopeMbl CJiejlyeT U3 TeopeMbl 3.3 U yCJIOBUs
CXOJIMMOCTH T€OMETPUYECKOll IIPOrpecchn.
JIns1 oKaszaTe/IbeTBa BTOPOro YTBEPZKJICHUS TEOPEMbI CJIe/lyeT JIOCIOBHO

IIOBTOPUTDL pacCCyzKACHUA IIPU JJOKa3aTCJILCTBE BTOPOI'O YTBEPZKJCHUA TEOPE-
k+1

Pk

MBI 3.5, 3aMEHIB Ha J/pi. Teopema 3.6 1oKazana. []
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Bameuanue 3.4. Hepasercmeo (3.13) 6 meopeme 3.6 neavss 3amenums Ha
nepasencmeo /pr < 1, nockoavky, Hanpumep, 0af pacrodauLe2o0cs 2apmo-

k
Vk

Ecau 6 meopeme 3.6 L = 1, mo o cxodumocmu psada (3.5) neavsda cra-
3aMb HUYe20 0npedesentno20, KK noKa3v6aom me dtce 06a NPUMEPE U3 3a-

< 1.

HUYECK020 PAJG UMEEM /D =

MEYanUA % npedvdyueti meopeme.

ITpumep 3.7. IIpumenum npusrax Kowu 6 npedeavroti popme x pady
=k
D o
k=1

Umeem

i & k . 1 Ink 1 . In k 1, 1<1
im {/— = lim —exp | — | = —ex im — | ==e¢ ==
Pl VDV it Rl W 2 TP\ Tk ¢ T3S

omxyda caedyem crodumocms Paccmampueaemozo paoa.

OxkasbiBaeTcs, aro npmsHak Komm B mpenesbHOi dpopMe cuabHee MpH-
3Haka 1 Anambepa B npeiebHoil popme. VIMEHHO, eciin CyIecTByeT mpee
(3.11), To u cymecTyer pasHblii emy npeies (3.14)%. Takum o6pasom, eciu
CXOJIMMOCTD 9HCJIOBOIO Psijia MOYKET ObITH YCTAHOB/IEHA C TIOMOIIBIO TTPU3HA-
Ka J Anmambepa, TO OHa MOXKeT OBITH YCTaHOBJIEHA 1 110 Ipus3Haky Korrrm.
ObparHoe HeBepHO. JleficTBUTENIBHO, TSI Psijia

— (—1)*+3
Z ok+1
k=1

1
npegen (3.14) cymectByer n paBeH 5> & TIpesiet (3.11) e cymmecTByer.

Teopema 3.7 (unrerpasbhbiii npusnak Kommm—Makitopena). [Tycmo dyrk-
yus f () neompuyamenvra u 1e 603pacmaem 6c100y Ha NOAYNPAMOT T = M,
ede m — mpouseoavroe Purcuposanroe Hamypasvroe wucao. To2da wucro-

601 pad
> k)

k=m

6Cwm. Mimbun B.A., ITozusak .1, OcroBel MaTeMaTIuecKoro anamu3a. Jacrs L. 3-e uzn. M., Ousmarint,
1971. C. 422, 448-449. Tor ke paccyxkaenue nmeercs B Kypce .M. @uxrenrosbia.
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crodumcs mozda u moavko mozda, Ko2da crodumcsa nocacdo8amMeENLHOCTIL

= /nf(:v)da:

oxazameavcmeo. Ilycts k € N, kK > m + 1, Torna, B cuty HeBO3pacTaHust
byskiun f(x) npu > m, ClpaBeyIiBO HEPABEHCTBO

FR) < f(@) < flk—=1), k—1<xz <k (3.15)

B cuity orpanmdennoctn n MoHOTOHHOCTH, (byHKIUS f(2) HHTErpHpyeMa Ha
JI06OM cerMenTe, cojieprkalieMcs B jiyde [m, +00), nosromy u3 (3.15) mosry-
JaeM

k) = /kf(k’)dx<

k—1 k—1

k

—

k
f(z)dr < / f(k—1)de = f(k—1). (3.16)
k—1

Cymmupyst Hepaserctsa (3.16) npu m + 1 < k < n, noiydaem:

n n n—1

Som flm) = 3 f(k><an=/f k) = St (317)
k=m+1 m k=m

rae S, = >, f(k). Hocrenosaremsuoctn {S,} n {a,} asraorces neyooi-

BaromuMu. [looToMy OHU CXOJSITCs TOIa M TOJIBKO TOIJA, KOLJIA SIBJISIIOTCSI
orpanunvenabivu. Ho u3 wepaserctBa (3.17) ciejyer, 4T0 OrpaHUYE€HHOCTD
OJIHOI M3 HUX BJIEYET OIPAHNYCHHOCTH JAPYTOIi. []

IIpumep 3.8.

<. 1
Do a>
k=1

1
— 0bobennblil rapMonuyecknit paji. Pynkyus f(x) = — ydosaemsopsem
x

yeaosuam meopemol 3.7 u

_ n _
n T a+1 nl « 1
= - ) Oé?é]‘ﬂ
ap = [ —der=¢1-a|; 1l-a 1l-a«
xr® n
1 Inz|; =1Inn, a=1.

Omcroda no unmezpasvromy npusnary Kowu—Maxiopena noayuaem, wmo
0000wWeHHBI 2apMOHUYECKUT PAD cxo0Umces mo2da u MoAbKo mo2da, Ko20a
a>1.



68 YucsoBble psyibl
ITpumep 3.9. Paccmompum psd

i(%—lnk;{tl). (3.18)

k=1

yemo p(x) ==z — (1 4 z). Hockorvky ©(0) =0 u ' (x) =1 — = >0
1

npu x> 0, mo p(x) > 0 npu x > 0. Omcroda + —In L > 0w pad (3.18) -
anaronososcumenorul. Kpome moeo,
1 1
+—In(1+4++ —In(1
lim £ 1( k)zlimx n —I—x):

1
k—oo 72 x—0 xQ 27

nosmomy pso (3.18) cxodumes no caedemeuro 3.5. Eeo cymma 0603nayaem-
ca C u nasvieaemcs NOCTOTHHON Dityiepa. /o cux nop e udsecmmo, AGAAEM-
CA AU OHG PAUUOHANDHBM YUCAOM. Fe npubiustcentoe vucienmnoe 3navenue
paestro 0,5772.

Ilockonvky wacmuunvie cymmos pada (3.18) paswo, Hy, —In(1+n), cnpa-
6EOAUBG ACUMNMOMUNECKAA POPMYNG OAA 2GPMOHUMECKUT YUCEN

H,=Inn+C+o(1).

Hasmrane npusHakoB cpaBHEHUs J1JII NCCIIEIOBAHNS CXOANMOCTH PSIJIOB Ha-
BOJIUT Ha MBICJIb O IOMCKE TaKOI'0 YHUBEPCAJIHLHOIO ITPEJIEILHO MeJIJIEHHO CXO-
nsrerocst (I pacxXoJIsInerocsi) psijia, CpaBHeHNe ¢ KOTOPBIM MO3BOJIIIIO ObI
cIesIaTh 3aKJIIOUCHHE O CXOMMMOCTH (MM PACXOINMOCTH) JH0O0r0 Harmepes
3aJIAHHOIO Psijia, C IIOJIOXKHUTEILHBIMU YIeHAMH. JTO II03BOJIMJIO OBl UETKO
OIICATh I'PAHUILY MEXKJIY CXOASIIMMUCT U PACXOJAAIIMMUC psiaMU.

JTokazkeM, 4TO TaKOro yHI/IBepcaJIbHOFO CXO,ZLHHLGFOCH psijia He CyIIEeCTBYET.

[Iycrh JaHbl ABa CXOMAIIMXCS PAIA Z Pr U Z Pl.; 0603HAYIM CHMBOJIAMHE

k=1 k=1
(0.¢]
T U T, COOTBETCTBEHHO, HX N-ble OCTATKU. ByjieM roOBOPHTE, 4TO Pl Y D)
=1
o0
/
cxodumes medaennee, 9eM pa y | P, ecan 1, = o(r) ), n — oo.
k=1
oo
JlokazkeM, 9TO st KazKJOr0 CXOJAIIETrocs Psijia » |, P CYIIECTBYET Dsifl
k=1
/ o / R
> P, cxomgmmiicss Mejyiennee psaga y | pg. lomoxum pl = \/Tp_1 —
Vi, k=2, py >0, Torga r), Th, M =21
. r . r
lim — = lim —— = 0.

n—oo T, n—oo /Ty
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JlokazkeMm Terepb OTCYTCTBUE YHUBEPCAJIHLHOTO CXOMAIIEr0Cs psijia, CpaB-
HEHUEe ¢ KOTOPBIM II03BOJINJIO ObI CJlieJIaTh BBIBOJ O CXOAUMOCTHU IIPOU3BOJIb-

HOI'O Psijia C HEOTpUIATeJIbHBIMEU djieHaMu. B camom jiesie, eciim ObI Takoii
(0.9]

YVHUBEPCABHBIN CXOJSIIUICS Pl » | Pi CYIIECTBOBAJ, TO, B3IB JJIsI HETO T10-
k=1
o0
CTPOEHHBII BBIIIE CXOASANIIUICA DSl Y |, P, MbI HOJy4IIN ObI, 4TO

k=1

. Dk : Tk—1 — Tk :
By = s T VetV

0.}
Takum 06pa3oM, U3 CPaBHEHUS C PSIIOM Y | Py, HEJTb3sI CJIeIaTh BBIBOJL O CXO-
k=1

o)
JIMOCTH Psijia Y | D
k=1
AHAJIOTUYIHO JIOKA3BIBACTCST OTCYTCTBUE YHUBEPCAJTIBLHOTO PACKOJISIIIErOCs

psijia, CpaBHEHUE ¢ KOTOPBIM IIO3BOJIIIO ObI CAEJIATh BBIBOJ O PACXOINMOCTH
[IPOU3BOJIBHOI'O Ps/ia ¢ HEOTPUIATEIbHBIMUA YJICHAMM.

Taknm 0O6pa3oM, Mbl HE MOXKEM ITPOBECTH YETKYIO TPAHUILY MEYKTLY CXOJIs-
UMUCT U PpaCXOAAIIUMUC PsiIaMU.

3.3 AOCOJIIOTHO 1 YCJIOBHO CXOASAMIMECS PHAIbI

Omnpenenenue 3.2. Hasosem psd

oo

Zak, A

k=1

cocmo,ﬂuguﬁ u3 vucen npou3eonbrHozo 3HaKa, abconOMHO CI'O&HJMUJ\/LC,}Z, ecau

crodumces pso
o0

Z\aﬂ Al

k=1
Psad A wnasvisaemcs YyCIOBHO CXOIANINMCS, eCcAu oH crodumcs, a psad Al —
pacrodumcA.

Teopema 3.8. Ecau pad cxodumcs abcosomuo, mo on crooumca.

oxaszameavcmeo. Bocnoab3yeMcest Kpureprem Kol ¢XoauMoCTH YHC/IOBO-
ro psja. Ilycrs cxomures psj Al. Torna no kpurepuio Komm Ve > 0 4N
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n+p
takoe, 4t0 VYn > N u Vp € N Boinosineno nepaserctso » . |ax| < . Ho
k=n+1
TOTJIA 1
n-+p n—+p
E a| < § ‘ak| <ég,
k=n+1 k=n-+1
aTo 1o Kpureputo Ko Bieder cxoaumocts psija A. ]

Kax Mbl yBUANM HUKe, U3 CXOANMOCTH HICJIOBOTO psifia HE CJIeLyeT ero
a0COJIIOTHAST CXOJIMIMOCTD.

Teopema 3.9 (Komm). Ecau pad A cxodumcea abcoatommo, mo a10601
pad A', noayuernnoili uz pada A nexomopoti neEPecmanosroti YAeHO8, MAKHCE
crodumecs abcorommo u e2o cymma S pasha cymme Sy pada A.

Joxasameavcmeo. 1. IlpoBenem nokasarebcTBO B JiBa nmpueMa. IIpemro-
JIOYKIM CHadaJia, 9TO BCe WieHbl pgajga A HeoTpuuaTebHbI.

Paccmorpum npoussosibityto qactudmyio cymmy Aj psa A’ Tak kax Bee
giennl psjga A, cojeprkammecst B 4acTudHoit cymme A, copep:karca B
HEKOTOPOit yacTu4aHoit cymme A, psjga A, ro A < A, < Sa. [ockois-
Ky 110CJIE/JOBATE/IBHOCTD A} MOHOTOHHO He YOBIBA€eT, TO 9TO HEPABEHCTBO
o3HaYaeT CXoAUMOCThb psiga A’ upuuem Sy < Sa.

Ho psan A Taxxke nosyden u3 psjia A) HEKOTODOIl II€PECTAHOBKON tie-
HOB. [Toaromy Sy < Sa 1, 3HauuT, S4 = Sy.

2. Ilyctsb Teneps A OyeT Npou3BOJILHBIM a0COIIOTHO CXOAAIINMCST PSIIOM.
[TockosbKy 1pu J11000i 1epecTaHoBKe W4ieHOB psij Al coxpaHUT CBOTO
CXOJIUMOCTD, TO U Psij A TakyKe COXpaHUT CBOIO aOCOIIOTHYIO CXO/IN-
MOCTb, & 3HAUYUT U IPOCTO cXOAUMOCTh. Ocraercs JoKa3arh JIMIIb, 9TO
CyMMa €ro Ipu 3TOM He U3MEHUTCH.

[Iycrs P u () — psifibl, cOCTaB/I€HHBIE COOTBETCTBEHHO 3 HEOTPHIlA-
TeJILHBIX 1 MOJIyJIeil OTpunaTeIbHbIX 1ieHoB psaa A. V3 abcosorHoil
CXOJUMOCTH psifa A, 09eBHIHO, CllelyeT CXOANMOCTDb psanoB P u (). Ya-
cTuaHasg cymma A, psga A paBHa

A, =P, — Qn (3.19)
JIIsT HEKOTOPBIX YACTUYHBIX cyMM Py 1 (Q,, psajioB P u (). Ilpu n — oo
nMeeM k, m — 00, mostomy Sy = Sp — Sg.

Ho, o nokazannomy, npu mnepectaHoBke 4ieHoB psjga A panbsl P u Q)
COXPAHSIIOT CBOM CyMMBI, II09TOMY COXPAaHsIeT CBOIO CyMMY U psij A.

[]
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Teopema 3.10 (Puman). Ecau pad A cxodumesa ycaosno, mo VS € R U
{£o0} wmoorcno max nepecmasums waenv, pada, WMo CYMMA NOAYUEHHO20
pada A" 6ydem pasna S.

oxasamenavecmeo. st yeJIOBHO CXOAAMIErOCs psijia A HEOTPHUIIATEIbHBIE PsI-
apl P =:>"70 pin Q =: Y% ¢; U3 JI0Ka3aTe1beTBa IPEIbULYIIEeH TeopeMbl
pacxoyAaTcs. JleficTBUTEIbHO, €CJIi OJIUH U3 HUX CXOJUTCS, TO, B CHJIY PaBeH-
crBa (3.19) u cxommmocTu psifta A, CXOMUTCA U APYTOif, & TOTIa CXOAATC 1
qacTuaabie cyMMbl Al,, = P4+Q,, pana Al, T.e. psi A cxonnTest abCOTIOTHO,
9YTO POTUBOPEUYUT YCJIOBUIO.

[TosTomy wacTuunble cymMMbl P, u (Qf cTpemsaTcs K 4+o00. Ecim S — ko-
HEeYHOe YHCJI0 JII000T0 3HaKa, TO MOYKHO HAITH TaKyl0 YaCTHIHYIO CyMMYy P,
psaga P, garo P, > S, npuueM Bo3bMEM WIEHOB psjia P B 9aCTHYHOI cyMMe
P, ne 6osee, yem TpebyeTcs JJis BBIIOJHEHNs JAHHOI'O HEPABEHCTBA.

3areM BBIYTEM U3 9TOI CyMMbI HEKOTOPBIN HaYaIbHBIN OTPE30K ¢ + ¢ +
...+ Gm, Paaa () TaK, 9YTO pe3ysbTaT CTaHeT He OOJbIIe S, IpUYeM OISTh
BO3MEM JIJIsT 9TOr0 4JIEHOB psijia () He OoJiee, 4eM TpedyeTCs JIJIsd BhITIOJTHEHUST
JIAHHOI'O HEPaBEHCTBA.

3areM J00aBUM K Pe3yJIbTaTy MIHUMAJbHO BO3MOYKHBIN OTPE30K Py, 41 +
Pni+2 + - .. + Pp, PA7a P Tak, 9T00BI OISATH CyMMa Oblla He MeHbIIe, yeM S.

3areM BBIYTEM U3 pe3y/bTaTa MIHUMATIBHO BO3MOXKHBI OTPE3OK Gy, 41 +
Gmi+2 + - - -+ Gm, PAIa () Tak, 9TOOB! OIATH CyMMa Oblita He OOJIbIle, YeM S,
1 TaK jiaJjee.

B pesyibraTe Mbl MOJIYUUM Psijl, COCTaBJIEHHBIN 13 CYyMM

(p1+pet. t+pn) = (@ +@+. . +agm)+ (3.20)
+(pn1+1 +pn1+2 + .. +pﬂ2) o (leJrl + m,+2 Tt qmz) T

CXOJISIINICS K .S, TOCKOJIBbKY OTJINYNE ero YaCTHIHON cyMMbI S, OT dnciia S
HEe MPEBOCXOUT MOJLyJisl HEKOTOporo wiena psia A (kpome, MOKeT ObITh,
CYMMBI P1 + . . . + Py, TIPH OTPUIATETHHOM S, UTO HECYIIECTBEHHO), U CJIEI0-
BATEJIbHO, CTPEMUTCA K HYJIIO IIpU 1 — OO.

[Tocsie packpbiTis k060K B psijie (3.20) Mbl mojryaum psjg A’ oTyindmblii
OT psajia A HEKOTOPOIl IepecTaHOBKOM 1JIEHOB, KOTOPBII CXOINTCS K TOMY K€
qucsty S, TOCKOJbKY YacTHYHbIe CyMMbI psifa A’ MeHstrorcss BHYyTpu (OImy-
IMEHHBIX ) CKOOOK MOHOTOHHO MEYKJIy IacTUIHBIME cyMMaMu psia (3.20).

Ecaun Teneps S = +00, TO BbIOEpEM TaKyIoO IOCIEI0BATE/ILHOCTD Nk, UTO
Prg+1 + D2+ - oo+ Ppyyy = 2. Torna psij, cocTaBIEHHBIN N3 TAKIX CyMM U
ancest (—qy),

pr+pe+.. +0n0) @+ Pt FPs2+ o D) @+ F
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+(pﬂk71+1 +pnk,1+2 + cee + pnk) — gk + e

SIBJISICTCsI HEKOTOPOH TIepeCcTaHOBKOI 1jieHOB psijia A 1 cxoauTest K +00, 110-
CKOJIBKY BbIpayKeHue, cTosdlnee B KaxKji0i u3 ckobok, = 2, a qr — 0.
s S = —o0 J1oKa3aTeIbcTBO aHAJIOTTIHO. ]

Teopema Pumana mokasbIBaeT, 9TO JIJisi OCCKOHEYHBIX CYMM, B OTJIMYUU
OT KOHEYHBIX, HE CIIpaBeInBa KOMMyTaTI/IBHOCTb.7 [IpuBegemM cOOTBETCTBY-
IO IpUMED.

ITpumep 3.10 (lemmmosna B.I1. CoopHUK 3aa7 1 ylIpaXKHEHUI 110 MaTe-
mataeckomy anasusy, 2002, N. 2704). Pacemompum psd

(_1)(k+1)

> — (3.21)

k=1

oxaotcem, umo ucrodnwill pad cxodumes x In2, a ecau nepecmasums €20
YAEHDL MAK, YMOoOvL 34 2pYNNot U3 €20 P NOCACIOBAMEALHBIL NONOHCUMEND-
HOLT 4AEHOB CAJ0BANG OBl 2PYNNG U3 €20 § NOCACOOBAMEALHDLL OMPUUATMEND-
HOLT YAEHOB8, MO OH bydem no-npestcremy crodumuvcs, Ho K In2 + %ln g.

ITycmo
n n
1 1
A, = E —— B, = —.
" 2k — 177" 2k
k=1 k=1
[Tocaedosamenvrocmo S, = A, — By, Aeasemca nodnocaedosamenvro-

cmuvio nocaedosamenvrocm Ty, 4acmuaHor cymm pada ¢ nepecmasieHHbl-
M waenamu, npu omom Sy = Tyoig). Haenv Ty, npun(p+q) +1 < k <
(n+1)(p+q) — 1 omaunwaromea om S, ne bosee, wem a

(n+1)(p+q)—1

| _1
2. %S fttq rq e
k=n(p+q)+1 mp q)

Iosmomy, ecau mol doxastcem, wmo nocaedosamesvbHocms S, Cro0umcs, mo
u nocaedosamesvrocms Ty, a 3navum u pad ¢ NEPecmasACHHLLMU YACHAMU,
mooice 6ydem cxodumuvcesa k momy oice npedeay.”

"Hanbo/1ee TPOCTHIM IIPEMEPOM, TTOKA3BIBAIOIIUM OTIHYNE GECKOHEUHBIX MHOYKECTB OT KOHEUHBIX, SB-
asiercst "Oress 'miibbepra.

8Eme mpomie 3TO yBUJEThb, €C/ PACCMOTPEeTb, HAPALY C HOIOCIEI0BATEILHOCTLIO S, MOCIeI0Ba-
resproct Th, mommoceoBaTebnocts S;, i= A(n41)p — Bng, UMeIONIyI0 TOT e npejiest, 9To u Sy, u
3aMETHTD, YTO YJICHbI MOCTe0BATeTbHOCTH 1)y, BO3pacTatoT or Sy, K S;, m yOpIBaIoT OT S;, K S(nt1)-
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U3 dokasannotll eviule acuMnmomuieckot Gopmyave ONf 2aPMOHUMECKUT
wucen Hy = Inm + C + o(1), m — oo caedyem, wmo By, = 53 01 =
Tlnm+1C +0(1) u Ay + By, = Hayy = C 4 In(2m) + o(1). Omcroda

1 1
A, =—-B,+C+In2m)+o(1) = 50 +1n2+ élnm +o(1).
Haxoneu,
1 1 1 1
A,y — Bpy = 50 +In2+ §ln(np) - Eln(nq) — 50 +o(1) =

1 1
:1n2—i——ln]—?+0(1) —>ln2+—lng, n — oo.
2 q 2 q

3.4 Apudmerndeckue orepanum Had CXOAANIMMUCS PH-
JaMu

PaccMmoTrpum Bommpoc 0 BO3MOYKHOCTH ITOYUJIEHHOI'O CJIOYKEHHSI M IePEeMHOXKe-
HUSA CXOANIUXCH PAJIOB.

Teopema 3.11. Ecau déa pada D ;o Uk U Y peq Uk CTOOAMCHA U UMEIOM
(0.9]

cymmai, coomsememeserto pasroe U 'V, mo u pad Y ,_ (uxtvy) cxodumes

u umeem cymmy, pasuyro U £ V.

oxaszameavcmeo. Obosnaunm depes U, V,, u S, dacTuIHbIE CyMMBI PsiJIOB
o0 o0 o0
Y heq Uky D opeq Uk By ooy (U £ o), coorsercrsenno. Torna S, = U, £V,
nosromy lim S, = lim (U, +V,)=U+V. O]
n—oo n—oo
(0.9] (0.9]
Teopema 3.12. Ecau dsa pada Y ,_ ux U Y poq Vi CTOOAMCA AOCOMOMHO
o
U UMENM CYMMbL, coomeememeenno pashvie U w V', mo u pad Y 5, ugvr,
CYMMUPYEMBITL 68 NPOUZBONLHOM NOPAOKE, MAKIHCE CTOOUMCHA AOCONOMHO, U
ez2o cymma pasra UV .

Hoxasamenvcmeso. O603HAUNM depe3 w; HPOU3BEJEHU U], 3aHYMEPOBAH-
o0

HbIE B KAKOM YrojiHo nopsijike. Jlokazkem, uto paj » =y |w;| exomures. [yers
Sy — n-ast YacTUYHas CyMMa 3Toro psja. OHa cCOCTOUT U3 YIEHOB BUIA |ugv;|.
Cpenu uniexcos k u [, BXOJASIUX B 39Ty CYMMY, Haiijilercd HanboJIbLIINii, KO-
TOpPBII MBI 0003HAYUM Yepes m. Torma

m m

Sy < g g E lug].
— I—1

k=1
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I 0 0 m
B cuty abcostioTHOM CXOUMOCTHI PSIJIOB Y |, 4 Uy U Yoy U, CYMMBI » 1 |ug)|
1y " |vy| orpanndensl BenuuHOl, He 3aBucsIeit ot m. [losromy wacTid-
HBIE CYMMBI .S), TAKyKe OIDAHUYEHDBI, ITO BJI€UeT abCOJIOTHYIO CXOJNMOCTD

pAsa Y wj.

JlokaykeM, 9TO cymMMa, psijia Zjoil w; pasHa UV. B cuiy Teopembl 3.99
CYyMMa 3TOT'O Psijia He 3aBUCHUT OT IOPsIJKA, B KOTOPOM MbI €r0 CyMMUPYEM.
Ho nojamociieioBare/ ibHOCTD

m m
Wm = E Uk E (%
=1 =1

JACTUIHBIX CYMM JIAaHHOTO psjia CXOAUTCs nMeHHo K UV .

3.5 IIpusHaku cxo/[MMOCTHU ITPOU3BOJILHBIX PsJIOB

Hu onun m3 paccMOTpEeHHBIX Bblllle TTPU3HAKOB HE II03BOJISIET YCTAHOBUTH
YCJIOBHYIO CXOJINMOCTBH YHCJIOBOrO psijia. llepeiijiem kK paccmorpenuio mpu-
3HAKOB, MO3BOJISIONINX 3TO CAEIATh.

Teopema 3.13 (npusnax JleiiGuuna). 1 ITyemo {pi}, pr = 0 — nesospac-
manowas 0eckoneuno maaas nocicdosamenvrocms. Toeda 3HAKOUEpPEILYTO-

IIUACA PATT

> (=D (3.22)
k=1
crodumcs.
Joxasamenvcmeo. TTockoybky
Son = (p1 — p2) + (p3 = pa) + ... + (Pon—1 — P2n)

U Kaxkjiash Kpyryas CKOOKa HEOTPHUIATe/bHA, TO I0CJEI0BATEILHOCTL Sop,
HeoTpuuare/abHa n He yobiBaeT. C Apyroit cTopoHbI

Son =p1— (P2 = p3) — (P2 —ps) + ... — (P2u—2 — P2n—1) — P2n;
oTKyIa So, < p1. Tem caMbiM, 1IOCIEI0BATENILHOCTE S, CXOINTCSA K HEKOTO-
pomy mpejiesy S. ITockosbky So,i1 = Son + Pons1 U pr — 0 mpu k — 00, TO
Sont+1 — 5. Takum obpaszom, psiz (3.22) cxomures K S. O

9Bor mpuMep MCHOIB30BaHMA TeopeMbl Kol o mepecTanoBKe 4IeHOB abCOIOTHO CXOSIIEroCs Psia.

10 Meit6rum Cordpur Bumbrensm (1646-1716) — memenkuit bumocod, matematuk (Hapsty ¢ HproToHoM
SIBJISIETCST OCHOBOTIOJIO?KHUKOM JnDDEPEHIAIBLHOrO U HHTErPAJIBLHOTO UCINCIIeHNs ), (GU3KK (BBeJ HMOHsI-
THE KUHETUIECKON Hepruu (<«>KUBOI CUJIBI» ), 3aKOH COXPAHEHUS «KMBBIX CUJI», IPUHIAI HAMMEHBIIEIO
JeficTBus ), n300peTaTelib, IOPUCT, UCTOPUK U A3BIKOBE/.
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3ameuanue 3.5. /3 pasencmea

Son—1=p1— (P2 —p3) — (P2 —p5) — ... — (P2n—2 — P2n—1)

BLIMEKAEM, YIMO NOCALIOBAMENOHOCTND Soy_1 CTOOUMCA K Npedenyy S, He 603-
pacmas. Taxum obpasom

SQn < S < 527171) Vn - N.
BSU(??J paceHcImea Sgn_l — Sgn = Don, omcroda evimexaem HepaserHcmeo
‘S - Sn‘ < Dn,

NOKA3BIBAIOWIEE, YMO YACTNUYHAAL CYMMA PAOG NPUOAUHCAEM €20 CYMMY C
owubKot, He NPesvLaroU,et aOCONMOMHOT BEAUNUMHDL NOCAEIHE20 UAEHA PAJG
8 YaACMUYHOT cymme.

ITpumep 3.11. Paodw

> —(_1]3k_1 =1In2, i o (3.23)

2k —1
1 k=1

o0
k=

cxodames no npusnary Jledonuya (das nepeozo us nuxr amo O6vL10 Yyema-
Ho6AeHO dpyeum nymem 6 npumepe 3.10). Ilpu amom coomsememesyrousue
pAdvL U3 Modyaeti pacxodamca. s nepeozo pada 3mo svimerxaem u3 pac-

L >

TOOUMOCTNUY, 24PMOHUNECKO20 PANA, G OAA 6MOPOO U3 OUEHKU Y 1y o)

%22:1 % Taxum o0bpasom obpazom, padv (3.23) crodamea ycao6Ho.

Bameganue 3.6. Tpebosanue moromonrnocmu nocaedosamenrvrocmu {py}
6 npusnakre JIetonuya ne ABAAELMCA USAUWHUM, KK NOKA3LLEAEM NPUMED
pada

1 1 1 1 1 1
- + - +...+ - +.
V2—-1 V2+1 V/3-1 V3+1 vn—1 n+1

s mez2o evinoanenv, 8ce Ycaosua npudnara Jletbnuua, Kpome MoHO-

— K
VE+1

.. (3.24)

MoHHOCTU YOBI6aANUA MOOYAA 00ULE20 UAEHA PAJG, NOCKOALKY
1
vVE+1-1

. Paccmompum pso

i(ﬂl—l - \/E1+1> ,i%
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On pacxodumcsa no acuMnmoOmu4eckomy NPUHAKY CPAGHEHUS ¢ 2aPMOHU-
weckum pAdom. A NOCKOALKY PAcTo0AULAACA NOCACIOBAMENLHOCTND €20 -
CIMUMHBIE CYMM ABAAECMCA NOONOCACI0EAMENLHOCTBIO NOCACI0EAMENbHO-
CMAU %ACTUNHOLE cymm pada (3.24), mo pad (3.24) maxoice pacrodumca.

[Tpusnaxku Jdupuxiie u Abesist OTHOCATCS K psijiaM BHJia

Z akbk (AB)
k=1

U SIBJIAIOTCS Hambosee yHOTpe6I/ITeHbeIMI/I [Npu3HakKaM#n HNCCJIEJOBaHUA CXO-

JIIMOCTH P$IJI0B, HE CXOMSIINXCS aOCOTIOTHO. M
Teopema 3.14 (dupuxie). 2 Ecau wacmuunvie cymmve B, = > py bk
pada
oo
> by (B)
k=1

6 COBOKYNHOCTNU 02PAHUHEHDL.
|B,| < M € R, Vn eN,

a nocaedosamenvrocmv {ag} MOHOMONNG U CMPEMUMCA K HYAI0, MO PAOD
(AB) cxodumca.

Jloxazamenvcmeo. YCTaHOBUM CHavaJIa CJeylolee ToxiecTBo Abess's
n+p n+p—1
Z apbr = Z (CLk — ak+1)Bk + Bn+pan+p — Bhan.1. (3.25)
k=n+1 k=n+1
B sTom ToxkjpecTBe Ha uucia ag, by, k = 1,...,n + p He HaKIaJIbIBAETCH

HUKaKNX OFp&HH‘IGHHﬁ.M

1B HekOTOPBLIX yueGHMKAX NEpBBIi IPU3HAK HA3LIBAETCS TaKsKe IPH3HAKOM Jlupuxie—AGess, HO MBI
OyIeM IPUIEP>KUBATHCA TEPMUHOJIOTUN, TPUHATON B MaTemMaTnyeckoil sunukonemu, MaremMmaTnaeckoM
SHIUKJIONEITIeCKOM cjioBape, Kypce .M. QuxreHrosnbia u B psae APyruX KHUT.

12 Tupuxre erep T'ycras Jlexén (1805-1859) — HeMenKuil MaTeMaTHK.

13 A6ems Humbe Xenpuk (1802-1829) — Hopsekckmit MaTemMaTnk. B 2002 r. npasurenbcTso Hopsernn
yupeauao upemuto AGesist 1o MaTeMaTuKe, pUCcy)KaaeMyto exkerogso ¢ 2003 r., pazMmep KOTOpPoil 6J1u30K
K pa3mepy HobGeneBckoit npemun.

Y Ecnm samucars ToxkaecTBo AGesis B BHIE

n+p n+p—1
§ ak(Bk - kal) = Bn+pan+p - BnanJrl - E (ak+1 - ak)Bk )
k=n+1 k=n+1

TO CTaHET ACHO, 9YTO OHO fABJIAE€TCA KOHEYHO-PASHOCTHBIM aHaJIOI'OM (bOprIy.HBI UHTErpupoBaHud 110 Ya-
CTAM.
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B camom jsese, mojcraBiss pasencrso by = By — Bji_1 B JeByio
qacTh (3.25), mosydaem

n+p n+p n+p n+p n+p—1
E apby = E ap By, — E apBi—1 = E ap By, — E ag+1Br =
k=n+1 k=n-+1 k=n+1 k=n+1 k=n
n+p—1
= E (ak - ak+1)Bk + Bn+pan+p — Bpan1.
k=n-+1

[lepeiiem Temepb K COOCTBEHHO J0Ka3aTebCTBY Teopembl Jlupuxie. bes
OorpaHmYeHNd OOIIHOCTU, MOXKEM CUNTaTh, 4TO aj | 0.

Bribepem mpousBosibroe € > 0 1 ybeaumcs B BbinosiHeHun Jiist psijia (AB)
yenosuit kputepusa Komu. Tlo yenosuio, cymecrByer Takoe uncio M > 0,
aro |B,| < M, Vn € N. Tlockosbky ai | 0, o AN € N rakoe, 110

€

Vcronb3yst Terepb ToKaecTBO Abesist, JaHHBbIE OIEHKU 1 HEPABEHCTBO G >
ak11, TOJIYIUM

n+p n+p—1
> abi| < D IBrl(ak — 1) + [ Busplansy + | Balans <
k=n+1 k=n-+1
n+p—1
<M Z (Clk - ak+1) T Qpyp | + May, 1 = May1 + May =2May11 <
k=n+1
€
<2M—=¢ Vn> N,VpeN.
2M Y p
B cuny kpurepus Ko, u3 sroro ciemyer cxopumocts psija (AB). ]

Bameuanue 3.7. [Ipusnax Jletibnuua ABAAECMCA UACMHBIM CAYIAEM NPU-
snaxa Jupuzae npu by = (—1)F1,

Teopema 3.15 (AGesn). Ecau pad (B) crodumes, a nocaedosamenn-
nocmo {ax} Monomonna u ozpanuvena (U nomomy crodumces K Hekomopomy
npedeay a), mo pad (AB) cxodumea.
Jloxazameavcmeo. PaccMoTpuM psijibl

o0 o0

Z(ak — a)bk, Zabk. (3.27)

k=1 k=1
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B npeanonoxkennsx npusnaka Abesist, Bropoit ps u3 (3.27) cxomurcest, a K
IEPBOMY Dsijly TPUMEHUM Mpu3Hak Jupuxiie, mo9TOMY OH TaKzKe CXOJUTCSI.
Ocraerest 3amernth, 9To psijt (AB) sBisercsa cymmoit psios u3 (3.27) u npu-
MeHUTb Teopemy 3.11. [

Bameuanne 3.8. Ananoz npusHaka cpasHeHUs 3HAKONOCTNOAHHIT PAJOS 6
npedeavhoti opme (caredecmesue 3.3) daa snaronepemerHuix pados He uMeem
mecma. Jleticmeumenvto, paccmompum padot

EE:CMn 2{:6%7

k=1 k=1

(=1)*
\/E )
o0
a pad ) p_q by pacxodumces Kax cymma cxodaue20cs u pacrooiue20cs pados.
. ag
Tem ne meree lim — = 1.
k—o0 O

npu a = b = a;ﬁ—%. Pad > - | ax cxodumes no npusnary Jledonuya,
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PO yHKIMOHAJBbHBIE II0CJIeJ0BATEIbLHOCTU
A PSJIbl

Hapsiiy ¢ 4ncaoBbIME 110C/IEI0BATEILHOCTSIMI U PsijlaMi MOXKHO pacCMaT-
pUBaTh II0CJIEI0OBATEJILHOCTU W PsiJibl, cocTosIe u3 (pyHkumii. EcrecTBen-
HO, 9YTO BayKHEUIIINM CBOWCTBOM TaKUX IIOCJICOBATEJIBLHOCTEHl U PAJIOB I10-
[IPEXKHEMY SIBJISETCS UX CXOAUMOCTh. OIHAKO HEKOTOPbIe CBOIICTBa (DYHKIINIA,
00pa3yIOIINX CXOMAILYIOCS TI0CJI€I0BATE/IbHOCTD MJIM Psijl, TaKIe KakK Helpe-
PBIBHOCTD, HudDEPeHIInpyeMOCTb 1 HHTEIPUPYEMOCTb, MOI'YT IIepeiaBaThCsI
UM He TepejlaBaThCs MpeJIesIbHON PYHKIIUN WK cCyMMe psijia. BbiscHeHunio
YCJI0BUIL, 00eCIIeunBaIONINX HAC/IeIOBaHIE TPeIe/IbHON (DYHKIMEH MM CyM-
MO psia CBOICTB YJICHOB MOCJIEI0BATEJILHOCTH WJIN PdA/ia, U IMOCBAIICHA, B
OCHOBHOM, JlaHHas [JiaBa.

4.1 OmnpeneneHnd

[Tocnenosaressrocts dyuxunit { fr(r)}32,, * € X, oupeie/ieHHBIX Ha HEKO-
TOPOM (PUKCUPOBAHHOM MHOKeCTBe X , Ha3bIBACTCS (PYHKUUOHAALHOT NOCAE-
JdosaMEALHOCTNBIO.

Eciin 3adukcupoBaTh HEKOTOPOE 3HAUEHHE & = X, TO MbI [IOJIYYMM YUC-
JIOBYI0 1oCsenoBaTenbHoCTh { fir(20)}52,. Ecin nosmydennas wmcsioBas 1o-
CJIEJIOBATEJILHOCTD CXOJUTCS (PACXOAUTCS), TO TOBOPST, UTO (HYHKUUOHAAL-
HaA NOCALIOBAMENLHOCTNL CTOOUMCA (PacTodumcea) 6 mouke g, a TOIKA T
Ha3bIBACTCST MOYK0U crodumocmu (pacrodumocmu,) dyHKIMOHATHHOMN MOCTIe-
nosareabaoct { fi(x) 122 .

Ecnn dyuxrnnonanbhas nocienosaresbrocts { fp ()}, cxoanresa 1npn
BCcex £ € X, TO FOBOPSIT, 9TO OHA crodumcs na muoscecmse X . B arom ciry-
qae f(x) = limy_ o fr(T) ectb npedeavran dynryus nociedosamenvrocmu
{fr(z)}32,. B aToMm ciryuae ucnonbsyercs takzke obosnadenue fi(r) — f(x).

79
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IIpumep 4.1. Qynryuonasvnas nocicdosamesvrocmsy fy(r) = 2%, x € R

0, —-l<z<l,
cxodumes x dynkyuu f(x) = ) ) u pacxrodumcs npu T &
Y T =

(—1, 1]. IIpu amom npedeavrasn pyrwkyus f (a:) ABAAEMCA PA3POLEHOT 6 TOY-
xe 1.

Anasiornynoie onpeneJieHndg BBOAATCA JIJIA (bYHK—
[IMOHAJIbHBIX PAJOB.

Psn 1
o0 €
> ui(x),
k1 filz)== fa(z)==3
cocTaBJieHHbIl 13 DYHKIWH U (T), OlNpe/ie/IeHHbIX a7 i
Ha HEKOTOPOM (PUKCHPOBAHHOM MHOYXKecTBe X, Ha- [/ =27 }6
3BIBACTCS (PYHKUUOHAALHDOIM DADOM. 0 [

Ecim g xg € X umciaoBoil psij
Puc. 4.1: nocnenosarenb-

(6.9]
k
} : HOCTL X" U €€ IpeJe.
Uk(iUO) pen
k=1

cXonuTest (PaCXOUTCsT), TO TOBOPST, UTO GYHKUUOHAALHOIT PAD CToOUMCA
(pacxodumces) 6 mouke xy, a TOUKA Xy HA3BIBAETCS MOUKOU CLOOUMOCTIU
(paczodumocmu) nanuaoro QYHKIMOHATLHOTO psifa. st mccienoBanns Bo-
Ipoca 0 CXOAUMOCTH (DYHKIMOHAILHOIO PAJa B JAHHONH TOYKE MOYKHO HC-
I0JIL30BATH NPU3HAKK CXOJAUMOCTU YHCIOBLIX PAJIOB.

Eciin gannplit GyHKIMOHAILHBIN PsIJI CXOAUTCS IpU BeexX & € X, TO roBo-
pAT, 9TO OH crodumcs na mruodxcecmee X . B arom ciydae ero cymma

S(z) =) up(x)

siBjIgeTcd (PYHKIUE, orpeie/IEHHON Ha MHOYKecTBe X .

ITpumep 4.2. Qynxyuorarorvil pad

(0.9]
Zxk, x € R,
k=1

ABAANOWUGCA CYMMOT DECKOHEUHOT 260MEMPUNECKOTE NPORPECCUU, CLOOUMCA
na unmepsane (—1,1), u e2o cymma ecmo
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Bo ecex ocmansvhoir moukax eeuecmeennoti ocu pad pacrodumcs. Omme-

mum, 4mo waenvt U cymma pada S(x) AGAAOMCA HENPEPLIEHDIMU HYHKUU-
amu na X = (—1,1).

MozkeT, oJIHaKO, CAYYUTHCA U TakK, 9TO CyMMa psija U3 HelpepbIBHBIX
byHKIMIT gBJIsIeTCs pa3pbIBHONI (MYHKITUEI.

IIpumep 4.3. Qynryuonasrvroili pad

il—xaz r € R,
k=1

YAEHDBL KOMOPO2O OMAUMAIOMCHA OM YAEHO8 NPEIbOYULE20 DAL MHOACUME-
aem 1 — x, ne 3asucawum om k, crodumcsa na noayurmepsare (—1,1],
€20 CYMMGQ

-l<x<l
S(:C) — .CC, X Y
0, z=1

ABNACMNCA Pa3puieroti 6 mowke 1 dynryued.

Takum obpaszoM, mpejies1 PYHKITMOHAIBLHON MOCIeI0BATEILHOCTH HeIpe-
PBIBHBIX (DYHKIUI 1 cyMMa psijia, COCTABICHHOIO U3 HEIPEPBIBHLIX (PYHK-
IUil, MOTYT OBITH pa3pbIBHLIMU (DYHKIIAMEI. OTBET Ha BOIIPOC O TOM, KOT/a
9TOIO HE MPOUCXO/IUT, CBI3aH C IOHATUEM DABHOMEPHOT CLOOUMOCTAL.

4.2 PaBHOMepHasi CXOJIUMOCTb (PYHKINOHAJbHBIX IIO-
CJIeIOBATEJIbHOCTEN N PsI0B

Omnpepesienne 4.1. Qynryuonasvras nocaedosamenvrocms f(x) pasro-
mepro cxodumes x pynkyuu f(x) na mmoocecmee X

X
(0bosnauenue: f,(x) = f(x)),
ecau Ve > 0 AN € N maxoe, wmo ¥n > N uVr € X: |f.(z) — f(x)] <e.

C reomeTprueckoii TouKy 3perust HepaBeHcTBo | f,,(x) — f(x)| < € o3nava-
er, uro nipu n > N rpaduk j06oit GyHKImN f,(x) JIeKUT B E-OKPECTHOCTH
rpacduka dyukimm f(z).

Cdopmysiupyem Bropoe (9KBHBaJIEHTHOE) OTIpeJIesIeHne pABHOMEDHOiT CXO-
JUMOCTH (DYHKIMOHAIBLHOM MOCIE0BATEILHOCTH, YACTO Jierde IPOBEPseMoe.
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&

Puc. 4.2: paBHOMepHas CXOJUMOCTD TIOCJIEIOBATEILHOCTU (DYHKITHUIA.

Onpegenenne 4.2. Qynkyuonaisvhas nociedosamesvnocms fn(x) pasro-
mepro cxodumes k Pynruuu f(x) na mmuoocecmee X, ecau lim sup | f, () —
n—oo X

f(z)] =0.
Ormernm, uato sup |f,(z) — f(x)| — umciaoBag nociaegoBarenbHocTs. IBa
X

orpejiesieHnsT pABHOMEPHON CXOIMMOCTH SKBUBAJIEHTHBI. JTO CJEYET U3 TO-
ro, aro sup | fu(x) — f(2)| <& = [fulz) - f(z)| <& Vee X,
X

ITpumep 4.4. Paccmompum 6onpoc 0 pasHOMEPHOU CLodumMocmu 06y
PyrKUUOHANLHBLT NOCACOBaMENLHOCMEN Ha 08YT PASHBLT MHOHCECNEAX.

1. fu(x) = 2™,

(a) X =1[0,4]: f(z) = lim 2" = 0; sup|fu(z) — f(z)] = supa” =

n—00 [07%] [0,%]
(%)n — 0 npun — co. Caedosamenvro, " = 0 na [0,1].
(b) X =1[0,1]:
0, 0<z <1,
f(z)=lim 2" =4’ &
n—00 1’ T = 17

sup | fo(x)—f(x)| =supa” =1 4 0 npun — oco. Caedosamenvho,
[0,1] [0,1)

Pynryuonasvran nocaedosamesvrhocms {x"} crodumea x f(x) wa
ompesxe [0, 1] nepasromepno.

(c) Bonpocoi dan cmydenmos.

i. Crodumea au dynryuonasvran nocaedosamesvnocmo {x"} «
dynruuu f(x) =0 pasnomepro wa [0,1)7 (Hem.)

. Crodumes au dynryuonarvian nocaedosamesvrnocms {x"} x
dynruuu f(x) =0 pasnomepro wa [0,1 — 6], § > 07 (/a.)
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(a) X = [0,400): lim,, o0 fu(x) = 1 =: f(x). Hockorvry Pymryus
T

MOHOMOHHO pacmem Cc pocimom T, 1mo

xr+n
n X
sup | fu(z)—f(z)| = sup — 1= sup =140
z€[0,400) 2€[0,400) T+n 2€[0,4+00) r+n
npu n — +oo. Caedosamervro, nocaedosamesvbHocmsy {ﬁ}:z

na mmoocecmee [0, +00) crodumesa x ceoemy npedesy 1 nepasro-
MEPHO.

(b) X =10,a], a € (0,4+00):

n x a
su z) — f(x)] = su — 1| =su - =0
[0,£|fn( ) — [(2)] [075 r4+n | [0,5]) r+n a+n
npu n — +o0o. Caedosamenvrio, nocicdosamesbHocmy {—xin}:z

na mmoorcecmee [0, al pasnomepro crodumcs k ceoemy npedeay 1.

Ounpenenenne 4.3. Qyuryuonarvroiti pad Y e ug(x) pasnomepno cxo-
dumesa % ceoeti cymme S(x) na mmoocecmse X

> X
0003HaMeHUe: Zuk(x) = S(z) |,
k=1

ECAU NOCAEDOBAMENDHOCTVD €20 YACTNUYHHLE CYMM Sy PABHOMEPHO CTOOUMCA
k S(x) na X.

D10 o3HavaeT, coryiacto onpeenernio 4.1, aro Ve > 0 3N = N(¢) (oaun
11 TOT Ke Jyisg BeeX © € X ) Takoif, uro Vn > N u Va € X BBIIOJHEHO

[S(z) = Su(w)| = | Y ulz)| <e,

k=n+1

T.e. pu n > N OCTATOK psjia MEHbIIE € cpasy JJjsd Beex £ € X, W, COTJIacHO
onpejiesiennio 4.2, 4To

o0
sup g ug(x)| — 0 mpu n — oo.
reX A—
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Ipumep 4.5. 1. Y 22", X = [0 <z < §], S(z) = T |S(z) —
n+1
Sn(@)] =>4, 2t = 133 . Hockoavky cymma Yy oo 1z pacmem c
pocmom x, mo B
Gy
sup |S(z) — Sp(x)| = —=1|z] — 0npun — oo.
0.4] -3 \2

Caedosamenvro, daHHvitl pad cxodumcs pasHOMEPHO K CE0eTl CYMME Ha

3]

n+1
2. Tom oice pad, no X =[0,1). S(z) = u ;18(x) = Su(x)| = ! ’
l—x -z
xn+1
sup = 00.
[071) 1—.’17

Caedosamenvro, na [0,1) dannoid pad cxodumes nepasHoMEPHO.

4.3 Ilpusnakm paBHOMEPHOIl CXOJAUMOCTH (PYHKIIO-
HAJIbHBIX IIOCJIE0BATEJIbHOCTEN U PAI0B

Teopema 4.1 (kpurepuii Korm paBHOMepHO# cxopuMocTi (hyHKITHOHAb-
HOM TI0CJIeJI0BATEIBHOCTH ). J[AfA M020 “mobvl PyHKUuOHAAbHAA NOCAEI06a-
meavnocmo { fn(z)} crodurace pasromepno x wexomopot dynxuyuu f(x),
neobxodumo u docmamouno, wmobw Ve > 0 IN = N(e) (e sasucawyui om
x € X ) makot, wmo¥n > N,Vp € NuVr € X eunoinarocv nepasercmeso

| frap(z) — fu(z)] < e

X
Hoxazameavcmeso. 1. Heobxompmmocts. Ilyers f,(x) = f(x). Torma Ve >
0 3N = N(e) raxoit, auro Vn > N u Vo € X BbIIOJIHSETC HEPABEHCTBO

fula) = f@)] < 5,
aTK.n+p>n,peN,ro
Fan(@) = f(@)] < 5.
[Tostomy ¥n > N, Vp € N u Vz € X:
[Fueol@) = Ful@)] = o) = f(&) = (Fula) = fla))] <
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< (@) = F@)| + | fale) = f@)| < S +5 =<

2. Hocrarounoctb. 3agaaum mnpousBoiabHoe € > 0. [Iycts Vn > N, Vp € N
u Vx € X BbIIIOJIHEHO HEPaBEHCTBO

Faeol) = ful@)] < . (4.1

D10 o3Hadaet, 4T0 Vo € X [HcI0Bas 10cjae/10BaTebnocTs { fi(x)} as-
JgeTcs PyHIaMeHTAIbHON 1, CJIeJIOBATEIBHO, CXOJUTCS K HEKOTOPOMY
qUCITY, 3aBUCAIIEMY OT . TakuMm o6pa3oM, rnocieoBaresibHocTh { fi(z) }
CXOJIUTCs Ha MHOXKecTBe X Ipu n — 00 K HekoTopoil dyukiun f(x).
[Tosromy, mepexojist B HepaBeHcTBe (4.1) K mpejiesty mpu p — 00, MOJTy-
UM

f(z) — folz)| <= <e Vn>NuVeeX.

<3
S

Ho 310 u o3nauaer, aro f,(x)
L]

Teopema 4.2 (kpurepuii Kot pasrOMepHOit cxoganMocTu (byHKIHOHATBHO-
o0

X

ro psga). s moeo wmobv Y u(x) = S(x), neobrodumo u docmamouno,
k=1

umobwv Ve > 0 AN = N(e) (ne sasucawui om x € X ) maxot, wmo¥n > N,

Vp € N uVr € X sunosnarocy nepasencmaeo

n+p
Susple) ~ Su)| = | 3 wilo)| < =
k=n+1
Jloxasameavcmeo. JlokazaresbeTBO TeOpeMbI 4.2 JOCTOBHO TIOBTOPSIET JTOKA-
3aTeILCTBO TeopeMbl 4.1 ¢ 3amenoit f,(x) na S,(x) n f(x) va S(z). O
0}
Onpenenenne 4.4. Yucao6ot pad > pi ¢ HEOMPUUAMENLHDIMU YACHAMU
k=1
HA3DLBAETNCA MANCOPAHIHOLM. (UAU MAACOPUPYIOUSUM) OAA GYHKUUOHANDHO-
0
20 pada Y up(x) na muoocecmee X, ecau Vk u Ve € X: ug(z)| < p.
k=1

Teopema 4.3 (upusnak Beitepmrpaccal). Ecau das dyrruyuonanvnozo pada
o0

> ug(x) Ha mmoorcecmee X cywecmsyem CXOIAMIUICT MAACOPAHMHVLT PAO
k=1

> Pr, mo dynryuonasvrot pad crodumea abCOAOMHO U PABHOMEPHO NG
]jw:?ioofcecmee X.

'Bettepmrpace Kapa Teomop Busbrensum (1815-1897) — memenkuit MaTeMaTuK.
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Jokaszamenvemeo. 3amaaum rmpousBosbhoe € > 0. [To kputepuro Kot jist
qncsoBbix psgoB AN € N takoit, uro Vn > N u Vp € N

n—+p n+p
E DPk| = E Pk < €.
k=n+1 k=n+1

[Tockosbky |ug(z)| < pg, T0 Vn > N, Vp € N u Vo € X BoinosHsiercs

n—+p n—+p n—+p
Z up(z)| < Z lur ()] < Z pr < €.
k=n-+1 k=n+1 k=n+1

Takum obpasoM, it PYHKIMOHAJILHOTO Psjia BBIIOJHEHO YCJIOBHE KpHUTe-
pust Komm paBHomepHoit cxogumoctu. CregoBaTeibHO, (DYHKIIMOHAJIbHbIM
PST, CXOUTCS PABHOMEPHO U, OYEBUJIHO, abCOJIIOTHO. [

Sameuanue 4.1. Bepro au ymeepoicdenue, obpamioe ymeepaircienuro meo-
pemol 4.37 Unave 2060psa, caedyem Al u3 pasHOMePHOT: CLOOUMOCTIU HA MHO-
oicecmee X pynkyuonaivnozo pada Yy o up(x) cywecmeosanue crodsuie-
20CA MAHCOPAHMHO020 PAAGT

Omeem ompuyamesvHvi.

Jeticmeumenvhio, nycmo wucaro60t pad Yy peq aj cxodumes ycrosho. Pac-
emompum Pynkyuonaivnod pad Y o, up(x), up(z) = ai = const na npo-
U360AbHOM MHoxcecmee X . Eeau 6v, 0ad me2o cyu,ecmeosan crooauutics
MAACOPAHMHBLG PAD, TO N0 NPEIBIOYWEMY BAMEUAGHUIO DAO Y 1o | Af CTOOUA-
cA Ovl abcoarommo, 4mo He 8epHo.

X sin kx sin kx 1 o0
IMpumep 4.6. Y- ——— a > 1, |ug(x)| = [sin kz| < — =:pg; pad >, —
=1 Kk ke ke =1 K
5 > sin kx
npu a > 1 cxodumes, caedosamenvro, PyHKUUOHAALHVLT PAD Y BT cxo-
k=1

dumcs pasHOMepPHO Ha 8cetll YUCA080T NPAMOT.
Huotce movt yeudum, umo npu 0 < o < 1 darnwniti pad cxodumes HepasHo-
mepro Ha R.

Onpenenenne 4.5. Qyuxyuonasvras nocaedosamenvrocmov { fn(z)},
r € X nasvieaemca PABHOMEPHO OIDAHUYEHHONW Ha MHooicecmee X, ecau
dA > 0 maxoe, umo Yn € N u Vr € X swnoanaemcs nepasencmeo

[ful(2)] < A.

ITpumep 4.7. 1. Qynrkyuonasvhas nocaedosamesbHOCMb SINNT  PacHO-
MeEPHO o2paruvera Ha R.
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rn

2. Paccmompum dymnruuonasviyo nociedosamesvrnocms fr(x) = oS
r+n

x = 0. Iockonrvky

z(n+x) — x? 2

< fol@) r+n v r+n s
(z +n)n — n? n?

< ful@) r+n " r+n m,

mo nocaedosamesvrnocmy f,(x) cocmoum us oezparudenHuT GYHKUUL,

U, KPOME Mo20, NPu KaACIOM T YUCA08GA NOCACI08amMeabHOCY | fr, ()|

oeparunena. Odnaro nockorvky fn(n) = § — 00 npu n — 00, mo

nocaedosamesvrocmy [, () He AGAAECMCA PABHOMEPHO 02PAHUYEHHOT.

Kak n juist aucyioBbIx psiioB, npusHakn Jlupuxie u Adesst OTHOCUTCS K
pda1aM BUJIa

8

> ar(x)by(x). (4.2)
k=1

Beegem obosnatenue: B, (z) = Y bi(x).
k=1

Teopema 4.4 (npusnak Jlupuxie paBHOMEPHOI CXOAUMOCTH (hYHKITHOHAIb-
HBIX PsiioB). [Tycmo

1) gynryuonarvras nociedosamesvrnocms {a,(x)} monomonna npu xaskc-
dom x € X u pasnomepro na mnoscecmee X crodumcs K Hyam0;

2) nocaedo8aMeNbHOCNb {Bn(x)} DAGHOMEPHO  02PAHUMEHE HA  MHOIHCE-
cmee X.

Tozda pad (4.2) pasnomepro cxodumcs na muoocecmse X .

Hoxasameavcmeo. JlokazaTebCTBO TeopeMbl 4.4 T0CTOBHO TTOBTOPSET JIOKA-
3aTe/ILCTBO TE€OPEMbI O TIpu3Hake JupuxJie /s 9ucI0BBIX PAJI0B, HO TOJIHKO
Telepb HY»KHO OIUpPaThcs Ha Kputepuii Kol paBHOMEPHOiT ¢XOAUMOCTH Psi-
JIOB:

n—+p
Z ap(z)bp(x)| < 2M |ani1(x)| < e, Yn > N(e),Vp € N)Vx € X,
k=n+1

rie |By(z)] < M, Vn e N,Vr € X. []
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Teopema 4.5 (Abenb). Ecau pad Y o be(x) pasnomepno cxodumea na
mroocecmee X, a nocaedosamesvrocmsv ay(xr) MOHOMOHKG NPU KaAHCIOM
r € X u pasromepno ozpanuvena, mo pad (4.2) pasromepro crodumca Ha
mHoocecmee X.

oxazameavemeo. [okazarenbcTBo npusHaka AOesist Jjisi UUC/IOBBIX PsIJIOB
13 [IpeIbLAYIIei IJIaBbl He IePEeHOCUTCs HEIIOCPEICTBEHHO Ha JaHHbI cyvai,
T.K. [OCJIEJIOBATEILHOCTD G () He 00s3aHa PABHOMEPHO CXOJNTHCS U HAM He
VIACTCS IPUMEHNTh NPU3HAaK JIupuxiie, Kak B TOM JIOKA3aTe/ILCTBE.

Byznem neiicTBoBaTh aHAJIOMMUHO JOKA3ATEILCTBY HpU3HaKa Jupuxiie st
YICAOBLIX PSJIOB, HpOBepsd Kpurepuii Komm paBHOMEPHOH CXOAMMOCTH
dyHKIMOHAIBHOIO psjia. Buibepem u 3acdukcupyem mnpousBosbHoe € > 0.
[lycrs |ag(x)| < M = const > 0, Vo € X. I3 paBHOMEpHOII CXOIUMOCTH
psista Yoo b(x), B cuuty Toro ke kputepust Ko ciiejiyer cyiiecrBoBanue
N(e) € N rakoro, ato Vn > N(¢) u Vp € N, Vo € X BbINOIHEHO HEpaBeH-
CTBO

> bi(x)| < 3M Vi>n+1. (4.3)

k=n+1
Bribepem u SaCbHKCMpyeM npousBojibioe n > N(¢). Obosnauum B, (z) =

0, Bj(x) == >, 1 bi(x), j > n+ 1. B cuny (4.3) cupasemsel HepaBeH-
crBa | Bj(2)] < BLM’ j=n

ToxkmectBo Abesist (3.25) npuMmer, B JaHHOM CJIydae, BUJ:

n+p n+p—1
> ap(@)be(x) = Buyp()anip(@) + Y (ar(r) — apga(x)) Br(z).
k=n+1 k=n+1

Hcnosib3yst MOCTOSIHCTBO 3HAKA PA3HOCTH g (T) — ajy1(x), monyunm Vo €
X,VpeN

n+p n+p—1

> ar@)be(@)| < D 1Br@)|ax(@) = a1 (2)] + | Boap()|Jangp| <

k=n+1 k=n-+1

n+p—1
€
<o [ D lon(@) — k@) + laus| | =
k=n+1
- n+p—1
= 3M Z (ar(z) — ap1(x))]| + an+p|>
k=n+1
€
=307 (lan+1(z) = ansp(@)] + |ansp(@)]) <
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£ €
< — (|ap+1(2)| + 2|a x)|) < =—==3M =e.
< g7 Uansa (@) + 2lansp(2)]) < 537
B cuy kpurepust Komm pasnomepHoit exopnmoctn pyHKINOHAILHOTO Psijia,
113 9TOTO CJIeJlyeT PaBHOMEpHAsT CXOMMOCTh psijia (4.2). O

C 1OMOIIIBIO 9TOiT TEOPEeMbI JIETKO J0Ka3aTh 8mopyto meopemy Abeas 1mpo
CTENCHHbIE PSIJIbl: €CJIH PSJL Y oo cp2”, ¢ € C nMeeT KOHEUHBIH PAJNYC CXO-
auMocTH R 1 CXO/uTesi B HEKOTOPOit TOUKe 2, |29| = R K Sp, TO ero cymma
S(2),|z| < R npu crpemyienun z 10 pajuycy K zg CTpeMHTbest K Sp.2
> sin kx

ITpumep 4.8. > o 0 < a < 1. Mw yorce sudeau paree, wmo npu
k=1

durcuposanmom o > 1 amom pad crxodumces pasnomepro no x € R. Ilycmo

bp(z) :=sinkzx, ag(z) := T 1L 0 npu k — oo, m.e. ycaosue 1 meopemui 4.4
GHINOANEHO; UCCACIYEM GONPOC O PAGHOMEPHOT 02PAHUMEHHOCTIU YACTNAUYHBLET

cymm pada Yy sin kz.
k=1
Uz gopmyav sinasin 3 = L (cos(a — ) — cos(a + 3)) npu x # 2m,
m € Z noayuaem

- R 1 1

E sin kx sin — = — coslk—=)xz—cos|k+=|x]| =

2 2 2 2

k=1 k=1
1 €T 1 n—+1 n

=—|cos=——cos|n+ x| = —=| cos x——x | —
2 2 2 2 2

1
2
(n—|—1 n )) S n+1  n
— COS x+§x = sln rsim—r =

2 2 2
n . .
. sin %z sin 2z
E sin kx = — )
Sin 5
k=1 2
Omcroda Mol sudum, 4mo
n
. 1 1
|B,(z)| = g sin kx| < ‘ , x’ ST——57 Vo:0<0<2m,
— sin |sin §|
+00
Ve e X = U 2mm + 0,2(m + 1)m — 4] .
m=—00
2 lleitcTBuTeNbHO, Tepexoasa K mepeMennoit ¢ := z/(Rzp), MOXKHO cautaTh, 9T0 R = z9 = 1. Jlo-
Ka3aTeJIbCTBO TeopeMbl 4.5 He IpeTeprneBaeT U3MEHEHUsl U MPU KOMILIEKCHbIX b (z). Tonoxum z =
r € [0,1],bg(x) = cp,ar(z) = z¥ m mo Teopeme 4.5 TOMyUMM pPABHOMEPHYIO CXOIMMOCTH P K

cymme S(z), z € [0,1], KoTopasi, B CHJLy PaBHOMEDHON CXOJMMOCTH, KaK 3TO OyIeT IIOKAa3aHO HIKe,
HenpepbiBHa.[]
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Taxum 06pazom, Yciro6ue 2 meopemovt 4.4 GbINOAHEHO Ha MHOHCECMEE X | U
darnolli pad cxodumes wa X paBHOMEPHO.

> sin kx
Ilonsammno, wmo pad > o 0 < a < 1 cxodumesa ® Hyamo u npu
k=1

x =2mm, m € Z, no cxodumcs au oH pashomepro na R? Omeem ompuua-
meabH L.
Jloxasicem, wmo dannvil pad we crodumcs pasnomepro dastce Ha [—e, €]
Ve > 0.
Jleticmeumennvro, 6 cuny 6unykAOCMU 66EPT 2PaPUKA CUHYCA HA CE2MENH-
me {0, g}, umeem sint = %, 0 <t <K g Iycmv HamypasvHoe qucio
s

N > —. Tozda
4e
ON IN . 2N
sin kx sin (ki) 2 wk
> — VAN s v
w| D> |z 2 > TIIn
SE | k=N+1 k=N+1 k=N+1
2N 2
k=N+1

Tym nepeoe nepacencmeo noay1eno nodcmanoskol r = {x < €, a 6mopoe

: 2t s
— ¢ nomowvro popmyave sint > —, 0 <t < =
s

Taxum obpasom, ycaosus kpumepus Kowu (meopema 4.2) pasnomeprot
CTOOUMOCTIU PACCMAMPUBAEMO20 DAL HE BHINOAHEHDL.

4.4 CpoiicTBa paBHOMEPHO CXOAAINNXCHA (PYHKIIMOHAIb-
HBIX I10CJIEJIOBATEJIbHOCTEN U PAI0B

4.4.1 PaBHOMepHasi CXOANMOCTb M HEIIPEPbIBHOCTD

Mpb1 yzxe ormedasn B npumepe 4.1, 4To 10C/1e/10BaTe/IbHOCTh HEIIPEPhIBHBIX
PYHKINIT MOXKET CXOAUTHCS K pa3pbIBHON yHKINH, a npumep 4.3 mokasbl-
BaeT, 4TO CyMMa pPsija, COCTaBJIEHHOIO U3 HEIPEePbIBHBIX (PYHKIMI, MOXKeT
OKa3aThCs pa3pPbIBHON (PYyHKIIIE.

Cuenyrolnasi TeopeMa JaeT J0CTATOUHbIE YCI0BUsI HEIIPEPBIBHOCTHU IIPeie-
J1a PYHKIIMOHAJIBHOI ITOC/IeI0BATEIbHOCTH.

Teopema 4.6. [Tycmo pynruuu fr(z) nenpepvisho, na npomescymre X u
nyemo fp(x) = f(x) na X. Toeda dynxyus f(x) nenpepwviena na X.
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Jlokazamenvcmeo. Jlokaxkem HempepblBHOCTH (byHKINEU f(2) B IPOU3BOJIb-
Hoit Touke ry € X. Tpebyercsa moxkasarh, uro Ve > 0 30 > 0 Takoe, 4TO

|f(x) — f(x0)| < e mpu |z — 20| < 0.

X
Bagamum npoussosbioe € > 0. B cuny {f,} = f(x), AN = N(¢) Taxoe,
yro Vn > N n Vo € X:

ful) = f@)] < < (44)
[Fulzo) = flao)] < 3. (4.5)

Bosmem kakyio-HUOY b (byHKIUIO f,,(2) ¢ (DUKCHPOBAHHBIM HOMEPOM 7, >
N. Tak kak f,(x) HempepbiBHA B TOUKE T(, TO JJIs 330aHHOr0 € 30 > 0 Taxoe,
qTO
£
3
3 (4.4)-(4.6) caemyer, ato npn |z — xo| < 6

|fu(z) — fu(zo)| < npu |x — zo| < 9. (4.6)

[f (@) = f(xo)| = [f(x) = fule) + ful@) = fulo) + fulzo) — flzo)] <

< |f(@) = fu(@)| + [fulz) = falzo)| + | fulz0) = flzo)| < % + % + % =¢.
0
£

Wcnosib30BaHHbBII npn JO0Ka3aTC/JILCTBE IIPUEM Ha3bIBACTCA <« g-HpI/IeMOM».

PaBHOMepHast CXOJUMOCTb — TOJIBKO JIOCTATOYHOE, HO HE HEeO0OXOJINMOe
yCJIOBHE HEIIPEPBIBHOCTH IPEJIe/IbHO (DYHKIUN ITOCIeI0BATEILHOCTH Hellpe-
pbIBHBIX QyHKImil. B mpumepe 4.4.2 yke Obli1a paccMoTpeHa (DyHKIINOHAJ b
Hasl II0CJIeI0BATEILHOCTD, HEPABHOMEPHO CXOJAMIASICSl K CBOEMY HEIIPEpPhIB-
HOMY IIPeJety.

Teopema 4.7. Ecau 6ce gynrwyuu ug(x) nenpepuerve na npomescymre X

0

u pad Y ug(x) cxodumes pasromepro na X, mo cymma pada S(x) nenpe-
k=1

poera 1a X.

Jloxasameavcmeo. Tak kak dyHKIWs U () HEIPEPBIBHA, TO YACTUIHAST Cy M-
n

Ma Sp(x) = > ug(z) nenpepoisaa Ha X. Tlo yenosuio {S,(x)} = S(x) nHa
k=1
X. Tlosromy 1o Teopeme 4.6 dynkuus S(z) wenpepbiBHa Ha X . []
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a) y
X
-2 -1 0 1 2
6) ¥y
_ANNNNNNNNNANNNNAN_ Y
-2 -1 0 1 2

Puc. 4.3: rpaduru Gyuknuii a) uy u 6) u;.
IMpumep 4.9 (upumep Ban-nep-Bapuena® nenpepoishoii na R, o Hurje He
muddepentupyemoit byukiwm). Q603nawum uepes ug(x) paccmosmue mec-
oy wucaom x € R u baustcatiuuum K & UesbM YUCALOM. IMma GyHKyus Jumet-

s s+1
Ha HA KaHcAOM npomedicymre euda 2 g |8 € 7, HENPEPLIBHA U UMEETN
1
nepuod 1, cm. puc. 4.3 a). Honrootcum u(x) = Euo(llka:), k € N. 9ma pynx-
s s+1

UUA AUHETHA 8 NPOMENCYMKAT 8UIA [ ], s € 4, nenpepoviera u

2-4k7 2 . 4k
umeem nepuod Yk Fe 2pagurom asaaemcs anano2uanad A0MaHaa, 1o ¢ 0o-

NEE MEAKUM 3YOUUKAMU U Y2a068bim Koapduyuernmom £1, cm. puc. 4.3 6).
Hcro, wmo

1
Hyemv f(z) = > ug(x). B cuay (4.7), no npusnaxy Betepwmpacca u
k=0

meopeme 4.7 pynxyua f(x) nenpepovisna.

Sagurcupyem npoudsorvryro mouky o € R u dokastcem, wmo 6 mouke x
Pynruua f(x) ne dupdepenyupyema. Hcwo, wmo ¥Yn € N Is, € Z maroe,
4mo

S, Sp+1
xo € A, = .
o= [2-4n’ 2-4n>
Heno, wmo Ag D Ay D Ay D ... Ilyemov z, € A, — makoe, umo |ry —
Ty = — noaosune JAUMb, nosyurnmepsanrs N,, Yn € N. Omcroda

4n+1
Ty — Xg € An, n — o0. COC?TLCLGUM oOMmHoweHue npupauge%wi:

o) = o) _ 5 wslan) = )

Lp — X0 —0 Lp — X

3Ban-nep-Bapaen Bapren Jlenmepr (1903-1996) — rosianacKuii MaTeMaTHK
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1

IIpu k > n wucao yErs) Kpammo nepuody —- T dynryuu ug(z), max wmo

up(,) = uk(xo), u noamomy
i i (@n) — u(r0) _ N~ uk(Tn) — un(z0) (48)

n— X Ty, — X
0 —0 n 0

k=0

Ho ¢ynryus up(z) aunetina na A DO A, npu k < n. Omecroda
() — uk(xo)
Lp — Lo
10 (4.8) — meuemmoe, a npu nevemnwux n — wemmnoe. Iloamomy nocaedo-

f(@n) — f(20)
6AMEADHOCTD HEe umeem npe@e,/ca npu n — 00, U npe&eﬂ
Lp — Lo

Az) —
i 1 &0+ Ax) — f(zo)
Az—0 Ax

Taxum obpazom, Pynruusa f(x) ne umeem npouseodnot nu 6 001t Moy~

ke xo € R.

= +1 (3HaKu NpouscosvHbL). SHanum, Npu YEMHOLT N 4UC-

maxotce He Cyuwecmasyem.

4.4.2 Ilepexoa K mpejaejy MHoja 3HAKOM HMHTerpaJia U HOYJIEHHOE
WHTErpupoBaHUe psiga

[Iycts lim f,(x) = f(x) na npomexxkytke X u nycrs Bee f,(x) u f(x) —
n—oo

uHTerpupyembie pyHkmun. IIycTb £g 1 £ — Ipou3BOJIbHBIE TOYKU 13 IIPOME-

KyTka X. PaccMoTpum Bompoc o cIipaBeI;IMBOCTU PABEHCTBA

[ 50 [ [1m 1] - / 50

Ecmm sTo paBencTBo CHpaBe,ZLJII/IBO TO TOBOPSAT, 9TO MONHCHO NEPELOIUMD K

npedesy nod 3HAKOM UHMEPANQ f fult) dt.
Lo
Cutejryromuil mpuMep MOKa3bIBaeT, 9TO MePexoj| K IMPEJIeTy I10/1 3HAKOM

NHTETr'paJia HE BCErJla BOSMO2KEH.

IIpumep 4.10. f,(z) = nze ™ — f(z) =0, n — oo, & > 0. Bosmem
xo = 0 u oboe x > 0. Tozda

1 2
/ fu(t) / nte ™ dt = Qe_m
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T T

npu n — oo, Vr >0, Ho /f(t)dt:/Odtzo.
0 0

Taxum obpasom,

xT

= lim .&@duffggjuwﬁ:o
0

n—oo

0

AHAJIOrTIHBI BOIIPOC MOYKHO IIOCTABUTL M JJI CXOJSIIErocst (PyHKIIO-
o0

HAJIBHOTO Dsijia » | Uy(x): BEPHO JIN PABEHCTBO
k=1

](iuk(t)> dti/xuk(t) dt ?

Ec/it 970 paBeHCTBO BEPHO, TO TOBOPAT, UTO Psijt Y | Uk (x) Moocho unmezpu-
k=1
posamv novaenno om xy do x. OTMETHM, UTO JJIs KOHEUHOI CyMMBI HHTe-

rpupyeMbIX QYHKIHI 9TO Beerjia BepHo. UTo KacaeTest psijia, TO ero He Beerja
MOKHO WHTErpHpOBaTh MOwWieHHO. [IpuMep Takoro psijia MOYKHO TTOCTPOUTD
13 pa3HocTell coceTHUX YJIEHOB 10cjie/loBaTe/ibHOCTU U3 npumepa 4.10.

[a,0]
Teopema 4.8. [Tycmov 6ce dynruuu f,(x) nenpepvisnv na [a,b] u f,(z) =
f(z). Toeda Yz € [a,b]

x€[a,b] /
/fn na = [ f)ar

Lo

Jloxazamenvcmeo. o ornpejiesennio paBHOMEPHO# CXOIUMOCTH HY>KHO JI0-
KazaTh, uto Ve > 0 IN takoe, uto Vn > N u Vz € [a,b] BbimosHeHO

]h@ﬁjﬂWﬁ<a

Basaum ponssosibioe € > 0. Tak kax f, () = f (), To AN Taxoe, 4TO
Vn > N u Vzx € [a,b] Bomosmeno nepasenctso |f,,(x) — f(z)| < /(b — a).

HEPABEHCTBO
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Torpa Vn > N u Vr € [a, b]

/fn ) dt — /f /(fn<> /|fn (t)] dt| <

<

lx — x| <€
a

h—
[]

3ameuanue 4.2. Ommemu,/w YIMO NPU BHINOAHEHUU YCA08UT meopembvl 4.8
b

cnpasedauso [ fo(x) de — ff

a

3ameuanue 4.3. B meopuu unmeepana Jlebeea umeemea anavumenvio 6o-
Aee cuavhas meopema Jlebeza. B wetlt mpebyemces, wmo 0v, nocaedosamens-
Hocmo unmezpupyemulr no Jebeey dynrkuyui (no modysw) umena urmezpu-
DYEMYIO MAHCOPAHMY U CTOOUAGCH ObL NOYMU 6C10dY, M.e. 6C100Y, 30 UCKAN0-
YeHUEM MOYEK HEKOMOP020 HYAb MHodcecmaea. Tozda npedeavras Gyrruus
uHmMePUPYEMa U 803MOAHCEH Neperod Kk npedesy nod 3HaKom UHMEPAAQ.

Teopema 4.9. Ecau ece ¢ynruyuu up(x) wenpepwsno, wa [a,b] u pad
o0

[a,0]
> up(z) = S(x), mo Vx,zp € [a,b)

k=1
j(iu&t)) dt = iZUk<t) dt

Zo

oo X
(m.e. pad moscro unmezpuposamsd nowaenno), npuvem pad Y, [ ug(t)dt
k:].zo
cxodumes pasromepro no x € [a, bl npu awbom x.

Jlokasameavcmeo. Tak kak ug(x) — HempepbiBHbIe QyHKINE, TO S, (x) =
n [a,b}
> uy(x) — menpepeiBHas byukius Ha [a, b]. 1o ycaosuio Teopembr S, () =
k=1

la.b] @
S(z). losromy 1o Teopeme 4.8 fS t)ydt = [ S(t)dt, Yy € [a,b].

Lo Lo

Ho

ZSn(t)dtjkzn;uk(t)dt /uk t) dt; /S t)dt = /(Zuk )
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Taxum obpazom,

X

/ (b dt | = / iuk(t) dt.
k=1

Zo Zo

3

k=1

n x
1o osnadaer, uto psx » . | [ux(t)dt | paBHOMepHO cxomuTes Ha [a,b] K
k=1 To

x o0
cBoefi cymme, paBHOIt [ <Z uk(t)) dt. O
o k=1

4.4.3 Ilepexon K mpejeiry 1o 3HAKOM ITPON3BOAHOI 1 IMMOYJIE€HHOE
anddepeHIInpoBaHue PAia

[Iycts lim f,(x) = f(x) na npomexkytke X u mycts Bee fp(x) u f(x) —
n—oo
nuddepentupyembie byHkInn. MoyKHO U YTBEpKJIaTh, UTO IOCJEI0Ba-

tesbHocTb { f ()} cxomures k { f'(x)}? Ecm nllj& fl(x) = <7}Lr£1o fn(gj)>l =

f'(x), TO TOBOPAT, UTO B TOM MOCTIEIOBATETIHLHOCTH MONCHO NEPETOOUMD K
npedeay nod 3Haxom npouseodHotl.

Cuieyromuii IpuMep IOKa3bIBACT, YTO MEPexoj K IIPEJIesy I10J 3HAKOM
IIPOM3BOJIHON HE BCEr/a BO3MOZKEH.

IMpumep 4.11. f,(x) = SR f(x) = 0, x € R, npuvem dan-

HasA crodumocmo dasice pashomepras. Ilocaedosamenvrocms npou3cooHvLLT
fl(x) = cosnx ne crodumes x f'(x) = 0 nu 6 odnott mouxe x (ona pacxo-
dumesa npu x # 2rk, k € Z, a npu x = 21k ona crodumcs x edunuye).

AHaJIOrnYHBI BOIIPOC MOYKHO IOCTAaBUTHL M JIJIsI CXOJSIIErocst (PyHKIINO-
o0

HAJILHOTO psjia » | Ug(Z): BEPHO JIN PABEHCTBO
k=1

o0
Eciin 910 paBeHCTBO BEPHO, TO T'OBOPST, YTO PsI ur(x) mootcno dughge-
) ) k
k=1
peryuposamsv novserro. OTMETUM, 9TO JIJId KOHEYHON cyMMbl JuddepeH-

MUPYeMbIX (DYHKIUI 9TO PaBEeHCTBO Bcerjia BepHo. UTo KacaeTcsd psja, TO
OHO MOYKET He BBINOJHATHCA. [IpmMmep Takoro psja MOXKHO IOCTPOUTH W3
pas3HocTell coceTHUX YJIEHOB I10C/Ie/I0BaTeIbHOCTU 3 npuMepa 4.11.
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Teopema 4.10. [lycmw

1) sce ynruuu f,(r) umerom nenpepwvienvie npoussoduvie fi(x) na [a,bl;

2) 6 nexomopot moure xg € |a,b] {fn(zo)} — fo € R, n — oo;

a,b
9 @) = el
Tozda pyrryuonarvhas nocaedosamesvrocmsv { fn(x)} pasnwomepro cxo-
dumea na [a,b] x nexomopot dupdepenyupyemotc pynruyuu f(x), f'(r) =
o(x), f(zo) = fo u

lim f!(z) = (hm fn(x)>/

n—:oo n—oo

[a,]
Hoxazameavcmeo. Tockomsky {f) ()} = (z), To Mo Teopeme 4.7 p(x) —
HerpepbiBHAsT (DYHKIMs Ha [a, b], a mo Teopeme 4.8 YV € [a, b]

fa(x) = fu(xo) = /f dt:; o(t)dt, n — 0.

[a,b]
Ho lim f,(xo) = fo, nosrosty 3f(x) &= fu(x), n — oo,

ﬂ@—h:/wwﬁif@ﬁﬁu@+/ﬂwﬁj
3 f'(z) = ()

Teopema 4.11. [lycmo

1) sce pynruuu u(x) umerom nenpepvisrvie npoudsodnvie 1a [a, bl;

2) 6 nexomopot mouke xg € |a,b] wucrosot pad > ur(xg) crodumea x Sy;
k=1

o0
3) pad Y ui(x) cxodumes pasnomepro na [a,b] ® dynryuu ().
k=1
Tozda pad > u(x) pasnomepro cxodumes na [a, b] x nexomopot dugdepen-

00 /
yupyemot pynryuu S(x), S(xy) = Sy u S'(z) = p(x) uau (Z uk(:c)) =
k=1
Y up(x), m.e. pad moorcro duddepenyuposams novwserHo.

k=1
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Jlokazamenvcmeo. U3 yciaoBuit Teopembl cieyet, 9To hyHKIuN Sy, (r) =
n
> up(xr) mMeT HempepbiBHBbIE MPOU3BOAHBIE Ha [a,b]|, S,(zg) — Sy u
k=1

[a,b]
S/ (x) = (x). osromy no Teopeme 4.10 3 rakas juddepennupyemas
[a.b]
bynknua S(z) wa [a, b], ato S,(x) = S(z), S(xg) = Sou ' (x) = ¢(x). O

4.5 @PyHKINOHAJIbHbIE €BKJINJ0Bble, HOPMUAPOBAHHbIE 1
MeTpPpUYEeCKNe NPOCTPAHCTBA

B navasie 20 Beka, B cBs3u ¢ usydeHuneM juddepeHInaabHbIX ypaBHEHNI
B YaCTHDLIX [POU3BOJIHBIX, NHTEIPAJbHLIX YPaBHEHUA, a 03JiHee U KBAHTO-
BOIl MeXaHHKHU, B MaTeMaTUKe BO3HUKJIA Mjesd paccMarpuBaTh (PYHKIUN He
N30JINPOBAHHO, & KaK 3JIEMEHTDhI JIMHEeINHbIX ITPOCTPAHCTB, HAIeJeHHbIX HEKO-
TOPBIMI JIOMOJIHUTEIBLHBIMEI CBOMCTBaAME. DTa Hes OKa3alach OYeHb ILIO-
JIOTBOPHOI1, oboraTuia Teopuio JuddepeHnnaJ bHbIX YPaBHEHHI, TOpOInia
TaKoil pasjes MaTeMaTHKH, Kak (PYHKIIMOHAJbHBIIH aHa/In3, U IIHPOKO UC-
[10J1b30BaJIach IPU Pa3BUTUN YUCJICHHBIX METOJ0B.

MbI paccMOTpPUM HEKOTOpbIe HadaJIbHbIE TIOHSITHS, CBSI3aHHbIE C PA3BUTHU-
€M 9TOI UJIeH.

B smmHeitHoi ajirebpe paccMaTpUBAIOTCs JIMHEHbIE KOHEYHOMEPHBIE IIPO-
crparcTBa. OCHOBHOI MHTEpeC [Jisi aHAIN3a IPEJICTAB/ISIOT IIPOCTPAHCTBA
dyHKIMIT, He dBJIdronmecs KoneanoMepubiMu. HarmoMHuM BHaYAIE OCHOBHbBIE
daKThl, OTHOCAIINECST K €BKJIUIOBBIM IIPOCTPAHCTBAM.

Onpenenenune 4.6. Bewecmsennoe aunetinoe npocmparcmeo £, cocmo-
AWEE U3 INEMEHMOE A1000T NPUPOdvl, HA3BIBAEMCA €BKAUIOGHIM, ECAU HA
MHONHCECNBE NAP INEMEHMO8 U3 E 3a0aH0 BEULLCMEEHHOZHAYHAA PYHKUUA
(f,9), f,g € € makaa, wmo 0aa Hee BLINOANEHVL AKCUOMBL NUHETHOCTU,
CUMMEMPUYHOCTIU U NOAOAHCUMEALHOT ONPEIEAECHHOCTNU:

1) (af +Bg,h) =a(f,h)+ B(g,h) VYa,B€R,Vf g he&;
2) (f,9)=1(9,f) Vfg€E;
3)(f,[) =0 Vfe& uecru (f,f)=0, mof=0¢€c€.

J11s1 BeIecTBEHHBIX JIMHEHHBIX €BKJIMJIOBBIX MTPOCTPAHCTB CIPABE/JINBO
HepaBeHcTBO Komm-bBynsakosckoro

(Lol < V(L )g.9) Vge€.
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OHO JI0Ka3bIBAETCS TAK: PACCMOTPUM HEOTPUIATE/IbHBIN KBaJIpaTHBIN Tpex-

unet prg(A) = (f + Ag, [+ Ag) = (£, f) +2A(f. 9) + A*(g,9). B cuny ero

HEOTPpUILATEJILHOCTH, €0 JUCKPUMUHAHT HEIIOJIOZKUTEJICH:

D(pyg) = 4((f,9)* = (3. 9)(f. f)) <0,

OTKYJla U cJiejiyeT HepaBeHcTBO Kommmn-ByHnsakoBcKoro.

BameTuM, 9TO IPHU JOKA3aTEIbCTBE 9TOI0 HEPABEHCTBA MbI He M0JIh30Ba~
muck yenosueM (f, f) =0 = f =60 € &, nmosToMmy ecii Ha BEIIECTBEH-
HOM JIMHEHHOM IIPOCTPAHCTBE OIpejesieHa BeIeCTBeHHO3HAUHAs (DYHKIINs
(f,9), f,g € &, ynopierBopsiionias BceM aKCHOMAM CKAJSPHOIO MPOK3Be-
nenust, Kpome yeiaosust (f, f) =0 = f =60 € £, 70 B TaKOM BeIeCTBEHHOM
JIMHEHOM TTPOCTpaHCTBe HepaBeHCTBO Konm—ByHSIKOBCKOTro Bee paBHO clipa-
BE/JIJTIBO.

Onpenenenune 4.7. Esxaudosv. npocmparcmea E1 u Ey €O CRAAAPHBMU
npouseederuamu (+,-)1 u (+,+)2, coomeemcmeenno, uU3OMEMPUYHLL (U30-
MOpPHDL), ecau cywecmeyem buekmusroe omobpascenue @: E1 — Ey makoe,
YMmo

1) o(af + Bg) = ap(f) + Belg) Vf.gecé&, Va,B€R;
2) (o(f),0(9)2="(f,9)1 Vf geé&.

Omobpasicerue © npu IMoM HA3uEAEMCA U3oMempuets (uzomoppuamom) es-
KAUDOBHLL MPOCMPAHCNG.

IMpumep 4.12. Paccmompum sunetinoe npocmpancmeo Qa,b] wycouno-
HENPEPLIBHBIT BEULLCTNBEHHOZHAYHBLT OYHKUUL, ONPEICACHHBLT 1A 0OMpPe3Ke
la, b], npurnumarowux 6 Kasxcdot mowke pazpulea 3naveHue, PAGHOE NOAYCYM-
Me NPaso2o U AEB020 NPEICALHHIT 3HAMEHUT 6 IMOT MoyKe, NPUIEM 6 KOH-
UEBHLLT MOUKAT OMPE3Ka PYHKUUU NPEonora2aomcsa 00HOCMOPOHHE Henpe-
poieHvmu. CHaboum 3mMo npocmparcmeo CKAAAPHLIM NPOU3BEIEHUEM

(f.9) = / f(@)g(x)dr, f.9 € Qla,b].

Axcuomvl  CKAAAPHO20 NPOUSGEICHUA NPOCEPANOMCA  INEMEHMAPHO, NPU
HMOM YCAOBUE PABEHCMNEA 3HAYEHUA GYHKUUL 6 MOYUKE PA3PbIEA NOAYCYMME
nPasozo u Ne6020 NPEJEALHHIT 3HAYEHUT 8 IMOT MOUKE HYHCHO OAA BVINOA-
nerus axcuomv, (f, f) =0 = f =0 crkaraprozo npoussedenus.
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Ioomomy ecau He HarxAadv6aMb HA KYCOUHO-HENPEPLIGHBIE OYHKUUL
YCAOBUA PABEHCMEA 3HAUEHUA PYHKUUL 8 MOUKE PA3PLEA NOAYCYMME NPAEO-
20 U NE6020 NPEIENLHBLT 3HAMECHUT 8 Mot movke, Mo Hepasencmeo Kowu—
Bynaxosckozo, umerouiee 8 darmnom cayyae 6ud

b

/f r)dr| < /f2 dm/()dm,

a

6ce pasHo bydem cnpasedauso. B danrom cayvae oHo HA3bIBAEMCA UHME-
2pasvHvim Hepaserncmeom Kowu-ByHakosckozo.

Bosee mupokuit Kjacc JUHERHBIX TPOCTPAHCTB, 110 CPABHEHUIO C €BKJIM-
JIOBBIMU, 00Pa3yI0T HOPMUPOBAHHBIE TPOCTPAHCTBA.

Omnpenesienne 4.8. Bewecmeennoe aunetinoe npocmparcmeo L, cocmo-
AULEE U3 INEMEHMOE 10001 NPUpPodsl, HA3LIGAEMCA HOPMUPOSAHHBIM, ECAU
na L sadana eewecmeennosnavwnas gynxuus || fl|, f € £ maxas, wmo

D IAMI = -IfFl YA ER, YF € £
2 Ifl =0 VieL; |fl=0= f=60¢€L;
3 If +all < If+llgll Vfoge L

[TepBast akcuOMa HA3BIBAETCS OJ[HOPOJIHOCTBIO HOPMBI, BTOPast — ee [0JI0-
JKUTEJIBHOM ONMPEJIEIEHHOCTDIO, & MOC/IE/HAST — HEPABEHCTBOM TPEYTOJIHHUKA
ui HepasencToM Munkopckoro?. HepaseHeTBo TpeyrosibHIKa rapaHTHpyeT
HEIPepPbIBHOCTH HOPMBI, YTO O3HAYAET MaJIOCTh Benantbl |||z + Az || — ||z]|]
npu Masibix ||Ax||. Heficreurenbho, nepasenctso ||z + Azl < ||z]| + || Ax||
€CTh TPOCTO HEPABEHCTBO TPEYTOJLHUKA B JPYTUX 00O3HAUEHHSX, & €CJI B

HepaBeHCTBE TPEYTOJIbHUKA TOJOXKATh f+g = x, [ = v+ Ax, 10 g = —Ax,
n ||z|| — ||z + Az|| < || — Az|| = ||Az]]. B coBoxymroCTH HOMYUEHEDBIE HEPa-
serncTBa jaor ||| + Azl — ||z]|| < [|[Az||, uTo 1 03HAUAET HETpPEPBIBHOCTH
HOPMBI.

Omnpenenenne 4.9. Hopmuposannve npocmparncmea L1 u Lo ¢ Hopmamu
|l w || ]|2, coomeememserno, uzomopdro, ecau cywecmsyem buekmueHoe
omobpascenue p: L1 — Lo makoe, umo

1. plaf + Bg) = ap(f) + Belg) Vf.ge Ly, Va,B €R;

4Munkosckuit Tepman (1864-1909) — memerkuit MaTeMaTHK U GUIHK.
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2 Nle(Nllz = lfll VS € Ly

3amMeTnuMm, 4To J10060e eBKJIUJI0BO MPOCTPAHCTBO £ MOYKHO CjeiaTh HOP-

MUpPOBaHHBIM, BBejist HOpMY 110 opmyite || f|| = +/(f, f), f € €. llposepknu
Tpebyer JMIb HepaBeHcTBo Tpeyrosbhuka: |[f + g||> = (f + g, f +9g) =

(f, 1) +2(f.9) + (g:9) < AP+ 2/ Mgll + Nlgli® = (LA + Nlglh* =

1f+ gl < A+ llgll-
B eBKJIMIOBBIX IPOCTPAHCTBAX [1/1sT HOPMBI BBIIIOJTHAETCST MOHCOECTNEO Na-

pannenoepamma.

L+ gl + ILf = glI* = 20 £17 + 2 glI", (4.9)

KOTOPOE NHTEPIIPETUPYETCsT KAK PABEHCTBO CyMMBbI KBaIPATOB JIJINH JUArOHA~
Jiefl mapaJiiesiorpaMma CyMMe KBaJIpaToB ero cTopoH. B ero cripase i /inBoCTH
JIEPKO yOeIUThCs, eCJIM PACKPBITh CKaJIAPHbIE IIPOU3BEJICHUs B JIEBOI JacTH
pasencrsa (4.9).

Haoboport, eciin B HOpMUPOBAHHOM IIPOCTPAHCTBE BBIIIOJIHEHO TOKIECTBO
napaJiiejorpaMma, TO B HEM MOXKHO BBECTH CKaJIsipHOE ITPOU3BEJICHUE 110

dopmyite
1
@w)=§ﬂw+yW—HﬂV—HM5,%yEE- (4.10)

JeficTBUTEIBHO, CUMMETPUYHOCTD M IOJIOYKUTEIbHAS OIPEIeICHHOCTh CKa-
JIAPHOT'O NPOUBBEJCHUA B JIAHHOM CJIydae OYeBHUIHBI, M IIPOBEPKU Tpedyer
TOJILKO JinHeitHOCTDb TiponsBeenust (4.10). IIpoBepuM cHauaa paBeHCTBO

(z+y,2) = (2,2) + (y, 2). (4.11)
OHO 9KBUBAJIEHTHO PaBEHCTBY
lo+y+2l=llz+ylP = 21* = o+l = [l =[]+ ly+2[7 = ly]*~[1=]*,
KOTOPOE, B CBOIO 0Yepe/Ib, IKBUBAJEHTHO PABEHCTBY
lz+y+ 2+ 2l + [yl1° + [121° = lla+yl*+ ly + 2l + [l +2]1%, (4.12)

CUMMETPUYHOMY OTHOCUTEJILHO JIIOOOI IIepecTaHOBKHU X, Y, 2. s jgokasza-
TeJIbCTBA paBeHCcTBa (4.12) 3amummem CJeayrone TOXK/IECTBA Tapa/LIeo-
rpamMmma

|z +y+ 2>+ |z +y— 2> = 2]z + y||” + 2| 2|,
|z +y— 2> + |l —y + 2||* = 2||=|* + 2|y — 2%,
|2+ 2z +y|?+ |z + 2 —ylI> = 2|z + 2||* + 2[|y||*.
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Boranras n3 mepBoro paBeHCTBa BTOPOE U MPUOABJIAS TPEThe, MOCTIe COKPa-
HIEHUs Ha 2 MOJIyYUM

lo+y + 20" = lle + yl* + 1121 = N2l = lly = 2II° + ll= + 2[* + [lyl>.

Ec/in Tenephb B IpaByio 4acTh JaHHOTO PABCHCTBA HOACTABUThL HOPMY ||y—2||%,
BBIPAYKEHHYIO U3 TOKJIECTBA ITapaJLICI0rPaMMa,

ly +21* + lly — 211" = 2lly|* + 2I|=]1%,

1O MBI ToryauM (4.12), aro nokasbiBaer (4.11).

[Toncrasnsist B (4.11) y = —z, nmoaygaem 0 = (0,2) = (z,2) + (—=x, 2),
oTryna (—z,2) = —(z, 2).

Terepp w3 (4.11) MBI TOAyYIUM  OYEBHIHON WHIYKIHEH DaBEHCTBO
(nz,y) = n(z,y) Vn € Z, a u3 Hero, MOJCTAHOBKON & = %x’, — paBeH-
crBo 2(2/,y) = (12',y), a sHauut, u pasencrso (Az,y) = A(z,y) VA € Q,
Vr,y € L. B cuty HenpepbIBHOCTH HOPMBI, CKassipHoe mnponssejenne (4.10)
TaK’Ke HEIPEPBIBHO, [OITOMY U3 MOCIEIHEIO PABEHCTBA BBITEKACT

(Ax,y) = AM(z,y) VAeR, Va,y e L. (4.13)

I3 pasencrs (4.11) n (4.13) BeITEKAET JUHEAHOCTH CKATAPHOTO TPOM3BE/IC-
anst (4.10), 9T0 U 3aBepIIAeT JOKA3ATEIbCTBO.
Takum 06pa3oM, HAMHI JJOKa3aHa CJIEYIOIast TeopeMa.

Teopema 4.12. B nopmuposarinom npocmparcmee L nopma ||| nopoorcdena
CKANAPHOIM Npoudsedenuem mo2da u moavko moeada, xo2da ona 1doeaemaeo-
paem mootcdecmsy napansesoepamma (4.9).

IMpumep 4.13. Paccmompum aunetiinoe npocmpancmeo Cla,b] nenpepuis-
HOLT  BEULECMBEHHOSHAUHDIT PYHKUUL, onpedeaennulx Ha ompeske |a,b].
Crabdum 3mo npocmparcmeo HOPMoT

Iflle = sup |f(z)].

z€la,b]
AKCuomvr HOPMBL NPOGEPAIOMCA 6 IMOM CAyuae be3 mpyda.

[Tockosbky uist byukmuit f, g € Cla, b], rpaduki KOTOPHIX MOKA3aHBI HA
pucytke 4.4, umeror mecro paserctsa ||f + gl = |[f — gl = I fll = llgll = 1,
TO TOXKJIECTBO HapaJiieorpamMa (4.9) B JaHHOM CjTydae He BbIIIOJHEHO, U B
npocrpanctse Cla, b] HeBb3sT BBECTH CKaJSIPHOE POU3BEJIEHNE, COrJIACOBAH-
HOE C HOPMOIL.

Erme 6o/1ee 0b1nii Kjacc MpocTpaHcTB 00pa3yioT METPUIECKIE TTPOCTPAH-
CTBa.
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f g

lr"{
=ty

a a+b b - a a+b b
2 P

Puc. 4.4: nmapa ¢yHknuii, He ya0BJIETBOPSAIONINX TOXKJIECTBY IMapaJsiie/iorpaMMa B IIPO-
crpanctse C|a, b].

Onpegpenenune 4.10. Mnoowcecmeo X Hasvieaemcs Mempuveckum npo-
CMPAHCMBOM, ECAU MG MHOACECTNEE NAP IAEMENMOE U3 X onpedenena 6e-
wecmeennoznawnas neompuyamensvnas gynkuus p(f,g), f,g € X, nasvi-
BAEMAA PACCMOAHUEM, MAKAA, MO

1)p(f,9) =0« f=g;
2) p(f,9) = p(g, [) (axcuoma cummempuu,);
3) p(f,9) < p(f,h)+ p(h,g) (nepasencmeo mpeyzorvruka,).

Ilepsas axcuoma o3Havwaem, 4mo GyHKUuUAL p(-, ) DPA3AUNAEM, MOUKU MHO-
otcecmea X .

Jlerko mpoBepHUTDH, YTO HOPMHUPOBAHHBIC (& 3HAYUT, U CBKJMJIOBBI) TIPO-
CTPAHCTBA ABJAIOTCA MeTpudecknmi ¢ gyukiweii p(f,g) = || f — g||. Merpn-
9eCKoe MIPOCTPAHCTBO He 00513aHO OBITh JIMHEHHBIM, HO HIKAKIX METPHICCKIX
IIPOCTPAHCTB, OTJIMIHBIX OT HOPMUPOBAHHBIX, Mbl PACCMATPUBATH HE OY/IEM.

Onpenenenne 4.11. Mempuueckue npocmparcmea Xq u Xo ¢ MEMPUKAMU
P1 U P2, COOMBEMCMEENHO, USOMEMPUYHYL (USOMOPPHIL), ECAU CYUeCmBY-
em buexmueroe omobpasicerue @: X1 — Xo maxoe, wmo pa(p(f), p(g)) =
p1(f,9) Vf,g € Xi. Ilpu amom omobpasicerue @ nazvieaemes usomempued
(UBOMODPUIMOM) MEMPUUECKUT NPOCTNPAHCTNS.

Omnpepesienne 4.12. [locaedosamenvrocmo { f,} asemenmos mempuuecko-
20 npocmpancmea X crodumecs xk anemenmy f € X mozda u moavko mozda,
xoeda p(fn, f) — 0 npun — oo.

['oBOpst 0 cXoauMOCTH ITOCIEJ0BATEILHOCTEI B HOPMIPOBAHHBIX IIPOCTPAaH-
CTBaX, Mbl OyJeM UMeTb B BUJIY CXOAUMOCTD 110 METPUKE, IIOPOXKIEHHOI HOP-
MOTA.
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Omnpepesienne 4.13. [Hocaedosamervrnocmo { fr,} asemenmos mempuuecko-
20 npocmpancmea X nasvieaemca gyrndamenmanvrot, ecau Ve > 0 4N € N
makoe, ¥mo p(fn, fm) < € npu¥n,m > N.

C nomoInpio HepaBeHCTBa TPEYTOJIBHUKA JIETKO ITPOBEPUTH, YTO CXO/IAIIA~
sicsl TI0CJIeJ0BATE/ILHOCTD 3JI€EMEHTOB METPUYECKOI'0 IIPOCTPAHCTBA ABJISETCs
dynmamenTaabaoii. OgHAKO, B OT/IMYNE, HAIIPUMED, OT BEIeCTBEeHHON OCH,
B IIPOU3BOJIbHOM METPHYECKOM IIPOCTPAHCTBE He BCsikasi PyHIaMeHTaJbHas
110CJI€/I0OBATEIbHOCTD CXOUTCS.

Onpenenenne 4.14. Mempuueckoe npocmparcmeo X Ha3b6aeMCA NOA-
HOLM, €CAU  A100a4 GYHOGMEHMANLHAA NOCACI0BAMEALHOCTND  INEMEHMOB
npocmparcmea X crodumcs x HEKOmMopomy asemenmy u3d X .

B nosiHOM MeTpuueckoM HpocTpaHcTBe X clpaBeJ/InB OObIUHbBIN KpUTe-
puit Komm: mocsiegoBaTe/bHOCTD 3/1eMeHTOB U3 X CXOJUTCS TOTJA U TOJBHKO
Tor/Ia, Korjaa oHa (pyHaMeHTa/bHA.

[TockoIbKYy HOpMUPOBAHHOE ITPOCTPAHCTBO SIBJISICTCSI METPUYCCKUM, TO Ha,
HEro MepPeHOCsITCs olpejiesieHnst (DyHIaAMEHTAIbHOCTH U TOJTHOTHI.

IIpumep 4.14. Mnooicecmeo Q paruonasvnvl “uces AGAACMCA MEMPU-
weckum npocmparcmeom ¢ mempurot p(x,y) = v —y|, x,y € Q. Ono
daotce ABAAEMCA NUHETHDLM HOPMUPOBAHHLM NPOCMPAHCTNEOM HAO CAMUM
c0001 Kax 4ucr06vim nosem. OOHaAKo NOAHBIM OHO HE ACAACMCA, 6 YeM U CO-
CMOUM 0CHOBHAA NPUNUNA 66E0EHUA BEULLCTNGEHHBLT YUCEA. Tak, 6 Nepeom
cemecmpe JoKa3vIBAAOCH, YMO NOCAECIOSAMEALHOCTND PAUUOHANLHBIT HUCEN
{z,}, sadannas pexyppernmmotii dopmyaot
1 a
Thi==|p+—),0a€Q,a>0,21€Q, z1>0,n=1,2,3,...,
2 Tn
CTOOUMCA K “UCAY \/a, komopoe oas muoeur a € Q asasemcs uppayuo-
HaAvHOLM. JIpy2as nocaedosamesvbHoCmb PauUuOHANbHLT YUCEN
1 n
Tp=(1+—
n

CTOOUMCA K UPPAUUOHAADHOMY HUCAY €.

Bamernm, 1To HOpMBI TpoctpancTs Cla, bl u Qla, b] MOKHO BBIUNCIATH 1
JUTst MHOTUX (DYHKIWI, He mpuHaiexkaimux npocrpancrsam Cla, bl u Qla, b],
COOTBETCTBEHHO, U 3TU HOPMBI YJOBJIETBOPSAIOT BCEM aKCHOMAM HOPMBI, BO3-
MOYKHO Kpome Toro, uaro u3 || f|| = 0 crenyer f(z) = 0.
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OueBuHo, 4T0 cxXoquMocTh B mpocrpancrse Cla,b] sBjsiercst pasHO-
MEpHOI1 CXOIMMOCTBIO (DYHKITMOHAJIBLHBIX MOCICI0BATEILHOCTEH Ha CerMeHTe
[a, b]. TTockoJIbKY paBHOMEDHBIH [IPejiesl HelPePhIBHBIX Ha cerMeHTe (hyHKIHil
SBJISIETCA HenpepbiBHOI (yukimeit, npocrpanctso Cla, b] sBisgeTcs OHbIM.

CxoumocTh B ipoctpancTse @Qla, b] HasbiBaercs crodumocmuvio 6 cpedre-
K6a0pamuHoM. JTO IPOCTPAHCTBO IOJHBIM He sIBJISIETCSI.

Teopema 4.13. Ecau nocaedosamesvnocmo fr(x) € Qla,b] cxodumesa x
Pynrxyuu f(x) € Qla,b] no nopme npocmpancmea Q|a,b], mo

x€[a,b)
/fn tydt = f(@&)dt, n — oo, xq € [a,b].

Zo

Jloxazameavcmeo. elicTBUTETbHO, B CHJIYy WHTErpajbHOIO HEPABEHCTBA
Kommn-bynskosckoro,

j fult)dt — / F(t)dt / () — F)]dt <

b

<Vb—a /(fn(t) — f(t))?dt — 0, n — oo.

a

]

Teopema 4.14. Fcau dynryuu f(x), fo(x) unmeepupyemor na ceemernme
[a,b]
[aab] u fn = f, mo an - fHQ[a,b] — 0 npu n — oo.

[a.b]
Jloxasameavcmeo. Bagaaum npousBosibhoe € > 0. B cuny f, = f cy-

mectByer Takoe N, aro VYn > N u Vz € [a,b] BbINOJHEHO HEPABEHCTBO

|fu(z) — f(2)] < %)1/2 Torna Vn > N BBIIIOJHEHO HEPABEHCTBO
—a

1/2 B 1/2

142 = Sl = /Ifn R e W L

a

9to n oznayaet, 4to || f, — f|gap — 0 mpu n — oo. []
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Bameuanue 4.4. Mooicno dokazams®, wmo YcAo6uE UHMEPUPYEMOCTIU

dynxuyuu f 6 amot meopeme caedyem U3 0CMAALHBIT, M.e. PaGHOMEPHbLL
npeden UHMEPUPYEMBLT GYHKUUT ABAACNCA GYHKUUET UHMe2pUpPYyemotl.
Oma meopema 03HAUAEM, 6 YACTMHOCTU, YMO U3 PASHOMEPHOT CTOOUMOCTIU
caedyem crodumocmsv 6 cpednexsadpamuyirnom. Kax noxasvieaem caedyro-
wuti npumep, obpammoe nesepno, m.e. us crodumocmu no nopme || - ||op
He caedyem dasice NOMOUEUHAA CTOOUMOCTVD, HE 2060PA YHCE O DPABHOMED-
HOT.

IIpumep 4.15. /s VEk € N onpedesum dynruyuonasvhiyio nocaedosamens-
nocms na ceemenme [0, 1] dopmyarot:

(1 =l
aj —_
1, k£ 1 2 k- -
Jri(z) = q = x:ft;73 i=1,2,... k.
2 k "k
L0, 6 ocmaavrvir moukar ceemenma [0, 1],

[onoorcum { fo(x)} = {fllaf21;f212/72f317f327f33>---ufk:lufk%---;fkk:---} C
1
Q[0,1]. Umeem || frillopa) = T — 0 npu k — oo. Odnaxo nu 6 0dnot

mouke ceemenma [0, 1] nocaedosamenvrocmo fr(x) ne cxodumes.

Cuestyronuii npuMep HMOKa3bIBAET, YTO U U3 IOTOYEUHON CXOIUMOCTH HE
CJIeJLyeT CXOAUMOCTD 110 HOPME || - [|[a.5-

IIpumep 4.16. Onpedesum  PYHKUUOHAALHYIO — NOCAECIOBAMEALHOCTVD
{fn(x)} na ceemenme [0, 7]:

n'/2 sin n,

0Lz
n\l) =
() >
n

T
<_7

n

T T

Heno, wmo fr(x) — 0 das aobozo purcuposannozo x. B mo orce epema,

m/n T
) 1 T
g = [ mointnade = [ 30— coszir =T
0 0

Branum, || follos 7 0 npun — oo.

5Cwu. Wmpun B.A., Tlozaak D.I. OcHOBEI MaTEeMATHIECKOTO agaqn3a, 1. 11, T 1, §2, c. 27.
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(yHKIIHOHATIEHEE
MOCIEIOBATENBHOCTH, (O VHKIIHOHAILHEIE (Y HKIINOHATEHEIE
CXOISIIIHE o TOTOYETHO TOCTeIOBATE TBHOCTH, TOCTeIOBATETBHOCTH,
CXOIAIMNECHA PABHOMEDHO | | cxonamuecs mo Hopme ||. ||,

PI/IC. 4.5: cooTHOIIEHNA MeE2K/1y pa3/IMYHbIMU BUJaMM CXOJUMOCTHU d)yHKLH/IOHaJIbeIX II0-
CJIeJIOBATEILHOCTE!: 110 HOPME || - ||Q[q,4], HOTOUEUHOI 1 PABHOMEPHOIA.

DTOT HpuMep KadecTBeHHO 10x0xK Ha npumep 4.10 na GeckonedHoi moiry-
OCH.

CooTHoIIIeHHe MeKJly Pa3/IMYHbIMI BHJIAME CXOJNMOCTH (DYHKI[HOHAb-
HBIX HOC/Ie/I0BATEILHOCTel: PABHOMEPHOI, HoTouedHoit 1 110 HopMe || - || oja.b),
n300pakeHo Ha puc. 4.5. 3aMeTuM, 4To IOTOUYeUHAas] CXOAUMOCTh, B OTJIMIHE
OT OCTaJIbHBIX JIBYX, He SIBJISIETCS METPHYECKOI.

Ounpenenenne 4.15. Oynryuonarvhot pad y - up(x) crodumes no nop-
wme || || ® csoeti cymme S(x) moeda u moavko mozda, xoeda ||.S, — S| — 0
npun — oo das Sy(x) == >0 up(x).

Takum obpazoMm, Jjisi (PYHKIIMOHAJIBHOTO Psijia, HapPsily C PaBHOMEPHOI
CXOJINMOCTDIO, OIIPeIe/IeHO W MOHATHS CXOJMMOCTH B CPEIHEKBAIPATHIHOM.

4.6 Teopema Apnesa

ITo Teopeme Boabmano—Befiepmrpacca, n3ydennoil B MepBOM U BTOPOM Ce-
MECTpax, 13 OrPAHUUCHHOI YNCI0BOI OCIE0BATEILHOCTH, 8 TAKIKE U3 OIpa-
HITUEHHOM 1I0C/IeI0BATEILHOCTI TOYEK M-MEPHOI0 €BKJIMI0BA IPOCTPAHCTBA,
MOZKHO BBIJCJIUTD CXOIAILYIOCH IIOIIIOCICI0BATEILHOCTD.

PaceMoTpuM BOIIPOC 0 BO3MOYKHOCTH [IEPEHECEHUsI TON0 YTBEPXKICHUA B
beckonearoMepHoe rpoctpatcto Cla, b]. Tlyers dbyHKIMOHAIBHAS TOC/IET0-
BaresbHocTh { fn(2)}, © € [a,b], orpannuena B npocrpanctee Cla,b]. s
mo6oit (bUKCHpoBaHHON TOYKN x7 € [a,b] WncioBas mMoc/ie0BaTeIbHOCTD
{fn(x1)} orpanmuena, u u3 Hee MOYKHO BBLIEJUTH CXOJSAILYIOCS OJIIOCIIE-
noBaresbHOCTD { fr, (21)}. dost apyroit Toukn o € [a, b] TakyKe MOXKHO BbI-
JEJTTH CXOJISIIYIOCs MOAoc e 10BaTesbHOCTD { fr. (72)}, ogHako mocsienoBa-
TEJILHOCTH HOMEPOB TNy U T; MOI'YT ObITh pa3/iudHbl. Takum oOpa3oM, OTBeT
Ha BOIIPOC O BO3BMOXKHOCTH BbIjie/IeHtst 13 rociejgosareibuoctu { f,,(x)} mos-
nocaeposareasnoctu { f,. ()}, exonsmeticst no Hopme npocrpancrsa Cla, b]
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W XOTs ObI IIOTOYEYHO, HE SABJISIETCS OUEBUIHBIM.
[TostoKuTEILHBIN OTBET Ha 9TOT BOIPOC IIPH HEKOTOPOM JIOIOJTHATEIHLHOM
yCJI0BIH faeT TeopeMa Aprena.f

Omnpepesienne 4.16. Qyuruyuonasvhas nocaedosamesvrhocmys { fn(x)},
x € X nasweaemcs paBHOCTEIICHHO HEIIPEPBIBHOI na npomescymre X, ec-
au Ve > 0 30 > 0 maxoe, wmo Vn € N u Vo', 2" € X, ydosaemsoparowjux
yeaosuro |2’ — 2| < §, swnoanaemes nepasencmeso

’fn(xl) o fn(x”)‘ <é.

Ecim B 3TOM onpeneneHnn 3aduKCHPOBaThL 77, TO MbI IIOJy4aeM IIPOCTO
olpejieJieHne PABHOMEPHO HernpepbiBHON (yHKuu f,(x), mosromy cyie-
CTBEHHO B 9TOM OIIPEJEICHIN TO, YTO 0 — 0DIIee JJIsd BcexX n 1 Bcex © € X.

IMpumep 4.17. Oynryuonasvras nociedosamesvrocms sinne, © € [0,1]
HE ABAACMCA PAGHOCTENEHHO HenpepuisHotl, Toms no meopeme Karnmopa’
kaorcdas Ppynruua fr,(x) pasnomepro nenpepvisna na [0,1]. B camom dese,

s ™

gosmem e = —, ' = — 2" = — moeda ¥§ > 0 In maxoe, wmo |’ — z"| =
2 2n n

T

— < 0, "o npU IMmom

2n

(@) — fu(2”)]| = |sin— —sinwt| =1 > e = .
2 2
3 dpopmy/bl KOHEUHBIX IpUpalienuii Jlarpam:ka JIerko cjiejyer, 4To Jo-
CTATOYHBIM YCJIOBHEM PABHOCTEIIEHHON HEIPEPLIBHOCTH MOCJIEI0BATEILHOCTH
{fn} Ha npomexxkyTke X $BJISI€TCSI pABHOMEpPHAS OMPAHIMYEHHOCTD OC/IEI0-
BarespHocTH { f) ()} HA mpomexyTke X .

Teopema 4.15 (Apuena). Ecau $ynkyuonaivhas nocaedosamesbHocmsy
{fu(z)} pasnomepro ozparuuena u pasnocmenenno nenpepvisha Ha [a,b),
MO U3 HEe MOHCHO BBLOEAU NOONOCAEAOBAMENOHOCTIVG, PABHOMEPHO CLO0A-
wyroca wa [a, b).

Joxasamenvcmeo. JlokazaTebCTBO TPOBEIEM B JIBa dTalla.

1. U3 nocreposarenvuoctt { f,()} BBIIEINM MOAMOCTEIOBATENLHOCTD,
CXOJIAIILYIOCS BO BCEX PAIMOHATIBHBIX TOYKAX cerMeHTa [a, bl.

6 Apresa Yesape (1847-1912) — uraibaHcKuii MaTeMaTHK.
"Kanrtop Teopr @epnunarny Jlogsur @umrmmn (1845-1918) — HeMmenKwuii MaTEMATHK, OCHOBATE/Ib TEO-
pUM MHOKECTB.
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2. JlokazkeM, 9TO 3Ta IOJIOC/IEI0BATEIbHOCTD CXOAUTCS PABHOMEPHO Ha,

a, b].

1. B cuy cuyeTHOCTH MHOZXKECTBA BCEX PAIMOHAJILHBIX YHCEI U3 BCEX Pa-

[UOHAJIBHBIX TOYEK CerMeHTa [a, b MOKHO 00pazoBaTh UHCIOBYIO IO-
CJIEJIOBATEJILHOCTD {x, }. PaceMoTpuM 4HCIOBYIO TOC/IE0BATEIBHOCTD
(o)}
Ona orpanmndena. Ilostomy no teopeme Bosbrano—Beitepimrpacca u3
Hee MOYKHO BBIJCJINTD CXOJSIILYIOCS IIOJIIOCIeI0BATCILHOCTD, KOTOPYIO
sanymepyeM Tak: f11(x1), fio(z1), ..., fin(x1), ... Urax, dyHKIHOHATH-
Hast ocae0BaTesbHocTh f11(x), fi2(x), ..., fin(x), ... cxoguTes B TOU-
Ke 1. Bolaeaum u3 Hee moJoc/ie10BaTeIbHOCTD, CXOMSIYIOCA B TOUKe
To, U 3aHyMepyeM ee Tak: for1(x1), foo(x1), ..., fon(x1), ... Dra nommo-
CJIEJIOBATE/ILHOCTD CXOJIUTCA B JIBYX TOYKAX: T1 U To. V13 Hee BbLiesnMm
HOJIIOC/IEOBATE/ILHOCTD, CXOAAINYIOca B TOUKe 3. IIpojoszkas sTor
IIPOIECC HEOIPAHNYCHHO, TOJIYIIM II0CII0BATE/ILHOCTD OIIOCIe0BA-
TEeJIbHOCTEl

fu(z), fie(z), ... fiu(2),
fa(x), falz), ... ful(z),

fm(x), fa2(2), ..., fan(2),
Kazknast n3 9TUX 0C/Ie/10BATEILHOCTEN ABJIAETCs [IOIII0CIIEI0BATEILHO-
CTBIO HPEJIBIIYIINX I0C/IEI0BATEILHOCTE, TO3TOMY IIO/IIIOCIe0BATE b
HOCTb, CTOMINAs B N-0if CTPOUKE, CXOAUTCS B TOUKAX T, . .., T,. Ciaemno-
BaTeJIbHO, JUA20HAALHAA NOONOCACI0BAMEABHOCTND

fi1(x), foolx), ..., fan(x),. ..

CXOJINTCS BO BCEX PAIMOHAJIBHBIX TOYKAX T1,T2,...,Ln,... OTPE3KA
la,b]. B camom neste, jjist JE000# TOUKN T, JUATOHATBHAS TTOJIIOCTIE-
JIOBATEJILHOCTD, HAYMHAA C HOMEPA N, FBJIAETCA MOJII0CIIC0BATEIHLHO-
CTBIO MOCJICOBATEILHOCTH, CTOANICH B 11-01 CTPOYKE, KOTOPAS CXOIUTCS
B TOUKE T,,. Bbljle/ieHre UaroHabHON [OJII0C/Ie0BATeIbLHOCTI HA3bI-
BaeTcst duaz2onaavrot npouedypoti Kanmopa.

2. JlokazkeM, 4T0 MOJNOC/Ie0BATeIbHOCTD { frn ()} exourest paBHOMEPHO
Ha [a, b)].



110

QYHKHHOHaﬂbeIG II0CJIEIOBATE/IBHOCTU U PAJbI

J1J1s1 3TOr0 JOCTATOYHO JJOKA3aTh, YTO OHA, YIOBJIECTBOPSET YCJIOBUIO KPU-
Tepust Komm paBHOMEpHOil ¢XoanMocTn (pyHKIMOHAIBHOI TI0C/Ie/10Ba-
TesibHOCTH, T.¢. Ve > 0 N rtakoe, uro Vn,m > N u Vx € [a, b] BbImO-
HEHO HEPABEHCTBO | frn (1) — frm ()] < €.

Basaum ponssosibroe € > 0. Tak kax mocsenosarenbuocTs { fi,(x)}
PaBHOCTEIIEHHO HelpepbiBHA, TO 3 > 0 Takoe, uro Vn u V', 2" € [a, b],
VJIOBJIETBOPSAIONIHX yesioBuio |2/ — 2| < §, BBINOJIHSAETCS HEPABEHCTBO

|fn(x,) - fn(x”)‘ < <C:/3 (414)

Jjist yKazaHHOTO § U3 TOC/Ie0BATEILHOCTH { Ty} MOKHO BbIOPATH KO-
HEYHOE HHCJIO TOYCK Ty, Tpy, ..., Ty, TAK, YTO OHH Da300BLIOT OTpe-
30K [a,b] Ha YaCTHYHBIE CErMEHTHI, JUIMHbI KOTOPhIX Menbie 8.5 Tora
Vx € |a,b] Jx,. Taxoe, uro |x — x,,| < J. [naronasbhast mommocse/o-
BATEJbHOCTH CXOJIUTCSA BO BCEX PAIMOHAJBHBIX TOYKAX, B TOM YHCJIE U B
TOYKAX T, , Ty, - - - 5 Ty, 1lO9TOMY, B cuity xputepus Komm s quciio-
BBIX [OCJIEIOBATEILHOCTEH I KOHETHOCTU YUCJA TOYCK Ty, § = 1,. .., D,
1tst 3ataaaoro € AN = N(g) Takoit, aro Vn, m > N BbIIOJHEHO HEpa-
BEHCTBO:

€ .
| frnm (zn,) — frn(Tn,)| < 3 1= 1,2,...,p. (4.15)

Bosmewm rereps Joboe x € [a, b] u Taxkoe xy,, aro |r—x,,| < 6. B ety (4.14),

[IOJTy 4aeM:

‘fmm(x) o fmm(xm)‘ < %’ |fnn($) - fnn(ﬂfm)’ < %

[Tosromy, uctosbsyst (4.15), Vn,m > N u Vz € [a, b] nveem:

[ (%) = Fan(@)| < [ frmm (%) = Fom (@0 )] 4 [ fonm (@) = Frn(20,) |+

| fan(@n,) = fan(@)] < g + g + g _

Taxmm o6pazoM, MbI JJOKa3aJ1i BLITIOJIHEHIE YCJI0BUS KpuTepus Kot paBHo-

MEPHOfi CXOJIMMOCTH TIOJIIOC/Ie0BATELHOCTH { fn (2) } oCTe10BaTEIbHOCTH
{fn(z)} Ha orpeske [a, b). O

Ycs10B1e paBHOMEPHOI OrpaHIIeHHOCTH HocaeoBaTesbHocTH { fi, ()} Ha

oTpesKe |a, b] MOKHO 3aMEHUTH Ha, YCJIOBHE OTPAHUIEHHOCTH ITOM MOC/Ie/I0BA~

TEJILHOCTU B KaKoil JInOO OJIHON TOYKE 9TOI0 OTPE3Ka, T.K. U3 9TOI'0 yCJIOBUS

8Taxoe pasbHeHIe HA3BLIBACTCS §-CEmbio.
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1 PABHOCTENICHHON HEMPEPBIBHOCTH, OYEBUJIHO, CJEIYET PABHOMEpHAs Orpa-
HIYIEHHOCTD MoCIe0BaTebHoCTH { fi,(2)} Ha Bcem oTpeske.

Yrobbl yBUIETH, KaK JAHaroHa bHas Mporeypa Kanropa paboraer B jipy-
Ol CUTYAINH, JIOKAZKEM HECUeTHOCTb MHOZKECTBA JICHCTBUTEIBHBIX UHCEJT OT-
peska [0, 1].

Teopema 4.16 (Kaurop). Muootcecmeso deticmeumenvhui wuces ompesra
[0, 1] necuemno.

Aokxasameavcmeo. PaccMoTpuM  IIPOU3BOJILHOE CYETHOE MHOXKECTBO Jlefi-
CTBUTEJIbHBIX dncest «;, ¢ € N orpeska [0, 1] u jokaykeM cyIecTBoBaHue Ha
orpeske [0, 1] meficTBuTe/IBHOrO YnC/Ia, HE TPUHAIICIKAIIETO JTAHHOMY CUeT-
HOMY MHOXKecTBY. OUeBHJIHO, YTO 9TOIO JIOCTATOYHO JIs JI0KA3aTe/bCTBA
TeOPeMBbI. SallUIIeM YHCIa (; B BHJIe OECKOHEUHBIX JIECSTHYHBIX JIPOOeil:

ap = 0,a11,a12,a13, ... A1,y - - -,
ag = 0, az1, age, as, ... ay, . . .,
ag = 0,a31,a32,as33,...as,, - - .,

rje ay; — i-ad JecaTudnasd mudpa dncia ay. [loctponm gecatudanyio 1podhb
6 = 0,b1,b9,b3,...0,,... 1naronajbHoii npoueaypoit Kanropa, a mMeHHO:
nojioxkuM b, = 2, ecan a,, = 1, n b, = 1, ecsin a,, # 1. D1a apodbH
HE MOXKET COBIIACTb HU C OJIHUM U3 9YHCEJI (v, IOCKOJIbKY €€ 2-blii JecsaThd-
HBIIl 3HAK OTJINYEH OT ¢-Or0 JeCITUIHOr0 3HaKa Jpodu <y, 1, B TO JKe Bpe-
Msi, Ipo0b 3 He COoJepKUT OECKOHEJIHOI cepumn HyJeil MIu JIeBATOK, T.e. He
HPUHAJIEYKAT K TOMY THUIIY JECATHIHBIX JIPO0Oeii, JI/IsT KOTOPLIX HAPYIIAETCs
B3aMMHO-0/THO3HAYHOE COOTBETCTBUE MEXKJIy JIeHCTBUTEIbHBIMI YUC/IAMU U
JIeCSITUIHBIMU JPOOSIMIU. ]



I'1aBa b

HecobcTBeHHbIE MHTErpaJibl

Bo mepBoMm ceMecTpe m3ydasnch onpeje/ieHHble MHTerpaJbl 1o PuMany or
OrpaHNYeHHbIX (DYHKINI 10 KOHEYHbIM cermerTaM. OgHaKO B MaTeMaTUKe 1
ee MPUJIOKEHUAX IUPOKO UCIHOJIb3YIOTCA TaKKe NHTerpaJibl OT HeorpaHnvieH-
HbIX (PYHKIUI 1 MHTEerpaJsibl 110 BCeil BeIeCTBEHHON IPAMO UJIN IIOJIYIIPS-
Moit. O4eBUIHO, YTO B TAKUX CAydasix MHTErPaJbHbIE CYMMBbI HHTEIPaJIa 110
Pumany OyayT HeorpaHMYeHbI U JJIsi KOPPEKTHOI'O OIPEe/IeHI NHTEIPaJIa
HY?KHO MOJIU(UIMPOBATL €ro OlIpe/jieieHue.

5.1 HecobcTBennblii maTerpaJa 1 poaa

Onpegnesnenne 5.1. [Tycms dynryua f(x) onpedesera na nosynpamoti a <
A

x < +oo unyemv VA = a cywecmeyem onpedenennoii unmezpan [ f(x) dx.
a
Hesasucumo om mozo, cyuecmsyem ui Hem

A—+o0

A
lim /f(x) dx,

Oydem nazv6ams 2o necobCTBeHHbIM HHTerpaioM 1 poga om gynryuu f(x)
no noaynpamot [a, +00) u 0bosnaamo

7oof(x) dzx.

Ecau yrazanmnvit npedes cywecmeyem u KoHewer, mo Hecoocmeentvill uh-
Me2PAN HA3VBAELMNCA CXOJIAIINMCS, 8 NPOMUSHOM CAYUAE — PACXOIAITIMCS.

112
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['eomerpuyeckuii CMbICT HECOOCTBEHHOIO MHTErpaJia 1 poja — IOl
OeCKOHETHOI BIPABO KPUBOJIMHEHHOM Tpamermy, B3sdTasd cO 3HAKOM «+» TIPH
f(x) > 0 u B3gras co snakom «—» 1pu f(x) < 0.

Dusnveckast TPAKTOBKa HecOOCTBeHHOrO nHTerpasa 1 poja: ecaun f(x) —

+0oo
cuna, ro [ f(x)dz — pabora 910l CHIIBL IO [EPEMEIIEeHUI0 MAaTePHAIbHO
TOYKU U3 %O‘IKI/I a B +00.

AHaJIOrMYHO OLPEAEIAIOTCS HeCOOCTBEHHbIE MHTErPAJIbl 10 MOy IPIMOi

(—00, al u mo Beeit TncI0BOM MpsiMoit (—o0, 00):

/a fle)dr = tim_ f ) dz. /f - AEIfmif(x)dx.

B——o0 B
IIpumep 5.1.
+00 A
/ dx . / dx . ; A
——— = lim —— = lim arctgzx| =
1+ x2 A—+o0 1+ 2 A—+oo & 0
0 0
= lim arctgA = T
A—+oo 2
+00 A
2. / sinzdr = lim [ sinzdr= lim (1 —cosA)
A—+o0 A—+o0
0 0
—+00

He CYWecmeyem, nosmomy UHmezpan / sin x dx pacrodumcs.

0

+ood Ad 1 ) A
o 1
3 L TR D & pupvc i B
xre A—+00 xre A—+00 A a
a a Inz|, a=1
1 1— 1- al=®
(A “—a a) ,aF1 a>1
= lim 1;104 =qa—1
A—+o00 ln_’ a=1 —I-OO, Oé<1
a

+00
Hma%:, f = crodumeces npu o > 1w pacmo&umc.ﬂ npu « < 1.
T

B npumepax 1-3 nepBooOpasHas BEITUCISIACH B 3JIeMEHTAPHBIX (PYHKIH-
SIX, W TIO3TOMY BOIIPOC O CXOJIMMOCTHU HECOOCTBEHHOTO MHTErpaJjia CBOIIICA K
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BOIIPOCY O Tipejiesie saeMenTapHoil pynkiun. O HaKO BO3MOXKHA CUTYallus,
KorJa mepBooOpa3Hasi HedJieMeHTapHa.

IIpumep 5.2.
+oo A
/ 0= lim [ 2lde= lim (F(A) — F(0)),
x A—+oc0 X A—+00
0 0

sin x

ede F(x) — nepeoobpasnas Ppynruuu . Ona cywecmsyem, m.x. pyx-

sin x

UUA HENPEPOIBHA, HO HE ABAAEMCA INEMEHMAPHOT.

Kak »ke B 9TOM cJIydae ICCJIeIoBaTh BOIIPOC O CXOINMOCTH HECOOCTBEHHOI'O
uHTerpaja’ Kaxk u B ciydae psiJioB, HAM HEOOXOIUMbBI NPU3HAKY CLOOUMOCTU
HECOOCMBEHHBLT UHME2PANOS.

5.2 Ilpm3HaKu cXOoAMMOCTH HECOOCTBEHHBLIX MHTEI'PAJIOB
1 poaa

Teopema 5.1 (kpurepuii Kormm cxommmocTn HeCOOCTBEHHBIX HHTEIPAJIOB

A
1 pona). ITyemv YA > a 3 [ f(z)dx. Jas mozo wmobo, necobemeenmvd

+00
unmezpan [ f(x)dx cxodurcs, neobrodumo u docmamouno, wmobu, Ve > 0

a
JA maxoe, wmo VA’ > A u A" > A swnosnaroce nepasencmeo

o
/f(:c) dr| < e.
i

Joxasamenvemeo. JlokazaTebCTBO JIETKO ToJyvdaeTcsd 3 KpuTepus Komnm
CYIIECTBOBaHUS TIpejiesia (PyHKIUN U OIpejie/IeHnsT HeCOOCTBEHHOIO MHTEIPa-

A
na 1 poma. Heticreurensno, obosnauum ®(A) = [ f(x)dz. Io oupexeie-
a

+00
HUIO, CXOJUMOCTD HecoOcTBeHHOro nHrerpaia [ f(x) dx sxBuBajeHTHA Cy-
a

[IICCTBOBAHUIO IIpejiesia Alim CD(A), 9TO, B CBOIO OYepe/ib, B CUJIY KPpUTEPUd
— 400

Ko cymiecrsoBanus mpejesa (byHKIMNT SKBUBAJEHTHO TOMY, 4To Ve > 0
JA rakoe, uro VA, A” > A sumonnanocs nepasenctso |P(A) — ¢(A")| <
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A// A/

e. Ocraerca samernts, uto P(A") — ®(A") = [ f(x)de — [ f(z)dx =

a a

A//

1{ f(z)d. []

HpI/IMep 5.3. HpUJVLeHUJ\/L %pumepuz’l Kowu x HGCO6CTTL6€HHOJ\/Ly unmeepany
+00 o
SIinx

f T

0
Yaem 0UeHKY:

dz. C nomowywro urnmeepuposanus no wacmam YA, A” > 0 noay-

A// A// A//
sin d(— cos ) cos z |4 COS T cos A’
de| = | [ A28 _ 1 - dz| <
x T T la 2 A’
Al Al A
A// A//
cos A" COS T grl < 1 1 dr|
|t el < gt wm | =)
A Al
11 14 2 2
Sa Tt T S T

3adadum npouseoavhoe € > 0 u 6osmem A = g. Toeda VA", A” > A noay-

AT toginx
waem: f =Edr| < % + % < % = ¢ = no xpumepuro Kowu f . dx

Al 0
crodumca.

O Hako Ha paKTUKe BMecTo Kputepus Kot 601ee yI00HbI I0CTaTOTHBIE
YCJIOBUST CXOJUMOCTHU, K U3JI0KEHUIO0 KOTOPBIX MbI U ITPUCTYIIAEM.

Teopema 5.2 (npusuak cpasaenusi). [Tycmo 0 < f(x) < g(x) npux > a
u dynrkyuu f(x) u g(x) unmeepupyemv. na aobom ceemenme |a,bl, Vb > a.
Tozda u3 crodumocmu uHmezpana

+00

/ g(x)dx (5.1)

a

caedyem crodumocms UHMEPANG

Jr/oof(x) dx, (5.2)

a uz pacxodumocmu (5.2) caedyem pacxodumocmyv (5.1).



116 Hecobcrennbie unrerpaJipr

A A
Hoxasamenvcmeo. VA = a umeem ®(A) := [ f(z)dr < [ g(z)dx = G(A).

a a

Orcrona caeyer, ato ecan uarerpadt (5.1) exonures, 1o G(A) — orpannten-
wast byskims, mosromy P(A) — Takke orpannueHHas QYHKINSA U, B CIIY
HEeOTpHUIATETHHOCTH f(X), OHA MOHOTOHHO HE YOBIBAET, T.e. CXOJIUTCS K KO-
weaHomy tpejeny. [losromy u unrerpas (5.2) cxomaurcs.

Ecu e unrerpas (5.2) pacxoguresi, To ®(A) — weorpanndernast GyHK-
nust, nosromy G(A) — Takyke HeorpaHudeHHasi (DYHKIUsI, U, 3HAUUT, UHTE-
rpaJt (5.1) pacxomurest. O

CaencrBue 5.1. Feau 0 < f(z) < £ npux > a > 0, ¢ = const > 0

xa

ua > 1, mo [ f(x)de cvodumea. Ecau orce f(x) > % npua > a > 0,

c=const >0 ua<l, mo f f(x) dx pacxodumca.

CaencrBue 5.2 (npusHak cpaBHeHUs B pe/ieibHoil popme). Eeau f(x) = 0
wg(z)=20npuz >au
lim J@) =k >0, (5.3)
T—+00 g(x)
mo unmezpanv (5.1) u (5.2) cxodamea uau pacrodames odnospemento. Ec-
au orce k=0, mo uz cxodumocmu (5.1) caedyem cxodumocmov (5.2).

Jloxasameavcmeso. Ilpu k > 0 u3 (5.3) cienyer nasmaue takoro A > 0, aro

fla)
< —, Vo > A
25 glo) 2 :
Ho rorga g(z) < 2f(z), f(z) < 3kg(z), aro no Teopeme 5.2 o3HaMaeT, UTO
maTerpasibl (5.1) u (5.2) cXomsTes nim pacxoIaTcsi OJJHOBPEMEHHO.
Ecu xe k = 0, To u3 (5.3) cienyer cymecrsoanne A > 0 Takoro, 4ro

@ < 1,V > A. Ho torma f(z) < g(z), Vo > A, u o teopeme 5.2 u3

g(@)
cxonmmvoctn (5.1) caeyer exoaumocts (5.2). O

IIpumep 5.4. 1.

+00
1 1 1 1
/azo‘sin—d:r:, 0< f(x) =2%sin— = 2 (—+0 <—)) =
x x x x
1
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@) _

xfaJrl

= lim

r——+00

Caedosamenvro, unmezpan cxooumcs npu —a+1 > 1, m.e. npu a < 0,
u pacxodumcs npu o = 0.

+00 +00
— . o ,—XT
2. Humeepan [ x%e " dx cxodumes Yo, m.x. lim 54— =0, a [ dz
1 T—=H00 a2 "
crodumcs.
+0oo ) 2
8. Unmeepan Ilyaccona [ e dx  cwodumes, m.x. lim < =
1 T—+00 L2

lim z2e % = 0.
r——+00
[IpusHak cpaBHEHUsI OTHOCUTCA K HEOTPUIATE/bHBIM (PYHKIIAM. B 5TOM
OTHOIIIEHUH OH aHAJIOTMYEH MPU3HAKY CPaBHEHU JIJIsI PAJIOB C TOJIOXKUTE b
HbIMU WeHaM#. [IJ1s1 nccjieioBaHmst CXOIMMOCTH HECOOCTBEHHBIX HHTEIPAJIOB
OT 3HAKOIepeMeHHbIX (PYHKIMl 1oJie3eH npusHak Jupuxie, aHaJornaIHbII

npusHaky Jlupuxie mjs psijioB. OH OTHOCHTCS K HECOOCTBEHHBIM HHTErpa-
+00

aam Buga [ f(x)g(x) de.

Teopema 5.3 (npusnax [dupuxie). [Tycmo

1. gynwyus f(x) nenpepuena va [a, +00) U umeem wa 3mot nosYNPAMOT
ozparuennyro nepsoobpasnyto F(x) (m.e. F'(x) = f(x) w IM > 0
makoe, wmo YV € [a,+00) cnpasedauso nepasencmeo |F(x)| < M);

2. pynrkyus g(x) ne sospacmaem Ha [a,+00), CMPEMUMCA K HYA0 NPU
r — 400 (g(x) | 0 npux — +00) u umeem HenpepuieHY0O NPOU3EO0-
nyro g'(x) ma la, +00).

400

Tozda necobemeennvd unmeepan [ f(x)g(x)dx cxodumea.
a

Jlokasameavcmeso. Bocnosbayemest kpurepuem Kormn (teopema 5.1). C aroit
IEJIbI0 PACCMOTPUM CJIEIYIOIIII MHTerpaJ:

AII A/l A//

[ @@= [ gta)ar@) = g F@IY - [ Fla)ga)de
J

A’ A’
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Tak kak ¢'(r) — HenpepbiBHAsT QYHKIINsA, TO HHTErPaJ B IPABOil YacTh pa-
BEHCTBA CYIIECTBYET, a MOCKOJIbKY ¢() He BO3pacTaeT M CTPEMUTCS K HYJIEO
npu & — 400, 10 ¢’ () < 0, g(z) = 0 upn x > a. llycts A” > A’ Torna

A// A//

/f(w’)g(a?) dr| < |g(A")F(A") — g(A)F(A)] +M/|9’(93)Idar <
A M

< [g(A")F(A")] + |g(A)VF(A')] — / Mg/ () dr < M(g(A") + g(A'))—
]

—M(g(A") — g(A") = 2Mg(A").

Ecim xxe A" > A”, 1o u3 37001 2Ke OLEHKN 1I0JIy4aeM, U4TO

/ f(x)g(x) de| < 2Mg(A”).

BajauM Tereph mponssosibHoe € > 0. Tak kak g(z) — 0 npu  — 400, TO
JA > 0 rakoe, uto g(A) < 557 u, Tem 6onee, VA" > A: g(A') < g(A) < 557
A//

J f(z)g(x) dx' <

Cauenosarennno, VA, A” > A umeer mecro HepaBeHCTBO
A/

+00
2M g(A) < e. Ilo kpureputo Koum necobersentsiit unrerpan [ f(x)g(x) da

a
CXOJINTCSI. ]

400 o
ITpumep 5.5. 1. [ P
1

em na [1,400) ogpanunennyro nepsoobpasnyto — cosz. Ecau o > 0,

— dx. Qynryua f(x) = sinx nenpepuiena u ume-
x

mo pynryus g(x) = — yowsaem npu x = 1, cmpemumca Kk nyao npu
x

T — +00 u umeem Henpepwuienyo npoudéodnyro g'(r) = —ax* 1. Ilo
Togin

meopeme 5.3 unmezpan f = dx cxodumcsa npu o > 0 (das o = 1
1

ML IO Yorce Joka3aiu 6 npumepe 5.2).

IIpu o < 0 samom unmeepanr pacrodumcs. aa o = 0 amo yorce Ovi-
A0 dokasano no onpedeaenuro 6 npumepe 5.1.2. Iycmv o < 0. Boc-
noavayemcs wpumepuem Kowu. Paccmompum npoussosvrnoe A > 1.
Bosmem ¢ = 1. Honoocum A" = 2mn, A" = 2mn + m, npunem 603-
mem n € N cmoav 6oavwum, wmobw 6wao A > A u A” > A.
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. 1
Toeda sinz > 0, — > (2mn)"® npu A" < = < A", u nosmomy

T
1 .
A sin . 2rn+m . af
| ——dx| > (2mn) [ sinxzdr=2-(27mn)Y > 1=-e. Omcioda,
A X 2mn
coznacho kKpumeputo Kowwu, caedyem, wmo unmezpan pacrooumcs npu
a < 0.
400
2. [ sina?dx — unmeepan Ppenean (on ucnoavdyemcs 6 onmure).

0
+00 1 +00

IIpedcmasum ezo 6 sude f = f + f U 60 6MOPOM CAG2AEMOM TOAO-
0 0 1

2 = t. Toeda d Tenatde — [ S0y
orcum x° = t. loeda dr = ——= U urmMe2pan sinx®dr = —at
2Vt 1 12Vt

crodumcsa, Kakx noxazano 6 npedvidyuwem npumepe.

B mnoceneM npuMepe MbI HCIIOJIB30BaJIA 3aMEHY TIePeMEHHO B HecoO-
crBeHHOM uHTerpaJie. [IpaBomepno s 3107 CrpaseinBa cjejiyiomnas Teo-
pema.

Teopema 5.4. I[Iycmo

+o00
1. pynxyus f(x) nenpepwena na [a,+00) u [ f(z)dx cxodumes;
a
2. ¢pynryua g(t) onpedesena u 6ozpacmaem Ha [, +00), ee NpoussodHas
g'(t) nenpepwvisna, a mmoorcecmeom snauenuts gynkyuu g(t) asasemcs
la, +00), 6 wacmnocmu, g(a) = a.

+00
Tozda necobemeennuiti unmezpan [ f(g(t))g (t) dt cxodumes u umeem me-

o
—+00

cmo pasencmeo [ f(x)dr = J}Oof(g(t))g’(t) dt.

a

Hoxasameavcmeo. lepeiinem K mpeneny npu A — +00 B opmysie 3aMeHbl
A

97'(4)
nepemennoit B cobcrsennom unrerpane: [ f(z)de = [ f(g(t))d'(¢)dt.
a « D

ChopmynupyeM TakzKe TeopeMy 00 HMHTErpUPOBAHUK 110 YacTsIM JIJId
HECOOCTBEHHOIO MHTEerpaJia IepBoro poja.
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Teopema 5.5. Ilycemv ¢ynryuu u(x) u v(xr) onpedeservl u HENPEPvLIGHDL
BMECTNE CO CEOUMU NEPEHIMU NPOUZEOOHBIMIU 60 GCEX MOUKAL NPOMENCYMKA
[a, +00). Toz2da umeem mecmo pasencmeso

+00 +00

/u(x) dv(z) = lim u(b)v(b) —u(a)v(a) — /U(JJ) du(x).

b—+o0
a a

IIpu amom npednosaeaemcs, 4mo u3 08Yxr uHMeEzPaf08 U npedesa cyuie-
CMBYIOM U KOHEYHDL J8a, M020a CYULeCmBYem KoHeuHvt mpemud.

oxazameavcmeo. Ilepeiinem K upejeny nupu b — -+o00 B 00bI4HOI popmyiie
3aMEHbI TIePEMEHHOIl B COOCTBEHHOM HMHTErpaJie:

b b

/u(a:) dv(z) = u(b)v(b) — u(a)v(a) — /v(:c) du(z), b > a.

a a

[Ipu sTOM €ecyim U3 Tpex cjlaraeMbIX, 3aBUCSIIUX OT b, 1Ba NMEIOT KOHEUHbIe
npeebHble 3HaYEHNsI, TO KOHETHOE IIPeJIeIbHOE 3HAUCHIE UMEeT U TPEThe
cJlaraemoe. []

[Tpumep unrerpaia OpeHesis MOKa3bIBAET, YTO JJIsl CXOJSIIErOCs HECOO-
+00
cTBeHHOTO nHTerpasa nepsoro poga [ f(x) dx Bosmoxkuo, uro lim  f(x) #

_
a r——400

0. D10 3HA4YUT, 9TO AJIsI HET'O HE CIIPpaBEIJIMB aHaJIOr HGO6XO,HI/IMOFO YyCJIOBUA
00

lim aj = 0 cxomumMocTH psija Y | ay.
ko0 k=1

5.3 AOcosoTHasE M yCcJIOBHAs CXOIMMOCTH HeCOOCTBEH-
HBIX MHTErpaJons 1 pojaa

+00
Oupenenenune 5.2. Hecobcmeennwti unmeepas [ f(x)dr nasweaemcs

a
+00

abCoMIIOTHO CXOfAmuMest, ecau crodumes uwmezpan [ | f(x)|dx. Hecoo-

a
+00

CMBEHHBLT UHMELPAA f f(x) dx nasvisaemcs yCIOBHO CXOISIIUMCS, €CAU

a
+o00o

on crodumes, a unwmezpan [ |f(x)] dx paczodumcs.
a
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+00
Ormernm, urto ecim unrerpan [ f(x)dx abcomoTHO cxoauTCs, TO OH
a
A//
cxopurest. DTo caeiyer u3 Kpurepust Komm u mepasencrsa | [ f(x) dz| <
A/
A//
[ 1f(z)| dz|. Ecoin upasasi yactb HepaBeHCTBa < £, TO U JieBas < €.

“+00
sinx
HpI/IMep 5.6. KCL%I 6?)L./L0 noxasaro eviuwe, uHmezpan f

1

dx crodumcs

npu o > 0 u pacrodumesa npu o < 0.

sin x
Tax xax —| < x%, mo npu o > 1 amom unmeepas crodumcs abco-
x
aommo. Hoxaorcem, umo npu 0 < a < 1 on crodumces ycarosro, m.e. npu
o sin x|

0 <a <1 unmeepan [ dx pacxodumcas.

1
[ockoavry |sinz| = sin®z = (1 — cos2z), mo dan paczodumocmu un-

+20 | sin x|
mezpasa [ dx docmamouno (6 cusy npusnara cpasrenua) dokasamo
1
T01 — cos 2z
pacxodumocmov uwmezpana [ ————— dx.
1 2z
+oo
cos 2x
B camom dese, unmezpanr [ 5 dx cxodumesa npu 0 < a < 1 (9mo
1 x®
Too ]
€2k doKa3amov, uUcCnoab3ays npusnax upurae), a unmezpan f —d:z:

pacrodumes npu 0 < «a < 1, nosmomy pacxrodumcs u unmeepaﬂ
01 — cos 2z

f ——dux.

1 2z

5.4 HecobcTBennble MHTETPAJIbl 2 poa

Omnpenenenne 5.3. [Tycmo gynruyus f(x) onpedeena u ne oepanuvena ma
noayceemenme (a,bl, no ozparuuena na aobom ceemernme [a + 0,b] C (a,b).
Toury a nazosem ocoboit Toukoit gynryuu f(x). Hcno, wmo dynryus f(x)
ne unmezpupyema no Pumany na (a,b]. IIpednososicum, wmo gynryus f(x)
unmezpupyema na aobom ceemernme [a + 6, b] u paccmompum

b
|

a+d
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He zasucumo om mozo, cyujecmeyem smom npeden uat Hem, HaA306eM €20
HecOOCTBEHHDBIM MHTErpaJioM 2 poja ot GyHkiun f(x) 1o nosycermenty (a, b
u 6ydem 0boznavamsv mak ckce, Kax onpedesernnulil unme2pan f; f(z)dz. Ec-
AU IMOM NPEJEs CYWeCMBYEM, MO 2060PAM, MO HECOOCTBEHHBIH HHTErDaJI
CXOJIUTCH, G ECAU He CYUECTNEYEM — PACKOUTC.

[eomerpudecknii cMbICJT HECOOCTBEHHOTO MHTErpaJia BTOPOrO POJIA: €CJIi
b .
f(z) > 0 na (a,b], ro [ f(x)dx ects mwiomas GecKOHEYHOI BBEPX KPHBO-
JIMHEHOI Tpallelnu.

Bameuanue 5.1. 1. Ananroeuuno onpedeasromes necobemeernvill urme-
epas 6mopozo poda: a) no nosyceemenmy la,b), ecau b — ocobas moura;
6) no unmepsany (a,b), ecau a ub — ocobvie mouxu (u dpyeux ocobwvix
mouex Ha |a,b] y dynxyuu f(x) nem):

b b—6
a)/f(x) dz = lim /f(:z:) da:

0—+0
b b—0d2
6)/f(:1:) dx = 511520 / f(x) dx.
a 52—>+0a+61

2. Ecau ocoboti moukoti gynkuyuu f(xT) Aeaaemes HYMPEHHAA MOYKA C
ceemenma [a, b] u dpyeux ocobvix movex nem, mo no onpedeseHuro no-
AA2A10M.;

b c—01

/f(x)d:z::: lim /f($)dx—|— lim /af(x)dg:

61—+0 0o——+0
c+d9

/cf(a:)dx—l—/bf(x)dx.

Ecau 0ba npedena cywecmsyrom (xomsa 6w, 00um me cyuecmseyem), mo
b

2060pam, wmo necoocmeennvil unmezpan [ f(x)dx cxodumea (paczo-
a
dumca,).

3. Ecau na ceemenme |a,b] pynxyus f(x) umeem neckorvko ocobvix mo-
b

wek, mo necobemeennvdi unwmezpan [ f(x)dx onpedeasemes kak cym-
a
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MQ HECOOCTNBEHHDIT UHMEPAAOE NO NOAYCE2MEHMAM U CE2MEHMAM,
KOMOPuL 00HA UM 00 2PAHUYHDIE TOYKU — 0COObLE.

1
IIpumep 5.7. V dynryuu — npu o > 0 na ompeske [0,1] ecmv edun-
x

cmeennan ocobas mouxa 0 u

ld 1d plma !
—_— 1
/—x:lim —x:lim 1—0z57057,é =
> d—+0 ) 2% 640 1
0 5 Inzly, a=1
1 1
— (1=t 1 — <1
T Syl oaFl )i e
=0l g, a=1 +oo, a>1
Ldx

Takum oOpa3oM, HHTErpaJl f e cxoauTesd npu o < 1 1 pacxoauTces 1pu
0

+00 d.’L’
a = 1, B oyinune oT MHTerpaJia f —, KOTOpBIil CXOUTCA IpH o > 1lu
1 X

pacxomguresd npn o < 1.

b dx dx
IIpumep 5.8. Anarozuunvim 06paszom, urmezpanot f

S o= ooy

crodames npu a < 1 u pacrodames npu o > 1.

J11s1 HecOOCTBEHHBIX MHTErPAJIOB BTOPOTO POJAa UMEIOT MECTO IPU3HAKH
CXOJMMOCTH, aHAJIOTUYHbBIE IPU3HAKAM CXOIUMOCTI HeCOOCTBEHHBIX HHTErpa-
JioB 11epBoro poga. ChopmysnpyeM HEKOTOPbIE U3 HUX JJIsi HeCOOCTBEHHBIX
MHTErPAJIOB 10 MoJycerMenTy (a,b|, rie a — euHCTBeHHAs 0cobast TOUKa
OJILIHTerPAJILHBIX (DYHKITUI.

Teopema 5.6 (kpurepuit Korm). Jlaa mozo wmobwv. necobemeernviil umnme-

b
epan [ f(x)dx cxodunca, neobrodumo u docmamouno, wmobv Ve > 035 > 0

maxoe, wmo Y8 u 0", ydosaemeopsrowuz yeaosuro 0 < 8, 0" < 0, evinoans-
a_’_(S//

aocy wepasencmeo: | [ f(x)dz| <e.
a+d’

oxasameavcmeo. YTBepkKleHe TEOPEMbl BBITEKAET U3 TOI0, UYTO CXOJIU-
b

MOCTL HECOOCTBEHHOI'O NHTErpaJia f f(ZC) dzx 110 OlIpeJe/ICHNIO 9KBUBaJIECHTHA
a

b
CYIIECTBOBAHUIO KOHETHOIO IPEJea 5limO(I>(5), rae ®(0) == [ f(x)dz n
=t a+6
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kpurepust Ko cytectBoBanust ojHocToporuero npejeia gyukunn O(6)
pu § — +0. [

Teopema 5.7 (npusnak cpastaenust). Feau 0 < f(z) < g(x) npua < x < b,
mo u3 croduMOCU UHMEZPANA

b
/g(w) dx (5.4)

caedyem crodumocmsv UHME2PaN

/b f(z) dz, (5.5)

a u3 pacrodumocmu unmezpara (5.5) caedyem pacrodumocmsv unmezpana

(5.4)-

CaencrBue 5.3. Ecau f(x) 20 ug(z) 20 npua <x <bu hnio —fgxi =
r—a g

k > 0, mo unmeepaavi (5.4) u (5.5) cxodames uau pacrodames odnospemenr-

/()

no, a ecau lim ——= = 0, mo ua crodumocmu unmezpasra (5.4) caedyem
z—a+0 g( )
cxodumocmo unmeezpana (5.5).

JlokazaTenbcTBa TeopeMbl 5.7 U CJEICTBHUA 5.3 COBEPIICHHO aHAJOTUIHbI
JIOKa3aTeIbCTBAM IIPU3HAKa CpaBHEHUsI (TeopeMbl 5.2) /i HeCOOCTBEHHBIX
MHTErpaJioB EPBOTo pojia u ciejacTsus H.1. CoymaresissM mpearaeTcest Ipo-
BECTU MX CAMOCTOSTETHHO.

ITpumep 5.9.
1
[ 10 7
/ 1— a4 ' 1—at
B (2) 1 1 f(x) . vV1—=x
oamem g(xr) = , mo2da lim —= = lim — =
g v1—=x r—1-0 g(x) 2—1-0 /1 — 24
1 1 ! L de
lim = — U unme2pan r)dr = | ————= cxo
iy 3 e [aelie = f

L da
dumea. Caedosamenvno, unmeepan [ \/:4 maxotce crooumca.
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[TonaTus abCcOMIOTHON U YCIOBHOM CXOJUMOCTH JIJIsT HECOOCTBEHHBIX WMH-
TErpaJioB BTOPOro pojia POpMYyJIUPYIOTCI TaK »Ke, KaK U JiJIsi HecOOCTBEH-
HBIX UHTET'PAJIOB 1IepBOro poja. [l1s jokazaTenrbcTBa YCIOBHOM CXOUMOCTH
TaKKe MOYKHO HCIOJIB30BaTh CJIeAYIONHil mpu3Hak Jupuxiie, aHaaoruaHbii
npusnaky Jlupuxje cxoInMocTi HeCOOCTBEHHBIX MHTErPAJIOB TIEPBOTO POJIA.

Teopema 5.8 (npusznax dupuxie). [Tycmo

1. dynwyua f(x) nenpepvsna na (a,b] u umeem na smom npomesicymere
ozparuientyto nepeoobpasnyto F(x);

2. pynxyua g(x) ne yoweaem wa (a,b|, cmpemumes x nyaro npu x — a+0
(g(x) | 0 npu z — a+0) u umeem nenpepvisnyro npoussoduyro g'(x)
na (a,b].

b

Toeda necobemeennoii unmezpan | f(x)g(x)dr cxodumea.
a

JlokazaTesbCcTBO 9TOI TeOpEeMbl COBEPIIIEHHO aHAJOTTIHO JI0KA3aTeILCTBY
npusHaka upuxiie (Teopembt 5.3) jijisi HECOOCTBEHHBIX MHTEIPAJIOB [EPBOIO
poja. CoytaresiM IpejjiaraeTcs MPOBECTH ero CaMOCTOATEIbLHO.

Eciin mpoMexKyTOK MHTErpupoBaHus SIBJIAETCA OECKOHEUHBIM W (DYHKIINA
f(x) umeer HA 3TOM HPOMEKYTKE KOHEYHOE UHCIO0 OCOOBIX TOUYEK, TO HHTE-
rpas (HecoOcTBeHHBI) OT dyHKIUN f(2) O 9TOMY MPOMEKYTKY MPEICTaB-
JIIETCA B BUJIE CYMMBI HECOOCTBEHHBIX MHTErPAJIOB IIEPBOTO W BTOPOTO pOJia.
Ecin Bce 3Tu MHTErpaJibl CXOIATCs, TO TOBOPST, UTO HCXOJHBI MHTErpaJI
CXOJIUTCSI, U TI0JIaraloT ero paBHbIM CyMMe 9THX HECOOCTBEHHBIX UHTErPAJIOB.

IIpumep 5.10. 1.

=Iy — 1. u. 2poda =Iy — n. u. 1 poda

sin x 1
Iav

3/2 21/2

dumcasa. Hecobcmeennniti unmeepan Iy maxorce cxodumces no npusHary

Sin x - 1

13/2 | T p3/27

Houtl unmeepan I crodumcea.

B cuny npu r — 0 necobcmeennvili unmezpan Iy cro-

CPABHEHUA BBUY OUEHKU Taxum obpazom, Hecobcmeen-
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2.
0 1 00
I = /xo‘ex dr = /xo‘ez dr + /xo‘ex dzx.
0 0 1
————

————
=l — . u. 2 poda =1, — n. u. 1 poda

Hrnmeepan Iy cxodumes npu —a < 1, m.e. npu o > —1. Unmeepan I
cxodumces npu aobom o. Taxum obpadom, unmezpan I cxodumesa npu
a>—1.

®dr
3. Humeepan [ — pacrodumcs npu A106om o.
o L

5.5 IJ1aBHOe 3HayeHMe HEeCOOCTBEHHOTIO narerpaJia

Paccmorpum:

IIpumep 5.11. Ilockoarvky caediyrowut npeden

00 A
: 1o 2
rdr = lim rdr = lim —=(A*— B?)
A—+o0 A—+o0
—00 B——oc0 B B——o0
ne cywecmeyem, mo unmeepan [ xdx pacxodumes. Odnaxo npu B = —A
A 1_00
umeem: lim [ zdr = lim —(A?— A?)=0.
A—+o0 A A—+o00 2

DTOT NpUMep MOTUBHUPYET CJEAYIOIIee OlpeeseHie:

Onpepesienne 5.4. [Tycmo gynruyua f(x) onpedenena na R u unmeepupy-
ema Ha A00oM KoHewHnom ceemerme. Eeau cywecmeyem npeden

A—+oo

A
lim / f(z)dx,
~A
MO 0OH HA3bIGAEMCA TVIABHBIM 3HATEHNEM HECOOCTNEEHH020 UHMEZPAAG

/ f(z)dz (5.6)

—0o0
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6 emuiene Kowu u 06031avaemcst

V. p. /oof(x) dzx.

OueBmIHO, UTO ecju HecOOCTBEHHBI HHTerpalt (5.6) CXOUTCs, TO €ro 3Ha-
JeHnne copnajiaer ¢ v.p. Ho, kKak moka3biBaeT pacCMOTPEHHBIH BbIIIe TPUBH-
asbHbI iprMep 5.11, uaTerpast (5.6) MOKeT pacXoJUThCsI, HO UMETh KOHEU-
HOE TIJIaBHOE 3HAYEHUE.

PaccmoTpum Tenepb HecOOCTBEHHBIN MHTErpaJl BTOPOro Pojia

/bf(af) da, (5.7)

IIpUYeM BHYTDPEHHsIsl TOUKa ¢ CerMeHTa [a, b] sIBJIsieTcst eJIMHCTBEeHHOI 0Cco00i
Toukoit dyukimn f(x) Ha orpeske [a,b).

Onpenenenune 5.5. Ecau cywecmsyem npeden

6—+0

c—0 a
lim /f(:z:)dx+/f(a:)d:c :
a c+d

MO OH HA3LIBAENCA TJIABHBIM 3HAYEHUEM HECOOCMEEHH020 unmezpaia (5.7)
6 cmoieae Kowu u oboznavaemces

v.p. /b f(z) dx.

OTmeTnM, 9TO IPH 9TOM HEeCOOCTBeHHBIN nHTerpaJ (5.7) MoKeT ObITh pac-
XOJISIIIUMCSI, T.€. MOZKET He CYIIeCTBOBATH KOHEUHBIN IIpe/Ie

C*(Sl b
.
Jm, /f(a:)dx+/f(a:)d:r
da—+0 a c+09

IIpumep 5.12. [lockoavry

2 —5 2
d_x: lim /d_x_l_/d_x = lim |(In 01 +1n2
T T
P

T 6—+0 5 —40 P
-1 do—+0 —1 6o—+0

19710 0BGo3HAUEHNE TPOUCXOAUT OT (PPAHILY3CKOIO CJIOBOCOUETaHMs «valeur principals, ozmadaomero
«TJIABHOE 3HAYUECHUE.
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3 2 dx
u nocaednuti npedea ne cywecmsyem, mo unmeepas | — paczodumea. O0-
“1
HaKo

2 —

1) 2
d d d
V.p./—x: lim —x—l—/—:U = lim ln§+ln2 = In 2.
A Ty x x §—+0 o
)

-1 —1

5.6 Kparnbie HecOOCTBEHHBIE MHTETPAJIbI

Hapsiay ¢ y2ke paccMOTpEeHHBIMI HECOOCTBEHHBIMU MHTErPaJIaMu 110 OIMHO-
JKeCTBaM BEIEeCTBEHHOI OCH, MOYKHO OIpPEJIE/UTh U KpaTHble HecOOCTBEH-
HbIEe UHTErpaJibl 10 00JIaCTAM M-MEPHOTO €BKJINJIOBA IPOCTPAHCTBA, a TaKkKe
HECOOCTBEHHbIe KPUBOJIMHEHbIE I [IOBEPXHOCTHBIE HHTErpaJsibl. MbI 1101po0-
HO PaCCMOTPHUM TOJIBKO CJIydail JIBOWHBIX HECOOCTBEHHBIX HHTEIPAJIOB; M-
KpaTHble NHTErPaJibl pacCMaTPUBAIOTCI aHAJIOTUYHO.

5.6.1 MHwurerpaJ ot HeorpaHMYeHHON (PYHKIINU 110 OTPAHUIEHHOI
obJjiacTu

[IycTh B orpanmdennoit KBaapupyeMoil OTKPhI-
Toil obsiactu €2 Ha eBKJIMJIOBOIl ILJIOCKOCTH
C JICKApTOBBIMHU KOOpJMHATAMU X, Y 3ajiaHa
dbyuxiust f(M) = f(z,y), HeorpaHuveHHAsT B
okpectrocTH TOukH Mo(Zo,Yo) € ﬁ) U IIyCTh
JUIsT JIF000I KBaJAPUPYyeMOil 00JIacTH wg Jua-

MeTpa 0, cojiepzKatieit BHyTpu cedst touky My, Puc. 5.1: uncuepnanne obnactu
), mpu HAJIAIUH OCODOI TOUYKH

dbyuknuu f: a) BHyTpU 0bJIACTH,

6) Ha rpaHuie o6IaCTH.
/ / f(M)do.

Nws

CyIecTByeT nHTerpas no Pumany

B rakoii curyannn touka My HasbiBaercst ocoboti st dbyuknun f(M) B
obsactu . Ilpu § — 0 obsacTb ws craruBaercs K Touke M.

Onpepesienne 5.6. Hecobemeenmnvim unmezpasom om dymnkyuu f(M) =
f(z,y) no obracmu Q nasweaemes npedes (Hezasucumo om moezo, cyuie-

2ZLO KOHII& ,IL&HHOIU/I TJIaBbI 6y,ZLeNI CHYUTaThb BCE€ OIrpaHUY€HHBbIC obsiacTu KBaJIpUPYEMbIMHU, JlazKe €CJIN
9TO HE YKAa3aHO ABHO.



Kparnbre HecobcTBeHHBIE HHTET DAJIBI 129

cmeyem on uAlU Hem)

/ / f(M) do = lim / / F(M) do. (5.8)
Q

Q\w5
Ecau smom npeden cywecmsyem u ne 3asucum om ewvbopa obaacmeti ws,
mo necobcmseernHvill uHmezpan

[ ronas
Q

HA3DLBAEMCA CTOOAWUMCH;, 8 NPOMUBHOM CAYIAE OH HA3DIBACNCA PACTOO0A-
WUMCA.

ameuanmue 5.2. Bsudy sxsusasernmmocmu onpedeseHuts npedesa GyHruyuL
no Kowu u no Ietine, 6 darnrom onpedeserun 0601020 HeCOOCNBEHH020 UH-
mezpana cemeticmeo obaacmets Wy, 3a6UCAULULT O HENPEPHIBHO20 NAPAMEN-
DA, MOHCHO 3AMEHUMD HA NPOU3BOALHYIO NOCACIOBAMEALHOCTIL 0bAaCEL
ws,, On — 0.

Bameuanue 5.3. Obaacmu Q\ws v ws HE NPEONOAA2AIOMCA CEAZHBLMU.

ameuanue 5.4. Ecau mouxa My aesrcum enympu obaacmu €2, mo uccie-
dosarue Ha cxoduMocmy unmezpana (5.8) moocno samenums uccaedoanu-
em Ha CToOUMOCTD UHME2PAAA

[ ronas
o

no 060t nodobaacmu ' obaacmu €, codeporcawseti enympu cebs mouky
My. Ecau orce mouxa My sesrcum na epanuue obaacmu £, mo 6 xavecmee
obaacmu Q' moorcno e3ams N QF, 2de QF — npoussoavhas omrpvimasn
obaacmo, codeporcawas mouky M.

Bameuanue 5.5. Cayuail, kozda dynxyua f(M) umeem npoussosvroe ko-
HEUHOE YUCAO 0COOBLT MoYer 6 obaacmu ) UL Ha ee 2panuye, Paccmampu-
saemcs pazbuenuem obaacmu Q na nodobaacmu £ makue, wmo xasxcdas S
codepoicum eduncmeennyio ocobyro mouky dynwrkyuu f(M).

Omnpepesienne 5.7. Hecobemeenmnvim unmeepasom om gymnkyuu f(M) =
f(x,y) no obnacmu 2 6 cmoicae 2aa6H020 3HAUEHUA HA3DIBAETNCA NPEJen

v.p. / / F(M) do = lim / / F(M) do, (5.9)
Q

O\K

2de K5 — xpye paduyca 6 ¢ uenmpom 6 mouke My.



130 Hecobcrennbie unrerpaJipr

5.6.2 UuTerpaJbl OT HEOTPUIIATEJIbHBIX (PYHKIIUI MO OrpaHUYeH-
HBIM 0DJIacTaAM

PaccMoTpum B 1epByI1o ouepejib MHTErpaJjibl OT 3HAKOTIOCTOSHHBIX (DYHKITHIA,
MIOCKOJILKY WX MCCJIEJIOBAHIE TIPOIIE, U CAMU OHM MOTYT ObIThH NCIOJIH30BaHbI
P MCCIEIOBAHNN HHTETPAJIOB OT 3HAKOTIEpEMEeHHbIX (DYHKITHiT. Pacemorpim
MHTErpaJjbl OT HEOTPHUIATE/IbHBIX (DyHKINiT. PaccMoTpenmne MHTErpaJjoB OT
HETIOJIOYKUTETLHBIX (DYHKIINIT COBEPIIEHHO aHAJJIOTUIHO.

Teopema 5.9 (kpurepuil cXOIUMOCTH HECOOCTBEHHOTO MHTErpajia OT HEeOT-
puIaTe/1bHOI HeorpaHNIeHHOH YHKIUN ¢ 0HOI 0c000il TOUKOII 110 OrpaHu-
GeHHOI 00J1aCTH eBKJIMI0BOIT 110cKoCTH). [Iyems dynwyus f(M), M €
HEOMPUYAMENLHA U NYCTD NOCACIOBAMEALHOCTND O, MOHOTMONNO YOLE6aem K
nyaro. Tozda das cxodumocmu unmezpana (5.8) neobrodumo u docmamoyro,
YMOOBL YUCN06AA NOCACIOBAMENEHOCTIVD

L= || f(M)do, n=1,2,3,... (5.10)
//

Ky
ObLAG 02PANUEHHOU.

Joxazamesvcmeo. HeobXoaMMOCTh yCJIOBUS TEOPEMBI CPa3y BLITEKAET U3
OTpeJIeJIeHns cXoanMocTn narerpasia (5.8); mockoibky ecn uaTerpas (5.8)
CXOJIUTCS, TO CXOJUTCSI U TOCIe10BaTeIbHOCTD (5.10), a 3HAYNT, OHA OIpaHN-
YeHa.

Hocrarouynocts. [lycrs nocienosarensuocts (5.10) orpanudena. Beuy
MOHOTOHHOTO YOBIBAHUS TIOCTIEJOBATEILHOCTH O, K HYJIO, MOCIEI0BATEb-
Hocth obmacreit 2\ Ky monoronno pacmmumpsercd, T.e. Q\Ky C Q\Kg |
n=1,23,.... [losromy B custy wHeorpunareabaocti dyukunu f(M) nocse-
noBarebHOCTh (5.10) siBisiercst HeyObIBaOIIEil, a pa3 OHA ONpaHHYEHA, TO
CXOJIUTCA K HeKoTopomy mpeneny J. Ham ocraercs mokazaTb, 9TO TPH JIIO-
OoM BBIOOpE TI0C/IEI0BATEIBLHOCTH W5, , 0, — 0, N — 0O CTATUBAIONINXCS K
Touke M obsracTeil COOTBETCTBYIOINIAs TOCIEI0BATE/ILHOCTH HHTEIPAJIOB

I :://f(M)da, n=12,3,... (5.11)
QN\ws,,

coifjleTcst K ToMy 2Ke npejiesty J. 3aMeTuM, 9To Mpu JII0OOM JI0CTaATOTHO O0JIh-

MOM 7 IS 00JIACTH Ws  MOYKHO HalTH TaKue Kpyru K(;/( , K(;/( . 4TOObI
p(n q(n

NMeJI0 MeCTO BKJIIOUEeHne

Ky Cuws C Ky
q(n) " p(n)
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1 94TOOBI PAJIITYChI 61’) (n) I 5(’1 (n) 2TUX KPYTOB CTPEMUIICh K HYJTO TPH 7 — 00,

TbHHLHMeeFNwCﬂDBKﬂKﬂwHHe
Q\K(g;(n) C Q\w(;n C Q\K(;;(n),
113 KOTOPOro, B cujiy HeoTpuriaresbHoct dyukimn f(M), BeiTeKkaeT Hepa-

// f(M)da<//f(M)da< // f(M) do.

Q\K(s/ Q\w(;n Q\K(;/
q

p(n

BEHCTBO

Kpaiinne maTerpasbl B 9TOM JBONHOM HEpaBEHCTBE CTpeMATcd K J 1npu n —

Tim // FM)do = J.

Nws,

00. SHAYUT U

]

B coorBercTBUN €O cieayloleil TeopeMoil 1ocae10BaTeIbHOCTL KPYTOB B
YCJOBUM TeopeMbl 5.9 MOXKHO 3aMEHUTb Ha MPOM3BOJILHYIO IOCIEI0BATEh-
HOCTb Ws,, 0, — 0, n — 00 crarnBatomuxcs K Touke M obmacreil.

Teopema 5.10. [Tycmo gynrxyus f(M), M € Q neompuyamesvra u nycmo
ws,, O0np — 0, m — 0O — NPOU3BOALHAA NOCAEIOBAMENHOCTNG CMALUBHIO-
wuzca k mouke My obaacmet. Tozda das cxodumocmu unwmezpana (5.8)
Heobxrodumo u docmamoywro, Ymobv, YUCA06aGA NOCACIOBANENLHOCTY

Ly= || f(M)do, n=1,2,3,... (5.12)
//

Nws,
OvLAG 02PAHUNEHHOT].

Joxazamesvcmeo. HeobXoAMMOCTB yCJIOBUS TEOPEMbI YCTaHABINBAETCS
TakK Ke, KaK 1 IPH J0Ka3aTeJIbCTBE MPEIbIIYIINeil TeOpeMbl.

st mokazaTeIbcTBa JIOCTATOYHOCTH BO3MEM KaKyI0-HUOY/Ib MOHOTOHHO
CTPEMSIIIYIOCs K HYJTIO TIOCIE0BATEIBHOCTD 0], U JIOKAYKEM, ITO MOC/Ie/I0Ba~
tesibHOCTh (5.10) orpanmdena. Torga npumMeneHne TeopeMbl 5.9 3aBepIuT
JIOKA3aTEIbCTBO.

Beuay 9, — 0 npu m — oo gjs goboro n € N HaiigeTcss Takoe 1m, 9To
OyJeT UMeTh MECTO BKJIIOUCHHE

ws,, C Ky,
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OTKY/1a
Q\K5/ C Q\w5 ,
1, BBUJIy HEOTPHUIATETLHOCTH (DYHKIINN f , IIOJIyIUM
J[ o // for
Q\K541 Q\w(;m

B cuny orpanndennoctn mnoceioBarenbHoctn (5.12) orcroa u cieyer orpa-
HIYEHHOCTH Hoc/e0BaTespHocT (5.10). O

ITpumep 5.13. /loxaoscem, wmo unmezpan

C
/ — dxdy, 2de C = const > 0, a = const, r = \/(x —20)? 4+ (y — v0)?,
/roOl

(5.13)
no ozpanuvennot ooaacmu ), codeporcaweti snympu cebs mouxy Mo(xo, yo),
crodumes npu o < 2 u pacxodumcs npu o = 2.

B coomeememeuu ¢ samevwanuem 5.4 unwmeepan (5.13) no obaacmu €
MOIAHCHO 3AMEHUND UHME2PANOM MO Kakol-aubo ee nodobaacmu 2, codep-
otcaweti snympu cebs mouxy My. B xavwecmee makxoti nodobaacmu 6o3mem
kpye Kr ¢ uenmpom 6 mouxe My u docmamouno marvim paduycom R u
uccaedyem unmezpan

/ % dxdy. (5.14)
r
K

ﬂ/bﬂ Mmoeo 603MEM ’KZCLKy'}O-./LU6O MOHOTMOHHO CMALUBANOULYNIOCA nocaedosa-
meavHoCmMdv KPYy206

KrD Ks, D Ks, D ...2 My, 2ded, — 0 npun — +o0,

/ % dxdy.
”

Kg\Ks,

U PAcCMoOmpum UHME2Pai

Ilepexoda x NOAAPHBIM KOOPIUHAMAM, NOAYYAEM

2m 7"2 a |r=R
2
//—dxdy-/d@/—rdr—%rc 2—04T5 pu e 7 2, (5.15)
Kp\Ks, 0 5, In 7"|r 5, npu o= 2.

IIpu « < 2 npasas wacmv (5.15) ecmpemumen ® Koneunomy npedeay npu
n — 00, a4 NPU o = 2 0Ha HEOPAHUMENA, YMO U J0KaA3bI8aEM Mpedyemoe.
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AHaJI0ru4HoO B N-MEPHOM €BKJIMJOBOM IIDOCTPaHCTBE MHTEIPaJI

C
/ —dzy ... - dy, Tae C = const > 0, a = const,
-

r:\/(xl—x?)Q—i—...(azn—x%)?,

10 OrpaHnIeHHoil obstacTu {2, comeprKalieit BHyTpHU cedst TOUKY

Moy(2%,...,2%), exomures upu o < n u pacxomuress upu « > n. Takum

00pa30oM, 3HaUEHNe CTeNeH!, PABHOE 3HAYEHNIO PA3MEePHOCTH MTPOCTPAHCTBA,
ABJIIETCA KPUTUIECKUM JIT CXOAMMOCTH WHTErpaja OT OOPaTHOH CTerneH:
paccTosiHus J10 (PUKCUPOBAHHON TOYKHU.

5.6.3 AOcoJioTHasE CXOJIUMOCTD

Onpenenenne 5.8. Hnmezpan f f f(M)do naszvieaemcs abCOTIOTHO CXO-
Q0

psmumest, ecau crodumes uwmezpan [[|f(M)|do.
0

Teopema 5.11. Ecau uwmeepan [[ f(M)do crodumes abcosomno, mo ow

cToOUMCA.

Jloxasamenavcmeo. 3 3aMeTHM, IIPEK/Ie BCETo, YTO eC/IM MHTerPaIbl
[[ fitM)do u [[ fo(M)do cxonsres, TO CXOAUTCS 1 HHTErpaul
0

//@fl )+ Ba(M a—a//fl d0+5//f2

[IpescraBum nojbiaTerpasibhyio dyaknuio f(M) B Buje pasHOCTH JIBYX
HEOTPUTIATE/IHLHBIX (PYHKITNT

fM) = (M) = fo(M), (5.16)
rie fi(M) = |f(M)], fo2(M) = |f(M)[ — f(M).

Warerpan [[ f1(M)do = [[|f(M)|do cxomures no yenosuo. ITockoabKy
0 0

fo(M) = [f(M)| — f(M) < 2[f(M)],

3 JToka3aTeIbCTBO ITOM TEOPEMbI He CTOJIb IIPOCTO, KAK JIJIs OJHOKPATHBIX HECOOCTBEHHBIX HHTEIPAJIOB,
BBUJIy OTCYTCTBUS JIJIsE CXOJAMOCTH JIBOWHBIX HECOOCTBEHHBIX MHTEIPAJIOB KpuTepus Kormn.
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a unrerpan [[2|f(M)|do = 2 [ |f(M)|do cxopurcst 110 yeI0BUIO J0KA3bI-
0 0

BaeMOIii TeopeMbl, TO, B cujly TeopeMmbl 5.10, KakoBa Obl He OblLia CTATUBa-
olasdcd K Touke My nocseioBaTelbHOCTb obJlacteil ws, , COOTBeTCTBYIONIas

eft nocsiegoBarensHocTb uurerpanos [ [ 2| f(M)|do orpannuena. [Tosromy,

N\wsy,
B CHJIYy OYEBHUIHOIO HEPABEHCTBA

[[ #ando < [ [ 2150) a0

N\wsy, N\wsy,

nocsiesosaresbiocts [ [ fo( M) do raxske orpanudena. IIpumensist reopemy
N\ws,,
5.10 B apyryto cTopoHy, nojydaeM cxoaumoctsb uurerpasa [ [ fo(M)do. B
N\ws,,
cusy pasercrsa (5.16) Gyner cxoaurbest u unrerpan [ [ f(M)do, npudem

Q
6YILGT BBIIIOJIHATHCA PaBEHCTBO

//f(M)dJ:/f1(M)da—/f2(M)dJ.

5.6.4 IlIpusHakm adCOJIIOTHOII CXOAMMOCTH

Teopema 5.12 (obmuit npusHax cpasuenust). [lycms 6crody 6 obaacmu )
GHINOAHAECNCSA HEPAGEHCMEO

0 < [f(M)] < g(M), (5.17)

npuswem pyrxyuy f(M) u g(M) umerom eduncmeennyio ocobyro mouwky My,
npunadiedcauyro obaacmu 2 uasu ee epanuue. Toeda

1. ecau [[ g(M)do cxodumesa, mo u [[ f(M)do cxodumea abcomomno;
0 0

2. ecau [[ f(M)do pacxodumes, mo w [[ g(M)do pacxodumcs.
0 0

Joxazameavcmeo. BozaMeM KaKyro-HIOYIb CTITUBAIONIYIOCT K Touke My mpu
4, — 0 mocJieoBaresbHOCTD ObJacTeil ws, . B custy nepasencrsa (5.17) 6yiem

/ / (M) do < / / g(M) do. (5.18)

Nws, Nws,

NMETD
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1. Econ unrerpan [[ g(M)do cxomurest, To ocTaercst OrpaHUIeHHOI 110-
Q

crepoBarenbHocTh uHTerpatos [ [ g(M)do, no Torma, B cuiy Hepa-
Q\u)gn
BercTsa (5.18), nocienosaresbuocts narerpaios [ [ |f(M)|do rakxe
Q\w(sn
orpaHnyena, ciejosarebHo 10 Teopeme 5.10 unrerpan [[|f(M)|do
0

CXOJTATCSI.
2. Ecim maTerpar f f f(M) do pacxoaurest, TO PACXOUTCS TAKIKE U MHTE-
0
rpan [[|f(M)|do; neficreurensho, ecyim Gbl MOC/IEHIIT HHTEIPAT CXO-
9!

JUJICSL, TO CXOuIIcst Obl 110 Teopeme 5.11 taxzke n unrerpan [[ f(M) do.
Q
U3 pacxomumocru unrerpana [[|f(M)|do Bbirexkaer, B cuiy Tteo-
Q

pembl 5.10, uro npm Jsr060M BbIOOpE cTdruBatomieiics K Touke M
I0CJIeI0BATEIbHOCT  o0s1acTell ws, I10CIeI0BATEIbHOCTh MHTETPAJIOB

[[ |f(M)|do neorpannuena; Ho Torja, B cui1y Hepasencrsa (5.18),
N\wsy,
HeorpaHUYeHa Takzke [0c/e0BaTelbHoCTh nHTerpatos [ [ g(M)do, a
N\ws,,
caepoBarenbho, uarerpan [ [ g(M)do pacxoaures.
0

]

U3 nmpumepa 5.13, Teopembl 5.11 m TeopeMbl 5.12 BbITEKaeT CJeTyIONINi
JACTHBIN MPU3HAK CPABHEHNA KPATHLIX HECOOCTBEHHDBIX MHTETPAJIOB.

Teopema 5.13. Ecau oas dpynxuuu, 3adarnoti 6 obaacmu ) u umerowed
eduncmesennyro ocobyro mouky Mo(xo, yo), npunadaescawyro obaacmu €
UAU €€ 2PAHUUE, BBINOAHAECTNCA HEPABEHCTNEO

C
M)| = < —» 2de C' = const > 0,
[FMD)] = |fz,y)l < 3, ede € = const > (5.19)

a =const < 2, r = \/(x—ilfo)2+ (y — yo)?,

mo unmezpan [[ f(M)do cxodumes u npumom abeonrommo.
Q

3ameuanue 5.6. B cayuae necobcmesennoz2o unmezpana no n-meprots 00aa-

cmu €
//f(xl,,xn)dxldxn
0
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om gynruuu f(M) = f(x1,...,2,), umerowed eQuHCMBEHHYI0 0COOYI0 MOY-

wy Mo = (29,...,20) 6 obnacmu Q uau na ee epanuue, 6 meopeme 5.13

me&yem noA0IAHCUMD

r:\/(xl—x(l))Q—i—...(xn—x%)z U a<n.

IIpumep 5.14. Hanpsaosicennocms 2A€KMPUMECK020 NOAA, CO30A60.EMO20
AINEKMPUMECKUM 3APAIOM NAOMHOCTIU P, pacnpedeschtvim 6 obaacmu §2, da-
emca 6 mouke My(xo, Yo, 20) urmezpaiom

E(M,) = /// p(M) igﬂf‘j do, (5.20)

ede Tyrp, — 6ekmMOp, Havunaowutcs 6 mowke M o 3axanvusarowutica 6
mouxe My. Ecau ynxyua p(M) nenpepwena u oeparuiena 6 obaacmu 2 C
E3 (|p(M)] < po = const), mo nodvirmezpasvivie GyHKuUL OA4 KOMNOHEHTN,
sexmopa E(My) donyckarom ouenky

To— X Po
'p<M> ] o
A Vv

u3 Komopot caedyem abcomommuan crodumocmsv unmeezpasa (5.20) 6 cayuae
M, € €.

5.6.5 DKBHUBaJEHTHOCTb CXOJAMMOCTH U aOCOJIIOTHOI CXOJIMMOCTHU
KPaTHBIX HECOOCTBEHHBIX MHTErPAJIOB

Teopema 5.14. IIycmv 6 obaacmu Q C E? wau na ee epanuye codep-
orcumes edunemeennas ocobas mouka My dynxyuu f(M). Ecau unmeepan
[[ f(M)dxdy cxooumea, mo unmeepan [[|f(M)| dxedy makorce cxodum-
Q Q

CcA.
Joxazamenavcmeo. * Ilycrs ocobas touxa My dynxuun f(M) nexxur B 06-
nactu §2. Ipeanonoxnm, uro unrerpan [[|f(M)| dedy pacxoaures n noka-
Q
JKeM, ITO MHTerpaJl f f f(M) dxdy Taxxke pacxoaurcesi. OUeBUHO, ITO ITOTO
Q

JOCTAaTOYHO [JIdA JOKa3aTeE/JIbCTBa TCOPEMDI.
Bzsas KaKyIO YyIOAHO CTATMBaIOIIYIOCA ITIOCJIEA0BaTE/JIbHOCTL KOHIOCHTPHUYC-
CKUX KPYyron

OO>K i DKyD...DK,D...2 M, (5.21)

4970 MOKA3ATEIHCTBO — CAMOE CJIOXKHOE B JAHHOM IJIaBe.
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¢ neHTpom B Touke My, B cuty neorpunarebuoctu dpyuknun | f(M)| mosy-
4UM

lim // |f(M)| dedy = +o0. (5.22)
n—-+00

O\K,,
[TocTpoum 1ocsieoBaTeIbHOCT K, CllennaabHbIM 00pa3oM, BbIOMpas KpyTr
K, 11 o xkpyry K, 10CTATOYHO MaJIBIM TaK, YTO Obl BBLIIOJIHSJINCH HEPABEH-

cTBa
// |f(M)| dzdy > 2/ |f(M)|dxdy +2n, n=1,2,... (5.23)
K\ O\,

West nokasarebCTBa TEOPEMbI COCTOUT B TOM, YTO Obl C IIOMOIIbIO I10-
cJieJJHero HepaBeHCTBa IMOJIYYUTh HePaBEHCTBO

//f(M)da>n

Nwp,

JIJIST HEKOTOPOIl TI0C/IeJ0BATE/IbHOCTH W),, CTATUBAIOMNXCS K Touke M obJia-
cTeil, OTKy/1a 1 OYJIeT CJIeJIoBaTh PacXOJMMOCTh HHTErpaJia, f f f(M)do.
Q

Beenem dpyHKINMN

(LF(M)] = f(M)).

| —

£ (M) = 2 ()| + FOD)), F-(M) =
Ouesngro, ato f1 (M) >0, f- (M) >0nu
f(M) = fo(M) = f-(M), [f(M)| = f+-(M) + f-(M). (5.24)

Pacemorpum psig

i // f(M) dxdy.

=1
" Kn\Kn+1

EhT)HOCHeﬂOBaTeHbHOCTbK)qaCTHQHbD(CyMLIHBHHeTCHﬁHOCﬂeﬂOBaTeﬂbHOCTb
nHTEerpaJioB

I, = // f(M) dzdy, (5.25)
Ki\K,
CXOJIAIIAACS IPU N — +00 K UHTErpasLy

. / / F(M) dzdy. (5.26)
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O4eBUIHO, YTO MMEET MECTO XOTsi ObI OJUH U3 CJCAYIONUX JIBYX CJIyIaes:
1) GeckoHeTHOE HHCIIO UICHOB MOCICA0BATEILHOCTH (5.25) He TPEBOCXONUT
pejesibHOTo 3Hadenus (5.26); 2) 6eCKOHETHOE YHUCII0 9IEHOB MOC/IEI0BATE b
rHoctu (5.25) He MeHbIIe Mpe/Ie/IbHOro 3uadeHus (5.26). 3amensisi, mpu HEOO-
xopnmoctn, dbynkmmo f(M) na —f(M), MBI MOXKEM CUINTATH, UTO MMEET
MeCTO HepBbIfi ciydaii. [Ipn 9ToM Bce paccyKeHns BbIIIEe COXPAHST CBOIO
cuity. Terepb, Mbl MOXKEM BBIJIEJIUTH MOHOTOHHO He YOBIBAIOIILYTO TOJIIOC/TIE
JOBaTeIbHOCTE [, TocienoBarebHoctn I,. Torya nmeror Mecto HepaBeH-

L,y — In, = // f(M)dxdy > 0. (5.27)

KTLk\KTLk+1

CTBa

3amMeHsst Terephb MOCIe0BATEILHOCTL KpyToB (5.21) ee mojmocseoBaresib-
HOCTBIO /{;,, 1 BO3BpAIIAACH K IPE?KHIM OJJHOMH/ICKCHBIM 0003HAYCHUSIM, MBI
MOZKEM CUMTATbh, YTO CIIPaBe/JINBbI BCE HEPABEHCTBA

Kn\KnJrl

T.e. BBy (5.24) HepaBeHcTBa

/ / Fo(M) dzdy > / / £ (M) dzdy. (5.29)

n\Kn—i-l K, \Kn+1

[Tpu sToM HEepaBercTBO (5.23) COXPAHUT CBOIO CHUILY, T.K. Ny, = k. Beuuy (5.24)
u (5.29) u3 (5.23) mosydaem

2 ([ sconasay =" ([ o0+ g-0n) deay

n\Kn+1 n\Kn-l-l
(5.23)
// M) dady 2 2/ F(M)|dady + 20, n = 1,2, ...
Kn\KnJrl Q\Kn

OTKY/1a

// F1 (M) dxdy>/ M) dedy +n, n=1.2,.. (530
Kn\KnJrl Q\Kn
Pazobbem renepb Koibilo K, \ K11 Ha MaJjible KBQJpUpyeMble staeiiku i 000-

3HAYMM 4epe3 m; " TOYHYI0 HUZKHIOW TpaHb GyHKIuN fi Ha i-0i sweii-
ke. Toryma, ecim sidefiku JOCTATOYHO MaJjbl, To u3 HepasencTBa (5.30)
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MBI IIOJIY9HM HepaBeHCTBO JJIA HUXKHER I/IHTeraJIbHOﬁ CYMMBbI MHTETrpaJia

f f fr(M) dxdy

n\Kn+1

me+A >//|f ) dxdy +n, n=1,2,. (5.31)

O\K,

Ha Bcex »Tux gueiikax mf +

> 0, nockosbky fy = 0 Bciopy. He napyrias
nepasercTBa (5.31), OT6pOCI/IM 13 CYMMBI ) . mf A, Bce ciaraeMble, 11 KO-
TOPBIX m{* = 0. Eciin o6osnaunts uepes (G, 00JaCTb, COCTABICHHYIO U3

A4YeeK, COOTBETCTBYIOIIMX OCTaBIIMMCA CJlara€MbIM, TO, O9Y€BUAHO, Ha 9TOMI

obmactu f(M) = fo (M) u
//f d:r:dy—//f+ ) dzdy > me+A >//|f )| dxdy + n,
A;cGy O\K,
n=12... (5.32)

CruiajipiBast Terepb HepaBeHCTBO (5.32) ¢ OUEBUHBIM HEPABEHCTBOM

//f(M)d:cdy}—/ |f(M)|dxdy, n=1,2,...,

O\K, O\K,

nosiydaeM Beujy G, C K, \ K, ;1 HEpaBeHCTBO

//f(M)d:cdy>n,n:1,2,..., (5.33)
Hy,

rie H, := (Q\K,) UG,. Torma O\K,, C H, C Q\K,,;1 = K,1 C
O\H,, C K, n ecin 0bo3Ha9uTh Wy, := Q\ H,, 70 H, = Q\w, n diamw,, — 0
npu n — —+o00, T.X. w, C K,.
13 (5.33) caepyer pacxoaumocts unrerpasa [ [ f(M) dzdy, orkyia u Bbi-
0

TeKaeT yTBep:K/IeHNe TeopeMbl B paccMaTpuBaemMoM ciaydae My € €.

Eciu ke ocobast Touka My dyukuuu f(z) sexxur Ha rpanuie obaacru 2,
TO HPOBEJIEHHOE J0KA3aTEIHLCTBO COXPAHUT CBOIO CHUJLY, €CJI BMECTO KPYrOB
K, B34Tb UX 1epeceuerus ¢ 061acTbio ). O

Sameyganmue 5.7. Ecau 6 onpedesenuu n-xpammoz20 Hecobcmeennozo unme-
epasa npu n = 2 obaacmu Q\ws, cuumamo ceA3HbLMU, MO Mmeopema 5.1/
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00 IKBUBAAEHMHOCTNAY CTOOUMOCTNU U GOCOMOMHOT CTOOUMOCTNU KPAMHO-
20 HECODCMBENH020 UHME2PAAL COTPAHUM, 8010 cuny. [leticmeumenvho, 06-
aacmo Hy, 6 dokasamenvcmee meopemor 5.14 mooicro cdesamod ceaA3H0t, co-
Tparus Hepasencmeo (5.33); das amozo docmamouno coedurumyd C8A3IHIE
Kycrku, cocmasagrowue Hy,, xeadpupyemovimu nosockamu ¢ doCmamoHo Mma-
A0 CYMMAPHOT NAOULA0DIO.

Hanpomus, ecau 6 cayuwae 00HOKPAMH020 HECOOCMBEHH020 UHMELPAAG

b
[ f(z)dx emecmo nocaedosamenvnocmu uwmepsanos [a,b — |, éxodausux
a

6 onpedesenue 3Mo20 UHME2PAAA, OPAMH UCUEPNHLEAIOULUE NOCAEIOBAMEND-
HOCTU NPOUBONLHVT “paspoienvir” obaacmeti, mo Kaacc GyruKuul, unme-
2PUPYEMBIT 68 HECOOCTNBEHHOM CMBLCAE, CYZUMCA, UHMELPUPYEMBMU 8 HECOD-
CMBEHHOM CMBICAE PYHKUUAMU OKGHCYMCA AUWD GOCONOMHO UHIME2DUPY-
emMble 68 HeCOOCBEHHOM CMBICAE PYHKUUU. AOCOAOMHO unmezpupyemoie 6
HECOOCTNBEHHOM CMBICAE PYHKUUL 8 000UL ONPEIENEHUAT, 0UEBUIHO, 00UHA-
KOGWL.

5.6.6 HecobcTBeHHbIEe MHTErpaJbl C HEOTPAHUYEHHON 00JIaCTBHIO
orpeaesieHus

WuTerpaJibl, MnogblHTErpajbHble (DYHKIIMN KOTOPLIX OIpaHUYEHbl B JII00OI
OrpaHUYEHHOIl 110J1001aCTH, UCCASAYIOTCsS coBepllleHHO aHajorundno. Cdop-
MYJIIpyeM JIJIsl [IpUMepa OlpejiesieHne HeCOOCTBEHHOI'O MHTEerpasia u JIocTa-
TOYHBIN PU3HAK CXOIUMOCTH.

Omnpeneneane 5.9. [Tycmv dana neozparuvennas obaacms 0 C E2. Pac-
WUPAIOWAACA NOCAEIOBAMENDHOCNG €€ 02PAHULEHHBIT N0J0bAACTEN

01,Q9,....Q,,...CQ (534)

HA3bL6aeMCA NCIEPIbIBAIOIIEH, ecau, kakoso 6v, nu bwao R > 0, ece mouku
obaacmu €2, npunadaescawgue kpyey paduyca R ¢ uenmpom 6 navane xoop-
duram, bydym npunadiesxcamsv ecem Sy, HAYUHGA ¢ DOCAMOUHO OOABULO20
n.

Onpegenenne 5.10. [lycmv 6 Heoeparuventoti obaacmu £ 3adana dyrx-
yus f(M), unmezpupyemas 6 00bUHOM CMBICAE NO A10O0T 02PAHUMEHHOT
nodobaacmu. Ecau npu aobom 6bvb60pe ucuepnvleatoweti nociedosamenvHo-
cmu (5.34) coomeememeyowan nocaedosamesbHOCIG YUCen

//f(M)da, //f(M)da,...,//f(M)da,...
o 0, a
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crodumcsa K 00HOMY U MOMY JHCE KOHeunomy npedeay J, mo unmezpan
f f f(M)do nazvieaemes CXOMAMUMCS; 6 NPOMUEHOM CAYHAE OH HA3BIGA-
Q

eMCA PACXOISIITIMCSI.

Teopema 5.15 (jgocrarodnblii OpusHAK CcXoauMocT). Eeau  @ynryus
f(M) = f(z,y) ydosaemsopaem mpeboSaGHUAM, CHOPMYAUPOSAHHBIM 6
npedvdyuiem onpedeseruu, U HepaseHcmasy

FOM)| = 7. 0)] < 2. 2de € = const > 0,

a=const > 2, r= \/(:U—xo)QJr (v — yo)?,

npuvem Mo(xo,yo) — Kaxaa-Hubyds durcuposannas mouka obaacmu 2, mo
unmezpan [[ f(M)do cxodumes.
9)

BaMeTI/IM, 9TO aHaJIOI'!M BCEX TEOPEM, JOKa3aHHBIX JIJI HecOOCTBEHHBIX MH-
TETrpaJioB 11O OI'paHNYCHHBIM O6JI&CT$[M, CIIpaB€IJINBbI 1 JIJIg HEeCcOOCTBEHHDIX
NHTErpaJioB 110 HEOI'PaHNYIE€HHBIM 00J1aCTSIM.

5.6.7 Metoapbl BbIYNCJIEHNS HECOOCTBEHHBIX KPATHBIX MHTETPAJIOB

CaeJieHne CXOSIIEerocsd HecoOCTBEHHOIO JIBOMHOIO MHTErpaJjia K IIOBTOPHOMY
OCYIIIECTBJISIETCSI TaK »Ke, KaK 1 B ¢lydae cOOCTBEHHOI'O JIBOMHOIO HHTErPaJIa:

1. JiyIsi HEOTPHIATE/ILHOM (HElOJI0KUTEeIbHOIT) MOJIbIHTerpabHO (hyHK-
IUU — TIPU YCJOBUH CXOJUMOCTH MOBTOPHOI'O WHTEIPaJia OT 3TOH (PyHK-
[AH;

2. JLJIA 3H&KOHepeMeHHOI71 HOILbIHTGFp&.HbHOfI (byHKHMH — IIpX YCJIOBUU CXO-
AUMOCTH IIOBTOPHOI'O MHTEI'PaJia OT €€ MOIYJIA.

3aMeHa epeMeHHbIX B CXOIATIEMCS HeCOOCTBEHHOM N-KpaTHOM HHTETpaJie
OCYIIECTBJISIETCS 10 TEM Ke IpaBuUjiaM, YTO M B CJydae COOCTBEHHOI'O N~
KpPaTHOI'O MHTErpaJia.

Mpbr He OyaeM JoKa3bIBATH 3TH O0IINEe yTBEp:KIeHus. PaccMOTpuM JIAIIb

OJINH M3 CII0COOOB BBIUMCJIEHUS BaXHOTO wuHTEerpaJsia Ilyaccona J =
+00 )
[ e dx upn nomouu JBOIHOrO HECOOCTBEHHOTO HHTErPAJIA.

0
I .= // e Y dxdy

RQ

[Tyctn
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—  CXOIAIINNCS BBUJY SKCIOHEHITMAJLHOIO yObIBAaHUS TOJBIHTEIPAJILHOMN
dyHKIIUNM JBOITHON HecoOCTBEHHBIN WHTerpaJs. PaccMoTpum wmcdeprianue
myockoer R? obiactamn [—R, R] x [—R, R]. Torna

R 2 R R 2
(2J)% = Rlim /6_:”2 de | = Rlim / e du / eV’ dy | =
——+00 ——+00
R R -R
— lim / / e dudy = 1.
R—+0oc0

—R<z<R
—R<y<R

C 1pyToil CTOPOHBI, MIOCKOCTh R? MOYKHO HCUEpPIBIBATL KPYTaMu paJlilyca
R — +o00. [loaToMy, nepexojid K TOJIAPHBIM KOOP/JMHATAM U TOBTOPHOMY
UHTerpaJly, moJiydaeM

“+00

27 R
I = lim dgb/e_rzrdr :W/e_§d§zﬂ.
0 0 0

R—+o0

CuiefloBaresibto, J = /7 /2.



I'taBa 6

WNHaTerpaJnbl, 3aBucdiiye oT mapaMeTpoB

Eciin nojibinTerpaJibHas pyHKIMS B COOCTBEHHOM MJIM HECOOCTBEHHOM MHTE-
rpaJie 3aBUCUT OT OJHOIO WJIN HECKOJbKUX IIapaMeTpoB, TO TaKOil MHTerpaJl
HA3BIBACTCS UNIME2PANOM, 3ABUCAWUM OM NAPAMEMPOSE.

6.1 CobcTBeHHBbIE MHTETPAJIbI, 3aBUCIIIAE OT ITapaMeT-
pa
[Iycrs dyukuus f(x,y) onpejeniera B IpsSMOYrOIbHIKE
I:=A{(z,y)la <2z <b, c<y < d}

1 WHTEerpupyema mno x Ha [a, b] mpu xkaxmom y € [¢, d]. Torma narerpas

b
f@%z/f@wmx

3aBUCUT OT Ilapamerpa v, 1IpodOEraroIero OTPe3oK [c, d]. Baiimemcst uccjieno-
BaHUEM €r0 CBOMCTB.

Teopema 6.1 (0 HEPEPLIBHOCTH COOCTBEHHOTO MHTErPaJia, 3aBUCAIIEr0 OT
napamerpa). Feau dynruua f(x,y) nenpepuwena 6 npamoyzorvrure 11, mo
dynruua F(y) nenpepvisna na ompeske [c,d].

Jlokazameavcmeso. Tlo teopeme Kanropa byukiusa f(x,y) paBHOMEpHO
HerpepbiBHA B ipsiMoyrosibhuke I1. [lokaxkem, uro dyukius F(y) paBHOMep-
HO HelpepbIBHA Ha [¢, d|. 3agaanm npoussosibraoe € > 0. Torma 39 > 0 rakoe,
aro Vo € [a,b] n Vy',y" € [c,d], ynosrersopsionmx yeaosuio |y — y”| < 9,
BBINOJIHSICTCA HEPABEHCTBO

£

\f(z,y) — flx,y")| < —

143
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CiieoBaTesIbHO,

F) - F')| = / F(a ) di — / f(x,y") dz| <

b

b
< [ 1)) = ) do < = [ do .

a

D10 o3navaet, 4To GyHKIwA F (y) paBHOMEPHO HElpepbiBHA Ha OTpe3Ke [¢, d],
9TO 9KBUBAJICHTHO €€ HEelPEPBIBHOCTH Ha [, d). O

CaenctBue 6.1. [lycmv evinoanenvt ycaosus meopemo, 6.1 u nycms Yy €
[e,d]: a < x1(y) < x2(y) < b, 2de x1(y), v2(y) — Henpepvishvie dyrryuL.
Tozda g(y) = fo((yy)) f(z,y) dx — nenpepuenan dynryus na [c,d.

1

Jokasameavemeo. JlokazkeM HelpepbIBHOCTH (BYHKINH ¢(Yy) B MPOU3BOJIb-
HOlt TOUKe Yy € [c, d]. Ilpencrasum ¢(y) B Buje:

xl(yo) $2(y0) $2(Z/)
oly) = / F(a,y) do+ / f(x,y) de + / f(z,y) dz =
xl(y) 901(290) Jﬂz(yo)

= g1(y) + 92(y) + 93(v).

DyHKINsA go(y) HempepbiBHA 0 Teopeme 6.1 Kak WHTErpaJi ¢ MOCTOSHHBIME
pejiesIaMil MHTerpUpoBanusd, a jijid GbyHKun g1 (y) crpaBeinBa OleHKa,

xl(yo)
0() < / Py )] da| < M Jer(yo) — 21(y)] — 0 1pit y — o,

z1(y)

rie | f(x,y)| < M, (z,y) € II. Ananoruuno, gs3(y) — 0 npu y — yo. Takum
obpazom, g(y) — g(yo) npu y — . O

Teopema 6.2 (06 WHTErpUpOBAHUE TI0 MApaMeTPy COOCTBEHHOTO HHTErpa-
na). Eeau pynruus f(x,y) nenpepwena 6 npamoyeosvruke 11, mo

/d]-"(y)dy—/d /bf(x,y)dx dy_/b /df(x’y)dy v, (6.1)
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Jlokasameavcmeso. Vnrerpupyemocts dyukiwu F(y) ciegyer u3 ee Herpe-
PBIBHOCTH, KOTOpasi mMmeeT MecTo 10 Teopeme 6.1. ITockobKy QyHKIuSs
f(x,y) HenpepbiBHA B npsimoyroJibauke I, TO cymiecTByIOT 1BONHOIN MHTE-
rpaj ¥ BHYTPEHHHe HHTerpaJibl B 1moBTOpHBIX B (6.1). Torga mo reopeme,
JIOKa3aHHOI BO BTOPOM CEMeCTpe, MMOBTOPHbIE WHTEI'PAJIbl PABHBI JBOIHOMY,
a 3HAYUT, U MeKJy CODOIl. ]

Teopema 6.3 (o quddepennupoBanny 1Mo mapaMerpy COOCTBEHHOIO HHTE-

of (x,y)

rpasa). [yemo dynrwyun f(x,y) u HENPEPBLEHDL 68 NPAMOY20NDHUKE

Jy
1. Tozda pynruyua F(y) umeem wa [c, d] nenpepueryro npouzeodnyro F'(y),
npuvem’
b
Of(z,y)
F(y) = — dw.
() / oy
b
Hokasamenvcmeo. Beejem obosnadenust: G(y) = [ de. Hy2xHo
a )

nokazath, ¥to 3 F'(y) = G(y). B cuny Teopemsr 6.1 G(y) — nempepnis-
Hasl U, CJICIOBATEJIbHO, HHTerpupyeMast (pyHKIWs Ha [¢, d]. B cuiy Teopembr
6.2 u dpopmynbl Herorona—/leitbnuia mmeem:

y[ b b [ vy

[ewar— [[| [200 ) e [ | [2E0 4 40

C a a C

CaenoBarensto: F(y) = [ G(t) dt + F(c). ockonbky G(t) — HeupepbiBHas

c

dyHKIMIA, TO
y

37w =4 | [ G| =6

]

CaencrBue 6.2. [lycmv svnoanensv, yciosus meopemov, 6.3 u nycmv a <
r1(y) < x2(y) < b, 2de x1(y), x2(y) — Judpdepenvyupyemvie pyrryuu. Tozda

!B TakoM ciIyuae TOBODST, YTO MHTErpaJl, 3aBUCAIIMI OT HapaMeTpa, MOKHO AuddepeHnnpoBaTh 110
napaMeTpy I0J 3HAKOM HHTerpaJia.
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g(y) == f;z((yy)) f(z,y) dx — dudppepenuupyeman dynryus na [c,d], npuiem

332(9)
J = | %ﬂ)d T feay), 9)7hy) — For (). m)h ).
xl(y)

Joxasameavcmeso. Beegem obosnauenne ®(u,v,y) = [ f(z,y) dz. Haiinem
JqacTHbIe Mpou3BojiHble byHKImn P(u, v,y):

v

0P 0P 0P Of (z,y)
_:f(v7y)7_:_f(v7y)7_:/—dx'
ov ou oy Jy

(A
3aMeTnM, 9TO 9TU JaCTHBIE IIPOU3BO/IHbBIE — HEIPEepbIBHBIE (DYHKIINT OT U, U,
y, moaromy ®(u,v,y) — nuddepentupyemast GyHKIH CBOMX apryMeHTOB.
Ecin nonoxkurs v = x1(y), v = x2(y), TO MBI MOJYIUM CIOKHYIO (DyHK-
nuto aprymenta y: P(x1(y), x2(y),y) = g(y), xoropas muddepeniupyema
110 TeopeMe 0 JIudPEepeHITUPYEMOCTH CJIOXKHONM DYHKIUN, TTPUIEM

W) = |2t ) + D)+ o0 | =
g = 8u$1 Y go 2 Oy |v=z1(y)
v=12(y)
$2(y)af( )
/ / :L.,
— @) )i ) + faa) et + [ L
z1(y)

[]

6.2 HecobcTBennble nHTErpaJjibl 1 poja, 3aBUCAIINE OT
napamMerpa. IIpusHaku paBHOMEPHOII CXOJUMOCTH

[lycrs dynxuus f(x,y) onpejenena B Ho/yHo0ce?

II:={(v,y)|* > a,c <y < d}

o

u 1yctb Hecobcrsennblit unrerpan [ f(x,y)dr cxomures Yy € [e,d]. Torna
a

(0.¢]

npu y € [c¢,d] onpenenena dbyukiusa F(y) = [ f(x,y)dx, koropast Ha3bI-
a

BaeTCsl HecobemeennvM urnmezparom 1 poda, 3aBUCAIINM OT IapaMeTpa .

2HI/I}K€ B 9TOI IJIaBe, €CJI1 ABHO HE€ CKa3aHO IIPDOTUBHOE, MbI JIOITyCKaeM, 9TO C U d MOTr'yT HE3aBUCUMO
OPpUHUMATh 3HAYCHUA —OO U +00.
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Mozkno paccmaTpuBaTh Caydan, KOrja HmapaMeTp Yy U3MeHseTcs He Ha Cer-
MEHTe, a Ha IOJIYIPSAMOI MM Ha BCeil IPAMON MM Ha KaKOM-TO JIPYIoOM
MHozkecTBe. HecobcTBeHHbIe MHTErpaJibl, 3aBUCAINNE OT TTapaMeTpa, aHaJo-
I'UYIHbl PYHKITMOHAIBHBIM PsijIaM.

IIpumep 6.1.
2 0,y =0,
Fly) = O/ ye ™™ dx = iy fye‘f”y iz y >0 —
0
0,y=0, 0,y=0,
B limg_ oo (—e_xy)\gl, y >0 N 1,y > 0.

Taxum obpazom, npedesvras Gyrwkuus paspoiena 6 mouwke y = 0, necmom-
PA HA MO, MO NOJBIHMEZPANLHAA GYHKUUA HEnpepvieHa 6 Keadparme

{(z,y)|z =0,y = 0}.

Ha sTom npumepe Mbl BHUM, UTO B OTJINYUKA OT COOCTBEHHBIX MHTEIPa-
JIOB, HEIIPEPBIBHOCTD IMOJILIHTErPAIbHON (PYHKIUN JIJIsi HECOOCTBEHHBIX HHTE-
I'paJioB He TapaHTUPyeT HEMPEPBhIBHOCTEL caMoro nnrerpaja. C amagorndnoit
CUTyaIeil Mbl CTAJTKWBAJINCH B T€OPUN (PYHKINOHAJBLHBIX MOC/IEI0BATE b
HOCTEl U PsiJIOB: CyMMa, psijia HelIPEePbIBHBIX (DYHKIUI MOXKeT OBbITh Pa3pbiB-
Hoit pynkiumeit. KiroueBbIM nmoHsgTneM s eperecenns “Xoporux’ CBONCTB
MOJILIHTErPATHHBIX (DYHKIMIT Ha caMi HeCOOCTBEHHbIE MHTErPAJIbI, 3aBUCH-
e OT IapaMeTpa, SIBJSeTCs, Kak 1 Jid (DYHKIMOHAIBHBIX TI0C/Ie0BATE h-
HOCTel 1 PAJAOB, HOHATHE PABHOMEPHOI CXOJUMOCTH.

(0.¢]
Oupepnenenune 6.1. Hecoocmsennwoti unmezpan [ f(x,y)dx nasweaemcs

a
CTOOAUUMCA PABHOMEPHO MO napamempy y Ha [c,d], ecau on cxodumcs
Yy € [e,d] u ecau Ye > 0 A = a makoe, wmo VA" > A u Vy € ¢, d]
BVINOAHACTNCA HEPAGEHCTNEO

/f(:r,y)d:z: < e.
A/

Imo o3HaAYaem, 4mo ocmamow uHmezpasa MONMNCEM ovimb cdeaan pasHoOMED-
HO MAABIM NPU docmamouro 60ALUOM HUNCHEM npede/ze uHmezpuUposarHuAl.

Boiee y,ZLO6HbIM JLJIA HpaKTI/I‘IeCKOﬁ IIPOBEPKU MOZKET OKa3aTbCidA APyroe
9KBHBaJICHTHOE OIIpEAc/ICHUE:!
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oo

Onpegenenne 6.2. Hecobcmeennwviti urnmezpa.n f f(x,y)dxr naswsaemcsa
a
CTOOAUUMCA PABHOMEPHO MO napamempy y Ha [c,d], ecau on cxrodumca

Yy € [e,d], u ecau

lim sup /fxy =0.

A—+00 y€lc,d]

Bepnemcsa k pumepy 6.1. B gannom ciaydae

o0
— — 400 —
VA > 0: sup /ye Wdx zsup<—e xy’A > —supe W =1,
y=0 y=0 y=0
cJleJIoBaTe/bHO Ha MHOKecTBe y > ( paBHOMEpHasl CXOAUMOCTL HE HMEET
mecta. B To ke Bpemst Vo > 0, VA > 0

oo

_ eyt _ _
sup /ye Wdx| = sup (—e f’jy‘Aoo) —supe W =4 50, 4 — +o0.
y=0 y=0 (=

3HaunT, Ha MHOXKecTBe y = 0 > 0 unrerpas us npumepa 6.1 cxogurcs pas-
HOMEPHO.

Teopema 6.4 (kpurepuii Kot paBHOMEpHOIT cxoiuMocT H.1. 1 pojia, 3aBu-
+00
cstmero ot napamerpa). Hecobemeennwti unmezpan [ f(x,y) dx cxodumes

a
pasromepro no y € [c,d] mozda u moavko moeda, kozda Ve > 0 A > a

(ne sasucawee om y) maroe, wmo VA", A" > A u Vy € [c,d] éwnoanero

HEPABGEHCTNBO
A//

/f(a:,y) dr| < e.

Joxazameavcmeo. 1. Heobxopmmocts. Ecom VA" > A n Vy € ¢, d] BbI-
ITOJTHEHO

[ fayda] <
A/

to VA, A” > A u Yy € [c, d] BBIlIOSTHEHO HEPABEHCTBO:
AI/

f(x,y)dx flz,y)doe — | f(z,y)dz| <
freamad | Jreanar- ]

A//
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+

MO ™
DO | ™
I
Y

< /f(:c,y)dm + /f(x,y)dx <
J

A//

2. Hocrarounocts. [Iycrs Ve > 0 3A Takoe, ato VA, A" > AuVy € [¢,d]:

A//

/f(x,y)daz <e.
A/

[Tepexons B 9TOM HepaBeHCTBe K npeneny npu A’ — oo, monyaaem
)

/f(x,y)dx <e,
Al

a 9TO N O3Ha4aeT, 9TO H.M. CXOJUTCA paBHOMEDPHO.

Teopema 6.5 (MaykopauTHbIi mpusHak Befiepiirpacca). [Tycmo

L[ f(z,y)| < g(x), (2,y) € 1T u nyemo dymwyus f(x,y) unmezpupyema
no x na aobom cezmenme a, A, A > a npuy € [c,d|;

—+00
2 H€CO5CTI%66HH?)L”[I: urmeezpan f g(l‘) d$ CIOd’LLmCﬂ.
a

+0o0o +o0o
Tozda necobemsennvie uwmeepanve [ f(x,y)de u [ |f(x,y)| dz cxodames

a a
pasromepro no y € [c, d).
Joxazameavcmeo. Ilycts € > 0. [lo xpureputo Ko jij1s1 HecoOCTBEeHHO-
ro uHTerpaja mnepsoro poga 1A > a taxoe, uyro VA, A” > A Boimosneno
HEPaBEHCTBO

A//

/ g(x)dz| < e.
A/
Ucnonb3yst yenosue 1, mosydaaem, aro Yy € [c, d]:

A// A// A//
/ Fla,y) da| < / fla,y)|de| < / g(z)da| <c,
Al Al Al

a 9TO U O3HAYAET, B CUJIy TeopeMbl 6.4, clipaBe/;IMBOCTb YTBEPXKJIEHUS TEO-
PEMBL. []
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+00

IIpumep 6.2. Paccmompum ewe pasd urmezpan f ye~"dxr us npumepa
0

6.1. Mwi yorce doxasanru ezo pasnomepryro crodumocms npu y = 6 > 0 no

ONpedeneHUI0.

ITpu nomowyu masrcoparmmozo npusnaka Betdepwmpacca mor mootcem do-
Ka3amov €20 pPasHoMepHyto crodumocmv npu 6 <y < M, nockorvky
0<ye™ < Me™ = g(z) npud <y < M, 0 <z < 0o u unmeepan
o0 M
f Me %% dx = 5 crodumcs.

0

IIpu y = 6 > 0 y nodwnmezparvrotl dynrkyuu mem urmezpupyemot

MAHCOPAHMDBL, NOCKOALKY (C YHemom %(ye*w) =(1—2ay)e ™)

1/6
u | df PAcToOUMCA.
0

Taxum 06pazom, 2mom npumep NoKa3vIBAEM, YIMO MAHCOPAHMHBIT NPU-
anax Betiepwmpacca docmamoyen, 1o ne 1eodbrodum i pasHomMepHot cro-
duMocmu HecoOOCMBEHH020 UHMEPAAG, 0AAHCE ONA 3SHAKONOCTNOAHHOT NOObIH-
mezpanvHoti PYHKYULU.

MazxopanTHBII pu3Hak Beiieprirpacca 1mo3BosisieT JoKa3aTh PaBHOMED-
HYIO 1 aDCOJIIOTHYIO CXOAMMOCTH HecOOCTBEeHHOIo mHTerpaJsia 1 poja. B ciy-
yae OTCYTCTBUsI aDCOJIIOTHOM CXOAMMOCTH OH He IIpuMeHnM. B 9Toit cutyannn,
Kak 1 JJIs1 (DYHKIIMOHAJIBHBIX PSIJIOB, HCIOJIb3yeTcs npu3Hak Jupuxie.

Teopema 6.6 (npusnak [dupuxie). ITycmo

T

a

1. pynxuusa f(x,y) nenpepwsna 6 nosynosoce 11 u

const, VY > a, Yy € [c,d].

2. pynryua g(x,y) onpedesera 6 noaynosoce 11, umeem 6 neti nenpepvis-
HYI0 NPOUZEOOHYIO NO T U MOHOMOHHO NO T U PAGHOMEPHO No Y € [c, d]
CIMPEMUMCA K HYA0 npu T — 400 (nocaednuds daxm obosnauaemcs
mak: g(z,y) |1 0, x — o0, y € [c,d]).

o0
Tozda necobemeennwd unwmezpan [ f(x,y)g(x,y)dx cxodumes pasromep-

a

Ho no y € e, d].
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Jloxasamensvcmeo. JlokazaTebCcTBO Ha OCHOBe KpuTepus: Kommm moBTopseT
JIOKA3aTeTbCTBO Mpu3HaKa Jlupuxse Jj1d H.1. TIEPBOTO PO/Ia. []

IIpumep 6.3.

/sma:yd 0<d<y< .
1

Qynryusa f(x,y) = sinzy nenpepwena npu x > 1, y = 0 u umeem no
5 cos Y 1
NEPEMEHHOT T 02PAHUYERHYIO MEPBOOOPAZHYI |— < 5 Dynruua

Y
1
g(x,y) = — monomonno no x = 1 u pagromepno no y = § cmpemumcs
x

K HYA0 NPU T — 400, NPUYEM UMECT HENPEPLIEHYIO NPOU3BOOHYIO NO T .
Iosmomy no npusnaxy Jupuxse darnuill uHmezpan pasHOMEPHO crodum-
canpuy = 0.
Ioxaorcem, wmo Ve > 0 npu 0 < y < € dannwvill unmezpan e crodumcs

pasromepro. Bocnoavayemes das omozo kpumepuem Kowwu. Iycmov vy, =
In,n>[1/e]l+1, A :=2n/y,, A" :== 31 /y,. Toeda

A 3T
sin xy sin 2 2
IR e = dz>— sinzdz = —
€T z 3r
A’ 2T 27T

ITockorvky npu n — oo maxoce A', A" — 00, no xpumepuro Kowu noaya-
eM OMCYMEmeEue PasHoMeEPHots crodumocmau.

Tem boaee, pasromeprasn crodumocms omcymemeyem npu y = 0 uy €
R.

6.3 O HenmpepbIBHOCTU, MHTerpupoBaHun n auddepeH-
IIAPOBAHUU MO ITapaMeTPy HeCOOCTBEHHBIX MHTErpa-
JIOB, 3aBUCHAINNX OT mapaMeTpa

Teopema 6.7 (0 HENPEPBIBHOCTH HECOOCTBEHHOIO MHTErPaJia, 3aBUCSIIErO
oT mapamerpa). [Tycmo

1. ¢pynxuusa f(x,y) nenpepwena 6 noaynoaoce 11;

o

2. mecobemeennoi unmezpan F(y) = [ f(x,y) dx cxodumes pasromepro
a

noy € |c,dj.
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Tozda ynruus F(y) nenpepvisha wa [c, d).

Joxazameavcmeo. PacemorpuMm  (DYHKIMOHAJIBHYIO — 110CJIE0BATEILHOCTD
a+n

Faly) = [ f(z,y)dz, n € N. Ilo Teopeme 0 HEUPEPBIBHOCTH COOCTBEHHOIO
a
MHTErpasa, 3aBUCsINero oT napamerpa, kaxjaas dyuxunsa F,(y) Henpepbis-
y€le,d]
Ha Ha [c,d], a B cuty yenosus 2 F,(y) = F(y). [losromy mo Teopeme o

HEIPePBLIBHOCTU PABHOMEPHOIO [PEe/Ia OCIeI0BATeILHOCTI HEIIPEPLIBHBIX
dbyuxrmit, byuxiws F(y) HenpepbiBHa Ha [c, d]. O

Teopema 6.8 (06 nHTErpUPOBAHIN HECOOCTBEHHOTO MHTErPAJIA MO TTAPAMET-
py). Ecau evinoanenor ycaosus npedvidyusetc meopemuvi, npuiem ¢ u d A6A:-
0OMCA KOHEYHDLMU BEAUNUHAMU, O

df(y)dyI | oof(x,y)d-r dy = [ df(x,y)dy de.  (6.2)
Jrom=]|f /|

c

Jloxasameavcmeo. Tlo npemsiayieii Teopeme dynknus F(y) uHTErpupyeMa
Ha [c, d], TO9TOMY HaM HYKHO TOJIbKO JIOKa3aTh paBeHcTBo (6.2), T.e. TO, 4TO

A d

d 00
lim f(x,y)dy da::/ /f(x,y)dx dy.

A—o0
a c c

[Tockosbky dyukimst f(x,y) HempepbiBHA, TO COOCTBEHHbIE HHTEIPAJIBI O]
3HAKOM IIPEJIeJia MOYKHO TePEeCTaBUTh 1 PaBeHCTBO (6.2) 9KBUBAJEHTHO pa-
BEHCTBY

d 00 A
f}im /f(x,y) d:c—/f(x,y) dx | dy = 0. (6.3)
:?f(l',/y) dx
A

Tak kak uarerpan [ f(z,y)dx cxomurest paBHOMEpHO 10 y Ha [¢,d], TO

a
Ve > 0 JA rakoe, uro VA" > A u Yy € [c,d] Bblno/IHEHO HEPABEHCTBO

}of(x,y) dx
P

< ==. Cueznosaremsno, VA" > A Bpimosmeno HepaBeHCTBO

g

d [oo
1l Lff(x,y) dx} dy' < =(d — ¢) = €, 4TO U O3HAYACT CIPABEJINBOCTD
c /

pasercTBa (6.3). O
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Jlokazkem TeopeMy O TIepecTaHOBKe JIBYX HeCOOCTBEHHBIX MHTErPAJIOB TIeP-
BOI'O POJIA.

Teopema 6.9. ITycmo dynryua f(x,y) nenpepvisha npu a < & < 400, ¢ <
Yy < +00, G uHme2pandvl

+00 —+00

flx,y)dy  w f(z,y)dz (6.4)

C a

CTOOAMCA PABHOMEPHO. NEPEHIT Ha A000M KOHewnom ompeske [a,bl,b > a,
a 6mopoti — Ha A0boM KoHeurom ompeske [c,d], d > c.
Tozda, ecau xoma 6v, 00UH U3 NOBMOPHHIT UHMEZPANOE

[Oo/cmlf(x,y)!dydx u /c+oo/a+oo|f(a:,y)]da:dy (6.5)

cTodumcs, mo CTOOAMCA U PasHvlL MeHCIY cobOTE NOSMOPHBIE UNIMEPANDL

+oo 400 +00  poo
/ flr,y)dydx  w / f(x,y)dx dy. (6.6)

Jloxasamensvcmeo. be3 orpanmdenns OOMHOCTH, OyJIeM CUUTATh, UTO CXO-

muTcst Bropoit maTerpast u3 (6.5). Torma, B cuty JBYKpPaTHOTO MPUMEHEHUST

MpU3HAKA CPaBHEHUs, BTOPOil 13 nHTerpasos u3 (6.6) Takke CXOIUTHCS.
Ocraercst 1OKa3aTh TOJIBKO PABEHCTBO

A ptoo +o0o0  ptoo
dm [ ey | f(oy)dedy.  (6.7)

B cuy paBHOMEpPHOI CXOMMOCTHU TIEPBOTO U3 UHTEIPaIoB 6.4 Ha KOHEUHBIX
oTpe3kax u TeopeMbl 6.8 ipu Vd > ¢ nogydaem

+0oo +o0o +0o
f(x,y)dxdy — // f(z,y)dydx

+oo +o00 +o0
f(z,y) de dy — / /fxyda:dy|

—+00 “+00

Flo.y) do dy‘ _

400 +00 400
f(z,y) dfcdy+/ f(z,y) dfcdy‘ <
d A

+00 +0oo +o00o
: f(w,y)dxdy‘nL_/d / |f(z,y)| dz dy.
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B cuty cxopumoctu Broporo unterpasa us (6.5), Ve > 0 3d > ¢ takoe, uto
BBITIOJTHEHO HEPABEHCTBO

+o0o +o00 c
/ / [f(z,y)ldedy < 5.
d a

3acdukcupoBaB Takoe d, B CUJIYy PABHOMEPHOI CXOJIMMOCTH WHTEIPasa

XOO f(x,y) dx ma orpeske ¢, d], MOKHO BBIOPATH cTOJb GoJbINOE A1 (€), UTO

BBITIOJTHEHO HEPABEHCTBO

/Cd/;m F(o,y) d dy

Orcroja nosydaem TpedyeMyto OleHKY

/ ” ;OO o) dady — ' / 7 ey dyda

9KBUBAJIEHTHYIO paBeHCTBY (6.7). O

< 6/2, VA > Aj.

<g, VA>A1,

Teopema 6.10 (o muddepeHimpoBanny HeCOOCTBEHHOTO UHTErpaJia Mo Ia-
pametpy). [ycmo:

f (x,y)

1. gynwyuu f(x,y) u “ou HENPEPuLeHBL 68 nosynosoce 11;
Y

oo

2. mecobemeennvd uwmezpan F(y) == [ f(x,y)dx cxodumea Yy € [c,d);

a

©0f(x
3. necobecmeennvill unmezpan f %,y) dx crodumces pasromepo noy €
a Yy

e, d].

Tozda pynryua F(y) dupdepenyupyema na [c, d] u cnpasediuso pasercmeo

oo

Flly) = dily / fey) de = / %ﬁ”y’%x.

a

B maxom cayuae 2060pam, wmo necobcmsennvil urnmezpan modtcro duggpe-
PENUUPOBAMD 1O NAPAMEMPY NOO 3HAKOM UHMELPAA.

Zoxazameavcmeo. Paccemorpum

byrrunonanbHyo nociegosarensiocts {F,(y)} == [ f(z,y)dr. B cuny
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BTOPOTO YCJIOBHUS JoKasbiBaeMoii reopembl {F,(y)} — F(y), y € [c,d]. Tlo

a+n
Teopeme 6.3 upu y € [c,d] 3F,(y) = [ 8f(y Y dz, a B cray TPETHETO YCIIO-

a

)

¢,d] oo
BUst JloKasbiBaeMoil teopemsl, F(y) =X [ 8fé%alx. OTcrofia 1o Teopeme

a
4.10 o mucpbdpepentiupyemoctu npejena GyHKIIMOHAILHON MOCIe0BaATETHHO-
cru caeyer, uto dyukiws F(y) muddepennupyema va [c, d] 1 nmeer mMecto
paserctso F'(y) = lim F) (y), T.e
n—oo

/fxy d:z:—/af(gy )dx.

a

O HecoOCTBEHHBIX HHTEerpaJiax BTOpoOro poaa, 3aBUCAIIIUX OT IIapaMeTpa

[Tycrs pyHKITIA f(x,y) olpejiesIeHa HA, MHOKe-
cree I} := {(x,y)|a < x < b,c <y <d}. lpu stom Yy € [¢,d] ona, kak
(bYHKIMST apryMeHTa T, HeorpaHudeHa B OKPECTHOCTH TOUYKK @ W MHTErpHU-

pyema Ha Job6oM orpeske [a + d,b], Vo, 0 < & < b — a. Takum obpaszom,
b
unrerpan [ f(x,y)dz, Yy € [c,d] sBasiercs necobemeennvim uHmMe2pasom

a
6Mopo20 poda, 3a6UCAULUM O NAPAMEMPG Y.

b

Oupenenenne 6.3. Hecobemsennoil unmeepan émopozo poda [ f(x,y)dz,
a
3a6UCAWLUT 0T NAPAMENPA Y, HA3BEACTNCA CTOOAULUMCA PAGHOMEPHO NO Na-

pamempy y € [c,d], ecau on crodumea Yy € [c,d] u ecau Ve > 0 3§ > 0
maxoe, umo V' € (0,0) uVy € [c,d] swnoansemes nepasencmeo

a+¢’

/f(x,y)dx <e.

Bce nokazannblie (paKThbl 0 HECOOCTBEHHBIX MHTErpaJiax IepBoro pojia, 3a-
BHUCAIINX OT IIapaMeTpa, UMEIOT aHAJIOIM U JijIsi HeCOOCTBEHHBIX MHTEIPAJIOB
BTOPOI'O POJia, 3aBUCAIINX OT IapameTpa.



156 Brbraucienne necobcTBeHHBIX HHTETDAJIOB

6.4 Bpruncienne HecOOCTBEHHBIX MHTErPAJIOB C IIOMO-
b0 auddepeHnInpoBaHns 10 IIapaMeTpy

PaccMmorpum  citetytonnyio 3ajiaqy: BBIUYUCJIUTb HECOOCTBEHHBIH MHTEIrpaJl

s SInx
fo dx (npu x = 0 canTaeM MOJBIHTErPATLHYIO (DYHKITHIO TOXKIECTBEH-
x

HO pasHoil 1). MbI 3HAEM, YTO 9TOT HHTErPAJT CXOJUTCSA YCIOBHO, HO Y€MY OH
paBeHn?
st oTBeTa Ha TOT BOIPOC PACCMOTPUM HECOOCTBEHHBIN MHTEIpaJI

Fly) = / gy y >0, (6.8)

KOTODBIIT IpU OJHOM U3 3HaueHuit mapamerpa y (y = 0) mepexouT B UCKO-
MBIl HHTErpasI®, JI0KazKeM, 9T0 hyHKIna F (y) merpepsiBaa ipn y = 0 1 pn

y>03F(y) =

F(0).
[Ipencrasum dyukimo F(y) B Bue:

1 o0
sma: Lsinw
/ e / dz.
0 1

[TepBoe cnaraemoe sIBJIsIeTCS COOCTBEHHBIM MHTETPAJIOM, HEITPEPHIBHO 3aBUCS-
M OT ITapameTpa y. Ko Bropomy ciraraeMomMy mpuMeHnnM rnpusHak upuxite

(y) u, B 9aCTHOCTH,

paBHOMepHOiT cxoaumocTn nipu iy = 0. eiicTBuTebHO,

1. f(x,y) = sinx — HenpepbiBHAST PYHKIMsI, KOTOPasi UMEET OrpaHUIeH-
HYIO [IEPBOOOPA3HYIO 110 I;

e e
2. g(x,y) = — | 0 nupu x — oo, npuvYeM BBUJY OIEHKU

1
< 7’
> 0 310 cTpeMyieHne paBHoMepHo 1ipu y = 0;

0
3. upu x > 1, y > 0 3 HenpepbIBHAS TPOU3BOIHA 8—g(x Y).
x
3HAUUT, HECOOCTBEHHBINA MHTErPaJI
(0]

_sinx
e v dx
T

1

3r[pI/IGIVI BBE/ICHNS ITapaMeTpa 9aCTO HUCIIOJJIb3YETCs JJId BhIYUCJICHU A 3HAYCHUI HECOOCTBEHHBLIX MHTE-
T'PaJIOB U YHUCJIOBBIX PAIOB.
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cxouTest pasHoMepHo 1ipu y > 0, u o Teopeme 6.7 dbyukiust F(y) Herpe-
pbiBHa 11pu y = 0.

PaceMoTpuM mpousBosibHBIN cerMeHT [yo, ¥1], 0 < Yo < %1 BeIIECTBEH-
HOI OCU U TIPOBEPKM, YTO Ha HEM BBIIOJIHAIOTCs YCI0BHsT TeopeMbl 6.10 st

sin x
nnTerpana (6.8). HeiicrBuresnsho, ecim f(xz,y) = e ¥* , TO
af g :
i = —e "sinx — "enpepbiBHasg Gyuknudg npu r = 0, yg < y < y1;
Y
2. marerpan (6.8) cxompures mpn Yo < Y < Y1;
o0 af
3. unrerpan [ a—ydw CXOJUTCS PABHOMEPHO IIpU Yy < Y < Y1 1O IpH-
0
o0
sHaky Befiepurrpacca: |e Y sinx| < e %, a unrerpan [ e % dx = —
0 Yo
CXOJIUTCS.
Tem cambiM, 1m0 Teopeme 6.10 muTerpan (6.8) — mudepenimpyemas

byHKIMST 0T Y Ha [Yo, Y1), & BBUJLY IPOM3BOJILHOCTH Yo, Y1 — u Ha (0, +00),
o0

upudem F'(y) = — [ e ¥ sinz du.
0
Bbrumcsium noc/ie iHuii nHTerpat:

T=00

o
. 1 .
— / e Wsinxdr = —Im / e~ T dy = Im ,e(_yﬂ)x =
y—1
0

z=0

' 1
:—Imy+z—— ,y > 0.
y?+1 y?+1

Orcrona F(y) = —arctgy +c¢, y > 0, BBy HenpepbiBaocTu dyuKimm F(y)
npu y = 0.
s naxoxkjaennd ¢ ycrpeMuM y — —+o00. Torjga

o0 00
' 1
Fy)l < /e‘“fy R dr < /e—”fydg;: -,
0 o 0 Yy
OTKYa f(-l-OO) = 0. 3Hauut, ¢ = g u

b0

/sm:z:dx:]__(o):
x
0
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4 % sin ax
Pacemorpum teneps unrerpast I () f dx. OueBngHO, YTO
0
% sin ax Xsint
I(0) =0, a upu o > 0 umeenmt: I(a) = [ d(« f—dt —BTO
0 azr
™
Ke BpeMs, BBULY HedeTHOCTH byHKInu [ (), MbI ostydaem, 9to [ (a) = -3

npu o < 0. Utaxk,

E, a >0,
2 7T

I{a) =<0, a=0, =3 sign(a).
—g, a <0

Oyukius [ («) HA3BIBAETCS Pa3PuGHLLM MHodAcumenem Jlupuxie.

IMTpumep 6.4. Unmeepan I(c,3) = fsmozx sin

dx pasHomepHo cxo-
x x

dumes na beckonewrnocmu npu « € R u npu 6 € R no npusnaxy Betiep-
wmpacca, caedosamenavno 1(a, f) — nenpepvishas dyrnryus npu (o, 5) €
R2. Janee, unmezpan

o0 o0 o0
0 sin ax sin Bz / cOS o Sin B.r 1 / sin(a + 5
— dx = = — dx+
oa x x 2
0 0
o0
Jr1 sm
— dx
2
0
cxodumes pashomepro no npusnaxy upuxae npu o+ ] = 6 > 0, |a —

Bl =26 >0 = I(fB) = 7§ (sign(a+ B) +sign(f—a)), a+ § # 0,
Oé—ﬁ#0=>(66udy1( ,B8) =1(8,a ))](a,ﬁ)=§(\a+5|—|a—ﬁ\);6’

vacmmocmu, 1(1,1) = f (bmx) de =2
0

00
[Tyemo G(a) = [ (32ox ) dx, mozda
0
00 9 00 ( )
sin ax 3 [ sin(2ax) sin ax
G'(a)=3 cos ax dx = = : dr =
x 2 x
0 0
4 Tsint T sint
Ero me ciemyer myrarh ¢ unmezpasvhoimu cunycamu Si(z) = j —dt u si(z) = f Td =
0 0o
Si(x) — g
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3 3 3
= SI(20,0) = 5% (130l = laf) = Jmlal = Gla) = Ta’sign(a).

: 3
o 3
B wacmmocmu, G(1) = [ (smaz) dr = 2~
0 x 3

6.5 iijIepoBbI MHTETPAJIbI

Barknble B MaTeMaTHKe WU ee IPUJIOXKEHUAX HedjeMeHTapHble (DYHKINN
HA3BIBAIOTCH Cneyuasbiowmu.’ IlpuMepamn Takux dyHKImil apisorca -

dyHKIMSA

I'(p) == /azp_le_x dx (6.9)
0
n B-dyHknns
1
B(p,q) = /xp_l(l — )" da. (6.10)
0

6.5.1 CgoiicTBa ['-pyHKININ

1. Obmactp onpenesienus. [Ipejncrasum nnrerpas (6.9) B Buje

1 0
L) = /scp‘le‘x dr + /xp_le_x dr =: Ty(p) + T'1(p),
0 1

rie [';(p), ¢ = 1,2 — HecobCTBeHHBIE HHTETPAJIBI IEPBOTO U BTOPOTO PO-
J1a, COOTBETCTBEHHO. 13 npu3naka cpaBHeHust JI/isl HeCOOCTBEHHDBIX NHTe-
IPaJioB cpasy CJeJyer, 4To HHTerpaJ, onpeesoniui Gyukiuo 1'1(p),
cxoputest Vp, a mnTerpadt, onpefessioniuii dbyakmuio [y(p), exoaures
pu p > 0.

Taxum obpasom, dhopmyrta (6.9) onpenesnsier [-dyuknuio mpu p > 0.
[Ipu sTOM mOABIHTErpaIbHOE BhIpaXKeHue MoJoKnTeapuo Vp > 0, Vo >
0, mosromy ipu p > 0y I'-pynknun et myJeil.

57IM HOCBSIIEHBI PA3/INYHbIe PYKOBOJCTBA U CIIPABOYHHUKH, HApuMep « CIPABOYHUK 110 CIICIHAIBHBIM
dyukmiis, oz pex. M. Abpamosuna, V. Cruran, M.: Hayka, 1979.
SEcim paccMaTpEBaTh S3TH HHTETPAIBI IPH KOMILIEKCHEIX p = p’ + ip”, To W3 TOro »Ke IpH3HAKa

/
:xpfl

’ -1
CpaBHEHHS U TOTO, YTO ’zp*1| = ‘a:p —leip” Inz cJlesiyeT, 9To OHU cxoaarcd npu Rep > 0.
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2. HenpepsbiBHOCTB. Paccmorpum cerment p €  [pr, pe] npu mpous-

T

BOJBHBIX Py > p1 > 0. IMockombky aP e ™ < 2”27 le™ n unre-

(0]
rpaJi f 2P2~le™® dx cxommTes, TO Mo MpHU3HAKY Beifepripacca nmHTErpas

1
00

[ aP~le " da cxomuTes paBHOMEDHO 10 napamerpy p € [pi, pa], n cie-
1
noBarebHo, byukiums ['1(p) HempepbiBHA Ha [P, Po], & BBUIY MPOU3-

BOJIbHOCTU Py > p1 > 0 — u Ha (0,400). AHAJIOIUYHO JIOKA3bIBAETCSI
HernpepbiBHOCTD byHKImN [y (p).

Taxum obpaszom, ['-pynkius HenpepbiBHa 1ipu p > 0.

L0
. Auddepenimpyemocts. AHAJIONMIHO, MHTErPaJIbI f — P le " dyr =
e,
1 00 00
fxp_le_x Inzdeu [ —aP e dx = fxp_le_x In z dx cxongarcsa pas-
0 1 op 1

HOMEPHO 110 IIapaMeTpy p € [pl, pg] IIPU [TPOU3BOJILHBIX Po > p1 > 0, a

3HAYUT,
oo

AT (p) = /:z:p_le_x Inzdz, 0 <p<oo.

0
[To mupyKIum J1erko JgokKasaTb, 9TO

= F(”)(p) = /a:p_le_”’j In"zdr, 0 <p<oo,néeN,
0

Pexyppentnas popmymna. [Ipu Rep > 0 npu nmomormu naTerppoBa-
HUS 110 9ACTSIM 10JTyIaeM PEKYyPPEeHTHOE COOTHOIIEHHE:

Ilp+1) = /xpe_x dx = —:cpe_m‘izgoo + /pxp_le_x dx = pI'(p).
0 0

[Tostp3ysich 9T0i (hOopMYJIOil PEKYPPEHTHO MPH p > N — 1, MoaydaeM
(p+1)=pI'(p) =pp-DI'(p-1)=...
o=plp—=1)...(p—n+1I'(p—n+1),

9TO JlaeT BO3MOXKHOCTH CBecTH Bbruncienue dpyuknun ['(p) K ee Bbi-

(6.11)

anciaennio B moaynoigoce 0 < Rep < 1. Vumreasg, uro I'(1) =
fooo e " dr = 1, monygaem u3 (6.11) npu p = n dopmyay I'(n+1) = nl.
Taxum obpazom, I'-pyuKIus odobmaeT dyHKINIO (bakTopraJ Ha, Helle-
JIBIE MOJIOZKUTEILHBIE 3HAUCHMUS.
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5. IIpogosmkenue I'-pyHKIMM BO BCIO KOMILJIEKCHYIO IIJIOCKOCTh. C
JpyToit cTOPOHBI, peKyppeHTHas Gopmyta B Buje ['(p) = @ MOZKET
OBITH HMCIIOJIB30BaHa, JIJIsl aHAJIUTUIECKOTO MPojosKeHnd ['-pyHknm B
obactb Rep < 0. HeiicrBuresnbro, eciim Rep > —1, ro Re(p+1) > 0 u
o dopmyie I'(p) = @ Mbl aHAJIMTUYECKN PogoszKaeM ['-pyHKImo
B nosiocy —1 < Rep < 0. IIpu stom touka p = 0 g IpogoJKEHHO
dbyHKIWN OyIeT MOTIOCOM TIEPBOrO TMOPsIKa ¢ BbIYeToM, paBHbiM ['(1) =
1. Bropuuno npumensis 3ty GpopMysy, Mbl IOJy4YaeM aHAJUTHYECKOe
npojiosizkenne I'-cpynknun B mojiocy —2 < Rep < —1. [eiicrByst Tak n
Jlajiee, Mbl TIOJTy9aeM aHaJIuTHIecKoe rmpojoskenne ['-pyHkinm Bo BCio

KOMILJIEKCHYTO 00JIACTb.

[Ipu srom mostoc I'-pynknum B Touke p = 0 HOPOXKJIAET IOJIOCA
1epBOro nopsiyika I-QyHKIMN BO BCEX IEJIbIX OTPUIATEILHBIX TOYKAX
p = —n, n € N ¢ Beraeramu, pasubivu (—1)"/n!. JleiicrBurebHo, eciiu
Cn I'(p—mn) Cn
(p—n)~—,p—0,t0ol(p—(n+1)) = ~ ~
L p—n—1 pp-n-1)
n

_—( i 1) , p — 0. OueBuiHO, YTO JAPYIUX MOJIIOCOB Yy ['-DyHKIINM HET.
n p

6. 3HadyeHmne F(%) [Tonb3ysich 3HadenneM mHTErpaja l[lyaccona, mosry-
YEHHDBIM B KOHIIE HPEIBIAYIIEH TIABbI, TOLYYaeM:
1 <1 >
(=)= —e dx = 2/ e " dyr = /7.
20 o vV 0

C noMoItpio 1moIydeHHoi popMysbl 1 (POPMYJIbI ITPUBEICHIS HETPY/IHO
HOJIYYUTDH 3HadeHus: I'-PyHKINN BO BCeX MOJIYIEIbIX TOUKAX.

7. @opmysa gomostHeHndA. MoxKHO JoKa3aTh pOpMYyIIy
s

L(p)l'(1—p) = s ? ¢ Z. (6.12)

6.5.2 CgoiictBa B-dyHKINN
1. O6aacte onpenenenus. [Ipencrasum unrerpas (6.10) B Bue
1/2

1
B(p,q) = /xp_l(l—w)q_ld“/”fp_l(l—ﬂ?)q_l dz =: Bi(p, q)+Ba(p, q).
0 1/2

Nurerpan By (p, q) sB/sercst HecOOCTBEHHBIM BTOPOTO pojia mnpu p < 1
u on cxopurcs pu p > 0. Anasorumuno, uHTerpas By (p,q) siBisiercs
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HEeCOOCTBEHHBIM BTOPOro poja 1pu ¢ < 1 u on cxomurest upu q > 0.
Takum obpaszom, dopmyrta (6.10) onpenenser B-byukuuto mpu p > 0,
q > 0.

Cummerpus. [lokaxem, aro B(p,q) = B(q,p). dnst s1oro cueraem
3aMeHy IepeMeHHbIX: © = 1 — ¢, do = —dt. Torna
1 0
B(p,q) = /xp_l(l — ) de = — /(1 — )yt g =

0 1
1
~ [ ot = Blay),
0

- 7
CBa3b ¢ ['-dynKnmeit. MoxkHO JI0Ka3aTh, 9TO

B@ﬂ%:WMNm

I'(p+q)
U3 sroit popmysibl ciieyeT BO3MOKHOCTH aHAJTUTUIECKOTO TTPOIOJIZKe-

(6.13)

aust pyukimu B(p, q) B 00/1acTh KOMILJIEKCHBIX 3HAYEHUH TTePEMEHHbBIX
P, ¢ M, B 4aCTHOCTHU, TO, 4TO upu p,q # 0,—1,—2,—3,... dyHKINUA
B(p, q¢) nmeer mpou3BOJIHBIC BCEX MOPSIJIKOB.

AnbrepHaTNBHOE WHTErpajibHOE MpejcTaBjieHne B-@yHKINAN.
Henas B (6.10) 3aMeHy mepeMeHHBIX & = ——, dr = ————, 1 —2 =

1+t (1+1¢)%
t o0
Tt nonyuaem B(p,q) = [t771(1 +¢)P7%dt, a B cuty cummerpun
0

B-dbynknun, sty popMysy MOXKHO IepernncaTh B BUJIe

Blp.q) = / (14 2) P de (6.14)

HpI/IMepr BblMCJ/IEHUA OIIpe/ie/IEeHHbIX U HeCOOCTBEHHbIX WH-
TerpaJioB € IIOMOIIbIO SﬁﬂepOBbIX MHTEerpaJioB.

ITpumep 6.5.
+00

+00
/ Va(l+2) ?de = / :1;5/4‘1(1 + x)—5/4—3/4 du (6.14)
0 0

7

cM., bynak B.M., @omun C.B. Kparabie uaTerpasbr u psisl. U3a. 3-e, M. @uzmaraut, 2002, c.

392-393.
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IIpumep 6.6.

jus

2
I:/ sin” 'z cos? ' x dx
0

Ouesudrno, umo amom HecoOCMBEHHBIT UHME2Pa 6Mopo2o poda Cxo-

dumes npu p > 0, ¢ > 0. Cdeaaem 3ameny nepemennvr: sins = v/t

0<t<1. Toeda cosx =+/1—t, cosxdr = % U

sin® z cos® x dx =

o\
NJE]

6.6 Kparable HecoOOCTBEHHbIE WHTErpaJibl, 3aBUCHAIINE
OT mapaMeTpPOB

Mpu1 orparmanMcesd pacCMOTpEHNEM TPOIHBIX UHTETPAJIOB BU/IA

// f(M,P)g(P)dVp, (6.15)

rne G C E3 — orpanmuennas kybupyemas obsacts, M € E3, dVp — snement
obbema B Touke P € G, g(P) = g(x,y, z) — orpaHuveHnHasi, HHTErpUpyeMast
B obsactu G dyukius, a byuknus f(M, P) wenpepoiBaa mpu M # P u
HeorpaHndeHa KakK (pyHKIHs: oT P B Ipou3BOJIbHOI OKpecTHOCTH TOUKU M.
3J1ech poJib IMapaMeTpoB UIPAIOT KOOPJUHATHI T(, Yo, 2o TOUKH M.

BaykHbIM IpuMepoOM TaKNX HHTErPAJIOB SBJISETCS MOTEHIAJ T'DaBUTa-
IIIOHHOTO TI0JIsI, co3jaBaeMoro B Touke M temom G ¢ IJIOTHOCTHIO MACCHI
g(P) = p(P). Dot norenima (OH HA3BIBACTCS TaKKe 008EMHbM TITH HbIO-
MOHOBCKUM NOMEHUUAAOM) TMEET BUJT:

M) /!/ ’;(M]? dVp, (6.16)




164 Kparnbre HecobcTBeHHBIE HHTETPAJIBI, 3aBUCSIIIIE OT I1apAMETPOB

rjie vy p — paccrogaue Mex iy Toukamu M u P.

[Ipu M ¢ G unrerpan (6.16) siBisiercst COOCTBEHHDBIM, 3aBHCAIINM OT
napamMeTpoB, UM dEepeHInpyeMbIM IO/, 3HAKOM HHTETrpasia 1Mo KOOP/IImHATAM
toukn M Jroboe dmcso pas. IIpu 9ToM, MocKkoJIbKy Aﬁ =0, M # P, rie
orepatop A\ sefictByeT Ha KoopauHaTel Touku M (xq, Yo, 20), To Au(M) = 0,
M ¢ G.

Eciu :xe M € G, 1o unrerpas (6.16) siByisiercst HecOOCTBEHHBIM, 3aBUCSI-
M OT TTApaMETPOB, U BOIPOC O €ro HEMPEPBIBHOCTH U M epeHInpyeMo-
CTHU SABJIIeTCS OoJiee CJIOKHBIM. [Ij1s ero perrenns: BBejieM HOBbIE MOHATHS U
JIOKa2KeM HEKOTOPbIE YTBEP:KICHNUSI.

Onpepesienne 6.4. Hecobcmeernutl unmezpan (6.15) nasvieaemes cxojisi-
IMIIMCs paBHOMEPHO ommuocumensvno M 6 mouxe My € G, ecau Ve > 0
36 > 0 maxoe, umo BM C G, 20e BM — wap paduyca 6 ¢ YEHMPOM 8
moure My, u ¥V xybupyemoti obracmu w C Bgio u VM € BM 6OINOANACNCA

HEPABGEHCTEBO
[[] st prtryavs| < -

Teopema 6.11. Ecau necobemeenmviti unmezpan (6.15) crodumesa pasho-
mepro omnocumenvio M e mouxe My, mo ¢ynxuyua uw(M) nenpepvisha 6
mouxe M.

Jokasameavemeo. Tlo onpe/ieieHIo HEIPEPbIBHOCTH HYKHO JIOKA3aTh, YTO
Ve > 0 36 > 0 taxoe, uro |u(M) — u(My)| < € upnu rarpy, < 9. Ipeacrasum
bYHKINIO U B CJIELYIONEeM BH/IE:

uwn) = [[[ son.ygpyaves [[ [ 104 Pyg(P) aVe = ws(a)+s(01).
By, G\By,

Bajaum iponssosibaoe € > 0. Tak kak dynkuus u(M) cxomurcst paBHOMEp-
HO oTtHOCcuTeIbHO M B Touke My, To 0 Takoe, ato VM € Bg}o BBITIOJIHSAETCS

HEPABEHCTBO
luy (M)] < g, B gactHocTH |uy (My)| < % (6.17)

Nurerpan us(M) siBasiercst coberBentbiM jyist M, 6imskux Kk My, mosromy
36 > 0 Takoe, 9TO

9
|U2(M) — UQ(M())‘ < § upu - rym, < 0. (618)
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YMeHBIINM, ecjii Hy»KHO, 0 JI0 3HadeHus, MeHblero 0;. HepaBeHcrso
(6.18) Tem Gostee Gyzet BBInOHEHO. Torma, ecan Ty, < 0, T0 M € Bg}o, u,
CJIEJIOBATEJILHO, BBIIOJIHAIOTCS HepaBeHcTBa (6.17).

Urak, ecim ryrpy, < 6, 1o w3 (6.17) u (6.18) mosy«nm:

(M) — (M) = fun (M) + (M) — un (Mo) — ua(M)| <
< Jur(M)] + |ug (Mo)| + [ug(M) — ua(Mo)| < §+ % + % _ e
[]

Teopema 6.12 (jocTaTodHoe ycjioBHEe PABHOMEDHOH CXOJNMOCTH B TOUKE).

c
Eeau | f(M,P)] < —, 2de 0 < a < 3, ¢ = const > 0, mo necobcmeen-
r

noti unmeepan (6.15) cxodumes pasromeprno ommocumenvio M 6 060t
srympernet mouxe My € G.

Hoxazameavcmso. Ilycrs My € G u |g(P)] < A = const. Tpebyerca jo-
KazaTb, uTo Ve > 0 36 > 0 Taxoe, 4ro V obsactu w C Bfwo u VM € Bgﬂ)
BBITOJIHSAICTCS HEPABEHCTBO

///fMP P)dVp| <= (6.19)

[Tockoubky |f(M, P)| < , TO
"mp
d d
[[[ sorpgmrave <ea [[[ S8 <ea [[[ 97 <
2 "mp TMP
<CA///da£::cA[,
"mP

B
IIOCKOJIbKY Bgﬂ) C B%.

B unrerpaJie I nepeiijieMm K cchepuieckKuM KOOPUHATAM C IIECHTPOM B TOUKE

M:

0 2m 20 5 26 4
I:/sinﬁdH/d@/r—dr:4w/r2_adr: T (26)3~
re 33—«
0 0 0 0

[Tockoibky (26)3% — 0 npu 6 — 0, To cAI < & IpH JIOCTATOUHO MAJIOM
d. D10 03HAYAET BhINOJHeHNe HepaseHcTBa (6.19) pu Tom ke 0 V obsactu

w C By, uVM € BY, . 0
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CaenctBue 6.3. /i m-xkpamuoiz HECOOCMBEHHVIT UHME2PANOE MO20 diCE
euda (6.15) docmamounvim Ycrosuem PasHOMEPHOT CTOOUMOCTU 6 MOYKe
My € G asasemes vepasencmaeo

c
|f(M,P)| < —, 2de 0<a<m,c=const>0.
Thvp
OcraBInasicst 9acTh JaHHOTO aparpada MoCBsIeHa BHIYICICHNTO TTePBIX
11 BTOPBIX MTPOU3BOJIHBIX HBIOTOHOBCKOT'O TIOTEHITHAIIA.

HepBbIe IIpon3BOAHbI€ HBIOTOHOBCKOI'O ITOTEHIIHNAJIAa

[IpumeHuM 10Ty YeHHbBIE TEOPEMbI K HbIOTOHOBY norennuasy (6.16) ¢ orpa-
Hnaennofi mwiorHocteio p(M) rakoit, uto |p(M)| < C' = const. dokaxewm,
9TO TIE€PBBIE MPOU3BO/IHbBIE 9TOr0 noTeHnnasa u( M) MOXKHO BEIYUC/ISITH -
bepennupoBanuem 1o 3aakoM uHTerpasia u npu M € G.

B cooTBercTBUN € OMpeeieHneM MTPOU3BOHON HYKHO JOKA3aTh, UTO

. u(xg + Az, yo, 20) — w0, Yo, 20) p(P)(x — x0)
lim = X(M) := dVp,
il

T.e. uro Ve > 0 36 > 0 Takoe, uro ecin 0 < |Az| < 4, T0

U(Ml) — U(M)
Ax

— X(M)| <, (6.20)

rie My = Mi(zo + Az, yo, 20).

Pazobbem obsiactb G B hopmystax jist pyHKIMin v u X Ha 1map Bg} 1 ero
JIOTIOJTHEHHE G\Bg} JU1sT HeKoToporo 07 > 0, koropoe BbibepeM Huzke. [IycThb
u=1u +uyu X = X1+ Xy — coorBercrByIolue pazonennss Gynkuit u u
X Ha cyMMY JIBYX cJaraembix. Torjia

u(My) — uw(M ur (M) — ur (M
(My) = u(M) (M) — (D)
Ax Ax

up (M) — up(M)
_|_
Ax

—X(M)| <

(6.21)

—XQ(M)‘.

SajiauM rpousBosibHoe € > (. IlogbiHTerpaibiasi (DYHKINs B BhIPAsKEHUN

p(P)(x — o)
73
MP
6.12 mecoberBeHHbIN HHTErpas B onpeaencann dyuxiyun X (M) cxomurcs

< ——, IOTOMY II0 TeopeMe

st X (M) mmeer OneHKy: 5
-

paBHOMepHO B Jji000i Touke M € G. Crenoarenbno, 307 > 0 Taxkoe, 4To
[ X1 (M)] < 3.



Kparnubre nunrerpaJibl, 3aBUCSIIE OT IapaMeTPOB 167

w (M) —w(M)|
[Tosryunm aHAJIOTHYIHYIO OIEHKY M JIJId A . HeiicTBUTE/IH-
x
Ho,
ur(My) —uy (M) 1 /// pPP) _p(P)N o
= — b=
Az Az M P vp
By}
Tmip — T P
I p oP)
Al’ M PTMP
By}
TMP — TMP , 1
ITo nepaBencTBy Tpeyroiabanka |——— | < 1. Kpome Toro: —— <
Ax TM, PTMP

1 1 1
5 ( s + ), |p(P)] < C. Ilo Teopeme 6.12 HecobGCTBEHHBIH HHTErPAT
2\"up  Tup

[[S —— dVp cxopures papHoMepHo B J1oboit Touke M € G. Ciegobareib-
G Tmp
HO, TIPU JIOCTATOYHO MaJjioM &1 > () BBIIOJIHSAETCS HEPABEHCTBO

C €
—. VM e B
///%Pdvp%,v € BY,

1
By

[Tosromy mpu |Ax| < §; crpaBejinBa ONeHKa,
M) —u (M C 1 1
() — u )<—/// ) dVp< =S
Az 2 e Tup 6 6 3
Bj;

Hakonen, ua(M') = [[f o(P)

Tar
a\plL M

o
By, nostomy ero MoxkHo JuddepeHnuposaTh I110J[ 3HAKOM HHTerpaja u

{W _ XQ(M>i| = 0, u, ciaejoBareabHo, 39y > 0 Takoe, 4TO

dVp — cobereennniit unrerpan VM €

lim
Azx—0

npu |Az| < 09 BBINOJHSIETCSI HEPABEHCTBO: W - Xo(M)| < 5.

[onozkum § = min{dy, 62 }.8 Torna, ecin |Ax| < §, To KaxK10€e ciaraemoe

B mpaBoii actu (6.21) 0 MO0 MeHbIIe, dem 5, U TIO3TOMY CIPABEJIIABO

(6.20), 9TO M JTOKA3BIBAET BOBMOYKHOCTH BBIUHCICHUSI EPBBIX TPON3BOHBIX
HBIOTOHOBCKOI'O IIOTEHITHAaJ Ia 10/, 3HAKOM HHTerpaJia.

8Hp1/1 9TOM MBI HE MEHAEM 51 B HHTEr'paJjiaxX BbIIIE.
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BTOpre IIPpOMN3BOJHbIEC HbIOTOHOBCKOTI'O IIOTEHIIaJIa

Brophle pon3BoIHbIE HHIOTOHOBCKOI'O ITOTEHITNAJA Y2Ke HEJIb3sI BBIYUC/IATD
b depeHImpoBaHIeM 110/l 3HAKOM HHTerpaJia, OJHaKO UMeeT MECTO CJIeJly-
I011as1 TeOpPeMa.

Teopema 6.13. [Tycmo ¢pynryus naomuocmu p(M) umeem 6 obaacmu G
HENPEPBIBHBIE UACTHBIE NPOU3BOOHBIE NEPBO20 NOopAdKka. To2da HbIOMOMO6-
cxkuti nomenyuan (6.16) umeem 6o enympernnuxr mowkar obaacmu G nenpe-
POLIBHDBLE YACTMHDIE NPOU3BOOHBIE 8MOP020 nopadka u ydosaemeopsem 6 G
ypasreruto Iyaccona

Pu  O%u (92u>|
Au(M) = + + = —A4mwp(M).
o0 = (5 * a5t + 5 )], = o0

oxazameavecmeo. Kak un pamnee, pazodbem obsiacth G Ha JIBe YaCTH: B?\/[

n G\B{, n Oymem cuntatsh, uto P = P(z,y,2). 3abukcupyem ToUKy
M (0, Y0,20) € G, a B KadecTBe MepeMEHHO TOUKN OyeM PacCMaTpUBAThH
touky M' = M'(z1,y1,21) € BS,. Torna

w(M) :/// Z(WP]Z dvp+/// IZLPJZ AVp =: ur (M) + ua(M').

Bj, G\Bj,

Beiie 66110 J0Ka3aHO, 9TO

ou duq Ous 0 1
oty = L9 oy + L2y = P~
&L'l( ) 8:51( )+ (9961( ) ///p( )3361 (TM/P> Vet
Bl 5 4 (6.22)
S ()
GBS,

Bengy M’ € B3, Bropoe ciaraemoe B npasoii dactu (6.22) sBisercs cob-
CTBEHHBIM MHTErPAJIOM 1 €r0 YaCTHbIE IPOU3BOAHbIE JIIOOOTO MOPSIIKA MOXKHO
BBIYUCIATE g depeHInpoBaHeM 110/l 3HAKOM HHTerpaJa, 1, B 9aCTHOCTH,

(92U2 82U2 82u2
(5 + 5+ 5, =°

Paccmorpum nepsoe ciaraemoe B mpasoit qactu (6.22). Taxk kak

rare =/ (21— )2+ (1 — )2 + (21 — 2)%,
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o 0 1 0 1

T D a— = —— .
89:1 nmerp 81’ Ty p

Orcioa,

(P)aixl <T;’P> - —p(P)(% (Tj\j/'P) N %(P)T;’P B 5’%: <i](\fzz> .

Takum obpazom,

ng M) = /// ai< MP) dVP—/// 9 (p) ;/Pde—
/// O (TM,P> dVp =: [(M") — I(M").

Hecobersenmpriit nurerpan I (M') rakoro ke Tuma, kak dbynkmmsa u(M'),

TOJIEKO BMecTo p( P) cront %(P). Caenosaresnbro, I1(M') umeer HerpepbiB-
Hble YaCTHDLIE [IPOU3BOJIHLIE [IEPBOrO MOPSJIKA, KOTOPbIE MOXKHO BLIUUCIATD
nnddepeHImpoBaHueM 0] 3HAKOM WHTerpaJia U, BBUJLY CXOJIUMOCTH HECOb-
CTBEHHOI'O MHTErpaJia, MOJYJIN 3TUX POU3BOJHBIX CKOJIb YIOJHO MAJIbl P
JIOCTATOYHO MaJioMm 0 > 0.

st mecoberBennoro unTerpaa Io(M') cripaBeyinBb CJIe/IyIONIe PABEH-
CTBa, BTOPOE 13 KOTOPLIX cieayer u3 dpopmyis Ocrporpajickoro-Taycca,

€—>O//_/ ox (’I“M/p> dVP:}:l—I% // T P COS P) ) dOP+

BS,\B¢

g

+// ’;](\412 cos (@1) dop| = // i“)](\f]z cos <r@l> dop,
S S

T.K.

// cos P) dap\ //dap:47705—>0 e — 0,
TMP

M/

rie n(P) — moe Hopmaeit Ha osepxuocTn S%, U S5, BHENIHEX 110 OTHO-
menuto K obnactu BY,\ BS,. Takum obpaszom, unrerpan Ir(M') Beipazkaercs
gepes MOBEPXHOCTHLIN cOOCTBEHHBIN HHTErpaJl, ecji Touka M’ jieskut crporo
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BHYTPH cepbl S, T09TOMY HacTHBIe TTponsBoHbie hyHKimm Iy(M') MoxHO
BBIYUC/IATD 1101 3HAKOM HHTErpaJia.

Tem cambIM, MBI JIOKA3a/I1 CYIIECTBOBAHNE HEIPEPLIBHBIX YACTHBLIX IIPO-
M3BO/HBIX

0%u 0%u 0%u
— (M’ M’
855'%( )7 aylﬂjl ( )

npioTonoBckoro norennnana u(M') = ui (M')+ug(M'). Coseprrento amnasio-

Ml
7 82’15(71 ( )

IUYHO JOKA3LIBACTCS CYIIECTBOBAHUE ¥ HEIPEPLIBHOCTDL M OCTAJLHBIX JaCT-
HDBIX [POU3BOIHBIX BTOPOIO IIOPAIKA Y HHIOTOHOBCKOTO MOTEHIHAIA.
Ocraercst 10Ka3aTh, 9To HblOTOHOBCKHUIT norerimarn u(M') = uy(M') +
uz(M') ynosnersopsier ypasuenuto Ilyaccona. ITockosbKy yrKe JOKa3aHo,
aro dyukius us(M') — I‘apMOHI/IUIeCKaH JIOCTATOYHO JIOKA3ATh, YTO MY Y0~

siieTBopsier dyukius ui(M'). Vimeem:
0l 0 1
(M') = n(P ) g dop —
8:{:1 // COS (P),i . (TM'P> op
S

// ) cos P),l) ‘ 3_ it dop
"mp

OTKY/Ia,
%(M’) = //p(P) cos (JP)\I) 220 dop =
8371 M'=M 7 T?WP
// cos’ (P) dO'p // ) cos® (P) ) dop.
rip
CﬂeﬂOBaTeﬂbHO

Auy (M) = // cos TPTI) + cos? <H(/PTJ> +

- (6.23)
+cos? (n(P). k)) dop + J(8) = —% / / o(P) dop + J (),

rie dyukuus J(§) coaep:KUT WIeHbl, aHAJOTUIHBIE YACTHBIM [TPOU3BO/THBIM
neporo nopsgka or I1(M'), u J(0) — 0 mpu § — 0. Ilepexomsi Terepsb B
(6.23) k ipejiesty pu & — 0, OKOHYATETHHO MOJTyIaeM 10 (hOpMYyJIe CPeTHEro
3HAYCHUS:

Au(M) = Auy (M) = —4mp(M).
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I'maBa 7

Psnapr n nuarerpaJjbst Oypbe

[Teproaniaeckne mporiecchl UTPAIOT OIPOMHYIO POJib B Harell xxku3uu. Jlocta-
TOYHO YIOMSIHYTH TPHU CaMbIX BayKHBIX HEPUOJIMIECKIX IPOIecca KOCMUIe-
CKOT'O TIPOUCXOZKJICHUST: BpallleHne 3eMJIn 1o cBoeft opouTe (1epuojt rof), Bpa-
meHre 3eMJin BOKPYT CcBoeli ocu (mepuo/; cyTKn), Bpatienue JIlyner u Semim
BOKPYT 001I[ero meHTpa Macce (mepuoj Mecsiit). KoHedHO, 9T Mporiecchl me-
PUOJINYHBI JIUIIb TPUOJIMKEHHO, HO MHOT'ME IePHOJIbl *KU3HEIeATeTbHOCTH
JKUBBIX CYIIECTB Ha 3eMJie IIPOUCXOJIAT U3 9TUX TPEX MEePUOUICCKUX IPO-
TIECCOB.

MaremaTiyeckas ujesd pajgos @ypoel cocTonT B TOM, YTOOBI PABIOKHATE
MEePUOINIECKYI0 (DYHKITUIO Ha TaKWe MepUoJndecKne cjaaraeMble, HampuMep
TPUTOHOMETPHYECKUE (PYHKITMHU, ¢ KOTOPBIMU OIIEPUPOBATH IIPOIIE, YeM C UC-
XOJTHOH (DyHKIIHEI.

7.1 Tpuronomerpuieckue psajabl Pypbe

Onpepesienne 7.1. Qyuxyua f(z), x € R naswsaemea nepuoduyeckot,
ecau cyuecmeyem wucao T > 0 maxoe, wmo f(x +T) = f(x), Vr € R.
Haumenvwee wucao T, s xomopozo 6epHo 9mo mostcdecmeo, Ha3v6aemcs
nepuodom pyrruuu f.

[Ipocreiinine HEITOCTOsIHHDBIE TIEpUOAITYIecKIe (DYHKIIMNI — 9TO Sin T 1 COS .
Nx nepuoj pasen 27. VI3 HIX MOXKHO COCTABUTD IIOC/IE/I0BATEILHOCTD II€PH-
OJINYECKNX (PYHKITHIT

1, cosz, sinz, cos2z, sin2x, ...,cosnx, sinnz, . ..

l®ypre Kan Baruer 2Kosed (1768-1830) — dbpaniysckuii MaTemarnk. Ero He ciejyer myTaThb ¢
Ppancya Mapu [Tapiaem ®@ypoe (1772-1837) — dbpaHIly3CKUM COIMUATUCTOM-Y TOIHCTOM.

172
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DTa M0C/IeJ0BATETLHOCTh HA3BIBACTCHA MPULOHOMEMPUIECKOT CUCTNEMOT, &
dbyHKIMN cosnx, sin nx — n-vMu 2apMoruKamu. B TaHHON r1aBe MbI U3Y-
UM BOIPOC MPEJICTABUMOCTH JIAHHON Meproindeckoil (pyHKInu B Bujie (bec-
KOHequﬁ) JINHEWHON KoMOMHAIun pyHKIMI TPUTOHOMETPUUIECKOH CUCTEMBI
C TMTOCTOAHHBIMU KO PUIMEeHTaMU.

ByayT ycTaHOBIEHBI HOCTATOYHbIE YCJIOBUS, PN BBITOJTHEHUN KOTOPBIX
dbyukIHo f() MOXKHO TPEICTABUTHL B BUJIE Psijia

oo
flz) = % + Z (an cosnx + b, sinnx) , an, b, € R. (7.1)
n=1
Pagenctro (7.1) HasbiBaercst pasyioxkenneMm dbyHkuuu f(z) B mpuzonomems-
puyveckuti pad Pypve, a KOIDOUIUEHTHI Ay, b, — Koahbunmenramu Pypobe
dbyukun f(z). Boegem GopMysibl, 0 KOTOPBIM BBITHCIAIOTCS KO3hDU-
1ueHTl Pyphe gannoit pyukmun. C 3Toil 1eJIbio IPeJIBAPUTETHLHO OTMETHM
BayKHOE CBOWCTBO TPUIOHOMETPUUECKON CUCTeMbl — €€ OPTONOHAJIbHOCTH B
eBKJIMIOBOM IIpoCTpaHcTBe Q[—7, 7| (BMeCcTo cerMenTa [—1, 7| MOXKHO B3STh
JII00OI JIpyrofl cerMeHT JIINHbI 27T). eficTBUTEIHHO:

1
/C082 nx dr = 5 /(1 + cos 2nzx)dxr = T,
9 1
sin® nx dr = 5 (1 — cos2nx)dx =,
/1-cosnx dx = 0, /1-sinnx dx =0,
s 1 s
/COS nx cosmxdr = 5 /(cos((n +m)x) 4 cos((n —m)z)dx = 0,

n #£m,

™ 1 ™
/Sin nx sin mxdr = 5 /(cos((n —m)x) — cos((n +m)x)dx =0,
n #m,

/cos nx sinmxdr = %/(sin((n +m)z) + sin((m — n)z)dzr = 0,

—T —T
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Vn, m.

[Tpeamnonoxum, aro psiyt Pypee B mpaBoit gact (7.1) MOXKHO HHTEIPUPO-
BaTh Mo4WwieHHo. Vurerpupys oT —m J10 7, MOy IuM

/f(:z:)dx: %/derZ an/cosna:dstrbn/sinnxda: = qoT.
-7 -7 n=1 -7 -7

Orcioja,
1
= — dx.
ay = — / f(z)dz

YMHOKIM Terepb paBeHcTBO (7.1) Ha cos kx 1 CHOBa MIPOMHTErPUPYEM OT —7r
JI0 . Y4uuThIBasi OPTOrOHAJIBHOCTD TPUTOHOMETPUIECKON CHUCTEMbI, IIOJIY IUM

™

/f(:z:) cos kxdx = ak/ cos® kaxdr = % /(1 + cos 2kx)dx = ay,

—T

OTKY/ 1A,
1
ar = — / f(z) cos kxdx. (7.2)
m

Anajyiornano, ymHOXKasi paBencTBo (7.1) Ha sin kx u mHTErpupyst OT —7 JI0
T, HAXOJIUM

b = %/f(:z:) sin kxdzx. (7.3)

Tenepn, moc/ie TOro Kak Mbl HAILIN (DOPMYJIBI JIis1 KodpuimeHToB Py-
pbe, Mbl MOZKeM J1JIs1 JIAHHOH (DYHKIMN f () BBIYUCIUTD 9TH KOIDDUIUEHTH,
cocTaBuTh psiji Pypbe u uccjie[0BaTh BOIPOC O CXOIUMOCTH ITOro psijia Dy-
pbe K dyuknun f(x). Samerum, 9o ecan psajg Pypbe cxomuTest K HyHKIINT
f(x) na cermenre [—, 7], TO MOCKOJIBKY KO3 duiuenTsr Oypbe yIuTHIBAIOT
3HaveHust (DYHKIMN TOJBKO Ha CerMEeHTe [—m, 7|, BHE 9TOro CerMeHTa psij
Dypbe OyIeT CXOAUTCs K MePHOITIECKOMY MPOIoJKeHno dyHknnn f(z) ¢
cermeHTa [—Tr, 7.

IMpumep 7.1. f(x) =z, -7 < x < 7.

s m

1 - 1
aoz—/xda::O; an:—/xcosm:dxzo; bn:—/a}sinna:dx:
T 7 7

—T —T
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s s

2 2
= —— [ zd(cosnz) = —— | xcosnzx|; — /cos nxdr | =
nm nm
0 0
2 2 -1 n+1
= ——mcosmn =——(—1)"= 2(—.
nm n n

Taxum obpasom, pad Pypve oaa pynkyuu x ecmo

0 (_1)n+1 .
22 ~———sinnz. (7.4)
n=1

n

B caedyrowem napazpage 6ydem doxazaro, wmo smom pad crodumca
Pynruuu T npu x € (—m, ).

ITpumep 7.2. f(z) = |z|, -7 <z < 7.
™

™ i
1 1 2 .
ag=— [ |x|dx =7; a, = — [ |z|cosnadr = — | xdsinnx =
T T ™
-7 - 0
T

[

™2

2 . . , 2
= — | zsinnz|; — [ sinnrdr | = ——cosnx
™ nem

0
0

. n=2k—-1k=12,...
0, n =2k,

1 ™
b, = — / |z| sin nzdz = 0.
m

Taxum obpasom, pad Pypve das Pynruuu |x| ecmo

T 4 = cos(2k — 1)z (75)

B caedyrowem napazpage 6ydem doxazaro, wmo smom pad crodumcs K
dynryuu |x| npu x € [—m, .
IIpu x = 0 noayvwum cymmy obpamuvr K6adpamos HEYCMHHLT YUCEN

1 T
P T it

o 2
k=1

[Ipu 0 < x < 7 byuxiua f(xr) = x npejacraBuma Kak psioM (7.4), Tak u

pstiom (7.5).
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7.2 IloTrouyedyHast CXOANMMOCTH TPUTOHOMETPUIECKOT'O
psaga Pypbe

Ham noTpebyeTrcst o/iHO 1TpOCTOE CBOWCTBO MEPUOINYIECKNUX (PDYHKITHIA.

Jlemma 7.1. Ecau unmezpupyemas na aA1000M KOHEUHOM CE2MEHME BeULe-
cmeennoti ocu dynryus f(x) nepuoduvna ¢ nepuodom T, mo Ya € R cnpa-
6E0AUBO PABEHCTNEO

a+T T
f(x)dx = [ f(x)dx.
o]
Jloxazamenvcmeo.
a+T 0 T a+T
f(x)de = | f(x)de+ | f(x)de+ | f(z)dx.
[ e [ |
Ho
a+T a 0
flx)de = [ f(T+t)dt=— [ f(t)dt.
[ froen- ]
a+T T
[osromy [ f(x)dx = [ f(x)dx, aro u HyxHO. O
a 0

Onpenesienne 7.2. Kycouno-nenpepuenas wa ceemernme [a,b] dynryus
f(x) naswsaemes Kycourno-2aadkoll Ha IMOM cezmenme, ecal ee NPou36o0-
nas f'(x) cywecmeyem u nenpepwisna 6crody wa [a,b], 3a uckmovenuem,
MOJICEM, ObiMb, KOHEUH020 YUCAL MOYEK, 6 KOMOPLLT CYULECTNGYIOM KOHEY-
Hoie npasvil u aeewti npedeavt pynryuy f(x).

[Ipaseiit u siesbiit penessr byukuuu f/(x) B Touke xy Oygem 0b603HAYATH
f(xg+0) u f'(xg —0). Creryer oTamdIaTh 9TH IPEJIETBI OT JIEBOH U IIPaBOii

IIPOU3BOIHON B TOYKE X(:
f(x) — f (=)

fi(zg) = lim f(z) = f(xo), fi(zo) = lim :

z—x0+0 Tr — X r—10—0 L — Xo

ITpumep 7.3. Paccmompum ymruuro
2?sind, x #£0,
fx) = g
0,z=0
Jas wee f'(0) = 0, u noomomy fl(xg) = fl(xg) = 0. Ho ee npoussodnasn

fl(x) =2x Sin% — COS% ne umeem npedeaa Hu cnpasa, nu caesa 6 mouke 0.



Ioroueunast cxoqumoctTs TpUroHOMeTpUYIeCKOro psita Pypne 177

IIpumep 7.4. Qynryus f(xr) = SgNT AGAACNCA KYCOUHO-HENPEPLIEHOU,
f1(0) ne cywecmsyem, no f'(0 4+ 0) = f(0 —0) = 0, noamomy f(x) —
KYCOUHO-2000KAA HYHKUUA.

IIpumep 7.5. Qynryua

g9(x) = {\/E’:DO

0,z<0

asasemes nenpepuenot, ¢ (0—0) =0, ¢'(04+0) = 400, nosmomy dyrryus
g(x) me asasemcea Kycowno-2aa0Kod.

Jlemma 7.2. Ecau f'(x) cywecmeyem 6 npasoti noayokpecmmocmu mouku
xo u cywecmeyem xonewnas eeauduna f'(xg+ 0) = lim, . 40 f'(z), mo
cywecmeyem

lim f(:ll’o + 5) - f(xo + 0)

e 5 = f,(aio + O).

Jloxasamensvemeo. JlokazaTebCTBO cpasy ciesiyeT n3 (hopMysIbl KOHETHBIX
npuparennit Jlarpamxa. []

JlemMma 7.3 (00 anmpokcnmaniy HerpepbIBHOM Ha cermMenTe (DyHKIN Helpe-
PBIBHOI KycouHO-Tiajikoit dyukiueit). Feau f € Cla,b], mo Ve > 0 cywe-
cmeyem makas kycouno-aradkan gynryua £ € Cla,b], wmo || f—£||clay < €.

Joxazameavcmeo. 1lo Teopeme Kanrtopa dyHKIus f paBHOMEPHO Hellpe-
pbIBHA Ha [, b], mosTomy Ve > 0 3d(g) > 0 Takoe, aTo

f(z) = f(2")] < /2, V!, 2" € [a,b], |2" — 2"| < 0.

Pazobbem cerment [a, b] Ha dacTudHbIE cCerMeHTHI [x; 1, x;], © = 1,...,n Ta-
Kne, 9710 |z; — x;—1| < §, 1 nmocrponm JomManyio (), IpOXOJsIyIo 9epe3 Bce
touku (x;, f(x;). Torma dyukus £(r) — HenmpepbiBHASI, KyCOTHO-TJIAJIKAS,
U(z;) = f(z;) uVx € [x;_1, ;] C [a,b] BbTONHEHO:

7(@) = @) < 17 (@) = fla)] + [6@) — )| < 5+ 5 ==,

rk. [0(x) = O(ai)| < [0(wima) — O@s)| = [f(2ic1) — f(@)] < 5 opu i <
r < x;. Oro u osnavaet, uTo || f — Ll < €. []
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Jlemma 7.4. Ecau f(x) xycouno-nenpepuisha

Ji(A

Psiapr u narerpassr Qypoe

% na [a,b], mo

b b
):/f(:c)cos/\xdx—>0, JQ(A):/f(l’)SiIlAZCdLE—)OnpuA—)oo.

Jlokasameavcmeo. Jlokaxkem yTBepzaeHue jJeMMbl st Jy(A); aist Jo(A) mo-
Ka3aTeJIbCTBO COBEPIICHHO aHAJIOIMYHO.

1.

[lycts cuauasna f(x) — HempepbIBHAsI, KyCOYHO-IJIAJKAsT (DYHKIIHS.
Pazobbem cerment [a,b] Ha cermeHThl [X; 1, %], 1 = 1,...,n, a = x,
b = x, wenpepbiBrOocTH GyHkun f’(x). PaccMorpum oiuH u3 Takmx
CerMeHTOB [x;_1, ;| u Oyaem cuaurtarh npu stoMm f'(x;—1) = f'(x;—1 +0),
f'(x;) = f'(z; — 0). Ilpumensis hopmysry HHTErPUPOBAHMUSI 110 TACTSIM,
noJtydaeM npu A > 0

/ f(z) cos Axdx = %f(x) sin \z

Li

1
—X/f'(x)sin/\xdx.

i—1

z;
Orcrona

[ $@)cosrads| < 5 || + 1@l + [ 1f@lde| =

1, CYMMUDY$I 110 BCEM CErMeHTaM [T;_1, X;], TOJIydaeM

b

n s 1
| i(N)] = /f(;c)cos)\xda: <; /f(x)cos/\xdx <X;Mi—>

a

— 0 npu A — oo.

. Ilycrs Tenepn f(x) — KycouHo-HempepbIBHAsT (DYHKIHMsI Ha CErMeHTe

[a,b]. Pazobbem cerment [a,b] Ha cermentsl [x;_1,x;], i = 1,...,n,
a = xg, b = x, menpepoiBrHOCcTH DyHKINN f(r). Pacemorpum onnn u3
TaKNX CEIMEHTOB [T;_1,x;]. 3agaanm npoussosibioe € > 0. [To jiemme
7.3 cylmecTByeT HelpepbIBHAST KyCOYHO-TyIaKast byHKimst £(x) Takas,

2B xuure A.H. Kommoropos, C.B. ®omun, DiieMeHTH Teoprui DGYHKIIH 1 (YHKIMOHATILHOTO AHAJIN3A,
M.: Hayka, 1989, nemma 1, c. 469 TpeGyercst Bcero Jjminb cymmupyemMoctb dbyukimu f(x) Ha cermenrte
[a, b], TockoTbKY HempepbiBHO-TudbeperTIpyeMble hyHKIME IOTHB! B TpocTpanctse L[a, b].
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£

aro | f(z) = ()] < 2(z; — ;1)

, Vo € [x;_1, x;]. Tlomoxum

T

7 f(x)cos Az dx = / (f(x) — €(x)) cos Az dex+

Ti—1
X

+ / l(z)cos A dr =: I + Is.
Ti-1
Torna

T

|| = /(f(x)—f(x))cos)\xda: < | f(x) —4(z)|de <

i—1 Tj—

£
27

a 110 JIOKa3aHHOMY B 1I. 1

I, = /6(x)cosAxdx—>0npuA—>oo,

Ti—1

T.e. 11 3ajanHoro € > 0 3\ Taxoe, uro |lo| < § npu A > Ag. Takum
obpas3oM, IIpu A > Ag:

/ f(z)cos e dx| < || + |I2| < e,

17—

9TO N O3Ha4daeT, 94TO

/f(:z:)cos)\acd:z:—>onpﬂ)\_> 0.

Ti_

CaenoBaTtesibHO, U

J1=Z/f(:z:)cos/\a:d:z:—>0HpM)\—>oo.
i=1,”
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Teopema 7.1 (0 MOTOYEUHON CXOJAUMOCTH TPUTOHOMETPUYECKOTO psijia Dy-
poe). Ilyemo f(x) — kycouno-anadkan dyrruyus rna ceemenme [—m, w3 To-
2da psad Dypve

(0.9]
% + Z (a, cosnz + by, sinnx)

cxodumes 6 kaotcdol mouke x € [—m, 7| u das e2o cymmo, S(x) cnpasediuso
Pasercmea

1. 8(z) =1 (f(x—=0)+ f(z+0)), Vz € (—m, @), 6 wacmmocmu, S(z) =
f(x) 6 moukax nenpepwernocmu f(x);

2. S(=m) = 5(r) = § (f(=7+0) + f(x = 0)).

Jlokasameavcmso. Tlponomkum nepuogudeckn yukiuo f(x) Ha BCIO duc-
JIOBYTO TIPsIMYTO ¢ TiepuojioM 2m. Pacemorpum wactuanyto cymmy Sy, (x) psia
®ypbe B 1poussBosbHOll Touke x € [—7,m|. C yduerom dopmyi (7.2), (7.3)
Jutd KoapduimenTon psiga Pypbe nMmeem:

Sp(z) = + Z a cos kx + by sin kx) /f t) dt+

k=1

+ Z / f(t) [cos kt cos kx + sin kt sin kx| dt =
k=1

~+ Zcosk (t—x ] Flt)dt = /Dn(t — ) f(t)dt

™

WLt

/ Do()f (i + €)dg "2 / Do(€)f ( + €)dé =

_ / Do) a + e + [ Da€)f(a+ )€ = 5, (2) + 57 (o),

3B xuure A.H. Komvoropos, C.B. ®omun, DieMeHTsl Teopun GyHKIME 1 GYHKIMOHATILHOTO AHAJIH-
3a, M.: Hayka, 1989, Teopema 1, c. 469470 Tpebyercsi Bcero Juinb cymMMupyeMocTh GyHKImn f(z) Ha
cerMeHTe [—m, 7] u CylecTBoBaHue NpH (HGUKCUPOBAHHOM & ¥ HEKOTOpoM 0 > 0 mHTerpasa

/(S'f(w+ti—f(w) u
s

(ycnosue Huun). Torga psag @ypbe upu gqannoM x cxopures K f(x).
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rje
()—1 _1 E os k& — AN € HOPA/L
D, (& + cos siipo upuxiie mopsijika n.
T\ 2 — p P

Jlist joKasaTebeTBa MepBOro yTBEPZKICHU TEOPEMbl HaM JI0CTATOYHO J10-
+ 1 - 1
KazaThb, uto S, (v) — 5f(z +0), S, (x) — 5f(x —0) npu n — oo.
[HockosbKy

/D /( +Zcosk§>d§%~%'27rl,

-7

n T.K. D, (§) — derHas QyHKIWMS, TO

[TosTomy

n

S7(r) — 5 (e +0) = / (2 +€) — f(z +0)] Do(€)de,

i (@) — 3z —0) = / £l +) — flx — )] Dy(€)de.

—T

£

4 ero na sin 3

[Ipeobpasyem Boipakenne st D, (€). st 97010 yMHOKIM

1 BOCIIOJIb3yeMCsi (POPMYJIONL:

§

s + k&) — sin(k€ — 5)] :

1
sin g cos k€ = 5 {sin(§

4 ITpyroit myTh:

[N m\

1 S 1 S ikx 1 ’Lm’l — einfb 1 iLﬂxel * g
§+;COSkI:§+Re;€ —2+Re(6 1_ew)—2+Re(€ 2 615)—

e
e i

1 ;jntl, Sin 5w 1 n+1 singzr sing +2cos ";1xsm S
=-+Rele" 27—~ = +cos T = z =
2 sin § 2 2 sin § 2sin 5
sin(2H e — Z2) 4+ 2cos 2z sin 2z sin(2Hx) cos 2o + cos 2 wsin Lo sin(n + 1)z

- . €T . x . x
2sin 3 2sin 5 2sin 5
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[Tomyanm:
Dn(ﬁ)smg —% Bsng+% (sin;—sn%) —|—% (sin%—sin%) +...
1 1 1 1 1
.+ 3 <sin(n + 5){ — sin(n — 5)5)] =5 sin(n + 5)5

Taxum obpazom:
1 sin(n + 3)¢
Dn(&) - 2_ ; §2 :
Q0 sin 3

[Tpu £ — 0 910 BRIpazKenue nveer npeger D, (0) := —(n + 3).
T

Orcrona
f sin(n + 1
Sﬂ@—%f@+0%:%/ﬁﬂx+@—fm+on_§;%ﬁ§5:
0 2
_l / f(il?—i-f)—f(gj—k()). /2 }Sinn l = J(z.n
_W/{ 13 sin & /2 ( +2)§df J(x,n).

Oyukiust, crosiasi B GUTYPHBIX CKOOKAX, SIBJISETCS KyCOUHO-TJIAJIKON TIpK
0 < & < m u umeer npejien, pasubiil f/'(z 4 0) npu & — +0. CremoBaresbHo,
9ra GYHKIs KycoTHO-HenpepbiBHa Ha cermente [0, w]. Orcroga 1o jgemme 7.4
ciaemyer, aro J(x,n) — 0, Vo € [—m, 7] npu n — oo,

B rounocTH Tak ke gokasbisaercd, 1ro S, (x) — i f(z — 0) npu n — oo.

Tem cambIM, IIEPBOE YTBEPIKJIEHIE TEOPEMBI JIOKa3aHO. B gacTHOCTH, econ
x — Touka HenpepbiBHocT Gyukiwn f(x), ro f(z +0) = f(z — 0) = f(x)
1 S(x) = lim, o Sp(z) = f(x).

C yduerom nepuogmanoctn gyuknuii f(x) u S(x) u3 nepsoro yrBepKie-
HUSI TEOPEMbI MbI TI0JTY TaEM:

1 1
S(=m) = S(r) = 5 (f(r+0)+ f(r = 0)) = 5 (f(=7+0) + f(x — 0),
YTO JIOKa3bIBAET YTBEPIK/IEHUE 2 U BCIO TEOPEMY. ]

Mbt jtokaszaum, 94To jiist cxoauMocTi psiyia Pypoe dyuximn f () B Kax 10
TOYKe CerMeHTa [—7, | JOCTATOYHO KYCOTHOMN TVIAJKOCTH JaHHOM (byHKITUI.
DTO yCJIOBHE HE SIBJIAETCS HEOOXOIMMBIM U MOYKET ObITh OCJIa0JICHO, YTO TPe-
Oyer (B KOTODBIT y2ke pa3) 3nanus nnrerpana Jlebera. OgHaKO OJHOI JINIIH
HernpepbiBHOCTU (DYHKIWN f(X) He JOCTATOUHO Jist CXOAUMOCTH psifa Dypbe
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B KazKJIOf TOUKE CerMeHTa [—m, | i CyIecTBYIOT HElpPEepPBhIBHbIE HA CEMMEH-
te [—m, 7| dyukimn, pag Pypbe KOTOPBIX PACKOANTCSA Ha BCIOLY MJIOTHOM
OJIMHOKECTBE cerMenTa, [—m, ).

st psiioB @ypbe MMeeT MEeCTO NPUHUUN AOKAAU3AUUY, KOTOPBI yTBEp-
JKJIAET, 9TO CXOIMMOCTD psijia Pypbe Kycodno-nenpepoishoii dyuxmnmn f(x)
B IIPOM3BOJILHOMN TOUKE T 3aBHCHT HCKIIOYUTEIBHO OT IOBEeHIsT (DYHKINH
f(z) B ckOJIb yTOHO MaJIOit OKPECTHOCTH TOUKHU X(, HECMOTPSI Ha TO UTO KO-
s durmenter psia Pypbe BEIpazKaioTCst Yepe3 NHTErPasl [0 BCEMY CEerMEHTY
[—m, m]. JeficrBuresnbio, n3 jgokasaresbeTBa TeopeMbl 7.1 caemyer, aro Vo:
0 < 0 < 7 nmMeeM:

™

S.0) =5 [ “("Tgl)ff(x T €)de =
-~ Wf(ergl;g(x_g)sin (n+ €| de =
:%:fﬁfs;éf(x_asm (m%)g dé+
WL Wf(w+£li:;§f(x—€) an[in+ L] e

;

Tenepb 10CTATOYHO 3aMETUTDH, YTO B CUJIY JIEMMBI 7.4 TIOC/IeTHee ciiaraeMoe
P 1 — 0O CTPEMHUTCA K HyIo.0

B ycioBugax Teopembr 7.1 Tpuronomerpudeckuii pajg Pypbe cxomauTes K
[EePUOINIECKOMY IPojIoJizKeHnto Ha R Gyukiuuu f(), onpe/ie/ieHHON epBo-
HAYaJIBbHO HA [—, 7.

Ecmu dyskims f(x) nmeer ToUkn paspbiBa Ha CerMEHTEe [—7, 7|, a Tak-
xke, eciin f(z) HempepbiBHa Ha [—m, 7], HO f(—7) # f(7), 10 psiym Dypwe
byuaxiun f(z) cxogurest Ha [—m, 7] HEpaBHOMEDHO (B CHJIy HEIPEPBIBHOCTH
PaBHOMEPHOI'O IIpe/Ie/ia MOCIe0BATEIbHOCTH HEIIPEPBIBHBIX (DYHKITHIT).

SPay kpynHbIX MaTemaTukos 19 seka (dupuxse, Puman, Beiiepmtpace u Jle/leKUHT) TOIarajm, 9To
psin @ypbe HempepbiBHON GYHKINKA 00A3aTEILHO CXOIUTCsI K Hell BO Bcex Toukax. OHAKO, HEMENKHii
marematuk Paul du Bois-Reymond B 1876 r. mokasaj, 9TO CymIeCTBYIOT HENpPEPLIBHBbIE (DYHKITUHU, DsilT
Dypbe KOTOPBIX PACXOJUTCS B OTHON TOUKe. HEKOHCTPYKTHBHOE OKA3ATEIbCTBO CYIIECTBOBAHUS TAKUX
dyukmwmit umeercs u B kaure A.H. Kosmoropos, C.B. @omuH, Diementsr Teopun GDyHKIHH 1 DYHKITHO-
HajbHOro anaiu3a, M.: Hayka, 1989, c. 473.

63amernM Takske, uTO U3 TeopeMbl Deifepa U NPUHIUIIA JIOKAJIUIAIME CIEAYET, UTO ecu pax Pypbe
HEIIPEPBIBHON Ha KAKOM-JIMOO0 MHTepBase (DYHKIMN CXOAUTCs, TO UMEHHO K JAHHON (OYyHKITUH.
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Fcmu f(x) — nedernas dpyHkuus wa [—7, 7|, TO ee pasjioxKeHUe B Dsiji
Dypbe COMEP:KUT TOJBKO CHHYCHI, & €CJH YeTHast, TO TOJbKO KOCHHYCHI. B
qacTHoctn, ecan f(x) 3amana na [0, ], TO ee MOXKHO POJO/KATH Ha [—Tr, 0]
KAK YeTHBIM, TAK U HEYETHBIM 00pa3oM, U IpeJcTaBuTh Ha cermente [0, 7]
KaK B BHJIE Psijla 110 KOCUHYCaM, Tak U B BUJIE PsJia 110 CHHyCaM. BCIoMHIM
MPUMEPBI 13 TPEJIbIIYIIero naparpada:

n+1
1:—22 sinnr, 0 <z <,

cos(2k — 1)z
x:———z 2k 1) ,0< 2z <.

[TockotbKy (YHKIMSA X TOCTE MEPUOINIECKOr0 IPOJIOJIZKEHNsT ¢ CerMeHTa
[—7, 7] na R umeer paspeiBbl B Toukax 7wk, k € Z, 10 nepsblil u3 9TUX psi-
JIOB CXOJUTCSI HepaBHOMePHO. B To 2Ke Bpems, 1o npusHaky Beitepmrpacca,
BTOPOIT psiji CXOAUTCsT paBHOMepHO Ha R.

Best m3iioxkennast Teopusi 1IEPEHOCUTCsT Ha CJiydail paBeHCTBa IE€pUoJia,

dbyuknnn f(x) Bemumanne 20 3amenoit ¥ — —x. OpPTOrOHAJBHYIO TPUTOHO-
METPUIECKYIo cucTeMy Ha cermente [—/, f] obpasytor dbyHKIUN:

T™T . TNT
1, cos , sin ,neN.

4 14

Psn @ypee dyuximn f(x) mo sroit cucreme dbyHKINiT HMeeT BUT:

f(x) = %Jrnio:l (ancosm; + b, smﬂTT?x),

rie

é\l»—t

¢ ¢
1
/f COSTd:U ne{0}UN, b, Z/f sde:c n € N.
¢ ¢

7.3 KowmniekcHnas ¢popma paga Pypbe

BwmecTo cucrembl mepuoinuecknx pyHKITHi
1, cosz, sinz, cos2zx, sin2x, ...,cosnx, sinnz,. ..

MOKHO PACCMOTPETH CUCTEMY KOMILIEKCHBIX SKCIIOHEHT eXp tnx, n € 7, ynoo-
HYIO Te€M, 9TO B 3TOil cucTeMe HeT pasjeeHnsl PYHKIUN Ha JIBa TUIIA U BCe
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dopmyiibl eanHO0Opa3HbL. [10CKOIBKY CBA3b MEXKIY 9TUMH CHCTEMaMUI

1 mr _ —InT
2—Z,(e e ™)

e = cosnr—+isinnx, cosnr = % (emx + e_m"”) , sinnx =
3aTParnBaeT TOJLKO N-ble TAPMOHUKHU, TO BCE YTBEPXKJCHUS, KACAIOIINECS
CXOUMOCTH PsiioB Pypbe 110 KOCHMHYCAM U CHUHYCAM, CIPaBEJINBbI U JIJIs
PSIJIOB 110 KCIIOHEHTaM.

s naxoxkaeHus KoddpduimeHToB Pypbe M0 CUCTEME SKCIIOHEHT YMHO-
KM pajr Pypobe

f(x): Z Cnein:c

Ha e~ 1 NpoMHTErpupyeM OoT —7 J10 7. BBuy odeBuiHOM (hOPMYJIbI

™

o 0, n#m
/e’LTL(E6 ’medx: ? ?

2T, n=m

—T

T1OJIY UM
1 .
Cn =5 / f(x)e "™ dx. (7.6)

DTOT c11ocod HaxoxKaeHusi popmyi st KoadduimerToB Pypbe mpe;no-
JlaraeT BO3MOXKHOCTH IIePEeCTaBUTh CyMMHUpPOBaHne u mHTerpuposanne. O-
HaKo K TeM ke opmysaM (7.6) MOXKHO HPUITH HECKOJIBKO 0OJiee JIOJTUM
myTeM, ucnosbsysa dopmyibl (7.2), (7.3) 1 cBA3b MKy 3KCHOHeHTaMu e
1 PYHKIUIMU COS NI, Sin NT.

7.4 HWuarterpaa @ypbe

Pacemorpum psi @ypee dbyuxiwn f(z) wva [—1, 1]

m
ap ( ™ . T >
— aj cos —kx + by sin —kx ) . 7.7
5 2 (arcos e+ bisin g (7.7)
k=1
Hacrorer Ay = Tk rapMOHHK 3TOrO psijla 00pazyloT OECKOHEUHO OOJIBIIYIO

IOC/IEJIOBATEILHOCTD, IIPUYEM Pa3HOCTh T JBYX COCEJHHUX YaCTOT TEM MEHb-
e, yeM OoJiblle [, T.e. ¢ yBeJmdeHneM [ cocejiHre JaCcTOThl CTAHOBATCS BCE
oske JIpyT K Jpyry. B npejesie [ — 0o nosydaercs pasjioykeHne QpyHKIIHT
f(x) mo rapMOHIKAM € HEMPEepPBIBHO U3MEHSAOIIelicst 1acToToit A o 0 110 00,
a paj Pypbe MepexoJUT B TaK Ha3bIBaeMbIil urnmezpan Qypoe.
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[Tomyaum crava a ¢ MOMOIIBIO HECTPOTUX PACCYXKIEHUI BhIpayKenue Ji/ist
unrerpaysa @ypoe. Ilojacrapnsgs Bolpaxkenue i Koddduiumentos @Pypbe B
psiit (7.7), mpeobpasyem ero K BHLY

1 1 m ™
= [ f{t)dt+ — — f(t)cos — (t —x)dt =
”/l ZJ// L
B An (7.8)

z
1 1
:ﬂ/ﬂt)dth;Zl /f(t)cos)\n(t—x)dt AN,
-1 =L 1

Bynem cunrtars, uro dyuknusg f(x) abcomoTHO HHTErpupyeMa Ha Beeil
o0

qHCII0BOM HPsIMOii, T.e. HecobcTBennbiit nurerpan [ |f(z)|dx cxopures. Ile-
—0o0
pefiem K mpegesty npu [ — +o0o. Torya nepsoe ciaraemoe B (7.8) crpeMuTcst

K HYJIIO, & BTOPOE MEPEXO/INT B CJAeyIollee BhIpaykeHue Jijis narerpasa Py-

pbe
+00

400
% / i / F(#) cos A(t — z)dt.
0 —00

[Tosryanm renepsb yeaoBust npejacrasumoctn dyukimn f(x) narerpasom Py-
phbe.

Teopema 7.2. Ilycmov dynryus f(z), x € R asasemea kycouno-zaadkot
Ha N1000M ceamenme YUCA080T npamot u abcortommuo urnmezpupyema na R.
Tozda cnpasedauso paseHcmeo

+00

Fla+0) + flz —0)] = % / dx / F(t)cosA(t—z)dt.  (7.9)

0

1
2

ﬂO%CLSGTﬂEJLbcmBO. Cortacao OlIpeaeJIeHnIo HECOOCTBEHHOTO HHTEr'paJia, HaM
HY2KHO [J0OKa3aTb PaBE€HCTBO

A +o0

lim Sy := lim l//[f(t)cos)\(t—:U)dt] d\ =

A—+o0 A——+oo 7T

/ (7.10)

[f(z40) + f(z—0)].

| —
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I[To npusnaxy Beiiepirpacca B cuty abCoIIOTHON UHTETPUPYEMOCTH (DYHK-
mun f(x) va R BHyTpeHHHUit nnrerpas B JieBoit dactu paBerctsa (7.10) cxo-
qurest papaomepro o A > 0. TTosromy B cuity pesyibraTa TaaBbl 6 MOYKHO
IIOMEHSITh TIOPsAJI0K uHTerpupoBanus B (7.10) u mojsydurs

+00 A
:%/f(t) /cos/\(t—x)d)\ dt —
Sy T Y e

0 +o00

1 in A 1 in A
— - [tar o= B [ 1@t 9= E &= 550 + 51,
—00 0
B cnny pasencrsa
400 ] A 27 A > 07
/SmE Sde=d0. A=o0,
0 —g, A <0
oIy 9aeM
+00
St - gfaro -1 [T D Gnncag = 7o)

0
0

S () — %f(m _0) = % / flz+¢) - J@=0) o Aede = T (. A).

g mokazaTesibcTBa  TeOpeMbl HaM  JIOCTATOYHO  JIOKa3aTh, UTO
Tz, N), T (x,A) = 0, A — 0.

XoTd PyHKITIS ! (Hg)gf @40 opnsercs KYCOYHO-HENPEPBIBHON Tipn § >
0, MBI HE MOYKEM MPOCTO HPUMEHHUTH JieMMy 7.4, mockojbky J ' (x,A) u
J " (x, A) aBasiorest HeCOOCTBEHHBIME HHTETPAJIAMIE TIEPBOTO PO/IA.

Y106bI 060HTH 3Ty TPYIHOCTE, IipejcTasuM J ' (x, A) B BUjIE

A
%/f(x+€)gf(x+0)sinA§d§+
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/f smAf g~ f(x+0) +oosinA§

- ¢ dé =T, + T, + T3,

e A > 0.
Bajia M mponsBoJibHoe € > 0 um BosMeM A > 1 cTosib 60JIbIoe, 9T00LI
BBIITOJIHSI/IOCH HEPABEHCTBO

75| < /\f
+00

D710 BO3MOXKHO, 10cKONIbKY nHTerpasn [ |f(x+&)|d€ exoaures n
0
1 npu & > A > 1. Badbukcupyem 310 3HaUeHEE A.

B cuny emmver 7.4, J;7 — 0 npu A — +oo, u nostomy 3 A; Taxoe, uTo
| T < § mpu A > Ay

Haxomnerr,

sin A&

—+00
< [ifarolde <
A

sin A&

+

/ sin Ag / sint

A

+0o
uTK. [ % dt cxonuresi, To 3 Ay Takoe, 4TO {\7;‘ < s mpu A > Ao
0
Cremosaresbro, npu A > max (A, Ay) cripaBenBo:

3 € €
(T @ NS I HIT 1T < g+ 5+ 5 =¢

a 9710 1 o3Hadaet, 4ro J T (x, A) — 0 npu A — +o0.
Anasiornuno jokasbiBaercs, 1ro J - (x, A) — 0 upu A — +oc. O

Sameuanue 7.1. Vcaosus, 6vi600 u dokazamesvbcmeo 3mot meopemovt no-
TOJHCU HA YCAOBUA, 661800 U JOKA3AMENDCINEO MEOPEMbBL 0 NOMOUEUHOT CTO-
dumocmu pada Pypve.

7.5 IlpeobpazoBanne Pypne

[IycTb BbIIOTHEHB! yC10BUS TeopeMbl 7.2. [TockombKy yHKIIA

/ f(t) cos A(x — t)dt
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OTHOCHUTEJILHO A\ SIBJISETCS 9eTHOM, a (DyHKIIIsA

/ F(t) sin Az — )t

— HEYeTHOI, To 1o ¢gopmMmyJie Ditiepa Mojydaem

v.p. % 70d/\ 70 (1) expli(x — 1))t =
= — /Ood)\ / f(t) cos(A(x —t))dt+

+Vp—/ood)\/f )sin(A(x —t))dt =

+00

1 1
= / d)\/ f(t)cos(A(z —1t))dt +0 = §[f(x+0)+f(x—0)].
0
st menipepbiBHOii yHKIWN f(x) 9Ty HOpMyIy MOXKHO 3alucaTb B BHJIE
JIBYX OY€HDb MOXOKIX (POPMY.I:
+00
Fi @)= FIAN = FO)i= = [ ft)e

— npsgamoe 1peodpasoBanne Pypbe u

FUs J0) = F ) = @) = v [ Feran

— obpaTtHoe npeobpazoBanne Pypbe.

DOyukiys f()\) HasbiBaeTcsd Qypve-obpazom pynryuu f(x), a GyHKIms
f(x) — opueunarom dbyukumn f (N).

Ecmu wenpepeiBras dyukimst f(z) 3amana jquimb npu & > 0, TO TpoIoJI-
JKasl ee YeTHBIM MJIMN HedeTHBIM 00pa3soM Ha, BCIO UHCIOBYIO OCh, MOJIydaeM
Kocunyc-npeobpadosanue DPypve:

f(x) —>fc \/7/]” cos A\t dt,
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f.(\) = f(z) \/7/]”0 N cos Az d\, x>

u cunyc-npeobpasosarue Pypove:

fla) = fo(r \/7/f sin At dt,
fs()\)—>f($):\/g/fs()\)sinkxdk, x> 0.
0

Bamerum, uro npu = 0 HOCTEAHIN HHTErpaJ paBeH HyJI0, HE3aBUCUMO
ot cupasemuBocTu pasencta f(0) = 0.

7.6 IlomsTue obimero paga Pypne

Tpuronomerpuueckuii psjg Oypbe sBJIETCHA YACTHBIM CJIydaeM Pa3JI0zKeHNs
s71eMeHTa OeCKOHETHOMEPHOI'O €BKJINJIOBA MIPOCTPAHCTBA 110 CUETHON CHCTEME
9JIEMEHTOB 3TOr'0 IIPOCTPAHCTBA.

Onpenenenne 7.3. [ocaedosamenvrnocmo {1y, }5° | nenyresor aaemenmos
eskaudosa npocmparcmea £ Ha3vi6aemcs 0pmo20HasbHOT CUCEMOU, eCAl
ee INeMEHMDBL NONAPHO 0PMO20HAALHBL. OPMO20HANLHAA CUCTEME HA3HLEA-
EMCA OPMOHOPMUPOBAHHOT, €CAU HOPMDL BCET €€ INEMEHMOE PAGHDL 1.

IMpumep 7.6. B npocmparcmee Q[—m, T| HOPMUPOSAHHAA MPULOHOMEMPU-
YECKAA CUCTNEMA

1 1 1 1 L.
COS , sin x, cosnr, —=sinnz, ...

Vo VE CE T
ABAAEMCA OPMOHOPMUPOSAHHOU.

IIpumep 7.7. Fwe odun npumep opmozoHarvHotl CuCmemvt 8 Npocmpa-
cmee Q[—1,1] darom noaunomw Jesrcarndpa”

1 d"
onn! dan

P,(z) = (2> —1)"],n=0,1,2,...

Cucmema P, (x) == /2L P, (2) asasemes opmonopmuposannoti cucmemot

6 npocmpancmee Q[—1,1].

"Jlexkanap Angpuen Mapn (1752-1833) — dbpanmysckuii MaTeMaTHK.
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Op??’LOZOHCL/LbHOCmb 2mot cucmemol YCmarasAUBaAemMCA NPocmo: ecau n >
m, mo, uHmezpupys no vacmam, nosYyHaem
1

/ Py () Py () — =L / (02— 1L (@2~ 1] d =0,

2nnl 2mm| dxntm
1

dn+nz
[(z2 = 1)"] =0.
d$n+m
HOpMupOGO%HbLiZ MHOHCUMEND  MOHCHO  BblHYUCAUMD, TNOAB3YACL YIHCE
UMENUUMUCA Y HAC SHAHUAMU O B U r gﬁyumgwm:. ﬂeﬂcm@umeﬂbﬁo,

NoCcKoNbKY

/1 (ﬁ(ﬁ _ 1)n> dfn (22— 1)"dz = (—1)”/1(;152 _ 1)ndd::n (42— 1) di =
- (1)n/1(x2 —1)"(2n)tde (1)”(2n)!/2t”(t —o)mdt =
’ J

1
2V (2p)1 2201 /U”(l —v)"dv = (2n)! 2" B(n+ 1,n+1) =
0

e LA DO+ 1) (2%!)2.
I'(2n + 2) 2n +1
[Tycts B eBKJIMIOBOM TpocTpaHcTBe &£ 3ajlaHa OPTOTOHAJIbHASA CHCTEMA
{r}e, n nyers f € €. Ilonpobyem mogobpars Kosddunuentsr i, k =
1,...,n Tak, 9ro0bl KOHEUYHAsl JIMHCHHAsT KOMOMHAIUS » p_; Ctby HpUO/IM-

= (2n)

Kasa Obl ssieMent f HamrydnmM (B eMbicse HOpMbI) B € 00pa3oM:

n n

1Y Sewtbn = fIP = O awbe = £, cwtbe = ) = Y 6 (thn, tr)—
k=1 k=1

k=1 k=1
23 et + (1.0 =3 (alul - F20) =57 (L) e
k=1 k=1 k=1

Orciona BuaHO, uTo Bemumanna || Y p_; cxtbr — f||* upnanMaer MuHIMATBHOE

(f7 @Dk)
[l

Ha3bIBAIOTCA Koadipuyuenmamu Pypoe snementa f 1o cucreme {1 }o2 ;.

3HAUYEHHUE TOIJla U TOJBKO TOrja, Korjaa cp = fr 1= Benuunnbr fi

Onpenenenue 7.4. Padom Dypve asemenma f € £ no opmo2onasvhol
cucmeme {1y}, naswsaemes pad Yy oy fethr. Ecau cucmema {1}, -
opmonopmuposarnas, mo fr = (f, ).
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Pan @ypbe saBisieTcst 06001IeHneM Pa3JI0yKEHNs 110 OPTOTOHAJILHOMY Oa-
3UCY 3JIEMEHTOB KOHEUHOMEPHOI'0 €BKJIMI0BA IIPOCTPAHCTBA.

OueBuIHO, YTO IPU HOPMHUPOBKE JIEMEHTa 1) MEHSIIOTCA Yy U fj, HO He
X mpousBejeHusi, T.e. psia Pypwe Jgr0doro snemenTta f € £ mpum 9TOM He
MmensteTcs. [ToapIToKuM 3TH paccy KIeHnsl B BUJIE TEOPEMBI.

Teopema 7.3. [06 sxcmpemarvrom ceolicmee Konewnot Ccymmve pada
Qypve] Hycmo {Yp}2, — 0pmozonasvhas cucmema INEMENMOE €6KAU-
dosa npocmparcmea E. Ilpu durcuposarrom n u3 6cexr cymm 6uda
S i G, € R naumenvwee omraonenue om asemenma f no mnopme
npocmpancmea € uMeem n-a “acmuIHas cymma Yy p_; fithr pada Oypve
anemenma f.

Onpegenenne 7.5. Pad Qypve anemenma f crodumces x amomy ssemenmy
. n
no nopme npocmparcmesa £, ecau lim || Y0 fute — f|| = 0.
n—oo

I'eomerpuyeckuii cMmbicyi TeopeMbl 7.3. MHOXKECTBO BCEBO3ZMOXKHBIX
JIMHEHbIX KOMOUHAIMH Y )1 cx1Py, 00pasyior MOJAIPOCTPAHCTBO €BKIINI0BA
npocTpancTBa €. MbI nilleM HaMeHbIIIee OTKJIOHEHHE JIeMeHTa [ OT JJAHHOIO
IO/IIIPOCTPAHCTBA, T.. PACCTOSHIE MEXK/y f M JAHHBIM HOJIIPOCTPAHCTBOM.
I3 BceBOBMOXKHBIX OTPE3KOB f — ZZ:I CrWg, COCTUHSIIONMX f ¢ TUM I0/JI-
IPOCTPAHCTBOM, HAMMEHBINY0 “/yinHy” (HOpMY) MMEeT TOT, KOTODBIi Iep-
HEHIUKYJIAPEH K IOJAIMPOCTPAHCTBY, a JJIsi 9TOr0 OH JIOJIZKEH ObITh IepIieH-

JIIKYJISIPEH K KayKJIOMy Oa3ucHOMY 3JeMeHTY v;, ¢ = 1,...,m, 3TOro Io/I-
n

npocrpanctsa, otkyaa (f — D i o, i) = 0, re. ¢ = (f,¢5) = fi,

t = 1,...,n. Takum obpa3oM, HAUMEHBITNM 10 HOPME IEePIeHINKY/ISIPOM

gpagercst f— Y 01 ety

CaenctBue 7.1. U3 doxaszamensvcmea meopemol 7.3 nosyuaem morcoecmeo
Becceas®

1Y fevoe = FIP = 1P =) Rl (7.11)
k=1 k=1

a 86udy HeompuuamesvHocmu Ae6ol wacmu mootcdecmea Becceas, u nepa-
BEHCMBO

> Rl < ILFIP
k=1

8Beccens Opuapux Bumbreasm (1784-1846) — HeMenkuii acTPOHOM W MaTeMATHUK.
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Omcroda caedyem cxodumocmv pada d p_, fE||wx]|* u nepasencmeo Becceas

8

> Sl < NI (7.12)

k=1

ITpumep 7.8. Paccmompum 6 npocmpancmese Q[—m, | pad Dypve

\/__ + (7 cos kx + % sin kx) (7.13)

dynruuu f € Q[—m, 7| no opmonopmuposannoll cucmeme Gynryu

{ ! ! k ! kx, k=1,2,. }
COS KT, sin Z, =
/_27'(' \/— \/—

Qg A b
Fcau ssecmu 0boznaverus T T 5 e = On, = b, mo amom psaod
npumem eud mpuzoromempuyeckozo pada Dypoe.

Pad (7.13) nomoueuno moorcem u ne crodumwvca (ecau dynwrkyus fue
ABNACTNCA KYCOUHO0-2A00K0T ), 00MAKO OAA €20 KOIPPUUUEHMOE BBINOAHEHO

HEPABGEHCT GO Beccens

we ) (e 1) < = [ e

k=1

om%yda, pa3d€,/LUS Ha T, NOAYHYUM HEPAGEHCINEO
2 o0
a
0 § : 2 2
E + CL;C + b /f
k=1

W3 smozo mepasencmea caedyem, wmo koapduuyuermot a,, b, wycouro-
HENPEPuIBHOT PYHKUUL f CMPEeMAMCA K HYA0 Npu N — 00. IMo dHce MOodHC-
HO NOAYYUMD U U3 AeMMDL 7.4, 00HAKO UCNOAB30BAHHBIT MeMmOod npowe U
YHUBEPCANDHEE.

7.7 3aMKHYTbI€ U MOJIHbI€ OPTOTOHAJIbHbBIE CUCTEMBI

HeobOxoauMo BBISICHUTE YCJIOBHSI, IIPU KOTOPBIX psiji Dypbe ajiementa f € £
cxouTesd K f 1o Hopme rpoctpancrsa £.
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Onpenenenne 7.6. Opmozonanvras (6 4acmmocmu, OpmoHOPMUPOBAHHAA)
cucmema anemermos {1, 122 | 8 6eCkoHeUHOMEPHOM e8KAUDOBOM NPOCTPAH-
cmee € Hasvisaemca 3amMrHymot, ecau 10600 sremenm f € E moorchHo
CKOAD Y200HO MOYHO NPUOAUSUMD NO HOPME IM020 NPOCTPEHCIMEN KOHEY-
HOT AUHETHOT Kombunayuet aaemenmos cucmemvt {1,151, m.e. Ye > 0

3> i e makas, wmo ||f — > _; atil| < e.

OrmMeTuM, 9T0 B 9TOM CJIydae TeM 0oJiee BBIIOJHEHO HepaBeHCTBO ||f —
n
Y oie1 Jetell < €, vae fr — xoaddurmentsr Oypoe ssementa f 110 cucreme

{%}3021-

Teopema 7.4 (HeoOXOaNMOE U JIOCTATOYHOE YCJIOBHE 3aMKHYTOCTH OPTOIO-
HAJILHOM cucTeMbl). Caedyroujue mpu Ycao8us IK6USAACHIMIDL:
1. opmozonanvran cucmema {1, }02 — samrnyma;

2. Vf € & sunoanaemca pasencmeo Ilapcesans’

D fElll® =112, (7.14)

k=1

ede fr = ?f’“’w) — Koappuyuenmo, Pypve anemenma f no cucmeme

[k 12
Wk}}?ip'

3. pad QPypve Vf € € no opmozonanrorot cucmeme {1y}, crodumes ®
f mno mopme.

oxasamenvemeso. Jlokaxkem Teopemy 1o cxeme 1 — 2 — 3 — 1.

1 — 2. B cuty 3amknyToctu cucrembl {1y} 22, ToxkjectBa Beccesst (7.11)
1 9KCTPEMAIBLHOIO CBOMCTBA YaCTUUHON cyMMbI psiga Pypbe mogydaemM, 9To
Ve > 0 dN rakoe, 4TO JieBas 4acTh TOXKJecTBa beccenst < € npu n = N.
CrenoBaresbHO, IpaBasi 4acTh TOXKJAeCTBa beccenss < € mpu n = N, a 310
3HAYUT, ITO

LFIP =D fillol® = 0,
k=1

T.e. CIIpaBe/INBO paBeHcTBO [lapceBasis.
2 — 3. U3 cupasemymBoctu paBenctsa [lapceBasist gt f € £ u Toxk-
JecTBa Beccesig cpasy cieyer cXoauMocTb psja Pypbe i jnemenTa f K

f.

Mlapcesais Mapk Auryan (1755-1836) — dbpantysckuii matemarnk. lcno, uto paserncrso [lapcesass
€CThb He YTO MHOe, Kak TeopeMa [ludaropa B 6eCKOHETHOMEPHOM ITPOCTPAHCTBE.
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3 — 1. U3 cxomumocts psijga @ypoe aasa V € € x f cpasy cienyer
3aMKHYTOCTD CHCTEMBI {1k 172 ;. ]

Sameuanue 7.2. Jamrnymyro cucmemy 6 OECKOHEUHOMEPHOM e6KAUIOBOM
NPOCMPAHCINEE MOHCHO HAZBAMB OA3UCOM IMO20 NPOCPAHCMEA, NOCKONLKY
pad Qypve ar0boz20 anemernma f € E crodumes x f no nopme E.

Jloxastcem eduncmeennocms marozo paznostcenud. He oepanuvusasn ob6uy-
nocmu, Mostcro cuumams cucmemy {y}oo, opmonopmuposarnot. Ipedno-

> fetbku Y fi
k=1 k=1

crodames x aremenmy f € E no nopme npocmparcmea E. Tozda

AOHCUM, 4IMO PAIDL

Y " b= frbill < Y- St — FI+IF =D fiaoell — 0 npun — oo,
k=1 k=1 k=1 k=1

omxyda
n n

ST = P =1 = Sl — 0 npun — oo,

caedosamenvno fr, = fi., wmo u osnavaem eQuHCMEEHHOCTNG DA3AONHCEHUSA
anemenma f.

Bameuanue 7.3. Huowce muvi doxascem 3aMKHYMOCMb MPU2OHOMEMPUME-
ckol cucmemv, 6 npocmpancmee Q[—m, |, omxyda 6 cunry meopemor 7.4
caedyem, wmo das a1060l pynkyuu [ € Q[—m, | ee pad DPypve crodumces
k f no nopme npocmpancmea Q|—m, |, m.e. 6 cpednexsadpamuHom, 4mo,
KOHEYUHO, He 03HAYUAem nomoueuHotl crodumocmi.

OcraeTcst OTKPBITHIM BOIIPOC O CYIIECTBOBAHUM 3aMKHYTBIX CUCTEM B Oec-
KOHETHOMEPHBIX €BKJINJIOBBIX ITPOCTpaHcTBax. Hike MBI onmpejiesinM 2uab-
OepMOo6v, IPOCTPAHCTBA, JIJIsT KOTOPLIX BCETJla CYMIECTBYIOT 3aMKHYTHIE CHU-
CTEMBI.

Omnpenesierne 7.7. OpmozonasvHad (6 4acmmocmu, OPMOHOPMUPOSIHHAA)
cucmema anemernmos {ig}ro | 6 OeCKOHEYHOMEPHOM e6KAUIOB0M NPOCTNPAH-
cmee € Ha3ul8aemcsa noanot, ecau euHCMEEHHbIM IAEMEHMOM |, opmo-
20HANOHDIM KO BCEM IAEMEHMAM V) JaHHOT CUCMEMDL, ABAACMCA HYAEBOT

3JL€J\/L€HTTL.1O

10B KHHUre By,uaKa, Domuna, TEePpMUHbI 3aMKHYTOCTH U IIOJIHOTBI CUCTEMBI JIEMEHTOB II€pECTaBJICHbI, &
B KHHUT'€ I/IJH)I/IHa,, Ilozusgka umeroT TOT 2Ke CMBICJI, 9TO U y HaC.
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Teopema 7.5. Jlobas 3aMKHYMAA CUCTEMA INEMEHMOE 6 NPOCMPAHCMEE
E asasemea noanoil.

Hoxasamenvcmso. Ilycrs {1 }72, — 3amknyTas cucrema n nycrs f € &
— BJIEMEHT, OPTOrOHAJILHBIN BCeM 3jieMeHTaM JaHHOoil cucrtembl. [TockosbKy
fr = (f,vr) = 0, To B cuy pasencrsa IlapceBajisi, crpaBei/TiBoro Jijist
saMkHyThIX cucteM, mvee || f* = 702, fAllvel* = 0, orkyna no onpee-
jeanto HopMbl f = 0. O]

Bameuanue 7.4. Obpamroe ymeeporcdenue, 6000we 2060pA, MHEBEPHO; 6
knuze Unvuna, losuara (w. II, en. 11, §3, n. 2) ¢ nomowwro unmezpana
Jlebeza nocmpoer npuMeEP NoAHOT CUCEMYL 8 OECKOHEUHOMEPHOM HE NOA-
HOM E6KAUIOBOM NPOCTPAHCINEE, KOMOPAA HE ABAAECMCA 3aMKHYMOU.

Omnpenesienue 7.8. Hopmuposarroe npocmpancmeo L nasweaemcea cena-
PAOENDHDIM, ECAU 6 HEM CYULLCTNBYEM CHEMHOE BCI00Y NAOMHOE NOOMHONCE-
cmeo Ly, m.e. Vf € L cywecmsyem nocaedosamenvrocms f; € Ly makaa,
umo || fi — f]| — 0 npu i — oo.

Cpenin 6eCKOHETHOMEPHBIX eBKJINI0BBIX IIPOCTPAHCTB 0CO00E MECTO 3aHU-
MAIOT 2UAbLOEPMOGHL NPOCTPAHCINEA.

Onpenenenne 7.9. Beckoreuromeproe noanoe cenapabesvhoe esKAud080
NPOCMPAHCMEO HA3VIBAEMCA 2UNLOEPMOGHIM NPOCTNPAHCIIEOM.

ITpumep 7.9. Onpedeaum 2urvbepmoso npocmparcmso £y :

0
. _ 00 2
Uy := < x = {x;}32| x; € R, g x; < 00
i=1
Ouesudrno, wmo oy — AUHEHOE NPOCMPAHCINEO OMHOCUMEALHO NOINEMEHT-
HOT CYMMDBL NOCALAOBAMENLHOCTNEL U YMHONCEHUSA NOCAEI08AMENLHOCTNET
Ha 6ewecmaeernvie wucaa. Onpedesum 6 Lo crariaproe npouseederue
o0 1 o0
(x,¥) = D < 5 (@) <
v Y) = Tili X 9 X, Y, Q.
i=1 i=1
Ham ocmaemes nposepumv noanomy u cenapadesvHocms npocmparcmea Ly .
IIyemov nocaedosamenvrocmv {x, 150, C ly Pyndamenmanvra. Imo
osnavaem, umo Ve > 0 AN maxoe, umo
o0
2 2
1% — Xnipll” = E (Tni — Tnapi)” <emnpu¥Vn > N,Vpe N.  (7.15)
i=1
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Ho mozda npu awobom durcuposarnrom i dyndamenmanrvha u nocredosa-
meavrocmo {xy oo, omryda x,; — y; € R, n — oo. [okascem, menepo,
umo'y = {y;}32, € by ux, —y = {y;}2, n — oo. 13 nepasercmea
(7.15) caedyem, wmo daa 06020 Purcuposartozo m

m

> (¥ni = Tnipa)® <&, Vn = N(e), Vp € N.
=1

Ilepexodsa 6 amom nepasencmee K npedeay npu p — 00, NOAYHUM

m

Z(a:m — yi)2 <e, Vn > N(e).

i=1
Ilepexodsa menepv x npedeay npu m — 00, NOAYUUM

(e.¢]

Z(a:m — ;)2 <&, Vn = Ne). (7.16)

1=1

m m m

D vl =2 = wai ) <23 (5 = wni) 7)< 2o+ ),

i=1 i=1 =1

caedosamenvno, pad Y oo, y? cxodumes, u nosmomyy € ly. C dpyeoti cmo-
POHBL, 8 CUAY NPOU3BOALHOCTIU € U3 Hepasencmea (7.16) caedyem x, — Y.
Taxum obpazom, npocmparcmeo by NoAHO.

B kauecmee cuemmnozo 6co0y naommoz0 noomMHoAHCeCmEa npocmpaHcmen
Uy MOXCHO 83AMD MHOIHCECNEO

eQ’f’Q = {{xlyx%"'axsaoaoao,-..}‘.’,UZ'6@,7;:1,...,87 SEN}

Punumnsir nocaedosamensvrocmed payuoOHaIbHOLE wucea. eticmeumensro,
ecau X — npouseonvnuili anemenm us o, a € >0, mo In € N maxoe, wmo
S i &7 < €/2. Bubepem menepb payuonasbibe Wucaa y; mak, wmo |x; —
yil> < e/(2n). Toeday == {y1, 92, -, Un,0,0,0,...} € oy ulx—y|* <e.
Taxum obpasom, Us rq 6cr00y naommo 6 ls.

Hokaorcem, wmo Uy o cuemno. Hycmov Uy ros = {x| 2, =0,1> s} =

Q° C by pq. To2da

(0.]
bro=Jbros

s=1
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U NOCKOALKY 00BEOUHEHUE CHEMMHO020 YUCAL CUETMHOLL MHONCECTNGE CUEM-
HO, mo docmamoyuno dokazamv cuemnocmo muoocecmea QF. Banymepy-
em anemenmos cuemmnozo muoorcecmea Q u nycmo Qp — wmnoorcecmeso s-
INEMEHMHBLT NOCACAOBAMEALHOCTNEL, YUAECHb KOMOPHLIL HATOOAMCA Cpedu
nepevx k anemenmos neperymeposartozo muosxcecmea Q. Ilockorvky wuc-
10 anemernmos muootcecmea Q; xorneuno (# (Q7) = ks) uQ® = U2 ,Q;, mo
Q°® cuemmo.

Taxum obpasom, npocmparcmeo by cenapabesvro. /Ias doxazamenvcmea
mozo, wmo ly — 2uabbepmoso, ocmaemcs noKa3ams, 4mo oHoO DeCKOHeUHO-
MeEPHO. IMo caedyem us mozo, ¥mo A100a4 KOHeUHAA NOOCUCTEMA CUCTEMDL

e; :=1{0,...,0,1,0,0,...},i=1,2,3,...
——

1 YUCEN

cocmoum u3 AUHeHO He3a6UCUMDBLT INEMEHMOS.
Hmax, npocmpancmeo by — 2uavbepmoso. B kavecmee samknymot cu-
CEMbL 8 HEM MOHCHO 63amb cucmemy {e;}52,.

Bompoc mis caMoCcTOSITe/TbHOIO M3yUeHNsl: KaKOBa MOIIHOCTD ITPOCTPaH-
crBa Uy 7
[IpousBo/ibHOE IMIILOEPTOBO IMPOCTPAHCTBO IPUHSITO 0003HAYATH IIEPBOIt

tll

oyksoit ‘H damunun Hilbert ** B pykonmcunom nadepranuu.

Teopema 7.6. Jlobas noanas opmozonasvhan cucmema {Py}ee, aremen-
MO8 NONHO020 €8KAUIOBA NPOCMPAHCNEa E ABAACMCA 3AMKEHYMOTU.

Joxasameavcmeso. Ilpn  HOPMHUPOBKE 3JIEMEHTOB CHCTEMBI €€  IOJTHOTA
(HermostHOTA) M 3aMKHYTOCTH (HE3aMKHYTOCTB) COXPAHSIOTCH, MOITOMY, Oe3
OrpaHuveHns OOIIHOCTH, MOXKHO CINTATh cucreMy {iy}7; OPTOHOPMEPO-
BaHHOIL.

[Iycts ¢ — npousBosibHBI 371eMeHT npocTpaHcTBa £. Jlocrarodno Jio-
Ka3aTb, 4TO psiji Pypbe 3jleMeHTa ¢ CXOAUTCS K 3TOMy 3jeMeHTy. Ilycrhb
D, = > g, e = (p, 1) — vacTuunasg cymma psja Dypbe sreMeH-
Ta . Tak KaK B CHJIy HepaBeHCTBa Beccens pas Y pe €2 CXOIUTCA, TO TIPH
Vm > n nMeeM

m m m
2 2
O = @ullP = 1| > atl®={ Y extn, Y ety | =
k=n+1 k=n+1 k=n+1
U Masun Tmmbept (1862 — 1943) — memenkmit MaTeMaTHK-yHUBEPCA, BHEC 3HAYUTENBHBIN BKIA B

Pa3BUTHE MHOTUX obj1acTeil MAaTeMATUKA.
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m
= g C%—>O, pu n,m — oo, m > n.

k=n+1
[Tostomy ®,, — dyngamenTagbHast MOCIEI0BATEILHOCTD U, B CUJTY TOJHOTHI
npoctpancTsa &, CymecTBYeT 3jieMenT ¢y € £ Takoit, ato || P, — o] — 0,
n — 0.

OcTraeTcs JI0Ka3aTh, UTO g = @, a JIJId 9TOTO JTOCTATOYHO JOKA3aTh, ITO
kodbduienTor Pypbe JIEMEHTOB (g U  COBHAJAIOT, T.K. TOLJIA SJEMEHT
o —  OyIeT OPTOroHAJIEH BCEM JIEMEHTAM Y U, B CHJIY MOJTHOTHI CHCTEMBDI
{r}32,, asasercs myesbiM. [Ipu mobom n > k

n n

(@, k) = O e i) = D althn, ) = a.

C npyroit cTopoHbl, B ¢y HepaBeHcTBa Komn—-ByHsIKOBCKOrO nMmeeM

[(Pns 1) = (@0, V)| = (P — 90, ¥i)| < V[P0 = @ol| — 0, n — o0,

oTKya BeiTeKaeT ¢ = (P, ) — (o, W), n — oo, Te. (@, ¥y) = ¢ =
(90, V1) O

Teopema 7.7. B noanom 0ECKOHEUHOMEPHOM €B8KAUIOBOM NPOCMPAHCMEE
E cywecmsyem 3aMERYMAA CUCTNEME INEMERMOE Mo20a U MOAYKO mo20a,
Ko2da ono 2uAbbepmoso.

Jloxasameavcmeo. Ecan B 1I0JHOM €BKJINJIOBOM IIpocTpaHcTBe £ €CTh 3a-
MKHYTast crucreMa sjeMenToB {1;}5°,, To Jioboil sjieMeHT mpocTpancTBa £
MOKHO IPUOJIH3UTD ¢ TOYHOCTBIO € /2 KOHETHOIT JMHefinofi KoMOnHaIueii s/e-
MeHTOB {1; }22; ¢ BelecTBeHHBIMU KObDMUIMEHTaMH, & ee, B CBOIO 0YePe/Ib,
PUOJII3UTE € TOYHOCTHIO € /2 KOHETHOM JIMHEeiHOM KOMOMHAINEH 9/IeMEHTOB
{1i}5°, ¢ parmonanbabMu Kobdunuentamu. Tem caMbiM, KOHETHbIE JHHET-
Hble KOMOMHaIuM 371eMeHTOB {1);}5°, ¢ palmoHa bHbIMI Ko3bdumenTamm
00pa3yIoT CYETHOE BCIOJY IIOTHOE MHOXKECTBO (€ro CUYeTHOCTH JO0Ka3aHa B
nprMepe 7.9) B mpocTpancTBe £, KOTOPOE TI0ITOMY SIBJISIETCST THBOEPTOBBIM.

IIyctb Tenepp £ — rujibbEpTOBO NpOCTpaHCTBO. Bo3smeMm B HeM cueTHOE
BCIO/Ly IIJIOTHOE IIOJMHOXKeCTBO { Xk 72 U IPUMEHNM K HeMy IPOLeLypy Op-
tToronayinzanun I'pama-IlIMujira, yuauss 110 Xo4y Jiela U3 3JIEMEHTOB, elle
He 3aTPOHYTHIX OPTOrOHAIM3AIIEN, Te, KOTOPBIE ABJIAIOTCS JINHEHHBIMI KOM-
OMHAIUAME Y2Ke IOCTPOCHHBIX KOHEUHBIX OPTOHOPMUPOBAHHBIX ceMeiicTB. B
pe3ysbTraTe Mbl HMOJYYNM 3aMKHYTYIO CHCTEMY 3JIEMEHTOB B IIPOCTPAHCTBE

E. ]
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Teopema 7.8. Ecau {15}, — noanaa cucmema snemenmos 6 eskaudosom
npocmparcmee £, mo 064 passuMHbLT INEMERMA [ U g 9M020 NPocMPancmea
ne Mo2ym umems odunarosvie pads, Dypve no smot cucmeme.

oxazameavcmeo. Ecin aytementsl f u g npoctpancTBa £ UMEOT OJIMHAKO-
Bble ps1/ibl Pypoe 1o cucreme {Y 1722, TO UX PasHOCTD f — ¢ NMeeT HyJeBbIe
KoadpurmerTor Pyphe, a 3HAUNT OPTOrOHAIBHA BCeM d1eMeHTaM k. OTcio-
J1a, B CHJIy HOJIHOTBI cucteMbl {iy }72 |, ciaeayer, 9to f = g. O

Teopema 7.9. Jhoboe 2uivbepmoso npocmpancmseo usoMopphHo npocmpat-
cmey ls.

oxazameavcmeo. Ilyctb 'H — npon3BojibHOE T'HJIBOEPTOBO IIPOCTPAHCTBO,
a {Yr}3e, — Upou3BOJIbHAS 3aMKHyTasl cucreMa B H. I13 BbllleckasaHHO-
IO CJIEAYET, 9TO MEXKJy 3JIEMEHTAMU IPOCTPAHCTBA H U CXOMAIINMUCS Psi-
aaMn > o cptby o cucreMe {1 }32, CyIIecTBYeT B3aMMHO-OJHO3HAYHOE
coorBercTBre. Ho cXxoamMocTh psiia » o Cxt); SKBHBAJEHTHA 1O KpUTe-
puto Ko cxomuvoctn wuncioBoro paga » oo ¢a. Takum obpasom, mme-
eTCsl B3AUMHO-OJHO3HAYHOE COOTBETCTBHE JF MEZKJLy 3JIeMEHTAMU IIPOCTPAH-
crBa H 1 HOCJIE/IOBATEILHOCTSME {Cy }72, U3 IPOCTPAHCTBA o, COXPAHSIIO-
mee B CHJIy TOXKjecTBa llapceBasist HOPMBI, & B CHJTy TOXKJIecTBa (T,y) =
S(lz + yl* = l|=]|* = lylI*) — n ckanstpuble nponseexeHsL. N

[Iycte Temeps F: Q[—m, w] +— f3 — oTobpakenue, mnepeBosiiee GyHK-
IO U3 MPOCTPaHCTBa (Q[—T, 7| B 10C/IEI0BATEBHOCTD e KOIhDMUINEHTOB
Dypbe 110 HOPMUPOBAHHON TPUIOHOMETPHYIECKOH crcTeMe {1y 72 |, KoTopas,
Kak OyJeT IIOKa3aHo HIKe, dBjdeTcd 3aMKHyToil. B cuny Toxkpecrsa Ilapce-
BaJist OToOpaykenue JF CcoXpaHgeT HOPMbI 3JIEMEHTOB, a 3HAYUT, B CUJIY TOXK-
necrsa (z,y) = 2(||lz +y||* — ||z||* — |ly||*), cupaseauBoro B mponsBoIBLHOM
eBKJINZOBOM IIPOCTPAHCTBE, U CKAJISIPHbIE IpousBeaeHnst. [Ipu 3ToM pas3HbIM
dbyskImsM f n g U3 nmpocTpaHcTBa (Q[—, 7] COMOCTABIAIOTCS PA3HbIE M0
caegoBaresbHocT Koadduinentos Oypbe, OCKOILKY 3T psiibl Dypoe cxo-
JIITCSL B CPEIHEKBAJIPATUIHOM K PYHKIWMAM [ U ¢, HOPMa Pa3HOCTH KOTOPBIX
|.f =9l q|—n,x] 1ys110 He pasna. Ho oTobpazkenue F m30MOPMU3MOM He AB/IACT-
Cs1, TIOCKOJTBKY (Q[—, 7] — He moJsiHOe TpocTpaHcTBO. Ero MoXKHO MpeBpaTuTh
B IIOJIHOE [POCTPAHCTBO, €CJIU paceMorperhb psiiibl Dypbe o~ cxthg, byH-
JlaMEeHTaJIbHbIE TI0 HOPMe POCTpaHcTBa (Q[—m, 7] (T.e. Te, Jijis KOTOPBIX CXO-
JATCST PAJIBL Y pey C2), HO He MMEIOIIe [IPeJIeJIoB B IpocTpancTse Q[—, 7,
Kak Hosble (ynxuun.'? Tlosyuentoe nonosnentnoe npocrpanctso L£2[—, 7]
130MOPQHO IPOCTPAHCTBY a9, & IOTOMY IOJIHO.

12Bonee aBHOE ommcanne >TEX GYHKIMI JaeTcda B TeopuH mHTerpasa Jlebera.
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7.8 PaBHOMepHas cXOAMMOCTL U IIOoUJIeHHOe audde-
peHIIpoBaHue TpUroHoMeTpuidecKoro psaga Pypbe

B nannom maparpade Mbl ycTaHOBUM, Kakue ycaoBust Ha (yHKINO f(x)
00eCIeInBAIOT PABHOMEPHYIO CXOJNMOCT ee psijia Pypbe Ha [—7, 71| 1 Kakne
YCJIOBHS TO3BOJISIOT JupdepeHImpoBaTh psji Pypbe MoUJIeHHO.

Teopema 7.10. Ilycmw

1. gynwyus f(x) nenpepwena na [—m, |, u f(w) = f(—m);
2. pynxyua f(x) umeem na [—m, 7| Kycouno-nenpepuieHyo npoussodHyIo.

Tozda mpuzonomempuueckutds pad Qypve dynrkyuu f(x) crodumca x wmed
pasromepno u abcorrommo na [—m, w3

Joxaszamensvemeo. B cuity HepepbIBHOCTH 27T-TIEPUOUICCKOTO TTPOOJIZKE-
Hust byHKIMN f(2) Ha BENECTBEHHYTO MPSIMYTO U € KYCOUHOI IIAIKOCTH U3
TeopeMbl 7.1 cyieyer morodedHast CXoanMocThb psijia Pypre byuakimn f(z) K
ueit. [Tosromy st yacruanoit cymmbr Sy, (x), n = 1 psajga @ypbe

Qo :
5 1 Z(ak cos kx + by sin kx)

00
k=1

dbyskiun f(x) cupaBeiiBo CIe/yIolee COOTHOIIEHNe

oo

f(x) = Sy(x) = Z (ay, cos kx + by sin kx),

k=n-+1

OTKYylIa IJid HO0Ka3aTEJIbCTBa TCOPEMblI JOCTATOYHO YCTaHOBUTDH CXOIMMOCTDL
qUCJIOBOI'O Psda

(0. ¢]
> (x| + [bi))-
k=1
Obo3naunm depe3 o 1 [ KoapduimeHTsl Pypbe KyCcOUHO-HEIPEPHIBHOM
bymaga f'(z):

- -
ap = —/f’(x) cos kx dx, By = —/f’(x) sin kz dx.
s 7r

BOramame oT yclIoBHil TeOpeMbI O IIOTOUETHOMN cxommMocTa paaa Pypbe cocTouT B yeaoBum 1.
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I3 wnepapencrsBa beccenss miag  koaddpunmuentop Pypbe  KyCOUHO-
HenpepbiBHOi byHKIMU (CM. npuMep 7.8) mostydaem, 9to pan Y po (s + 37)
cxoputest. arerpupys mo dactsiM, noiaydaeM B cuiy f(m) = f(—m):

™

1
ar = —coskz f(z)
7r

1
+k:—/f(9:) sin kx dx = kby,
T

oTKyza |bi| = lou] ’“' . Anasornaso, |ag| = %' i
o0 &) 1
S aal + be) = 3 (o] + 8] < Z (+et+am). @

k=1 k=1
rjae Mbl BOCIIOJIb30BaJIMCh OY€BU/JHBIMUA HEPpABECHCTBaAMN

1 1/1 5\ 1 1/1
—\Oék\ (kz O‘k)?%‘ﬂk‘<§<ﬁ+ﬁk>'

[TockosibKy psi B mpaBoit 4dactu (7.17) CXOAUTCSI, TO CXOMUTCA ¥ Psiji
> re i (Jag| + bk]), aTo mocTaTouHo IS JOKA3ATEIBLCTBA TEOPEMBI. O

Teopema 7.11. [lycmo

1. pynruus f(x) u ee npouszsoduvie do m-020 nopadka HENPEPLIGHBL HA
=, 7] u f0(m) = [0 (=7), k=0,1,....m;
2. dymryus f)(z) wycouno-nenpepwiena na [—m, ).

Tozda mpuzonomempuveckuti pad Oypve

on - :
5 ;(ak cos kx + by sin k) (7.18)

Pynruuu f(x) moocro m pas Juddeperyuposamsv novaenHo Ha |—T, T,
m.e.

= Z (akkl cos (l{:x + Zg) + bk sin <l~cx + lg)) 1 =1,2,...,m.
k=1
(7.19)

Hoxazamesvcmeo. Obosnauum depe3 «p u [ Koapbummentor Dypbe
Kycouno-uenpepbisuoit dynkiun fmH) (z):

1 1T
= —/f(m+1)(:c) coskx dx, By = —/f(m+1)(a:) sin kx dz.
T T
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Uuterpupys m + 1 pa3 1mo gactsam, MoJaydaeM B CHJIY TEPBOTO YCJIOBUA
TEOPEMBI:

|+ [Bel = K™ (Jar| + [be]), (7.20)
rie a u by — koaddunuentor Pypoe byuxiwn f(x). Orcioaa

Sk (lax] + 15k = 3 (sl + 15:]) (121)
k=1 k=1

CxoauMocTh psijia B TpaBoil dactu pasercTBa (7.21) mokasbiBaeTcst Kak B
npejbiyieii reopeme. Yucsiosoit psj B sieoit gactu (7.21) maxkopupyer
dbysximonabueit psig (7.19) npu [ = 1,2,...,m, m03TOMYy O HpU3HA-
Ky Beitepmrpacca psin (7.19) cxomurest paBHOMEpHO Ha [—7, 7| st [ =
1,2,...,m. Orcioza 1o Teopeme o 1nowieHHOM JiuddepeHmpoBannn GyHK-
[UOHAJIBHOTO psijia cyiejyer, uaro psijt (7.18) mMoxkHO m pa3 muddepeHiupo-
BaTh MOWIEHHO Ha [—T, 7. N

CaencrBue 7.2. B ycaosusxr meopemw, 7.11 s kosppuyuenmos pada Dy-
pve dynrkyuu f(x) cnpasedausa ouenka

1 1
CLk:0<W>,bk:0<W>,k—>OO,

Komopas caedyem u3 pasencmea (7.20) u mozo, wmo |agl, |0k — 0 npu
k — oo.

IMpumep 7.10. 1. Ilyemo f(x) = (2® — 72)?, —7 < < 7. Tozda

fl=m) = f(?T) =0,

U noamomy Oas mpemuets npoudsodnot dynkuyuyu f(x) nepeoe ycao-
sue meopemu, napyuwero. Iloomomy x dannot dynryuu meopema 7.11
npumeruma npu m = 2 u pad Qypve pynkyuu f(x) moocno dsa pasa
duppepenyuposams novaerno wa [—m, .

Ecau svrvucaums pad Qypve dannoti dyrrxyuu, mo moxcho yoedumo-
CA, MO 8 MOUKAT unmepseana (—m, ) e20 mootcro duddepernyuposamy
NOYAEHHO MPUAHCIDL.
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2. f(x) = sin(cos ).

s dannoti pynkuuy yeaosus meopemvs 7.11 evinoanensvs Ym € N,
noamomy coomeemcmeyrowuti pad Pypve mootcro duddeperuuposams
NOYAEHHO N1000€ YUCAO Pa3, a Oas e20 Koapduyuenmos Dypve cnpased-
AUBDL ACUMNMOMUKU

1
ak,bk:0<y> , k — o0, Vl € N.
7.9 PaBHoMepHasi annpoKcuMaIlng HenpepbIBHOM (pyH-

KIINY TPUTOHOMETPUYECKNMHN 1 aJredpamiecKnMun

MHOro4’/7ieHaMm

Ompenesienue 7.10. Tpuzoromempuieckumu MHO20YAEHAMU OYOem HA3DI-
sams 2l-nepuoduveckue pynkyuu suda

a T 7
Ti(z) = A (Ar cos Tk + Bysin Tha) .
() 0+; kcosl T+ ksml x
Teopema 7.12 (Beiiepmrpace). Eeau f € C[—11], 1 >0 u f(I) = f(=I),
mo Ve > 0 3 mpuzonomempuueckut mmoeounen Ti(x) maxoti, wmo

17— Fllerg <&

Hoxazameavcmeo. Ipennonoxkum, aro | = m. 3ajaJUuM IPOU3BOJILHOE £ >
0. Corniacuo JjiemMe 7.3 CyIIECTBYeT HelpepbiBHAs KYCOYHO-TIJIajiKas (DyHK-

st £(x) Takast, 9TO
£

2
u, kpome Toro, {(—m) = {(m). Ilo Teopeme 7.10 psg @ypbe dyuknun £(x)
PABHOMEDHO CXOJUTCsI K Hell Ha [—7, 7|, MO3TOMY Jijisl 3aJIaHHOIO € 3 HO-

1f = ller-rm <

Mep N Takoif, 9To Jisi dacTuIHON cyMMbl psijga Pypwe Sy, (x) (sBstommeiics
TPUTOHOMETPHYECKIM MHOTOWIeHOM ) (byHKIN £(X) uMeeT MecTo

€
5

N3 ABYX ITIOJIVIEHHBIX HEPABEHCTB B CUJIy HEPpAaBEHCTBa TPEYIrOJIbHUKa CJICAY-

1€ = Snllct-nm <

eT

9 g
Hf - SnHC[—WﬂT] < Hf - gHC[—’IT,TF] + HE - SHHC[—T(,’IT] < 5 + 5 =g,
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9TO 1 TpebyeTcs.

[

Ecmu teneps | # 7, 1o dyukuns ¢(x) = f(—x) sBasercs HempepbIBHOI
T

u p(—m) = @(m). [lo yxke nokazsaHHOMY MOJIydaeM, UTO CYIIECTBYET TaKoil
TPUTOHOMETPHYIECKIH MHOTOWIeH Ty (), 970

HSO - TWHC[—?T,W] <E.

Torma f(x) = go(%x) n s 1y(x) = Tw(%ﬂ) 110JIy aeM

[ f(z) — Tl(x)HC[—l,l] = |lo — Tw||0[—7r,ﬂ <E.
]

Bameuanue 7.5. Ha nepewili 632440 ModHCEM NOKAZAMBCA, MO Mbl 00KA3 (-
AU PABHOMEPHYIO CTOOUMOCTIL nocaedosamervrocmi Sy, (x) K Henpepuenot
nepuoduueckotli gynkuyuyu f(x), He AsaA0Owelcs Kycouno-2aadkot. Odnaro
MO HE MAaK, NOCKOALKY 0 pasnux € dynrkyuu £(x) pasuve, a 3uavwum,
pasznvle U ur padv. Pypoe.

Teopema 7.13 (Beitepirpacc). Ecau f € Cla,b], mo Ve > 0 3 anzebpau-
weckuli mnozounen P, (x) cmenenu n makxot, wmo

P2 = flloasn < e

Hoxazameavcmeo. 1. Ilyers cnavana f(x) € C[—I,1], npuaem f(—1) =
f(1). Tlo Teopeme 7.12 Ve > 0 3 TpuroHOMETPHUIECKI MHOTOWICH

i T T
Ti(z) = A §:<A "k B'—k)
() o+ 2 £ COS x + By sin rkz
TaKOM, 4TO
€

177 — fllor-iy < 5

Pazyioxkum kazk iyt GyHKImo Ay cos ?kx, B sin ?kw 1o hopmysie Ma-
KJIOpEHA 1 BO3MEM B Pa3JIOXKEHNN KayK10i1 PYHKINKI MHOTOUICHBI Teii-
JIOpa TAKOM CTeIeHH, 9TOObI OCTATOYHBIN WieH Ha BceM cermente [—I, []
OBLI 110 MOJLYJIIO Menble 3—. O0beunsis Ho/yYeHHble MHOrowIeHbl Teii-
JIOpa, moJyauM Muorowien P, (x) takoit, aro

€

g
T — Pllo—in < 2m— = —.
T3 [ my =g
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3 ABYX HOJIYYEHHBLIX HEPABEHCTB B CHJIY HEPABEHCTBA, TPEYIOJILHUKA
cJiejryer
e €
I/ = Pallorry < 1 = Tillerw + 1T = Pallepuy < 5+ 5 =&

2. Ilycre Teneps f € Cla, b]. Bosmewm [ takum, 9T00BI HMETIO MECTO CTPO-
roe sioxkenne [a,b] C [—I, 1], [=1,1] # [a,b], n npomo/kuM dyHKIHIO
f(x) menpepwiBHBIM O6pazom Ha [—L, 1] 1o dyukunu F(z) tak, 4robbl
BBITOJIHAI0CH yesoue F'(—1) = F(1). Tlo yKe jokazaHHOMY CYIIECTBY-
eT anrebpamdeckuii Muorodnen P, (z) takoit, uto |F, — Fllcr-iy < €.

Torpa, Tem Gouee, || B, — fllcpn < €.
[

7.10 3aMKHYTOCTb TPUTOHOMETPUYIECKOII CHCTEMBI

Teopema 7.14. Tpuzonomempuueckan cucmema {1,cosnz,sinnx, n =
1,2,...} asaaemesa 3amrknymoti 6 npocmpancmee Q[—m, w|, m.e. das 110601
kycouno-uenpepuiernots dynkyuu f(x) u Ve > 0 3 mpueonomempuueckudl
mrozousen T'(x) makod, wmo

If =Tz <e.

Jloxazameavcmeo. PaceMoTpuM IPOM3BOJILHYIO KYCOUHO-HEIPEPBLIBHYIO Ha
[—7, 7] dbyukuuio f(z). fcHo, a0 cymecTByeT HenpepbiBHas byHKIUsS (),
coBlajiaorast ¢ f(x) Beloiy, 3a MCKIIOUEHNEM MaJIbiX OKPECTHOCTEH TOueK
paspbiBa dbyHKIMN f(x) 1, BO3MOXKHO, TOUYKHU T, TUHEHHAs] B 9TUX OKPECTHO-
crax u takas, ato g(—m) = g(m). Hockombky dbynknus f(x) orpanntena, a
KOJINUECTBO TOUYEK €€ Pa3pbIBa KOHEUHO, TO 3TH OKPECTHOCTU MOYKHO BLIOpATD
CTOJIb MAJILIMU, YTO .

1f = gll2 < 5"
Hauee, 1o Teopeme 7.12, npuMeHEHHOI K HENPEPbIBHON MYHKIUN ¢, Hali1eT-
cst TpuroHomerpudeckuii Mmuorowien 1'(x) Taxoit, uro ||g — T||c < N
II03TOMY

™

lo =Tl = | [ (o(0) ~ 7)) dr < 5.

—T
[TosTomy

£ €
IF =Tl < IIf =gl +llg = Tla < 5+ 5 ==
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CaencrBue 7.3. Jlaa 110007 Kycouno-wenpepuerots na [—m, m| dymx-
YUY

1. ee mpuzonomempuveckuti pad Pypve crodumcs % Hetl no Hopme npo-
cmpancemea Q[—m, |, m.e. 6 cpednexsadpamurrom;

2. cnpasedauso pasercmeo Ilapcesans

2 > 1 %
%+Z(ai+bi) :;/fz(a:)dx,

n=1

ede ap, by, — xoapduyuernmu Pypve pynruuu f(xr) no mpueonomempu-
weckot CUCmeMme;

3. ee mpuzonomempuyeckuts pad Qypve MONHCHO UHMEZPUPOBATND TLOUAECH-
HO Ha amom ceemenme. leticmeumenvro, u3 crodumocmu pada Pypve
dynruuu f(x) 6 cpeduexsadpamuurom x Pynkyuu f(xr) u meopemol
4.13 caedyem pasromepnas no x,xy € [—m, w| crodumocms

T

a - : [
/ §O+Z(akcoskt+bksmkt) dtZ&/f(t)dt'

k=1

Zo



I'maBa 8

O06o0061IeHHbIe (PYHKIINNI

[Moustust 0606menHOM Gyukun (o anriuiicku “distribution”) mosBosisier
eTMHO00PA3HO paccMaTPUBATh JUCKPETHBIE U HEITPEPBIBHBIE PACIIPE/IeIeHUS
dbusnIecKnX BeJUINH (Mace, 3apsijioB U T.11.). Teopust 060061eHHBIX QYHKITHT
B €€ pa3/IMIHBIX BapUaHTax MMO3BOJINIA CUJIBLHO MPOJBIUHYTH Teopuio nudde-
PEHIUAIBLHBIX YPaBHEHMIA.

8.1 Ilonatue o6o00miennoit dpyaknoun. IIpocTpancTBo
00001eHHbIX (DYyHKIIIIT

Hasoem dyuknnio ¢(z), z € R dunummnot, ecin oHa paBHA HYJIIO BHE
HEKOTOPOIo KOHEeYHOro uHTepBasa. O6o3HadM depe3 supp () 3aMbikaHue
MHOKECTBA TOY€EK, B KOTOPBIX ¢(x) # 0. MHOXKecTBO Beex GECKOHEUHOe M-
J10 pa3 guddepeHIupyeMbix GUHATHBIX (DYHKINNE HA30BEM NPOCMPAHCMGEOM
0CHOBHYIT PyHKUULT 1 0003HATNM CIMBOJIOM D. fcHo, 4TO 9TO JInHEiiHOE TTPO-
CTPAHCTBO OTHOCUTEIBHO OOBIYHBIX OIEpallnii cJIOXKeHusT (PYHKINNH 1 YMHO-
YKeHISI UX Ha BEIeCTBEHHBIE UNCIIA.

Kax rokasbIBaeT CJie/ Iy oIl IpuMep, HeHyJIeBble OCHOBHBIE (DYHKITHH CY-
ITIECTBYIOT.

ITpumep 8.1 («manouka» CoGosenal).

. exXp <_a2+2m2> ) |$| <a,

supp we () = [—a, a].
0, |z| > a.

wa(x)

OuauTHOCTH 1 OecKoHeuHasT TN dEPEHINPYEMOCTh TP T # *+a «Inarod-
2

ku CobosieBay oveBuHbl. [losib3ysich Tem, 410 exp | —

e ) CTPEMUTCS K

LCo6oner Cepreit JIbposua (1908-1989) — coserckuit MaTeMaTnK. ABTOp Teopun 0606IIEHHBIX (BDYHK-
Uit Ha OCHOBE IpocTpaHcTBa D.

208
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Hy/o npu x — a—0 wim r — —a+0 O6sicTpee J1100OH cTenenn x + a, HETPY/I-
HO TIPOBEPUTD, UTO «Irmanodka CobojieBay OecKoHeIHO auddepeHnupyema u
B TOUKaxX T = =ta.

Scno, aro wi (x—n), n € Z — nocaea0BaTeIbHOCTD «Imnanodeky Cobosena
C HellePeCceKaroIMMUICs HOCUTEIAMIE, TIO9TOMY Jito0asi KOHEUHAsl MOJICUCTeMa
TaKoll CHCTEMBbI JIMHEHHO He3aBUCHUMa. 3HAUUT, D — junHeitHoe 06CKOHEUHO-
MEpPHOE IIPOCTPAHCTBO.

oo

Omnpenenenne 8.1. [lociedosamenvrocmo {p, ()},

OCHOBHBLL PYHKUUL

cxodumcesa k ocnosnol dynruuu o(x) (0603navum smom daxm: o, (x) A
o(r), n — o0), ecau

1. 3 unmepsan (—a, a) maxot, wmo ¥Yn: supp v,(x) C (—a,a);
[_a7a]
2. goszk)(x) = o¥(z), n —o00, Vk=0,1,2,....

Jlannas cXoJIMMOCTH He SIBJISETCS METPUIECKOI.

Omnpenenenue 8.2. [Ipasunro U, cmasauwee 6 coomsememeue kaHcdol
Pynruuu p(xr) € D nexomopoe sewecmsennoe wucao wlp| u ydosiemeso-
DANULEE YCAOBUN NUHETTHOCTU

a[ggpl + 6%02] - Oé’ll[g@l] + 511[902]7 Pi € D7 1= 172;0476 € R?

HA3BIBAETNCA NUHETHDIM PYHKUUOHAAOM Ha npocmpancmee D.
Aavmepnamusnoe 0bo3nauenue 0aa aunetinozo dynrkyuonasa ulpl, nod-
uepruBawee €20 AUHEUHocmy, ecms (U, ¢).

Omnpenesienne 8.3. Jlunetnwi dynkyuonan ], ¢ € D wa npocmpar-

D
cmee D nazvieaemea HENPEPuEHLM, CAU VP, — @, I — 00 UMEET MECTNO
CTOOUMOCTID “UCA060T nocaedosamervHocmu Ulp,] — ufp], n — oco.

Omnpenenenue 8.4. Jlunetinoid HenpepoieHvill GYHKUUOHAA HA NPOCTDAH-
cmee D naszvieaemcs 0bobwernnoti pymryuer.

ITpumep 8.2. Ilycmv gynryus f(x), v € R unmeepupyema na arobom om-
peske wuUcA060t NPamot (6 MaKoM CAYHAE OHA HA3LIBAEMCA AOKAAOHO UH-
meepupyemoti). Tloroocum

o

(f, @) = /f(x)w(a:) dx, Yo € D.

—0o0
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Bsudy ¢durnummnocmu ocroeHur GyHKUULT urmMe2pas, 04e6UuUdH0, CLoOUMCA.
Ouesudno, wmo (f,p) — aunetnoid HenpepvieHvil Pynryuonar. lannas
0000uLeHHAA GYHKUUA HA3DIBAEMCA PE2YAAPHOT.

B wacmnocmu, aokarvro unmezpupyeman dynxyus Xesucatioa

@(x>{0,x<0

1, z>20

nopoostcoaem pe2ysipHYy0 0000ULeHHYN HYHKUUIO

(©,¢p) = 70@(33)90(37) dr = 7090(96) da
—00 0

O0bo061IeHHBIE DYHKIUN, HE sIBJISTIONINECS PEryJIsipHBIMU, HA3bIBAIOTCA CUH-
eynaprolmu. VIX Mbl TOXKe OyjleM yCJIOBHO 3allUChiBaTh B Buje: ulp| =

+0o0
(a,p) = [ u(x)p(zr)dr, nmes B Bujty 1m0 u(x) HEKOTOPYIO HEKJIACCHYE-
ckyI0 (0000IIEHHY0) (DYHKIUIO.
Omnpenenenne 8.5. Obodbuennvie hynrkuyuy 06pasyrom AuHetinoe npocmpa-

cmeo D' (= npocmpancmeo, conpascennoe x npocmparncmsy D) ommocu-
MENOHO ONEPAUUL

(atty + Blg)[p] = atnp] + Blgly], Vo € D, a, 3 € R.

Onpedesum 6 3mom npocmparcmee crodumMocmy:

ﬂngﬁ,nﬁoo & Uylp] — ulp], n — 0o, Yy € D.

Oma cxrodumocmsv Has3vleaemcs caabol. Ona aHaA02UYHE NOMOYEYHOT CXO-
dumocmu nocaedosamesvHocmu, GyYHKUUL.

ITpumep 8.3. Hauboree uzsecmnoti cumneyaaprotl 0b60bwennotl dymnruyued
ABAAENCA O-PYHKUUA, ONPEICAAEMAA PABEHCTNEOM

+00

b.0) = [ Sla)ote) dz = o(0), ¥ € .

—0

Ouesudrno, umo O-pynryus — AUHeUHDITE HENPEPLIBHVIT DYHKUUOHAA.
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LHoxaorcem, wmo d-pynxyus dedcmeumenvro cuneysapua. Ilpednono-
HCUM, 4MO IMO He MAK, M.e. CYUECMBYEM MaKaA AOKAALHO UHMEPUPYE-
Mas (@ 3Hauum, o2paHudenHan wa aobom ompeske) dynrkyus f(x), wmo

©(0) /f x)dx, p € D.

Ionooicum () = we(x), e > 0 (em. npumep 8.1). Toeda 0 < we(z) <

w:(0)=1/e u
/fm%@Mx:/fw%wa<

/|f T)we(x)| dr < /|f )| dz — 0, ¢ — +0.

Honryuennoe npomusopeuue doKka3vi8aem cuH2YsApHocmd O-HyHKruu.

CuHryJIIpHYI0 0000IIEHHYIO 0-PYHKIINIO MOYKHO HPEJICTABUTH PA3/JINIHbI-
MII criocobaMu B Buje upejea B D' peryasapabix 00001meHHbIX (HbyHKINI.

[Tomoxmm,
c 2
5.(2) = € exp (—525—332> , x| < e,
0, |z| > e,
1 -1 €
rge ¢ = [2fexp( — tz)dt] . Sceno, uro [ 0.(x)dx = 1, nosromy
0 —€
VYp(x) € D umeem 1o GopmyJie CpejiHero 3HaYeHUsT
+00 +o0o
[ a@e@ ds = o) =| [ 6.0) (o) - 0) ds| <

e

< [ 50 1o(w) = 0} do = iote) - \/

—&

= |o(ze) = ¢(0)] = 0,6 = 40, rae —e <z <&

DTO 03HAYAET, ITO

A

(552;5,5—>+0.
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BaMeTI/IM, YTO IIOTOYCYHbI npeaesa

=0
lim 6.(z) = oo w =0,
e—+0 0, x#0

KJIaCCHIecKoil (pyHKIIMel He SIBJISIeTCs.

Bamaua 8.1. Jlokazamv, wmo caedyrowue peayaaprvie 0000werrvie Gyrk-
YU, COOMBEMCMBYOULUE AOKAALHO UHMEPUPYEMBIM DYHKUUAM

1 x2 1  z 1 €
exp| —— ], —sin—, ————,
2\/Te P 4e |’ mx e mwx? 4 g2

crodames 6 D'k S—QGyH%;uuu npu € — 0.

+0o0o
Hoxasamenvemeso. Tokaxem, uro ecin f(z) 20,2 € Ru [ f(x)dr =1,
—00

TO YV € D crpaBeI/INBO COOTHOIIEHTE

e—40

lim / “1E ety dr - 9(0)| =0, (58.1)

T.€. % f(%) LI , € — 40. Torma Tpebyemoe yrBepzKaenne s GyHKINIT

1 2?2\ 1 ¢
exp|—— ), ————
2\/me 4e )’ ma? + &2
13 yCJIOBUS 3aJIa9l TIOJIYINTCA KaK YaCTHBIN CIydaii.
HetictBuresnbno, nycts ¢ € D. Torma VR > 0 nmeem

te[-R,R]
p(et) = ¢(0), e = +0.

Sadukcupyem mponsBosibaoe § > 0 u Beibepem R > 0 Tak, 9T0

teR

)
2wple() [ s <
\(=R,R)

Torna Juis Bcex JTOCTATOUTHO MAaJIBIX € MMEEM:

[ 2 Creta)dn - o) =| [ 10) o(et) = p10)) t| <
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< /f(t) (p(et) — ¢(0)) dt| + / F(1) (plet) — p(0)) di] <
f \CR.R)

R
b 0
< [ @ letet) - o) -+ 2splotl [ @<=
—R © R\(~R,R)
aro u Biaeder (8.1).

st pyskimn
1 =
— sin —
T €

HY?KHO JIPYTOe JIoKa3aTe5CTBO. AHaIOrndHo (8.1) HaM HYKHO [OKA3aTh, YTO

+00

1 T
li —sin — —©(0)) dez = 0. 8.2
Jim [ — Smg(w(w) ©(0)) dz (8.2)

Ho 3To memocpe/IcTBEHHO CJielyeT U3 pacCyzKJIeHUil, MPOBeIeHHbIX MPU JI0-
Ka3aTeJIbCTBE TCOPEMBI 7.2 0 IIPeJACTaBUMOCTH (DyHKINN mHTerpajgoMm Pyphbe,
IOCKOJIbKY HHTerpas B (8.2) Jiniih 0603HAYEHUSIMU OTJIMYACTCA OT CYyMMBI
JHx,AN)+ T (x,A) — 0, A — 00 B TOM JI0OKA3aTEJILCTBE. [

O06o061eHHast (DyHKINSA He MMeeT 3HaYeHUsl B OTIE/JbHBIX TOYKaX. Tem
HE MeHee MOYKHO TOBOPUTH 00 OOpallleHnH B HYJIb 000OIIEHHON (PYHKITUN HAa
KaKOM-TO MHTEpBaJie U 0 HocuTese 00600meHHoi (pyHKITNN.

Onpegenenue 8.6. [osopam, umo 060bwennas GyHKyuL f obpawaemcs 6
HYAo na unmepsane I C R, ecau Vi € D maxodi, wmo supp ¢ C I, ebnoans-
emca pasercmeo ( f , ) = 0. Bydem zanucvisamv smom daxm caedyrouyum
obpasom: f|; = 0.

Omnpenenenue 8.7. Obobwennvie GynryuL f U g HA3VBAOMCA PABHHLMU
na unmepsane I, ecau (f — g)|r = 0.

Onpegenenune 8.8. Obsedunenue ecex unmepsanos I, wa xomopwvix fr =0
HA3DIBAETNCA HYAECILM MHOHCECTILBOM 0506ug€HHO”[Z byrrxuyuyu f u obosnava-
emca (’) 3aMKEHYMOE MHONICECTNBO SUPP f R\O HA3BLEAECTNCA HOCUME-

NEM 0606ugeHH0u Gynxyun f. Ecau supp f — oepanunennoe mmoscecmeo,
mo PYHKUUA f HA3DIBAEMCA GUHUMHOTL.

IIpumep 8.4. 1. suppd = {0}.
2. Eeau f(x) = const # 0, mo supp f = R.
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8.2 eiictBus HajJ 00001meHHbIMI (DYHKITAIMU

8.2.1 IIpomsBeaenue obobmieHHON DPYyHKIINN HA O€eCKOHEeYHO aud-
depennmupyemyo OyHKIIIIO

Onpenenenue 8.9. [Ipoussedenue 0600werrol ynryuy f na becrone-
Hoe wucao pas duddepenyupyemyro gyrryuo a(x) — amo Pynruuonas af,
deticmeyrowuts no npasuay (af,p) = (f,ap).

B ciaydae peryiagpHBIX 0000IIEHHBIX (PYHKIUI 9TO Olpejie/IeHIe Tepexo-
JUT B 0ObIdHOE yMHOKeHue GyHKuii. s §-pyHKiwmm Mbr oty aum a(x) 5=
a(0) 9.

[TpousBeienne jIByx 00O0OIIEHHBIX (PYHKIINI, BOOOIE rOBOPs, HE OIpe/ie-
sneno. Hanpumep, o6o6mennas dynxius 62(z) He nMeeT cMbic/a.

8.2.2 3ameHa 1epeMeHHOI B 000011IeHHOI (DYyHKIINNT

[Iycts (), * € R — moHOTOHHAsT GeckoHe1dHO AuddepeHnupyemas HyHK-
IUst, TPOU3BO/IHAS KOTOPOI MMeeT MOCTOsTHHBIN 3HAK, 1 ¥ (xr) — 00 mnpu
x — Z£oo. Zdcno, 94To B 3TOM Cilydyae aHAJOMMYHBIME CBOHCTBAMEU O0JIaaeT
u obparHast dpynkuus ¥ (y), y € R.

[Tycts Takke f(x) — jokajbHO uHTErpupyeMast dpyHkius. Pacemorpum
JIOKATHHO HHTErPHPYEMYO dbyuximio f(¢(x)) 1 HOpoXKIeHHYO €0 0600IIeH-

ayto dyukmnuio f(i(z)). Torna

oo

Vo € D.
DTO PaBEHCTBO MOTHUBUPYET CJICYIOINIEE Olpe/ieIeHIe:

Onpenenenue 8.10. /laa 110001 0b0buennot pyrruuu f(x) 00006ULeHHAA
Pynruua f(P(x)) deticmeyem no npasuay:

v (@)
dx

© (w_l(x))) , Vo € D.
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B wacrTHOCTH, 115 JIMHEIIHON 3aMeHBbI HE3aBUCHUMOIl IIePEeMEHHONl X TO0JIY-

JAeM:
1/ xr—b
( flaz +b), ))Zm(f(x),sO(T)),WGD;
npu a = 1, b = —c noaydaem GopMysy CIBHUIa apryMmMeHTa 0000IIEHHOI
byHKIIH:

(fw=0)9@) = (f@)el@+0)), Ve D:

anpu b=0, a0 — dopMmy1y pacTszKeHusi apryMeHTa 0000IeHHON (DYHK-
U

(Flaa).o@) = 1 (F@o (5)) . ve e D

[lepast u3 stux Qopmys omnpeenser o0b6obiernyo GyHKImo 6(x — ):
(5(:6 — x@,ap(m)) = ¢(x), a u3 BTOpOiT Ipn @ = —1 moJIy9aeM YeTHOCTD

O-byHKINNI:

re. 0(—z) = ().

8.2.3 JIuddepennupoBanue o600mIeHHBIX QYyHKIINIT

[lycts f(x), x € R — 6eckoneuno nuddepernnpyemasi (1 MOTOMY JIOKATIHHO
uHTerpupyemast) dbyukius. Fe npoussoguaast f'(x) mopoxmaer 0600OIIEHHY O
byHKIINIO, KOTOPYIO Mbl 0003HaUNM [ f . C 1moMmoIpbio MHTErpUPOBaHUs 110
JacTAM U C YIeTOM (PUHUTHOCTU PYHKIMH ¢ € D MbI TIoJIydaeM PaBEeHCTBO

(Df,¢ /f x—]of(x)so’(ﬂﬁ)dflf—(f,w’)-

IlTepupyst 9T0 paBeHCTBO, IOJIyYaeM
(D(’“)f, w) = (—1)F (f, so(k>) , Yo €D.
ITO PABEHCTBO MOTUBUPYET CJACAYIOIIEE OLPEIC/ICHIE.

Onpe,ueﬂeHI/Ie 8.11. Jlasa 210000 o0bobwentoti dynryuu f 0000wWEHNHAA
pynryus DF f deticmeyem no npasusy:

(D(’“)f, w) = (=1)* (f, 90(’“)) , Vo €D.
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Taxum odpazoMm, J100as 00o0IeHHas PYHKIINA O€CKOHEIHO JuddepeHIm-
pyeMa.

IIpumep 8.5. Jlaa obobwennot pynrkuyuu Xesucatida us npumepa 8.2 noary-
YaEM

400

(D@’S") = (@’90') == / () dz = —p(z)[7> = ©(0) = (5, %),

0

omwyda DO = §. Zamemum, wmo O'(z) =0, x # 0, a ©'(0) ne cywecmsy-
em.
Jna 0-dynruuu noayuaem:

(Do(z), p(x)) = = (0(x), ¢'(x)) = —¢'(0)

u, bosree 0640,

vk eN: (D), plx)) = (-1 (8(2), 6W(@)) = (~1)"6(0).

OKa3bIBaeTCsl, YTO €CJIM HOCUTE/Ib 0000IIEHHON (DYHKIIMKM COCTOUT U3 OJ1-
Hoit Toukn x = 0, TO Takasi 0000IIeHHas] (DYHKIINS IPEICTABIMA, €INHCTBEH-
HBIM CIIOCOOOM B BHJIe JIMHEHOI KOMOMHAINK O-(PYHKIMH U ee IIPOU3BO/I-
HDbIX. >

[Iycte f(z), © € R — KycouHo-riajkas (byHKIUsI, MMEOIIast e IMHCTBEH-
HYIO TOYKY pas3pbiBa IEPBOTO POJa Ty, & B OCTAJIBHBIX TOYKAX Y (DYHKIIHI
f(x) mmeercst HenpepbiBHast pon3Bo/iHasi. Torya B mpocrpancrse D' cripa-

BeIJINBA CJielytomast (hopmyJia;

Df = '+ [flad(z — o), (8.3)

e f’ — peryJsispHasi 00001IeHHasT (PYHKIMS, IOPOXKJIEHHAsT KyCOYHO-
wenpepbiBroil dyukimeii f'(x), a [fl., = f(zo +0) — f(zo — 0) — crauok

dbyuxiun f(x) B ToUKe ).
HeiicrBurennno, Vo € D uHTerpupoBaHUeM 110 YaCTAM HOJIYUAEM:

(wa) :—(f,sa’> —]Of(af)w’ /f ) do—

2em. Baagumupos B.C. Ypasrenns maremarmdeckoil msuku. M.: Hayka, 1981, c. 153-155. B ru. 11
9TOI KHUTW MOXKHO HAiTH M MHOTHE JPYTHUe CBEJEeHUsI O 00OOIEHHBIX (DYHKIIAIX.
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—/fmwmmm=—f@MQWt”y/fww@Mw—

~ f(@) mw+/& v)dz = — f(zo — 0)p(zo)+

+f(zo + 0)p(x0) + / f(@)p(x) doe = [fla, (6(x — x0), 0(x)) + (f’, 90) :

9TO U TpebyeTcs.
YHacrapiM cydaeM dhopmyiibl (8.3) siBisercst (hopMyJia i TPON3BOHOMN
dbynkiun Xepucaiijia u3 npumepa 8.5.

8.3 Pazaoxkenune )-pynkiuu B pag Pypbe

1 1 k1 . w7k ™
AT s S
—  OpPTOHOPMUPOBAaHHAsA 3aMKHyTasl cucreMa (DYHKIUA B IPOCTPAHCTBE
Q[—1,1] n nycrs D[, 1] :={p € D| suppp C [-I,{]}.
Torma Vxy € [—I,1] B npocrpancrse D'[—I, 1| cipaBemiuBa ciemyiornast

dopmyia;

T g kzo 7k kzo . ke
d(x — xp) =3 72( on (:0:37Tx+81n7T xo-sinu>

[Tyctn

[ [ [

_ 1 %kf;c/\os (Wk(ﬂfl— xo)) |
(8.4)

I/ CXOJUMOCTD Psijia IIOHUMAETCSI B CMBICJIE CJIaDOM CXOAUMOCTH 0D0OIIEeH-
ubix gyukuuii. leiicrsuresbuo, Vo € D[—I, ] cipaBeyinBo paBeHCTBO

/1\ mkxg @+, mkx /Ex ()| =
2l l . cos l - COS l sin l sml cpo(x) | =

l

= %/g@(m) dx+

-l
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l l

1 k k k k
+f cos lﬁﬁo /cos %@(m) d + sin - lﬂfo /sin# (x)dzx | =
k=1 0 7

‘ k k
:%—I—; (akcosﬁlxo —I—bksinwlxo),

rie ap u b, — koaddunmentsr Pypbe dyukimu p(x), x € [—1,1]. B cuny
supp ¢ C [—1,1] mmeem (1) = 0 = p(—1), n noromy VY, € [, ]

@+Z <Clk oS ko + by, sin kao) — () = (6(z — 20), p(x)) , B — o0.
2 g l /

[To Teopeme 7.10 9Ta X0 UMOCTD Jlazke paBHOMEpPHA Ipu Ty € [—I, 1], Ho HaM
9TO 3J1eCh He Hy:KHO. Takum obpaszom, dhopmyta (8.4) mokasaHa.

8.4 IlIpeobpazoBanue Pypbe 0000MIEeHHBIX DYHKITAI

[IpocTpatncrBo D 0CHOBHBIX (DYHKIINI SIBJISETCS JIUIIH OJHUM BO3MOXKHBIM
6a31coM JIJIsi IOCTPOEHUsT Teopuu 0000IIeHHbIX pyHKInii. OHO He yjI00HO
JUUTs omipejiesienns rnpeobpazoBanusg Pypbe, TockoIbKy Dyphe-00pas HeHnyJie-
BOI (DYHKITNH U3 STOTO MPOCTPAHCTBA He dBJsgeTcs dpynknueit u3 D. [TosTomy
T ompejiesieHusi npeobpazoBannsd Oypbe OCHOBHBIX 1 0DOOIIEHHBIX (DYHK-
Uil HAM HY?KHO WM3MEHUTH MPOCTPAHCTBO OCHOBHBLIX (yHKIWmil. [Ipu sTOM
ABTOMATHIECKN U3MEHUTCS U CONpPsZKEHHoe K HeMY MPOCTPAHCTBO 0000IIEH-
HBIX (DYHKIINIA.

[Tycte & — nuneitHoe mpocTpaHcTBO GecKOoHEYHO JnuddepeHIupyeMbIx
byHKI, yOBIBAIOIINX BMECTE CO BCEMU CBOMME MTPOU3BOHBIMHI 1PH || —
0o OpicTpee Jioboit orpurarensHoil crenenn |z|, T.e. Vf € S u VI € N ume-

eM | l|im 2! f(x) = 0. IIpocTpancTso S HA3BIBACTCA NPOCTNPAHCTNEOM OBICTPO
Tr|—00

yovsarowur dynryud. OueBugno, uro D C 8§, HO npocTpaHcTBO S IIHpe

)
npoctpancTBa D. Hanpumep, oHO cofepKuT GpyHKINIO €~ | He sIBJIAIOINLYIO-

cst bUHNTHOI.?

3 ABTOpOM Teopum 0600IMeHHLIX (DYHKIMI Ha OCHOBE IIPOCTPAHCTBA S ABjferca (BPAHILy3CKHH MaTe-
matuk Jlopar-Mowus [IBapi, (Laurent—Mo.i'se Schwartz 1915-2002). Ero He ciiemyer myTarh ¢ HEMEIKUM
maremarukoMm Kapsiom Tepmanom Amangycom Isapnem (Karl Hermann Amandus Schwarz 1843-1921)
— BHECIIUM CYIIECTBEHHbII BKJIaJ B KOMILIEKCHBIH aHasu3 (upuauoun cummerpuu IIBapria, uaTerpast
IMTapua — Kpucrobdesns, popmyra IIsapna, npoussoguast sapiia, memma [IIsapua) u aBTopoM KOH-
CTPYKIINU, U3BECTHOI Kak «camnory llIBapiia, MOKa3bIBAIOIIEH, ITO OJUH M3 KAXKYIIUXCH eCTECTBEHHBIM
[IOJIXOJIOB K OIPEJIEICHUIO TIJIOMIA/N TOBEPXHOCTH HE BEJET K IEJIH.
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B mpocrpancTBe S BBOIUTCS CXOMMMOCTD, AHAJOIMYHAST CXOJMMOCTH B
npocrpatcrse D. [ocaenosarenasocrs {@g(x)}o; C S cxonures K GyHK-
nun @(x) € S, ecin Vm, 1 € {0} UN umeer mecro

z€R

2o (x) = 2oV (x), k — oo.

glcHO, UTO U3 CXOAUMOCTH IIOC/IEI0BATEILHOCTH B IIPOCTPaHcTBe D ciey-
eT ee CXOJAUMOCTH B IIPOCTpaHCTBE S.

B Teopun 06001meHHbIX (DYHKINI MBI OyJIeM HCIIOJIB30BaTh CJeIyolee
obosnavenue s nmpeodbpazoBanusg Oypne

—z)\t
Fy(A) = FLf( \/—/f i fes,

T.K. CUMBOJI « » HCIOJIB3YeTCd JIjIs 00O3HAUYEeHHsT 00OOIEHHBIX (DYHKIIMIA.
[Tockombky

Ci(k)
14+ ¢2’

m/ fO(-)edt

abcosioTHO 1 paBHOMepHO 110 A € R cxomures. 3uaunt, Gyuxumsa Fr(N)

()" <

Cl(k) > 07

TO NHTErpa

6eckonedHo JuddepeHnupyema u

dk k —z)\t
5 Fr) = / £(1) dt.

C apyroit croponbl, Vm € N ¢ [HOMOIIBI0 HHTEIPUPOBAHUS 10 YACTSIM
MeeM:
+00

WE) = | = [ i se Y ar -

—0o0

+00 +00
_ 1 A" ey ol | ED™ [y ine
= 7 /f(t)dtm (e dt| = Jon _/f (t)e " dt| <

< %70‘ f<m>(t)] dt =: Cy(m), Co(m) > 0.
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Tem campim, Fr(A) — GpicTpo yobiBatomas dyukius, u mosromy Fr(A) € S.
Beuay Toro urto gpropmysia obparaoro npeodbpazobanus @Pypbe oueHb MOXO-
’Ka Ha GopMyJy HpsiMoro mpeodbpaszosannst Pypee, To 1 u3 f € S cienyer
F1f] € S. Tem campim, F: § — S — B3auMHO-0/IHO3HAYHOE 1IpeoOpaszoBa-
Hue. B 9TOM 1 cOCTOUT CMBIC/T paciiupeHnst TPOCTPAHCTBa OCHOBHBIX (DYHK-
it D 1o npocTpancTBa S, MOCKOJbKY IpeobpaszoBatne Pypbe HEHYJIEBOI
dyHKIIM 13 npoctpancTBa D GUHUTHON (YHKIUEH HE sIBJISIETCS.

JInHeliHoe MPOCTPAHCTBO JIMHEHHBIX HENPEPLIBHBIX (QPYHKIMOHAIOB Ha
npocrpatcTBe S 0b6o3Hadaercs S’ U HA3BLIBAETCS NPOCMPAHCMEOM 0000ULeH-
HoLx PynKUUt medaernmnozo pocma. s dyarmmit ns f € S’ MoXKHO orpe-
JIeJINTH [IPOM3BO/IHBIE BCEX IOPSIIKOB TaK, KaK 3TO OBLIO CJAEJIAHO JJIsI IPO-
crpancTsa D' dpopmy.ioii

(D““)f, w) = (—-1)f (pr(k)) Vo ES.

[TpocTpancTso S’ cojepkut n 5—cbyHKumo, olpeiesisieMyI0 paBEeHCTBOM

(0, ) == ¢(0).

st 0600mennbix PyHKIMIT 13 IpocTpancTsa S onpejessseTcs 1 3aMeHa, I1e-
PEMEHHBIX TaK, KaK 3TO ObLIO CJieJIaHO BbIIIe JJist PYHKIUI U3 IPOCTPAHCTBA
Dl

dAcno, aro paz D C S, TO Il CONPSIZKEHHBIX ITPOCTPAHCTB CIIPABE/JINBO
obparnoe Briodenne D' O §'. Heiicrsurennno, ecn f € S, To orpanude-
e dyukimonaa f Ha upocrpancrso D jaer snement u3z D' He Beakas
JIOKaJIbHO uHTerpupyeMas (yukius [ nopoxigaer dyukiuonan [ € S, na-

2

IpUMep, JIOKAJILHO HHTerpupyeMast (pyHKIns €7 He HopoxKaaeT djaeMent S’

2
IIOCKOJIbKY e~ € S u
+o0o

/ P e dp = +00.

—00
[Ipoucxoxkgerne TepMuHa «PYHKINA MEJJIEHHOTO POCTay» TaKoBO. JIOKaJIbHO
nHTerpupyeMas dbyukimst f(x) HasbiBaeTcs (yHKIMEH MeJIeHHOTO POCTa,
ecsim 3C € R u N € N Ttakue, 910

1f(z)| < 0+ |z))Y, Vo € R.

4 yTo mpocrpancTBo S’ COCTONT U3 IPOUBBOHBLIX TPOU3-

MokHo J1oKa3aTh,
BOJILHBIX TIOPSAJIKOB OT JIOKAJIHLHO WHTETPUPYEMBIX (PYHKITHI MeIIeHHOTO PO-
cTa.

4em. MLC. Arpanosuy, O606mennsie dynxmun, M.: MITHMO, 2008, c. 47-49.
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IIyctsb Teneps f € D. Torna

P\ / £ dt,

[O3TOMY 177; €S nuVp €S uveem

(Foe) = [ Eiear= [ | o= [ s ar | oy ar -

= [ 10| = [ e an] @t = (h.F)

B 370i1 BbIKJIaJIKE Mbl U3MEHIIN MOPSI0K MHTEIPUPOBAHUSI, ITOCKOJIbKY HH-
TerpaJ 1o t pakTudeckn 6epeTcs 1Mo KOHETHOMY CEeIMEHTY, & MHTerpaJi 1o A
CXOJIUTCA PaBHOMEPHO 110 .

[Tosrydennoe paBeHCTBO MOTUBHUPYET CJIEJIYIOIIEE OlpejiesieHne mpeodpa-
3oBaHnsg Pypbe HyHKINN f e S

(Ff,gp) = (f, F,), Vo e S. (8.5)
IIpumep 8.6. Buuucaum npeobpasosanue Pypove oas 5—¢y7muuu.

(Fite—ayr#) = (82 = 20), Fiale)) = Fylo) =

+00 —
1 : 1 .
_ A efz:z:o)\ d\ = e—zxo)\7 by .
NG / P (m #l )>

Tarxum 0bpazom, NoAYuaeM pasencmeo 6 npocmparcmee S':

—_—

1

FS(Q?—Q?()) (>\) - \/%

Dopmasvro 9my POPMYAY MOACHO NOAYIUMD MAK, Kak Imo desarom dusu-
K.

e—Z’I())\.

1 —iT
Fg(x—xo)(/\) - \/—2_71‘ / (5(:6 - xo)e Mo = \/—2—7_(_
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