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�á®¢ë â¥®à¨¨ £àã¯¯

� íâ®© £« ¢¥ ¨§ãç îâáï ®á®¢ë¥ ¯®ïâ¨ï â¥®à¨¨ £àã¯¯.

1. �àã¯¯ë, ¯à¨¬¥àë

� ¯®¬¨¬ ¥ª®â®àë¥ ¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥¨ï.

�¯à¥¤¥«¥¨¥ 1.1. �®¦¥áâ¢® G á ¡¨ à®© ®¯¥à æ¨¥© ã¬®¦¥¨ï xy  -
§ë¢ ¥âáï £àã¯¯®©, ¥á«¨

1. ã¬®¦¥¨¥  áá®æ¨ â¨¢®, â. ¥. (xy)z = x(yz) ¤«ï ¢á¥å x, y, z ∈ G;
2. áãé¥áâ¢ã¥â â ª®© í«¥¬¥â 1 ∈ G,  §ë¢ ¥¬ë© ¥¤¨¨æ¥© G, çâ® x1 =

1x = x ¤«ï ¢á¥å x ∈ G;
3. ¤«ï «î¡®£® í«¥¬¥â  x ∈ G  ©¤¥âáï â ª®© í«¥¬¥â x−1,  §ë¢ ¥¬ë©

®¡à âë¬ ª x, çâ® xx−1 = x−1x = 1.

�¯à¥¤¥«¥¨¥ 1.2. �®àï¤ª®¬ £àã¯¯ë G  §ë¢ ¥âáï ç¨á«® |G| í«¥¬¥â®¢ ¢
G.

�¯à ¦¥¨¥ 1.3. �ãáâì F { ¯®«¥ ¨§ q í«¥¬¥â®¢. �®ª § âì, çâ®

|GL(n, F )| = (qn − 1)(qn − q)(qn − q2) · · · (qn − qn−1).

�à¥¤«®¦¥¨¥ 1.4. �¤¨¨çë© í«¥¬¥â ¢ £àã¯¯¥ ¥¤¨áâ¢¥¥. �«ï ª ¦-
¤®£® í«¥¬¥â  x ∈ G ®¡à âë© í«¥¬¥â x−1 ®¯à¥¤¥«¥ ®¤®§ ç®. �à®¬¥
â®£®, ¥á«¨ x ∈ G, â® (x−1)−1 = x.

�¯à¥¤¥«¥¨¥ 1.5. �ãáâì ¯à ¢¨«ìë© n-ã£®«ì¨ª M à á¯®«®¦¥ ¢ C =
R

2, ¯à¨ç¥¬ ¥£® æ¥âà  å®¤¨âáï ¢ ã«¥, ¢¥àè¨ë «¥¦ â   ®ªàã¦®áâ¨ à ¤¨ãá 
1, ¨ ®¤  ¨§ ¢¥àè¨ ¢ â®çª¥ 1. �àã¯¯®© ¤¨í¤à  Dn  §ë¢ ¥âáï ¬®¦¥áâ¢® ¢á¥å
 ää¨ëå ®¡à â¨¬ëå ¯à¥®¡à §®¢ ¨© ª®¬¯«¥ªá®© ¯«®áª®áâ¨, ¯¥à¥¢®¤ïé¨å
M ¢ á¥¡ï. �¯¥à æ¨¥© ã¬®¦¥¨ï ¢ Dn ï¢«ï¥âáï ¯à®¨§¢¥¤¥¨¥ (ª®¬¯®§¨æ¨ï)
¯à¥®¡à §®¢ ¨©.

�à¥¤«®¦¥¨¥ 1.6. �ãáâì ¯à ¢¨«ìë© n-ã£®«ì¨ª à á¯®«®¦¥ ¢ C = R
2,

¯à¨ç¥¬ ¥£® æ¥âà  å®¤¨âáï ¢ ã«¥, ¢¥àè¨ë «¥¦ â   ®ªàã¦®áâ¨ à ¤¨ãá 
1, ¨ ®¤  ¨§ ¢¥àè¨ ¢ â®çª¥ 1. �ãáâì

a =

cos
2π
n
− sin

2π
n

sin
2π
n

cos
2π
n

 , b =
(

1 0
0 −1

)
.

�®£¤  Dn á®áâ®¨â ¨§ í«¥¬¥â®¢ 1, a, a2, . . . , an−1, b, ba, . . . , ban−1 ¨ ¯®â®¬ã
¨¬¥¥â ¯®àï¤®ª 2n. �à®¬¥ â®£®, an = b2 = (ba)2 = 1.
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�¯à ¦¥¨¥ 1.7. �ãáâì

I =
(
i 0
0 −i

)
, J =

(
0 −1
1 0

)
,K =

(
0 −i
−i 0

)
∈ SL(2,C).

�®ª § âì, çâ®

1. I2 = J2 = K2 = −E, IJ = K,JK = I,KI = J, JI = −K,KJ =
−I, IK = −J ;

2. 8 ¬ âà¨æ ±E,±I,±J±K ®¡à §ãîâ ¯®¤£àã¯¯ã ª¢ â¥à¨®®¢ Q8 ¢ £àã¯¯¥
SL(2,C).

�¯à ¦¥¨¥ 1.8. �á«¨ Hi, i ∈ I { ¯®¤£àã¯¯ë £àã¯¯ë G, â® ∩i∈I Hi {
¯®¤£àã¯¯  £àã¯¯ë G.

�à¨¢¥¤¥¬ ¥é¥ ®¤ã ¢ ¦ãî á¥à¨î ¯à¨¬¥à®¢ £àã¯¯. �ãáâì

Xn = {1, 2, . . . , n}.

�¯à¥¤¥«¥¨¥ 1.9. �¥à¥áâ ®¢ª®© (¯®¤áâ ®¢ª®©) áâ¥¯¥¨ n  §ë¢ ¥âáï
¡¨¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥ Xn ¢ á¥¡ï. �¥à¥§ Sn ®¡®§ ç ¥âáï ¬®¦¥áâ¢® ¢á¥å
¯¥à¥áâ ®¢®ª áâ¥¯¥¨ n.

�à¥¤«®¦¥¨¥ 1.10. �à®¨§¢¥¤¥¨¥ ¯¥à¥áâ ®¢®ª ¨ ®¡à â ï ¨ â®¦¤¥áâ-
¢¥ ï ¯¥à¥áâ ®¢ª¨ á®¢  ï¢«ïîâáï ¯¥à¥áâ ®¢ª ¬¨. �¬®¦¥¨¥ ¯¥à¥áâ -
®¢®ª  áá®æ¨ â¨¢®. � ç áâ®áâ¨, Sn ï¢«ï¥âáï £àã¯¯®©.

�¡®§ ç¥¨¥ 1.11. �ãáâì σ ∈ Sn. �®£¤  ¥á«¨ Xn = {i1, . . . , in}, â® σ
®¤®§ ç® § ¤ ¥âáï ¢ ¢¨¤¥ ¤¢ãáâà®ç®© ¬ âà¨æë

σ =
(

i1 . . . in
σ(i1) . . . σ(i1)

)
(1)

�¯à ¦¥¨¥ 1.12. �ãáâì σ ¨§ (1), ¨

τ =
(
j1 . . . jn
i1 . . . in

)
.

�®£¤ 

στ =
(

j1 . . . jn
σ(i1) . . . σ(in)

)
¨

σ−1 =
(
σ(i1) . . . σ(in)
i1 . . . i1

)
�¯à¥¤¥«¥¨¥ 1.13. �ãáâì σ ¨§ (1). �®£¤  § ª®¬ σ  §ë¢ ¥âáï (-1) ¢

áâ¥¯¥¨ k, £¤¥ k { áã¬¬  ç¨á«  ¨¢¥àá¨© ¢ ¯¥à¥áâ ®¢ª å

i1, . . . , in ¨ σ(i1), . . . , σ(in).

�à¥¤«®¦¥¨¥ 1.14. �¯à¥¤¥«¥¨¥ § ª  ¯®¤áâ ®¢ª¨ ª®àà¥ªâ® ¨ ¥ § -
¢¨á¨â ®â ¯à¥¤áâ ¢«¥¨ï (1). � ª ¯à®¨§¢¥¤¥¨ï ¯®¤áâ ®¢®ª à ¢¥ ¯à®¨§¢¥-
¤¥¨î § ª®¢.

�¯à¥¤¥«¥¨¥ 1.15. �ãáâì i1, . . . , ik { à §«¨çë¥ ç¨á«  ¨§ Xn. �¨ª«®¬
(i1, . . . , ik) ∈ Sn ¤«¨ë k  §ë¢ ¥âáï â ª ï ¯¥à¥áâ ®¢ª  σ, çâ® ¤«ï m ∈ Xn

σ(m) =


is+1, ¥á«¨ m = is, s < k;
i1, ¥á«¨ m = ik;
m, , ¥á«¨ m ∈ Xn \ {i1, . . . , ik}.
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�¢  æ¨ª« 
(i1, . . . , ik), (j1, . . . , js) ∈ Sn

¥§ ¢¨á¨¬ë, ¥á«¨ ¢á¥ í«¥¬¥âë i1, . . . , ik, j1, . . . , js à §«¨çë.

�¥®à¥¬  1.16. �î¡ ï ¯¥à¥áâ ®¢ª  à §« £ ¥âáï ¢ ¯à®¨§¢¥¤¥¨¥ ¥§ ¢¨-
á¨¬ëå æ¨ª«®¢.

�®ª § â¥«ìáâ¢®. �ãáâì σ ∈ Sn. �®¦® áç¨â âì, çâ® σ 6= 1. �®§ì¬¥¬
¯à®¨§¢®«ìë© í«¥¬¥â k, 1 ≤ k ≤ n, ¨ ¯à¥¤¯®«®¦¨¬, çâ® í«¥¬¥âë k0 = k, k1 =
σk, k2 = σ2k, . . . , kl = σlk à §«¨çë, ® σl+1k = σsk, £¤¥ 0 ≤ s ≤ l.

�¥¬¬  1.17. s = 0.

�®ª § â¥«ìáâ¢®. �á«¨ s > 0, â® σ(ks−1) = σ(kl), çâ® ¥¢®§¬®¦®, ¨¡® σ
¤¥©áâ¢ã¥â ¨ê¥ªâ¨¢®   X = {1, . . . , n}, ® ks−1 6= kl ¢ á¨«ã ¢ë¡®à  l.

�â ª,   ¬®¦¥áâ¢¥ {k0, k1, . . . , kl} ¯®¤áâ ®¢ª  σ ¤¥©áâ¢ã¥â ª ª(
k0 k1 . . . kl−1 kl
k1 k2 . . . kl k0

)
�ë¡¥à¥¬ â¥¯¥àì ¯à®¨§¢®«ì®¥ ç¨á«® j, 1 ≤ j ≤ n, ¯à¨ç¥¬ j /∈ {k0, k1, . . . , kl}.
� ª ¨ ¢ëè¥ áâà®¨¬ ¬®¦¥áâ¢® {j0, j1, . . . , jt},   ª®â®à®¬ ¯®¤áâ ®¢ª  σ ¤¥©áâ-
¢ã¥â ª ª æ¨ª« (

j0 j1 . . . jt−1 jt
j1 j2 . . . jt j0

)
�¥¬¬  1.18. �á¥ í«¥¬¥âë k0, k1, . . . , kl, j0, j1, . . . , jt à §«¨çë.

�®ª § â¥«ìáâ¢®. �ãáâì jr = kq. �®£¤ 

j0 = σ−rjr ∈ {k0, k1, . . . , kl},
çâ® ¥¢®§¬®¦®.

�à®¤®«¦ ï íâ®â ¯à®æ¥áá, ¯®«ãç ¥¬ ¯®¤áâ ®¢ªã

τ =
(
k0 k1 . . . kl−1 kl
k1 k2 . . . kl k0

)(
j0 j1 . . . jt−1 jt
j1 j2 . . . jt j0

)
· · · .

�¥¯®áà¥¤áâ¢¥ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® τ = σ.

�à¥¤«®¦¥¨¥ 1.19. �ãáâì π ∈ Sn ¨ (i1, . . . , ik) { æ¨ª« ¨§ Sn. �®£¤ 

π(i1, . . . , ik)π−1 = (π(i1), . . . , π(ik)).

�®ª § â¥«ìáâ¢®. �¥¯®áà¥¤áâ¢¥ ï ¯à®¢¥àª .

�¯à¥¤¥«¥¨¥ 1.20. �à á¯®§¨æ¨¥©  §ë¢ ¥âáï æ¨ª« ¤«¨ë 2.

�¥®à¥¬  1.21. � ¦¤ ï ¯¥à¥áâ ®¢ª  ï¢«ï¥âáï ¯à®¨§¢¥¤¥¨¥¬ âà á¯®-
§¨æ¨©.

�®ª § â¥«ìáâ¢®. (i1, . . . , ik) = (i1, i2)(i2, i3) · · · (ik−1, ik).

�¯à¥¤¥«¥¨¥ 1.22. �ãáâì i1, . . . , in { ¯®á«¥¤®¢ â¥«ì®áâì à §«¨çëå ç¨-
á¥« ¨§ Xn. �¢¥àá¨¥© ¢ íâ®© ¯®á«¥¤®¢ â¥«ì®áâ¨  §ë¢ ¥âáï â ª ï ¯ à  is, it,
çâ® s < t ¨ is > it. � ª®¬ ¯®á«¥¤®¢ â¥«ì®áâ¨  §ë¢ ¥âáï ç¨á«® (−1)M , £¤¥
M { ç¨á«® ¨¢¥àá¨© ¢ ¯®á«¥¤®¢ â¥«ì®áâ¨. �á«¨ ¯®¤áâ ®¢ª  σ ∈ Sn ¨¬¥¥â
¤¢ãáâà®çãî § ¯¨áì (1), £¤¥ i1 = 1, . . . , in = n, â® § ª (−1)sigma ¯¥à¥áâ ®¢ª¨
σ à ¢¥ § ªã ¯®á«¥¤®¢ â¥«ì®áâ¨ ¨§ ¢â®à®© áâà®ª¨.
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�«¥¤áâ¢¨¥ 1.23. �á«¨ ¯®¤áâ ®¢ª  à §«®¦¥  ¢ ¯à®¨§¢¥¤¥¨¥ s âà á-
¯®§¨æ¨©, â® ¥¥ § ª à ¢¥ (−1)s. � ç áâ®áâ¨, § ª æ¨ª«  ¤«¨ë k à ¢¥
(−1)k−1.

�®ª § â¥«ìáâ¢®. �ã¦® ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 1.21.

�¯à¥¤¥«¥¨¥ 1.24. �¥à¥áâ ®¢ª  ç¥â , ¥á«¨ ®  ¨¬¥¥â § ª 1, ¢ ¯à®-
â¨¢®¬ á«ãç ¥ ®  ¥ç¥â . �¥à¥§ An ®¡®§ ç ¥âáï ¬®¦¥áâ¢® ¢á¥å ç¥âëå
¯¥à¥áâ ®¢®ª ¨§ Sn.

�¥®à¥¬  1.25. |Sn| = n!, |An| =
n!
2
.

�®ª § â¥«ìáâ¢®. �â®¡à ¦¥¨¥ σ 7→ σ(1, 2) ¯¥à¥¢®¤¨â An ¢ Sn \ An ¨
 ®¡®à®â.

2. �®¤£àã¯¯ë

�¯à¥¤¥«¥¨¥ 1.26. �¥¯ãáâ®¥ ¯®¤¬®¦¥áâ¢® H ¢ £àã¯¯¥ G  §ë¢ ¥âáï ¯®¤-
£àã¯¯®©, ¥á«¨ ¢¬¥áâ¥ á «î¡ë¬¨ ¤¢ã¬ï ¥£® í«¥¬¥â ¬¨ ®® á®¤¥à¦¨â ¨å ¯à®¨§-
¢¥¤¥¨¥, ¨ á ª ¦¤ë¬ á¢®¨¬ í«¥¬¥â®¬ H á®¤¥à¦¨â ¥£® ®¡à âë©.

�à¥¤«®¦¥¨¥ 1.27. �á«¨ H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G ¨ 1 { ¥¤¨¨çë©
í«¥¬¥â G, â® 1 ∈ H.

�¯à ¦¥¨¥ 1.28. � ¯à®¨§¢®«ì®© £àã¯¯¥ ¯à®¨§¢¥¤¥¨¥ «î¡®£® ç¨á« 
í«¥¬¥â®¢ ¥ § ¢¨á¨â ®â à ááâ ®¢ª¨ áª®¡®ª.

�à¥¤«®¦¥¨¥ 1.29. �«ï ¥¯ãáâ®£® ¯®¤¬®¦¥áâ¢  H ¢ £àã¯¯¥ G á«¥¤ã-
îé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

1. H ï¢«ï¥âáï ¯®¤£àã¯¯®© ¢ G;
2. ¥á«¨ x, y ∈ H, â® xy−1 ∈ H.

�®ª § â¥«ìáâ¢®. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ (1), ¨ x, y ∈ H. � á¨«ã ®¯à¥-
¤¥«¥¨ï 1.26 ¯®«ãç ¥¬ x, y−1 ∈ H, ®âªã¤  xy−1 ∈ H, â. ¥. ¢ë¯®«¥® ãá«®¢¨¥
(2).

�¡à â®, ¯ãáâì ¢ë¯®«¥® ãá«®¢¨¥ (2), ¨ y ∈ H. �®£¤  y, y ∈ H, ®âªã¤ 
1 = yy−1 ∈ H ¯® (2). � «¥¥ 1, y ∈ H, ®âªã¤  y−1 = 1y−1 ∈ H ¯® (2). � ª®¥æ,
¥á«¨ x, y ∈ H, â® x, y−1 ∈ H ¯® ¤®ª § ®¬ã ¢ëè¥. �âáî¤  x(y−1)−1 = xy ∈ H
¯® ¯à¥¤«®¦¥¨î 1.4.

�à¨¬¥àë 1.30. �à¨¢¥¤¥¬ ¯à¨¬¥àë £àã¯¯ ¨ ¨å ¯®¤£àã¯¯:

1. £àã¯¯  Sn á®¤¥à¦¨â ¯®¤£àã¯¯ë An, Sn−1;
2. £àã¯¯  GL(n,C) á®¤¥à¦¨â ¯®¤£àã¯¯ë

GL(n,R), GL(n,Q), SL(n,C), SL(n,R), O(n,R),
SO(n,R) = SL(n,R) ∩O(n,R), U(n,C),

SU(n,C) = SL(n,C) ∩U(n,C);

3. £àã¯¯  ∗ á®¤¥à¦¨â ¯®¤£àã¯¯ë U = U(1,C), Un = {z ∈ C|zn = 1};
4. £àã¯¯  ¤¨í¤à  Dn, n ≥ 3, á®áâ®ïé ï ¨§ ¢á¥å ¤¢¨¦¥¨© R2, ¯¥à¥¢®¤ïé¨å

¯à ¢¨«ìë© n-ã£®«ì¨ª ¢ á¥¡ï.

�¯à ¦¥¨¥ 1.31. �á«¨ Hi, i ∈ I { ¯®¤£àã¯¯ë £àã¯¯ë G, â® ∩i∈I Hi {
¯®¤£àã¯¯  £àã¯¯ë G.
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3. �®àï¤ª¨ í«¥¬¥â®¢ £àã¯¯ë

�¯à¥¤¥«¥¨¥ 1.32. �ãáâì a { í«¥¬¥â £àã¯¯ë G. �«ï ¯à®¨§¢®«ì®£® æ¥-
«®£® ç¨á«  n ¯®«®¦¨¬

an =


1, ¥á«¨ n = 0;
a · · · a︸ ︷︷ ︸
n

, ¥á«¨ n > 0;

(a−n)−1, ¥á«¨ n < 0.

�à¥¤«®¦¥¨¥ 1.33. �ãáâì a { í«¥¬¥â ¥ª®â®à®© £àã¯¯ë ¨ n,m ∈ Z.
�®£¤ 

an+m = anam, (an)m = anm.

�¯à¥¤¥«¥¨¥ 1.34. �ãáâì a { í«¥¬¥â ¥ª®â®à®© £àã¯¯ë. �®àï¤ª®¬ |a|
(¨«¨ o(a)) í«¥¬¥â  a  §ë¢ ¥âáï â ª®¥  ¨¬¥ìè¥¥  âãà «ì®¥ ç¨á«® n, çâ®
an = 1. �á«¨ â ª®£® ç¨á«  n ¥â, â® £®¢®àïâ, çâ® ¯®àï¤®ª a à ¢¥ ¡¥áª®¥ç®áâ¨.

�à¥¤«®¦¥¨¥ 1.35. �ãáâì |a| = n < ∞, ¨ m ∈ Z. �«¥¤ãîé¨¥ ãá«®¢¨ï
íª¢¨¢ «¥âë:

1. n|m (n ¤¥«¨â m);
2. am = 1.

�¯à¥¤¥«¥¨¥ 1.36. �ãáâì a ∈ G. �¥à¥§ 〈a〉 ®¡®§ ç¨¬ ¬®¦¥áâ¢® {an|n ∈
Z} ¢á¥å áâ¥¯¥¥© í«¥¬¥â  a.

�¯à ¦¥¨¥ 1.37. 〈a〉 ï¢«ï¥âáï ¯®¤£àã¯¯®© ¢ G.

4. �¨ª«¨ç¥áª¨¥ £àã¯¯ë ¨ ¨å ¯®¤£àã¯¯ë

�¯à¥¤¥«¥¨¥ 1.38. �ãáâì a ∈ G. �®¤£àã¯¯  〈a〉  §ë¢ ¥âáï æ¨ª«¨ç¥á-
ª®© ¯®¤£àã¯¯®© ¢ £àã¯¯¥ G, ¯®à®¦¤¥®© í«¥¬¥â®¬ a. �àã¯¯  G  §ë¢ ¥âáï
æ¨ª«¨ç¥áª®© á ¯®à®¦¤ îé¨¬ (®¡à §ãîé¨¬) í«¥¬¥â®¬ a, ¥á«¨ 〈a〉 = G.

�à¨¬¥àë 1.39. �®ª § âì, çâ®

1. £àã¯¯  Z ï¢«ï¥âáï æ¨ª«¨ç¥áª ï á ¯®à®¦¤ îé¨¬ í«¥¬¥â®¬ 1 (¨«¨ -1);
2. £àã¯¯  Un ª®¬¯«¥ªáëå ª®à¥© n-®© áâ¥¯¥¨ ¨§ 1 ï¢«ï¥âáï æ¨ª«¨ç¥áª®©

£àã¯¯®© á ¯®à®¦¤ îé¨¬ í«¥¬¥â®¬

exp
2πi
n

= cos
2πi
n

+ i sin
2πi
n
.

�à¥¤«®¦¥¨¥ 1.40. �ãáâì a { í«¥¬¥â ¥ª®â®à®© £àã¯¯ë. �®£¤  |〈a〉| =
|a|.

�®ª § â¥«ìáâ¢®. �á«¨ ar = am ¯à¨ ¥ª®â®àëå r < m, â® am−r = 1 ¨
|a| = n <∞. � íâ®¬ á«ãç ¥ 〈a〉 = {1, a, a2, . . . , an−1}.

�¡®§ ç¥¨¥ 1.41. �á«¨ |a| = n ¢ ãá«®¢¨¨ ¯à¥¤«®¦¥¨ï 1.40, â® æ¨ª«¨-
ç¥áªãî £àã¯¯ã, ¯®à®¦¤¥ãî í«¥¬¥â®¬ a, ¬ë ¡ã¤¥¬ ®¡®§ ç âì 〈a〉n.

�¥®à¥¬  1.42. �®¤£àã¯¯  æ¨ª«¨ç¥áª®© £àã¯¯ë á ¬  ï¢«ï¥âáï æ¨ª«¨ç¥á-
ª®©.
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�®ª § â¥«ìáâ¢®. �ãáâì H { ¯®¤£àã¯¯  æ¨ª«¨ç¥áª®© £àã¯¯ë G = 〈a〉.
�á«¨ H = 1, â® ãâ¢¥à¦¤¥¨¥ ®ç¥¢¨¤®. �ãáâì H á®¤¥à¦¨â ¥¥¤¨¨çë© í«¥-
¬¥â am,m 6= 0. �á«¨ m < 0, â® H á®¤¥à¦¨â ¨ í«¥¬¥â a−m,−m > 0. �ë¡¥à¥¬
â ª®¥  ¨¬¥ìè¥¥  âãà «ì®¥ ç¨á«® m, çâ® b = am ∈ H. �á«¨ ar ∈ H, r ∈ Z,
â®, ¤¥«ï r á ®áâ âª®¬   m, ¯®«ãç ¥¬ r = sm + q, 0 ≤ q < m. �à¨ íâ®¬
aq = ar−sm = ar(am)−s ∈ H ¯® ¯à¥¤«®¦¥¨î 1.33, çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã
m, ¥á«¨ q > 0.

�«¥¤áâ¢¨¥ 1.43. �ãáâì m1, . . . ,mn ∈ Z, ¨ d { ç¨á¥« m1, . . . ,mn. �®£¤ 
áãé¥áâ¢ãîâ â ª¨¥ æ¥«ë¥ ç¨á«  u1, . . . , un ∈ Z, çâ® m1u1 + · · ·+mnun = d.

�®ª § â¥«ìáâ¢®. �ãáâì H = Zm1 + · · · + Zmn. �®£¤  H { ¯®¤£àã¯¯  ¢
Z, ¨, á«¥¤®¢ â¥«ì®, H = Zd. �áâ ¥âáï ã¡¥¤¨âìáï, çâ® d = (m1, . . . ,mn).

�¥®à¥¬  1.44. �ãáâì G = 〈a〉n ¨ H { ¯®¤£àã¯¯  ¢ G. �®£¤  áãé¥áâ¢ã¥â
¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥ â ª®¥ ç¨á«® d, ¤¥«ïé¥¥ n, çâ® H = 〈ad〉n

d
.

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 1.42 ¯®«ãç ¥¬ H = 〈ak〉 ¤«ï ¥ª®â®à®£®
0 ≤ k < n. �®«®¦¨¬ d = (n, k). �áâ ¥âáï § ¬¥â¨âì, çâ® H = 〈ad〉.

�¯à ¦¥¨¥ 1.45. �¯¨á âì ¢á¥ ¯®¤£àã¯¯ë ¢ 〈a〉12.

5. �¬¥¦ë¥ ª« ááë ¨ â¥®à¥¬  � £à ¦ 

�¯à¥¤¥«¥¨¥ 1.46. �ãáâì H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G, ¨ g ∈ G. �¥¢ë¬
á¬¥¦ë¬ ª« áá®¬ gH  §ë¢ ¥âáï ¯®¤¬®¦¥áâ¢® {gh|h ∈ H} ¢ G.

�¯à ¦¥¨¥ 1.47. � ©â¨

1. «¥¢ë¥ á¬¥¦ë¥ ª« ááë GL(n,C) ¯® SL(n,C);
2. «¥¢ë¥ á¬¥¦ë¥ ª« ááë Z ¯® nZ;
3. «¥¢ë¥ ¨ ¯à ¢ë¥ á¬¥¦ë¥ ª« ááë Sn ¯® Sn−1.

�¯à ¦¥¨¥ 1.48. �ãáâì H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G ¨ x, y ∈ G. �®ª § âì,
çâ® á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

1. xH = yH;
2. x−1y ∈ H.

�à¥¤«®¦¥¨¥ 1.49. �ãáâì H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G ¨ x ∈ G. �®£¤ 
|H| = |xH|.

�à¥¤«®¦¥¨¥ 1.50. �ãáâì H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G ¨ x, y ∈ G, ¯à¨ç¥¬
y ∈ xH. �®£¤  xH = yH.

�®ª § â¥«ìáâ¢®. �á®, çâ® yH ⊆ xH. �® ãá«®¢¨î y = xh ¤«ï ¥ª®â®-
à®£® h ∈ H. �«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® u ∈ H ¯®«ãç ¥¬ xu = y(h−1u), £¤¥
h−1u ∈ H. �âáî¤  xH ⊆ yH, â. ¥. xH = yH.

�«¥¤áâ¢¨¥ 1.51. �ãáâì H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G. �®£¤  ¤¢  «¥¢ëå (¯à -
¢ëå) á¬¥¦ëå ª« áá  G ¯® H «¨¡® á®¢¯ ¤ îâ, «¨¡® ¥ ¯¥à¥á¥ª îâáï.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§®¢ âìáï ¯à¥¤«®¦¥¨¥¬ 1.50.

�¥®à¥¬  1.52 (�¥®à¥¬  � £à ¦ ) . �ãáâì H { ¯®¤£àã¯¯  ¢ ª®¥ç®©
£àã¯¯¥ G. �®£¤  |G| = |H|j, £¤¥ j { ç¨á«® «¥¢ëå (¯à ¢ëå) á¬¥¦ëå ª« áá 
G ¯® H.
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�®ª § â¥«ìáâ¢®. � §®¡ê¥¬ G   «¥¢ë¥ á¬¥¦ë¥ ª« ááë ¯® H. �®£¤ 
ª ¦¤ë© í«¥¬¥â x ∈ G «¥¦¨â ¢ ¥ª®â®à®¬ ª« áá¥, ¨¬¥®, ¢ xH. �áâ ¥âáï
¢®á¯®«ì§®¢ âìáï á«¥¤áâ¢¨¥¬ 1.51 ¨ ¯à¥¤«®¦¥¨¥¬ 1.49

�«¥¤áâ¢¨¥ 1.53. �®àï¤®ª í«¥¬¥â  ª®¥ç®© £àã¯¯ë ¤¥«¨â ¯®àï¤®ª
£àã¯¯ë.

�«¥¤áâ¢¨¥ 1.54. �àã¯¯  ¯à®áâ®£® ¯®àï¤ª  ï¢«ï¥âáï æ¨ª«¨ç¥áª®©.

6. �®¬®¬®àä¨§¬ë, ®à¬ «ìë¥ ¯®¤£àã¯¯ë, ä ªâ®à£àã¯¯ë

�¯à¥¤¥«¥¨¥ 1.55. �â®¡à ¦¥¨¥ £àã¯¯ f : G → H  §ë¢ ¥âáï £®¬®¬®à-
ä¨§¬®¬, ¥á«¨ f(xy) = f(x)f(y) ¤«ï ¢á¥å x, y ∈ G. �ê¥ªâ¨¢ë© £®¬®¬®àä¨§¬
 §ë¢ ¥âáï ¬®®¬®àä¨§¬®¬. �îàê¥ªâ¨¢ë© £®¬®¬®àä¨§¬  §ë¢ ¥âáï í¯¨-
¬®àä¨§¬®¬. �¨¥ªâ¨¢ë© £®¬®¬®àä¨§¬  §ë¢ ¥âáï ¨§®¬®àä¨§¬®¬. �§®¬®à-
ä¨§¬ £àã¯¯ë   á¥¡ï  §ë¢ ¥âáï  ¢â®¬®àä¨§¬®¬ .

�à¨¬¥àë 1.56. �à¨¬¥àë £®¬®¬®àä¨§¬®¢:

1. det : GL(n,C)→ C∗;
2. § ª ¯®¤áâ ®¢ª¨ σ : Sn → {±1}.

�¯à ¦¥¨¥ 1.57. �á«¨ g { ä¨ªá¨à®¢ ë© í«¥¬¥â £àã¯¯ë G, â® ®â®-
¡à ¦¥¨¥ x 7→ gag−1 ï¢«ï¥âáï  ¢â®¬®àä¨§¬®¬ £àã¯¯ë G.

�¯à¥¤¥«¥¨¥ 1.58. �¢â®¬®àä¨§¬ ¨§ ã¯à ¦¥¨ï 1.57  §ë¢ ¥âáï ¢ãâ-
à¥¨¬. � â ª¦¥  §ë¢ ¥âáï á®¯àï¦¥¨¥¬ á ¯®¬®éìî g.

�à¥¤«®¦¥¨¥ 1.59. �ãáâì f : G → H { £®¬®¬®àä¨§¬®¬. �®£¤  f(1) =
1 ¨ f(x−1) = f(x)−1 ¤«ï ¢á¥å x ∈ G.

�¯à ¦¥¨¥ 1.60. �ãáâì f : G → H { £®¬®¬®àä¨§¬ £àã¯¯. �®ª § âì,
çâ®

1. ¥á«¨ G1 { ¯®¤£àã¯¯  ¢ G, â® f(G1) ï¢«ï¥âáï ¯®¤£àã¯¯®© ¢ H;
2. ¥á«¨ g : H → F { £®¬®¬®àä¨§¬ £àã¯¯, â® gf : G → F â ª¦¥ ï¢«ï¥âáï

£®¬®¬®àä¨§¬®¬ £àã¯¯.

�¯à¥¤¥«¥¨¥ 1.61. �®¤£àã¯¯  H ¢ £àã¯¯¥ G  §ë¢ ¥âáï ®à¬ «ì®©,
¥á«¨ xHx−1 ⊆ H ¤«ï «î¡®£® x ∈ G. �á«¨ H {®à¬ «ì ï ¯®¤£àã¯¯  ¢ £àã¯¯¥
G, â® ¯¨èãâ H / G.

�à¥¤«®¦¥¨¥ 1.62. �ãáâì H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G. �®£¤  á«¥¤ãîé¨¥
ãá«®¢¨ï íª¢¨¢ «¥âë:

1. ¯®¤£àã¯¯  H ®à¬ «ì  ¢ G;
2. xHx−1 = H ¤«ï «î¡®£® x ∈ G;
3. ª ¦¤ë© «¥¢ë© á¬¥¦ë© ª« áá G ¯® H ï¢«ï¥âáï ¯à ¢ë¬ á¬¥¦ë¬

ª« áá®¬;
4. ª ¦¤ë© ¯à ¢ë© á¬¥¦ë© ª« áá G ¯® H ï¢«ï¥âáï «¥¢ë¬ á¬¥¦ë¬

ª« áá®¬.

�®ª § â¥«ìáâ¢®. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ (1) ¨ x ∈ G. �®£¤ 
x−1H(x−1)−1 = x−1Hx ⊆ H,

®âªã¤  H ⊆ xHx−1 ¨ ¯®íâ®¬ã xHx−1 = H ¢ á¨«ã (1).
�ãáâì â¥¯¥àì ¢ë¯®«¥® (2). �®£¤  xH = xHx−1x = Hx, â. ¥. ¢ë¯®«¥®

(3).
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�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¢ë¯®«¥® (3), ¨ à áá¬®âà¨¬ «¥¢ë© á¬¥¦ë©
ª« áá xH. �® ãá«®¢¨î ® ï¢«ï¥âáï ¯à ¢ë¬ á¬¥¦ë¬ ª« áá®¬, á®¤¥à¦ é¨¬ x,
â. ¥. xH = Hx ¯® ¯à¥¤«®¦¥¨î 1.50. �âáî¤  ¢ëâ¥ª ¥â (2), ¨, á«¥¤®¢ â¥«ì®,
(1).

�â ª, ¯¥à¢ë¥ âà¨ ãá«®¢¨ï íª¢¨¢ «¥âë. � «®£¨ç® ¯®ª §ë¢ ¥âáï, çâ®
ç¥â¢¥àâ®¥ ãá«®¢¨¥ íª¢¨¢ «¥â® ¢â®à®¬ã.

�¯à¥¤¥«¥¨¥ 1.63. �ãáâì f : G→ H { £®¬®¬®àä¨§¬ £àã¯¯. �¤à®¬ ker f
 §ë¢ ¥âáï ¬®¦¥áâ¢® ¢á¥å â ª¨å x ∈ G, çâ® f(x) = 1.

�à¥¤«®¦¥¨¥ 1.64. ker f / G.

�à¨¬¥àë 1.65. �®ª § âì, çâ®

1. An / Sn;
2. SL(n,C) /GL(n,C);
3. V4 / S4, S3 6 S4.

�¯à ¦¥¨¥ 1.66. �ãáâì f : G → H { £®¬®¬®àä¨§¬ £àã¯¯. �®ª § âì,
çâ® ®â®¡à ¦¥¨¥ f ¨ê¥ªâ¨¢® ⇐⇒ ker f = 1.

�à¥¤«®¦¥¨¥ 1.67. �ãáâì f : G → H { £®¬®¬®àä¨§¬ £àã¯¯ ¨ x ∈ G.
�®£¤  f−1(f(x)) = x ker f .

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¢ á¨«ã ã¯à ¦¥¨ï 1.48

y ∈ f−1(f(x)) ⇐⇒ f(y) = f(x) ⇐⇒ f(x−1y) = 1
⇐⇒ x−1y ∈ ker f ⇐⇒ x ker f = y ker f.

�âáî¤  ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥¨¥

�¥®à¥¬  1.68. �ãáâì SymmT { £àã¯¯  á¨¬¬¥âà¨© â¥âà í¤à  T . �®£¤ 
SymmT ' S4.

�®ª § â¥«ìáâ¢®. �ãáâì 1,2,3,4 { ®¬¥à  ¢¥àè¨ ¢ T . �á«¨ g ∈ SymmT ,
â® g(1), g(2), g(3), g(4) { ¢á¥ ¢¥àè¨ë T . � ¤ ¤¨¬ f : SymmT → S4, ¯®« £ ï

f(g) =
(

1 2 3 4
g(1) g(2) g(3) g(4)

)
.

�¥âàã¤® ã¡¥¤¨âìáï, çâ® g ï¢«ï¥âáï í¯¨¬®àä¨§¬®¬ ¨ ker f = 1.

�®áâà®¥¨¥ ä ªâ®à£àã¯¯ë G/H, £¤¥ H / G. �®áâà®¥¨¥ ¥áâ¥áâ¢¥®£®
£®¬®¬®àä¨§¬  π : G→ G/N .

�¯à ¦¥¨¥ 1.69. �á«¨ π : G → G/N { ¥áâ¥áâ¢¥ë© £®¬®¬®àä¨§¬, â®
kerπ = N .

�¥®à¥¬  1.70 (�¥®à¥¬  ® £®¬®¬®àä¨§¬ å) . �ãáâì f : G→ H { £®¬®¬®à-
ä¨§¬ £àã¯¯. �®£¤  G/ ker f ' f(G).

�®ª § â¥«ìáâ¢®. �ãáâì x ∈ G. �® ¯à¥¤«®¦¥¨î 1.67 ¯®«ãç ¥¬, çâ®
f−1(f(x)) = x ker f . � ¤ ¤¨¬ â¥¯¥àì ®â®¡à ¦¥¨¥ ζ : f(G) → G/ ker f ¯® ¯à -
¢¨«ã

ζ(f(x)) = f−1(f(x)) = x ker f.
�à®¢¥à¨¬, çâ® ζ ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬ £àã¯¯. �ãáâì x, y ∈ G. �®£¤  xy ∈
f−1(f(xy)), â. ¥.

ζ(f(xy)) = xy(ker f) = (x ker f)(y ker f) = ζ(f(x))ζ(f(y)).
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�â ª, ζ ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬.
�¡¥¤¨¬áï, çâ® ζ ¨ê¥ªâ¨¢®. �ãáâì g, h ∈ f(G) ¨ ζ(g) = ζ(h). �® ®¯à¥¤¥-

«¥¨î g = f(x), h = f(y) ¤«ï ¥ª®â®àëå x, y ∈ G. �âáî¤  x ker f = y ker f , ¨
¯®íâ®¬ã g = f(x) = f(y) = h.

�¡¥¤¨¬áï, çâ® ζ áîàê¥ªâ¨¢®. �á«¨ x ∈ G, â® x ker f = ζ(f(x)). �â ª, ζ {
¨§®¬®àä¨§¬.

�à¨¬¥àë 1.71. �®ª § âì, çâ®

1. GL(n,C)/SL(n,C) ' C∗;
2. Sn/An ' {±1};
3. Z/nZ ' Un.

7. �« ááë á®¯àï¦¥ëå í«¥¬¥â®¢

�¯à¥¤¥«¥¨¥ 1.72. �¢  í«¥¬¥âë x, y £àã¯¯ë G á®¯àï¦¥ë, ¥á«¨ áãé¥áâ-
¢ã¥â â ª®© í«¥¬¥â g ∈ G, çâ® x = gyg−1. �« áá®¬ á®¯àï¦¥ëå í«¥¬¥â®¢ ¢
G  §ë¢ ¥âáï ¬®¦¥áâ¢® ¢á¥å á®¯àï¦¥ëå ¬¥¦¤ã á®¡®© í«¥¬¥â®¢ ¨§ G.

�à¥¤«®¦¥¨¥ 1.73. �¢  ª« áá  á®¯àï¦¥ëå í«¥¬¥â®¢ «¨¡® á®¢¯ ¤ îâ,
«¨¡® ¥ ¯¥à¥á¥ª îâáï.

�®ª § â¥«ìáâ¢®. �ãáâì X,Y { ¤¢  ª« áá  á®¯àï¦¥ëå í«¥¬¥â®¢ ¢ G.
�à¥¤¯®«®¦¨¬, çâ® x ∈ X ∩ Y . �á«¨ z ∈ X, â® z = gxg−1 ¤«ï ¥ª®â®à®£®
í«¥¬¥â  g ∈ G. �á«¨ y ∈ Y , â® y = hxh−1 ¤«ï ¥ª®â®à®£® h ∈ G. �âáî¤ 
z = (gh−1)y(gh−1)−1. � ª¨¬ ®¡à §®¬, X ⊆ Y . � «®£¨ç®, Y ⊆ X.

�«¥¤áâ¢¨¥ 1.74. � §ë¥ ª« ááë á®¯àï¦¥ëå í«¥¬¥â®¢ ¥ ¯¥à¥á¥ª îâáï.

�¯à¥¤¥«¥¨¥ 1.75. �ãáâì x ∈ G. �¥âà «¨§ â®à®¬ C(x)  §ë¢ ¥âáï
¬®¦¥áâ¢® ¢á¥å â ª¨å í«¥¬¥â®¢ g ∈ G, çâ® gx = xg.

�à¥¤«®¦¥¨¥ 1.76. �ãé¥áâ¢ã¥â ¡¨¥ªæ¨ï ¬¥¦¤ã ª« áá®¬ á®¯àï¦¥ëå
í«¥¬¥â®¢, á®¤¥à¦ é¨å x ¨ ¬®¦¥áâ¢®¬ «¥¢ëå á¬¥¦ëå ª« áá®¢ G ¯® (x).

�®ª § â¥«ìáâ¢®. �ãáâì g ∈ G. �®¯®áâ ¢¨¬ í«¥¬¥âã gxg−1 ª« áá gC(x).

�«¥¤áâ¢¨¥ 1.77. �ãáâì K { ª« áá á®¯àï¦¥ëå í«¥¬¥â®¢ ¢ £àã¯¯¥ G,

á®¤¥à¦ é¨© í«¥¬¥â x. �®£¤  |K| = |G|
|(x)|

.

�® â¥®à¥¬¥ 1.16 ª ¦¤ ï ¯®¤áâ ®¢ª  ¨§ Sn à §« £ ¥âáï ¢ ¯à®¨§¢¥¤¥¨¥ ¥-
§ ¢¨á¨¬ëå æ¨ª«®¢.

�¯à ¦¥¨¥ 1.78. �®ª § âì, çâ®

1. ¥á«¨ σ = σ1 · · ·σm { à §«®¦¥¨¥ ¯¥à¥áâ ®¢ª¨ σ ∈ Sn ¢ ¯à®¨§¢¥¤¥¨¥
¥§ ¢¨á¨¬ëå æ¨ª«®¢, â® |σ| à ¢¥  ¨¡®«ìè¥¬ã ®¡é¥¬ã ¤¥«¨â¥«î ¤«¨
σ1, . . . , σm;

2. ¤¢  ¥§ ¢¨á¨¬ëå æ¨ª«  ¨§ Sn ¯¥à¥áâ ®¢®çë.

�¥®à¥¬  1.79. �¢¥ ¯¥à¥áâ ®¢ª¨ ¨§ Sn á®¯àï¦¥ë â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ®¨ ¨¬¥îâ ®¤¨ ª®¢®¥ æ¨ª«®¢®¥ áâà®¥¨¥.
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�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ¥®¡å®¤¨¬®áâ¨ ã¦® ¢®á¯®«ì§®-
¢ âìáï ¯à¥¤«®¦¥¨¥¬ 1.19. �¡à â®, ¯ãáâì ¯®¤áâ ®¢ª¨ σ, τ ¨¬¥îâ ®¤¨ ª®¢®¥
æ¨ª«®¢®¥ áâà®¥¨¥, â. ¥.

σ = (k0, k1, . . . , kl)(j0, j1, . . . , jt) · · · ,
τ = (k′0, k

′
1, . . . , k

′
l)(j
′
0, j
′
1, . . . , j

′
t) · · · .

�® ¯à¥¤«®¦¥¨î 1.19 ¨¬¥¥¬ πσπ−1 = τ , £¤¥

π =
(
k0 k1 . . . kl j0 j1 . . . jt . . .
k′0 k′1 . . . k′l j′0 j′1 . . . j′t . . .

)
.

�¯à ¦¥¨¥ 1.80. �®ª § âì, çâ® ¤¢¥ ¬ âà¨æë ¨§ GL(n,C) á®¯àï¦¥ë
(¯®¤®¡ë) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¨ ¨¬¥îâ ®¤¨ ª®¢ë¥ ¦®à¤ ®¢ë ä®à¬ë.

�¥®à¥¬  1.81. �ãáâì U ∈ U(n,C). �®£¤  ¬ âà¨æ  U á®¯àï¦¥  ¢ U(n,C)
¤¨ £® «ì®© ¬ âà¨æ¥ diag(λ1, . . . , λn), £¤¥ |λj | = 1.

�®ª § â¥«ìáâ¢®. � ¬ ¯®âà¥¡ã¥âáï

�¥¬¬  1.82. �ãáâì U { ã¨â àë© (®àâ®£® «ìë©) «¨¥©ë© ®¯¥à â®à
¢ íà¬¨â®¢®¬ (¥¢ª«¨¤®¢®¬) ¯à®áâà áâ¥ L, ¨ W { ¨¢ à¨ â®¥ ¯®¤¯à®áâ-
à áâ¢®. �®£¤  W⊥ ¨¢ à¨ â® ®â®á¨â¥«ì® U .

�®á¯®«ì§ã¥¬áï íâ®© íâ®© «¥¬¬®© ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë. �ãáâì U
{ ã¨â àë© «¨¥©ë© ®¯¥à â®à ¢ íà¬¨â®¢®¬ ¯à®áâà áâ¥ L. �®áâ â®ç® ¯®-
ª § âì, çâ® ¢ U ¨¬¥¥âáï á®¡áâ¢¥ë© ®àâ®à¬¨à®¢ ë© ¡ §¨á. �¯¥à â®à U
¨¬¥¥â á®¡áâ¢¥ë© ¢¥ªâ®à e1 á á®¡áâ¢¥ë¬ § ç¥¨¥¬ λ1, ¯à¨ç¥¬ ¬®¦® áç¨-
â âì, çâ® ‖e1‖ = 1. �®£¤  〈e1〉⊥ ¨¢ à¨ â® ®â®á¨â¥«ì® U . �® ¨¤ãªæ¨¨ ¢
〈e1〉 áãé¥áâ¢ã¥â ¨áª®¬ë© ¡ §¨á e2, . . . , en.

�¥®à¥¬  1.83. �ãáâì U ∈ O(n,R). �®£¤  ¬ âà¨æ  U á®¯àï¦¥  ¢ O(n,R)
¡«®ç®-¤¨ £® «ì®© ¬ âà¨æ¥ á ¡«®ª ¬¨ à §¬¥à  ¥ ¡®«ìè¥ 2. �«®ª¨ à §¬¥à 
1 ¨¬¥îâ ¢¨¤ ±1. �«®ª¨ à §¬¥à  2 ¨¬¥îâ ¢¨¤(

cosφ − sinφ
sinφ cosφ

)
. (2)

�®ª § â¥«ìáâ¢®. � ¬ ¯®âà¥¡ã¥âáï

�¥¬¬  1.84. �ãáâì U «¨¥©ë© ®¯¥à â®à ¢ ¢¥é¥áâ¢¥®¬ ¯à®áâà áâ¥
L. �®£¤  ® ¨¬¥¥â ®¤®¬¥à®¥ ¨«¨ ¤¢ã¬¥à®¥ ¨¢ à¨ â®¥ ¯®¤¯à®áâà áâ¢®.

�¥¬¬  1.85. �ãáâì Q { ®àâ®£® «ì ï (2×2)-¬ âà¨æ , ¥ ¨¬¥îé ï ¢¥-
é¥áâ¢¥®£® á®¡áâ¢¥®£® § ç¥¨ï. �®£¤  Q ¨¬¥¥â ¢¨¤ (2).

�®á¯®«ì§ã¥¬áï íâ¨¬¨ «¥¬¬ ¬¨ ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë. �ãáâì U {
®àâ®£® «ìë© «¨¥©ë© ®¯¥à â®à ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¥ L. �á«¨ ®¯¥à -
â®à U ¨¬¥¥â á®¡áâ¢¥ë© ¢¥ªâ®à e1 á á®¡áâ¢¥ë¬ § ç¥¨¥¬ λ1, â® |λ1| = 1 ¨
¤ «ìè¥ ã¦® ¯®¢â®à¨âì ¤®ª § â¥«ìáâ¢® ¯à¥¤ë¤ãé¥© â¥®à¥¬ë.

�ãáâì U ¨¬¥¥â ¤¢ã¬¥à®¥ ¨¢ à¨ â®¥ ¯®¤¯à®áâà áâ¢® W , ¢ ª®â®à®¬ ¥â
á®¡áâ¢¥®£® ¢¥ªâ®à . �®£¤  ¢ «î¡®¬ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥ W ¬ âà¨æ 
U |W ¨¬¥¥â ¢¨¤ (2). �à¨ íâ®¬ W⊥ ¨¢ à¨ â® ®â®á¨â¥«ì® U . �®®¡à ¦¥¨ï
¨¤ãªæ¨¨ § ¢¥àè îâ ¤®ª § â¥«ìáâ¢®.



8. ��������� ������ 15

�«¥¤áâ¢¨¥ 1.86. �ãáâì Q ∈ O(2,R). �á«¨ detQ = 1, â® Q ¨¬¥¥â ¢¨¤
(2). �á«¨ detQ = −1, â® Q á®¯àï¦¥  ¢ O(2,R) ¬ âà¨æ¥ diag(1,−1).

�«¥¤áâ¢¨¥ 1.87. �ãáâì Q ∈ O(3,R). �®£¤  Q á®¯àï¦¥  ¢ O(2,R) ¬ â-
à¨æ¥ detQ 0 0

0 cosφ − sinφ
0 sinφ cosφ

 .

8. �®¬¬ãâ â £àã¯¯ë

�¯à¥¤¥«¥¨¥ 1.88. �ãáâì x, y { í«¥¬¥âë £àã¯¯ë G. �®¬¬ãâ â®à®¬
í«¥¬¥â®¢ x, y  §ë¢ ¥âáï í«¥¬¥â [x, y] = xyx−1y−1.

�à¨¬¥àë 1.89. �®ª § âì, çâ®

1. ¢ £àã¯¯¥ ¯¥à¥áâ ®¢®ª Sn [(i, j), (j, k)] = (i, k, j), ¥á«¨ ¨¤¥ªáë i, j, k à §-
«¨çë;

2. ¢ £àã¯¯¥ ¬ âà¨æ GL(n, k), £¤¥ k { ª®«ìæ®, [1+aEik, 1+ bEkj ] = 1+abEij ,
¥á«¨ ¨¤¥ªáë i, j, k à §«¨çë.

�à¨¬¥àë 1.90. �¯à¥¤¥«¥¨¥ 1.91. �®¬¬ãâ â®¬ G′ = [G,G]  -
§ë¢ ¥âáï ¬®¦¥áâ¢® ¢á¥å ¯à®¨§¢¥¤¥¨© ª®¬¬ãâ â®à®¢ ¢ G.

�à¥¤«®¦¥¨¥ 1.92. G′ / G.

�à¥¤«®¦¥¨¥ 1.93. �á«¨ N / G, â® á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

1. £àã¯¯  G/N {  ¡¥«¥¢ ;
2. N ⊇ G′.

�¥®à¥¬  1.94. S′n = An.

�®ª § â¥«ìáâ¢®. �ã¦® ¢®á¯®«ì§®¢ âìáï ¯à¨¬¥à®¬ 1.89.

�¥®à¥¬  1.95. �á«¨ n ≥ 3, ¨ k { ¯®«¥, â® GL(n, k)′ = SL(n, k)′ = SL(n, k).

�¯à ¦¥¨¥ 1.96. �®ª § âì, çâ®

1. ¥á«¨ ¯®«¥ k á®¤¥à¦¨â ¥ ¬¥¥¥ ç¥âëà¥å í«¥¬¥â®¢, â®

GL(2, k)′ = SL(2, k);

¨¬¥®, ¥á«¨ áãé¥áâ¢ã¥â â ª®© í«¥¬¥â q, q − 1 ∈ k∗, â®[(
q 0
0 1

)
,

(
1 (q − 1)−1a
0 1

)]
= 1 + aE12;

2. GL(2,F2) ' S3, ¨ ¯®íâ®¬ã GL(2,F2)′ 6= SL(2,F2) = GL(2,F2).

�¯à ¦¥¨¥ 1.97. �ëç¨á«¨âì GL(2,F3)′.

�à¨¬¥àë 1.98. A′4 = V4, ¨ A
′
n = An, ¥á«¨ n ≥ 5.

�¯à¥¤¥«¥¨¥ 1.99. �á«¨ G { £àã¯¯ , â® ¯®«®¦¨¬ G(1) = G′ ¨G(k+1) =
[Gk, Gk]. �àã¯¯  G à §à¥è¨¬ , ¥á«¨ áãé¥áâ¢ã¥â â ª®¥  âãà «ì®¥ ç¨á«® m,
çâ® G(m) = 1.

� ¬¥ç ¨¥ 1.100. �«ï «î¡ëå m,n > 0 ¢¥à® à ¢¥áâ¢® (G(n))(m) = G(n+m).

�à¥¤«®¦¥¨¥ 1.101. �ãáâì f : G → H { £®¬®¬®àä¨§¬ £àã¯¯. �®£¤ 
f(G(k)) ⊆ H(k). �á«¨ f { áîàê¥ªâ¨¢®, â® f(G(k)) = H(k).
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�¯à ¦¥¨¥ 1.102. �®ª § âì, çâ®

1. ¥á«¨ H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G, â® H(k) ⊆ G(k) ¤«ï «î¡®£®  âãà «ì®£®
ç¨á«  k;

2. G(k) / G ¤«ï «î¡®£®  âãà «ì®£® ç¨á«  k.

�à¥¤«®¦¥¨¥ 1.103. �ãáâì N / G. �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

1. £àã¯¯ë G à §à¥è¨¬ ;
2. £àã¯¯ë G/N, ¨ N à §à¥è¨¬ë.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§®¢ âìáï ¯à¥¤«®¦¥¨¥¬ 1.101

�à¥¤«®¦¥¨¥ 1.104. �«ï £àã¯¯ë G á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

1. £àã¯¯ë G à §à¥è¨¬ ;
2. áãé¥áâ¢ã¥â â ª®© àï¤ ¯®¤£àã¯¯ë

G = G0 ⊃ G1 ⊃ · · · ⊃ Gk−1 ⊃ Gk = 1,

çâ® Gi+1 / Gi ¨ Gi/Gi+1 {  ¡¥«¥¢® ¤«ï ¢á¥å i.

�®ª § â¥«ìáâ¢®. �ã¦® ¢®á¯®«ì§®¢ âìáï ¯à¥¤«®¦¥¨¥¬ 1.103 ¨ ¨¤ãª-
æ¨¥© ¯® k, ã¡¥¤¨¢è¨áì, çâ® £àã¯¯  G1 à §à¥è¨¬ .

�à¥¤«®¦¥¨¥ 1.105. �ãáâì

A,A′ ∈ Mat(t, k), B,B′ ∈ Mat(t× s, k), C, C ′ ∈ Mat(s, k).

�®£¤  (
A B
0 C

)(
A′ B′

0 C ′

)
=
(
AA′ AB′ +BC ′

0 CC ′

)
�¯à¥¤¥«¥¨¥ 1.106. �àã¯¯  ¢¥àå¥âà¥ã£®«ìëå ¬ âà¨æ T (n, k), k { ¯®«¥.

�àã¯¯  ¢¥àå¥ã¨âà¥ã£®«ìëå ¬ âà¨æ UT (n, k), k { ¯®«¥.

�«¥¤áâ¢¨¥ 1.107. � áá¬®âà¨¬ ®â®¡à ¦¥¨¥ ϕ : T (n, k)→ T (n− 1, k) ¯®
¯à ¢¨«ã: ¥á«¨

X =
(
A B
0 c

)
∈ T (n, k), £¤¥ A ∈ T (n− 1, k), B ∈ Mat((n− 1)× 1, k), c ∈ k∗,

â® ϕ(X) = A. �®£¤  ϕ ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬ £àã¯¯, ¯à¨ç¥¬ ϕ(UT (n, k)) =
UT (n− 1, k).

�à¥¤«®¦¥¨¥ 1.108. T (n, k)′ ⊂ UT (n, k)

�®ª § â¥«ìáâ¢®. �®á¯®«ì§®¢ âìáï ¯à¥¤«®¦¥¨¥¬ 1.93.

�¥®à¥¬  1.109. �àã¯¯  T (n, k) à §à¥è¨¬ .

�®ª § â¥«ìáâ¢®. �® ¯à¥¤«®¦¥¨ï¬ 1.108 ¨ 1.103 ¤®áâ â®ç® ¯®ª § âì,
çâ® £àã¯¯  UT (n, k) à §à¥è¨¬ . �ã¤¥¬ ¢¥áâ¨ ¤®ª § â¥«ìáâ¢® ¨¤ãªæ¨¥© ¯® n.
�á«¨ n = 1, â® UT (1, k) = 1 ¨ ¯®â®¬ã à §à¥è¨¬ .

�ãáâì ¤«ï n − 1 â¥®à¥¬  ¤®ª §  . � áá¬®âà¨¬ £®¬®¬®àä¨§¬ £àã¯¯ ϕ :
UT (n, k)→ UT (n− 1, k) ¨§ á«¥¤áâ¢¨ï 1.107. � ¬¥â¨¬, çâ®

kerϕ =
{(

E B
0 1

)
∈ UT (n, k), £¤¥ B ∈ Mat((n− 1)× 1, k)

}
.

�® ¯à¥¤«®¦¥¨î 1.105 ¯®«ãç ¥¬, çâ® kerϕ {  ¡¥«¥¢  £àã¯¯ . �áâ ¥âáï ¢®á-
¯®«ì§®¢ âìáï ¨¤ãªæ¨¥© ¨ á«¥¤áâ¢¨¥¬ 1.103 á N = kerϕ.
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9. �àï¬ë¥ ¯à®¨§¢¥¤¥¨ï £àã¯¯

�¯à¥¤¥«¥¨¥ 1.110. �àã¯¯ë G ï¢«ï¥âáï (¢ãâà¥¨¬) ¯àï¬ë¬ ¯à®¨§¢¥-
¤¥¨¥¬ á¢®¨å ¯®¤£àã¯¯ G1, . . . , Gn, (®¡®§ ç¥¨¥ G = G1 × · · · ×Gn) ¥á«¨:
♥ ª ¦¤ ï ¯®¤£àã¯¯  Gi ®à¬ «ì  ¢ G;
♥ ª ¦¤ë© í«¥¬¥â g ∈ G ¨¬¥¥â ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥ ¯à¥¤áâ ¢«¥¨¥ ¢

¢¨¤¥ ¯à®¨§¢¥¤¥¨ï g = g1 · · · gn, £¤¥ gi ∈ Gi.
�á«¨ G { £àã¯¯  ®â®á¨â¥«ì® á«®¦¥¨ï, â® £®¢®àïâ, çâ® G ï¢«ï¥âáï ¯àï-

¬®© áã¬¬®© á¢®¨å ¯®¤£àã¯¯ G1, . . . , Gn, ¨ ¯¨èãâ G = G1 ⊕ · · · ⊕Gn.

�¯à ¦¥¨¥ 1.111. �®ª § âì, çâ® |G| = |G1| · · · |Gn|.

�à¥¤«®¦¥¨¥ 1.112. �ãáâì G = G1 × · · · × Gn ¨ gi ∈ Gi, gj ∈ Gj, £¤¥
i 6= j. �®£¤  gigj = gjgi.

�«¥¤áâ¢¨¥ 1.113. �ãáâì G = G1 × · · · × Gn ¨ g = g1 · · · gn, h = h1 · · ·hn,
£¤¥ gi, hi ∈ Gi ¤«ï ¢á¥å i. �®£¤ 

gh = (g1h1) · · · (gnhn), g−1 = g−1
1 · · · g−1

n .

�à¨¬¥àë 1.114. �¬¥îâáï á«¥¤ãîé¨¥ ¯àï¬ë¥ à §«®¦¥¨ï:

1. £àã¯¯  C∗ ' U × R∗+;
2. Rn = R

k ⊕ Rn−k.

�à¥¤«®¦¥¨¥ 1.115. �àã¯¯  Z ¥à §«®¦¨¬  ¢ ¯àï¬ãî áã¬¬ã.

�à¥¤«®¦¥¨¥ 1.116. �ãáâì G = G1 × · · · × Gn ¨ g = g1 · · · gn. �®£¤ 
|g| = (|g1|, . . . , |gn|).

�¥®à¥¬  1.117. �ãáâì £àã¯¯  G = G1 × · · · × Gn ª®¥ç . �«¥¤ãîé¨¥
ãá«®¢¨ï íª¢¨¢ «¥âë:

• £àã¯¯  G æ¨ª«¨ç ;
• ª ¦¤ ï £àã¯¯  Gi æ¨ª«¨ç  ¨ ¯®àï¤ª¨ £àã¯¯ Gi, i = 1, . . . , n, ¯®¯ à®
¢§ ¨¬® ¯à®áâë.

�®ª § â¥«ìáâ¢®. �ãáâì £àã¯¯  G æ¨ª«¨ç , ¨ mi = |Gi|. �®£¤  ª ¦-
¤ ï ¯®¤£àã¯¯  Gi, i = 1, . . . , n, æ¨ª«¨ç . �á«¨,  ¯à¨¬¥à, (m1,m2) > 1, â®
(m1, . . . ,mn) < m1 · · ·mn. �®íâ®¬ã ¢ á¨«ã ¯à¥¤«®¦¥¨ï 1.116 ¢ G ¥â í«¥¬¥â 
¯®àï¤ª  m1 · · ·mn = |G|.

�¡à â®, ¯ãáâì Gi = 〈ai〉mi , ¯à¨ç¥¬ ¢á¥ ç¨á«  m1, . . . ,mn ¯®¯ à® ¢§ ¨¬®
¯à®áâë. � áá¬®âà¨¬ í«¥¬¥â a = a1 · · · an ∈ G. �® ¯à¥¤«®¦¥¨î 1.116 ¥£®
¯®àï¤®ª à ¢¥ m1 · · ·mn = |G1| · · · |Gn| = |G|. �«¥¤®¢ â¥«ì®, G = 〈a〉.

�«¥¤áâ¢¨¥ 1.118. �¨ª«¨ç¥áª ï £àã¯¯  ¯®àï¤ª  d ¥à §«®¦¨¬  ¢ ¯àï¬®¥
¯à®¨§¢¥¤¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ ¯®àï¤®ª ï¢«ï¥âáï áâ¥¯¥ìî
¯à®áâ®£® ç¨á« .

�à¨¬¥à 1.119. �àï¬®¥ à §«®¦¥¨¥ æ¨ª«¨ç¥áª®© £àã¯¯  ¯®àï¤ª  12.

�¥®à¥¬  1.120. �ãáâì Ni / Gi, i = 1, . . . ,m. �®£¤ 

(N1 × · · · ×Nm) / (G1 × · · · ×Gm)

¨ (G1 × · · · ×Gm)/(N1 × · · · ×Nm) ' (G1/N1)× · · · × (Gm/Nm).
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�®ª § â¥«ìáâ¢®. � áá¬®âà¥âì £®¬®¬®àä¨§¬ £àã¯¯

π : G→ (G1/N1)× · · · × (Gm/Nm),

®â®¡à ¦ îé¨© í«¥¬¥â

g = g1 · · · gm 7→ (g1N1) · · · (gmNm) ∈ (G1/N1)× · · · × (Gm/Nm),

¨ ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© ® £®¬®¬®àä¨§¬ å.

�¯à¥¤¥«¥¨¥ 1.121. �¯à¥¤¥«¥¨¥ ¢¥è¥£® ¯àï¬®£® ¯à®¨§¢¥¤¥¨ï G =
G1 × · · · ×Gm.

�¥®à¥¬  1.122. �¥è¥¥ ¨ ¢ãâà¥¥¥ ¯àï¬ë¥ ¯à®¨§¢¥¤¥¨ï ¨§®¬®àäë.
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�®¥ç® ¯®à®¦¤¥ë¥  ¡¥«¥¢ë £àã¯¯ë

� íâ®© £« ¢¥ ®¯¨áë¢ ¥âáï áâà®¥¨¥ ª®¥ç® ¯®à®¦¤¥ëå  ¡¥«¥¢ëå £àã¯¯.
�á¥  ¡¥«¥¢ë £àã¯¯ë ¡ã¤ãâ ¯à¥¤¯®« £ âìáï  ¤¤¨â¨¢ë¬¨.

�¯à¥¤¥«¥¨¥ 2.1. �«¥¬¥âë e = (e1, . . . , en) ï¢«ïîâáï ¡ §¨á®¬ ¢  ¡¥«¥-
¢®© £àã¯¯ë A, ¥á«¨

♣ í«¥¬¥âë ¨§ e ¥§ ¢¨á¨¬ë, â. ¥. ¨§ â®£®, çâ®

m1e1 + · · ·+mnen = 0, £¤¥ m1, . . . ,mn ∈ Z,
á«¥¤ã¥â, çâ® m1 = · · · = mn = 0.

♠ í«¥¬¥â ¨§ e ¯®à®¦¤ îâ £àã¯¯ã A, â. ¥. ª ¦¤ë© í«¥¬¥â x ∈ A ¯à¥¤-
áâ ¢¨¬ ¢ ¢¨¤¥ x = m1e1 + · · ·+mnen.

�àã£¨¬¨ á«®¢ ¬¨, ª ¦¤ë© í«¥¬¥â x ∈ A ¨¬¥¥â ¨ ¯à¨â®¬ ¥¤¨áâ¢¥® ¯à¥¤-
áâ ¢«¥¨¥ ¢ ¢¨¤¥

x = m1e1 + · · ·+mnen, mi ∈ Z. (3)

�àã¯¯  A á¢®¡®¤ , ¥á«¨ ®  ®¡« ¤ ¥â ¡ §¨á®¬. � £®¬ á¢®¡®¤®©  ¡¥«¥¢®©
£àã¯¯ë A  §ë¢ ¥âáï ç¨á«® ¢¥ªâ®à®¢ ¢ ¡ §¨á¥ A.

�à¥¤«®¦¥¨¥ 2.2. �«ï  ¡¥«¥¢®© £àã¯¯ë A á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ -
«¥âë:

1. £àã¯¯  A ®¡« ¤ ¥â ¡ §¨á®¬ e = (e1, . . . , en);
2. £àã¯¯ 

A ' Z⊕ · · · ⊕ Z︸ ︷︷ ︸
n

.

�®ª § â¥«ìáâ¢®. �á«¨ e { ¡ §¨á A, â® § ¤ ¤¨¬

ψ : A→ Z⊕ · · · ⊕ Z︸ ︷︷ ︸
n

¯® ¯à ¢¨«ã: ¥á«¨ x ∈ A ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ (3), â® ψ(x) = (m1, . . . ,mn).
�¡à â®, £àã¯¯ 

A = Z⊕ · · · ⊕ Z︸ ︷︷ ︸
n

®¡« ¤ ¥â ¡ §¨á®¬ e = (e1, . . . , en), £¤¥

ei = (0, . . . ,
i
1, 0, . . . , 0), i = 1, . . . , n.

�à¥¤«®¦¥¨¥ 2.3. �¨á«® ¢¥ªâ®à®¢ ¢ ¡ §¨á¥ á¢®¡®¤®©  ¡¥«¥¢®© £àã¯¯ë
®¯à¥¤¥«¥® ®¤®§ ç®. �àã£¨¬¨ á«®¢ ¬¨, à £ á¢®¡®¤®©  ¡¥«¥¢®© £àã¯¯ë
®¯à¥¤¥«¥ ®¤®§ ç®.

19
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�®ª § â¥«ìáâ¢®. �ãáâì (e1, . . . en) ¨ (f1, . . . , fm) { ¤¢  ¡ §¨á  ¢ A. �à¥¤-
¯®«®¦¨¬, çâ® m > n. �®£¤  ª ¦¤®¥ fj ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

fj =
n∑
i=1

ajiei, aji ∈ Z.

�âà®ª¨ ¬ âà¨æë (aji) ∈ Mat(m × n,Z) «¨¥©® § ¢¨á¨¬ë  ¤ Q. �«¥¤®¢ -
â¥«ì®, ®¨ «¨¥©® § ¢¨á¨¬ë  ¤ Z. �®íâ®¬ã  ©¤¥âáï â ª®© ¥ã«¥¢®©  ¡®à
æ¥«ëå ç¨á¥« b1, . . . , bm ∈ Z, çâ®

(
b1, . . . , bm

)a11 . . . a1n

. . . . . . . . . . . . . . .
am1 . . . amn

 = 0.

�âáî¤  b1f1 + · · ·+ bmfm = 0, çâ® ¯à®â¨¢®à¥ç¨â ¥§ ¢¨á¨¬®áâ¨ f1, . . . , fm.

�¯à ¦¥¨¥ 2.4. �ãáâì A { á¢®¡®¤ ï  ¡¥«¥¢  £àã¯¯  á ¡ §¨á®¬ e =
(e1, . . . , en). �à¥¤¯®«®¦¨¬, çâ® c1, . . . , cn { í«¥¬¥âë ¯à®¨§¢®«ì®©  ¡¥«¥-
¢®© £àã¯¯ë C. �®£¤  áãé¥áâ¢ã¥â ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ë© â ª®© £®¬®¬®àä¨§¬
ψ : A→ C, çâ® ψ(ei) = ci, 1 ≤ i ≤ n.

�«¥¤áâ¢¨¥ 2.5. �ãáâì A { á¢®¡®¤ ï  ¡¥«¥¢  £àã¯¯  á ¡ §¨á®¬

e = (e1, . . . , en).

�®£¤  |hom(A,Z2)| = 2n. � ç áâ®áâ¨, ¢ à £ A ®¯à¥¤¥«¥ ®¤®§ ç®.

�¥®à¥¬  2.6. �ãáâì A { á¢®¡®¤ ï  ¡¥«¥¢  £àã¯¯  à £  n. �á«¨ B {
¥ã«¥¢ ï ¯®¤£àã¯¯  ¢ A, â® ®  á¢®¡®¤  ¨ ¥¥ à £ ≤ n.

�®ª § â¥«ìáâ¢®. �ã¤¥â ¢¥áâ¨ ¤®ª § â¥«ìáâ¢® ¨¤ãªæ¨¥© ¯® n. �á«¨ n =
1, â® A ' Z. �®£¤  £àã¯¯  A æ¨ª«¨ç  ¨, á«¥¤®¢ â¥«ì®, ¯® â¥®à¥¬¥ 1.42 £àã¯¯ 
B = 〈b〉 æ¨ª«¨ç , ¯à¨ç¥¬ b 6= 0. �®£¤  í«¥¬¥â b ï¢«ï¥âáï ¡ §¨á®¬ B.

�ãáâì ¤«ï n− 1 â¥®à¥¬  ¤®ª §  , ¨ e = (e1, . . . , en) { ¡ §¨á A. �®«®¦¨¬

H = {
n−1∑
i=1

aiei|ai ∈ Z}.

�®£¤  H { á¢®¡®¤ ï  ¡¥«¥¢  £àã¯¯  á ¡ §¨á®¬ (e1, . . . en−1). �® ¨¤ãªæ¨¨ B∩H
{ á¢®¡®¤ ï  ¡¥«¥¢  £àã¯¯  á ¡ §®© (f1, . . . , fm), m ≤ n − 1. �«¥¤®¢ â¥«ì®,
¥á«¨ B ⊆ H, â® â¥®à¥¬  ¤®ª §  .

�ãáâì B * H. � áá¬®âà¨¬ â ª®¥  ¨¬¥ìè¥¥  âãà «ì®¥ ç¨á«® d, çâ®
í«¥¬¥â f = c1e1+· · ·+cn−1en−1+den ∈ H. �®ª ¦¥¬, çâ® í«¥¬¥âë f1, . . . , fm, f
á®áâ ¢«ïîâ ¡ §¨á H. �¥©áâ¢¨â¥«ì®, ¥á«¨ b = u1e1 + · · ·+ unen ∈ B, ui ∈ Z,
â® un = rd ¤«ï ¥ª®â®à®£® r ∈ Z. � á ¬®¬ ¤¥«¥, ¯ãáâì un = rd+ l, £¤¥ 0 ≤ l < d.
�®£¤  b−rf = u′1e1 + · · ·+u′n−1en−1 + len ∈ H, çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã d, ¥á«¨
l 6= 0. �â ª, un = rd ¨ b−rf ∈ B∩H. �®íâ®¬ã b−rf = a1f1 + · · ·+amfm, ai ∈
Z. � ª¨¬ ®¡à §®¬, b = rf + a1f1 + · · ·+ amfm, r, ai ∈ Z, â. ¥. í«¥¬¥âë

f, f1, . . . , fm (4)

¯®à®¦¤ îâ B.
�®ª ¦¥¬, çâ® í«¥¬¥âë (4) ¥§ ¢¨á¨¬ë. �ãáâì

rf + a1f1 + · · ·+ amfm = 0, r, ai ∈ Z, (5)
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�®íää¨æ¨¥â ¯à¨ en ã í«¥¬¥â  «¥¢®© ç áâ¨ (4) à ¢¥ rd = 0, ®âªã¤  r = 0,
¨¡® d 6= 0. � ª¨¬ ®¡à §®¬, ¢ (5) ¯®«ãç ¥¬, çâ® a1f1 + · · · + amfm = 0, ®âªã¤ 
a1 = · · · = am = 0, ¨¡® í«¥¬¥âë f1, . . . , fm ¥§ ¢¨á¨¬ë.

�¯à¥¤¥«¥¨¥ 2.7. �¥«®ç¨á«¥ë¥ í«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï áâà®ª
(áâ®«¡æ®¢) æ¥«®ç¨á«¥®© ¬ âà¨æë á®áâ®ïâ ¨§ ¤¢ãå â¨¯®¢ ¯à¥®¡à §®¢ ¨©:

• ã¬®¦¥¨¥ á«¥¢  (á¯à ¢ )   í«¥¬¥â àë¥ ¬ âà¨æë E + aEij , a ∈ Z,
• ã¬®¦¥¨¥ áâà®ª¨ (áâ®«¡æ )   -1.

�¯à ¦¥¨¥ 2.8. �®¢¥àè ï æ¥«®ç¨á«¥ë¥ í«¥¬¥â àë¥ ¯à¥®¡à §®¢ -
¨ï áâà®ª
(áâ®«¡æ®¢) ¬®¦® ¯¥à¥áâ ¢¨âì «î¡ë¥ ¤¢¥ áâà®ª¨ (áâ®«¡æ ).

�¥®à¥¬  2.9. �ãáâì A ∈ Mat(n × m,Z). �¥«®ç¨á«¥ë¬¨ í«¥¬¥â à-
ë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ áâà®ª ¨ áâ®«¡æ®¢ ¬®¦® A ¯à¨¢¥áâ¨ ª ¤¨ £® «ì-
®¬ã ¢¨¤ã diag(d1, d2, . . . ), di ≥ 0.

�®ª § â¥«ìáâ¢®. �®¦® áç¨â âì, çâ® A = (aij) 6= 0. �ãáâì

δ(A) = min
ij
{|aij | |aij 6= 0}.

�à¥¤¯®«®¦¨¬, çâ® ¬ âà¨æã A æ¥«®ç¨á«¥ë¬¨ í«¥¬¥â àë¬¨ ¯à¥®¡à §®¢ -
¨ï¬¨ áâà®ª ¨ áâ®«¡æ®¢ ¯à¨¢¥«¨ ¢ â ª®¬ã ¢¨¤ã, çâ® ¤ «¥¥ δ(A) ã¬¥ìè¨âì
¥«ì§ï. �¥à¥áâ ¢«ïï áâà®ª¨ ¨ áâ®«¡æë ¨ ã¬®¦ ï, ¥á«¨ ¥®¡å®¤¨¬®,   -1,
¬®¦® áç¨â âì, çâ® δ(A) = a11.

�¥¬¬  2.10. a11 ¤¥«¨â a1j , ai1 ¤«ï ¢á¥å i, j.

�®ª § â¥«ìáâ¢®. �ãáâì,  ¯à¨¬¥à, a11 ¥ ¤¥«¨â a21, â. ¥. a21 = qa11 +
r, £¤¥ 0 < r < a11. �ëç¨â ï ¨§ ¢â®à®© áâà®ª¨ ¯¥à¢ãî, ã¬®¦¥ãî   q,
¯®«ãç ¥¬   ¬¥áâ¥ (21) í«¥¬¥â r, çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã δ(A) = a11.

�® «¥¬¬¥ 2.10 á®¢¥àè ï í«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï áâà®ª ¨
áâ®«¡æ®¢, ¬®¦® ¤®¡¨âìáï, çâ®¡ë a1j = ai1 = 0 ¤«ï ¢á¥å i, j > 1. �®ª § -
â¥«ìáâ¢® â¥®à¥¬ë § ¢¥àè ¥âáï ¨¤ãªæ¨¥© ¯® à §¬¥àã ¬ âà¨æë.

�¥®à¥¬  2.11 (�¥®à¥¬  ® á®£« á®¢ ®¬ ¡ §¨á¥) . �ãáâì B { ¥ã«¥¢ ï
¯®¤£àã¯¯  ¢ á¢®¡®¤®©  ¡¥«¥¢®© £àã¯¯¥ à £  n. �®£¤  ¢ A áãé¥áâ¢ã¥â â ª®©
¡ §¨á e = (e1, . . . , en) ¨ â ª¨¥  âãà «ìë¥ ç¨á«  d1, d2, . . . dk, k ≤ n, çâ®
í«¥¬¥âë d1e1, . . . , dkek á®áâ ¢«ïîâ ¡ §¨á B.

�®ª § â¥«ìáâ¢®. �ãáâì f1 . . . , fn ¨ g1, . . . , gk, k ≤ n, { ¯à®¨§¢®«ìë¥ ¡ -
§¨áë ¢ A ¨ ¢ B (á¬. â¥®à¥¬ã 2.6). �®£¤ 

gi =
n∑
j=1

aijfj , aij ∈ Z, i = 1, . . . , k.

� áá¬®âà¨¬ æ¥«®ç¨á«¥ãî ¬ âà¨æã A = (aij) ∈ Mat(k×n,Z). �¥«®ç¨á«¥ë¥
í«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï áâà®ª A á®®â¢¥âáâ¢ãîâ í«¥¬¥â àë¬ ¯à¥®¡-
à §®¢ ¨ï¬ ¡ §¨á  g1, . . . , gk,   æ¥«®ç¨á«¥ë¥ í«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï
áâ®«¡æ®¢ A á®®â¢¥âáâ¢ãîâ í«¥¬¥â àë¬ ¯à¥®¡à §®¢ ¨ï¬ ¡ §¨á  f1 . . . , fn.
�® â¥®à¥¬¥ 2.9 ¨§¬¥ïï ®¡  ¡ §¨á , ¬®¦® áç¨â âì, çâ® g1 = d1f1, . . . , gk =
dkfk.
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�¯à¥¤¥«¥¨¥ 2.12. �¡¥«¥¢  £àã¯¯  A ª®¥ç® ¯®à®¦¤¥ , ¥á«¨ áãé¥áâ-
¢ãîâ â ª¨¥ í«¥¬¥âë a1, . . . , an ∈ A, çâ® ª ¦¤ë© í«¥¬¥â x ∈ A ¨¬¥¥â ¯à¥¤-
áâ ¢«¥¨¥ x = c1a1 + · · ·+ cnan, ci ∈ Z.

�¯à¥¤¥«¥¨¥ 2.13. �¨ª«¨ç¥áª ï £àã¯¯  ¯à¨¬ à , ¥á«¨ ¥¥ ¯®àï¤®ª ï¢-
«ï¥âáï áâ¥¯¥ìî ¯à®áâ®£® ç¨á« .

�¥®à¥¬  2.14 (�âà®¥¨¥ ª®¥ç® ¯®à®¦¤¥ëå  ¡¥«¥¢ëå £àã¯¯) . �ãáâì
A { ª®¥ç® ¯®à®¦¤¥ ï  ¡¥«¥¢  £àã¯¯ . �®£¤  A à §« £ ¥âáï ¢ ¯àï¬ãî
áã¬¬ã á¢®¡®¤®©  ¡¥«¥¢®© £àã¯¯ë ¨ ¯à¨¬ àëå æ¨ª«¨ç¥áª¨å £àã¯¯.

�®ª § â¥«ìáâ¢®. �ãáâì a1, . . . , an ∈ A ¨§ ®¯à¥¤¥«¥¨ï 2.12. � áá¬®âà¨¬
á¢®¡®¤ãî  ¡¥«¥¢ã £àã¯¯ã F à £  n,  ¯à¨¬¥à,

F = Z⊕ · · · ⊕ Z︸ ︷︷ ︸
n

�ë¡¥à¥¬ ¢ F ¡ §¨á e1, . . . , en ¨ § ¤ ¤¨¬ £®¬®¬®àä¨§¬ ξ : F → A, ¯à¨ ª®â®à®¬

ξ(
n∑
i=1

xiei) =
n∑
i=1

xiai.

�¥âàã¤® ¢¨¤¥âì, çâ® ξ ï¢«ï¥âáï í¯¨¬®àä¨§¬®¬. �ãáâì B = ker ξ. �® â¥®-
à¥¬¥ 2.11 ¬®¦® áç¨â âì, çâ® d1e1, . . . , dkek á®áâ ¢«ïîâ ¡ §¨á B, £¤¥ d1, . . . , dk
{  âãà «ìë¥ ç¨á« , k ≤ n. �®«®¦¨¬

Ni =

{
Zdiei, ¥á«¨ 1 ≤ i ≤ k;
0, ¥á«¨ k < i ≤ n.

�® â¥®à¥¬¥ 1.70 ® £®¬®¬®àä¨§¬ å ¨ ¯® â¥®à¥¬¥ 1.120 ¯®«ãç ¥¬

A ' F/B ' (Ze1/N1)⊕ · · · ⊕ (Zen/Nn). (6)

�á«¨ 1 ≤ i ≤ k, â®

Zei/Ni = Zei/Zdiei ' Z/Zdi. (7)

�® â¥®à¥¬¥ 1.117 £àã¯¯  (7) à §« £ ¥âáï ¢ ¯àï¬ãî áã¬¬ã ¯à¨¬ àëå æ¨ª«¨-
ç¥áª¨å £àã¯¯.

�á«¨ k < i ≤ n, â® Ni = 0, ¨ ¯®íâ®¬ã Zei/Ni ' Z. �â ª, ¯® (6) ¯®«ãç ¥¬,
çâ® A ' (⊕iCi)⊕H, £¤¥ Ci { ¯à¨¬ àë¥ æ¨ª«¨ç¥áª¨¥ £àã¯¯ë, ¨

H = Z⊕ · · · ⊕ Z︸ ︷︷ ︸
n−k

.

�® ¯à¥¤«®¦¥¨î 2.2 £àã¯¯  H á¢®¡®¤ .

�¯à¥¤¥«¥¨¥ 2.15. �àã¯¯  G ¥ ¨¬¥¥â ªàãç¥¨ï , ¥á«¨ ¢ ¥© ¥â ¥âà¨-
¢¨ «ìëå, â. ¥. ®â«¨çë© ®â 1, í«¥¬¥â®¢ ª®¥ç®£® ¯®àï¤ª .

�«¥¤áâ¢¨¥ 2.16. �®¥ç® ¯®à®¦¤¥ ï  ¡¥«¥¢  £àã¯¯  ¡¥§ ªàãç¥¨ï á¢®-
¡®¤ .

�¯à¥¤¥«¥¨¥ 2.17. �®¤£àã¯¯  H ⊆ R
n ¤¨áªà¥â , ¨«¨ à¥è¥âª  , ¥á«¨

áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì ã«ï U , çâ® U ∩H = 0.

�¥®à¥¬  2.18. �¨áªà¥â ï ¯®¤£àã¯¯  ¢ Rn á¢®¡®¤ .
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�®ª § â¥«ìáâ¢®. �® á«¥¤áâ¢¨î 2.16 ¤®áâ â®ç® ¯®ª § âì, çâ® £àã¯¯  H
ª®¥ç® ¯®à®¦¤¥ . �ë¡¥à¥¬ ¢ H ¬ ªá¨¬ «ìãî «¨¥©® ¥§ ¢¨á¨¬ãî á¨á-

â¥¬ã ¢¥ªâ®à®¢ f1, . . . , fk, k ≤ n. �®«®¦¨¬ Γ = {
∑k
i=1 αifi|0 ≤ αi ≤ 1}. �®£¤ 

Γ ï¢«ï¥âáï ª®¬¯ ªâ®¬, ¨, á«¥¤®¢ â¥«ì®, Γ ∩ H ª®¥ç®. �áâ ¥âáï § ¬¥â¨âì,
çâ® H ¯®à®¦¤ ¥âáï Γ ∩H, f1, . . . , fk.

�¥®à¥¬  2.19. �ãáâì G { ¤¨áªà¥â ï ¯®¤£àã¯¯  ¢ Rn, ¨ e = (e1, . . . , ek)
{ ¥¥ ¡ §¨á. �®£¤  ¢¥ªâ®àë ¨§ e ¥§ ¢¨á¨¬ë ¢ Rn.

�®ª § â¥«ìáâ¢®. �ãáâì,  ¯à¨¬¥à,

e1 = λ2e2 + · · ·+ λkek, λi ∈ R.
�®«®¦¨¬

S = {α2e2 + · · ·+ αkek|0 ≤ αj ≤ 1, j = 2, . . . , k}.
�®£¤  S ï¢«ï¥âáï ª®¬¯ ªâ®¬, ¨, á«¥¤®¢ â¥«ì®, ª ª ¨ ¢ ¯à¥¤ë¤ãé¥© â¥®à¥¬¥,
S ∩G ª®¥ç®.

�«ï «î¡®£®  âãà «ì®£® ç¨á«  d ¯®«ãç ¥¬

de1 = [dα2]e2 + · · ·+ [dαk]ek + (β2e2 + · · ·+ βkek),

£¤¥ β2e2 + · · · + βkek ∈ S ∩ G. �®íâ®¬ã  ©¤ãâáï â ª¨¥  âãà «ìë¥ ç¨á« 
d1 > d2, çâ® d1e1 − d2e1 «¥¦¨â ¢ ¯®¤£àã¯¯¥, ¯®à®¦¤¥®© e2, . . . , ek, â. ¥.

(d1 − d2)e1 = m2e2 + · · ·+mkek, mj ∈ Z.
�â® ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥¨î ¡ §¨á  ¢ G.

�¯à ¦¥¨¥ 2.20. �ãáâì G { ¯®¤£àã¯¯  ¢ R, ¯®à®¦¤¥ ï 1,
√

2. �ã¤¥â
«¨ ®  ¯«®â  ¢ R?
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����� 3

�à¨áâ ««®£à ä¨ç¥áª¨¥ £àã¯¯ë

1. �àã¯¯ë ¤¢¨¦¥¨©

�¯à¥¤¥«¥¨¥ 3.1. �à¥®¡à §®¢ ¨¥ Φ ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  E  §ë¢ -
¥âáï ¤¢¨¦¥¨¥¬, ¥á«¨ áãé¥áâ¢ã¢¥â â ª®© ®àâ®£® «ìë© «¨¥©ë© ®¯¥à â®à
φ ¨ ¢¥ªâ®à b, çâ® Φ(x) = φ(x) + b ¤«ï ¢á¥å x ∈ E.

�¯à ¦¥¨¥ 3.2. �á¥ ¤¢¨¦¥¨© ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  E ®¡à §ãîâ -
£àã¯¯ã G(E) ®â®á¨â¥«ì® ®¯¥à æ¨¨ ª®¬¯®§¨æ¨¨ ®â®¡à ¦¥¨©.

�¯à ¦¥¨¥ 3.3. �®ª § âì, çâ® ¥á«¨ Φ ¤¢¨¦¥¨¥ ¥¢ª«¨¤®¢  ¯à®áâà áâ¢ 
E, â® ‖Φ(x)− Φ(y)‖ = ‖x− y‖ ¤«ï ¢á¥å x, y ∈ E.

�à¨¬¥à ¬¨ ¤¢¨¦¥¨© ï¢«ïîâáï á¤¢¨£¨ Φ(x) = x + b   ä¨ªá¨à®¢ ë©
¢¥ªâ®à b ∈ E ¨ ®àâ®£® «ìë¥ ¯à¥®¡à §®¢ ¨ï.

�¥®à¥¬  3.4. �®¦¥áâ¢® N ¢á¥å á¤¢¨£®¢ ®¡à §ã¥â ®à¬ «ìãî ¯®¤£àã¯¯ã
¢ G(E), ¯à¨ç¥¬ G(E)/N ' O(E), £¤¥ O(E) { £àã¯¯  ¢á¥å ®àâ®£® «ìëå ¯à¥-
®¡à §®¢ ¨© ¢ E. �à®¬¥ â®£®, N ' E.

�®ª § â¥«ìáâ¢®. � ¤ ¤¨¬ ®â®¡à ¦¥¨¥ ξ : G(E) → O(E) ¯® á«¥¤ãî-
é¥¬ã ¯à ¢¨«ã. �á«¨ Φ(x) = φ(x) + b ¤«ï ¢á¥å x ∈ E, â® ¯®«®¦¨¬ ξ(Φ) = φ.
�â® ®¯à¥¤¥«¥¨¥ ª®àà¥ªâ®. �¥©áâ¢¨â¥«ì®, ¯ãáâì Φ(x) = φ(x) + b = φ′(x) + b′

¤«ï ¢á¥å x ∈ E, £¤¥ b, b′ ∈ E ¨ φ, φ′ ∈ O(E). �®£¤  Φ(0) = b = b′, ®âªã¤ 
φ(x) = φ′(x) ¤«ï ¢á¥å x ∈ E. �®ª ¦¥¬ â¥¯¥àì, çâ® ξ ï¢ï«¥âáï £®¬¬®àä¨§¬®¬
£àã¯¯. �ãáâì Φ ª ª ¨ ¢ëè¥, Ψ(x) = ψ(x)+d. �®£¤  Φ[Ψ(x)] = φ[ψ(x)]+φ(d)+b,
¨ ¯®íâ®¬ã ξ(ΦΨ) = φψ = ξ(Φ)ξ(Ψ). �®«¥¥ â®£®, ker ξ = N . �®íâ®¬ã N /G(E) ¨
G(E)/N ' O(E).

�®¯®áâ ¢«ïï ψ ∈ N ¢¥ªâ®à ψ(O) ¯®«ãç ¥¬ ¨§®¬®àä¨§¬ N ' E.

�¯à¥¤¥«¥¨¥ 3.5. �à¨áâ ««®£à ä¨ç¥áª®© ¨«¨ ¯à®áâà áâ¢¥®© £àã¯-
¯®©  §ë¢ ¥âáï ¯®¤£àã¯¯ Γ ¢ £àã¯¯¥ ¤¢¨¦¥¨© G(E) ¥¢«¨¤®¢  ¯à®áâà áâ¢  E
à §¬¥à®áâ¨ n, ¯à¨ç¥¬

1. ¯à¨ ®â®¦¤¥áâ¢«¥¨¨ N á E ®¡à § L ¯®¤£àã¯¯ë Γ∩N ï¢«ï¥âáï ¤¨áªà¥â-
®© ¯®¤£àã¯¯®© (¨«¨ à¥è¥âª®©) ¢ E à £  n;

2. Γ ∩N ¨¬¥¥â ª®¥çë© ¨¤¥ªá ¢ Γ.
�®¥ç ï £àã¯¯  ∆ = Γ/(∆ ∩N)  §ë¢ ¥âáï â®ç¥ç®© £àã¯¯®©.

�¯à ¦¥¨¥ 3.6. Γ ∩N / Γ.

�¡®§ ç¥¨¥ 3.7. �®«®¦¨¬ ∆ = Γ/(Γ ∩ N) ⊂ O(E). � ä¨ªá¨àã¥¬ ¢
á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 2.18 ¡ §¨á f1, . . . , fn ®¡à §  Γ∩N ¢ E. �®£¤  L á®áâ®¨â
¨§ ¢á¥å ¢¥ªâ®à®¢ m1f1 + · · ·+mnfn, m1, . . . ,mn ∈ Z.

�à¥¤«®¦¥¨¥ 3.8. �ãáâì φ ∈ ∆ ¨ l ∈ L. �®£¤  φ(l) ∈ L.

25
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�®ª § â¥«ìáâ¢®. �ãáâì Φ(x) = φ(x) + b ¨ Ψ(x) = x + l ¤«ï ¢á¥å x ∈ E,
£¤¥ Φ,Ψ ∈ Γ. �®£¤  Φ−1(x) = φ−1(x)− φ−1(b), ®âªã¤ 

(ΦΨΦ−1)(x) = Φ(Φ−1(x) + l) = φ(φ−1(x)− φ−1(b) + l) + b = x+ φ(l).

�«¥¤áâ¢¨¥ 3.9. �ãé¥áâ¢ã¥â â ª ï ¬ âà¨æ  X ∈ GL(n,R), çâ®

X∆X−1 ⊆ GL(n,Z).

� ç áâ®áâ¨, ¥á«¨ A ∈ ∆, â® trA ∈ Z.

�¥®à¥¬  3.10 (�®à¤ ). �ãé¥áâ¢ã¥â â ª ï äãªæ¨ï τ(n), çâ® ¤«ï «î-
¡®© ª®¥ç®© ¯®¤£àã¯¯ë G ¢ O(n,R) ¯®àï¤®ª G ¥ ¯à¥¢®áå®¤¨â τ(n).

2. �¢ã¬¥àë© á«ãç ©

� íâ®¬ à §¤¥«¥ ¬ë ®¯¨è¥¬ ªà¨áâ ««®£à ä¨ç¥áª¨¥ £àã¯¯ë ¢ ¤¢ã¬¥à®¬
¯à®áâà áâ¢¥. � áá¬®âà¨¬ á ç «  áâà®¥¨¥ ª®¥çëå ¯®¤£àã¯¯ ∆ ¢ £àã¯¯¥
SO(2,R). �ã¯¯  SO(2,R) á®áâ®¨â ¨§ ¢á¥å ¢à é¥¨© ¤¢ã¬¥à®£® ¥¢ª«¨¤®¢ 
¯à®áâà áâ¢ . � «î¡®¬ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥ íâ®£® ¯à®áâà áâ¢  ¬ â-
à¨æ  ®¯¥à â®à  ¢à é¥¨ï ¨¬¥¥â ¢¨¤

g =
(

cosα − sinα
sinα cosα

)
.

�á«¨ g ∈ ∆, â® ¯® á«¥¤áâ¢¨î 3.9 tr g = 2 cosα ∈ Z. � ª¨¬ ®¡à §®¬, 2 cosα =

0,±1,±2, ®âªã¤  α = 0,±π
3
,±π

2
,±2π

3
, π. �â ª, ¤®ª §  

�¥®à¥¬  3.11. �®¤£àã¯¯  ∆ ¢ SO(2,R) ï¢«ï¥âáï æ¨ª«¨ç¥áª®© £àã¯¯®© ¯®-
àï¤ª  1, 2, 3, 4, 6.

�ãáâì â¥¯¥àì ∆ ⊂ O(2,R), ® ∆ 6⊂ SO(2,R). �®£¤  ∆ á®¤¥à¦¨â á¨¬¬¥âà¨î
b ®â®á¨â¥«ì® ¥ª®â®à®© ®á¨, ¯à¨ç¥¬ b2 = 1. �á«¨ x ∈ ∆ \ SO(2,R), â® bx ∈
SO(2,R) ∩∆, ¯à¨ç¥¬ bx { á®¢  á¨¬¬¥âà¨ï ®â®á¨â¥«ì® ¥ª®â®à®© ®á¨, â. ¥.
(bx)2 = 1. �® â¥®à¥¬¥ 3.11 ¯®«ãç ¥¬ SO(2,R) ∩ ∆ = 〈a〉n, n = 1, 2, 3, 4, 6.
�®£¤  SO(2,R) ∩∆ { ¯®¤£àã¯¯  ¨¤¥ªá  2 ¢ ∆. �âáî¤ 

∆ = {1, a, . . . , an−1, b, ba, . . . , ban−1},

â. ¥. ∆ = Dn { £àã¯¯  ¤¨í¤à . �â ª, ¤®ª §  

�¥®à¥¬  3.12. ∆ { ®¤  ¨§ á«¥¤ãîé¨å £àã¯¯:

1. æ¨ª«¨ç¥áª ï £àã¯¯  ¢à é¥¨© ¯®àï¤ª  1, 2, 3, 4, 6;
2. £àã¯¯  ¤¨í¤à  Dn, n = 1, 2, 3, 4, 6.

�® ¯à¥¤«®¦¥¨î 3.8 £àã¯¯  ∆ ¤¥©áâ¢ã¥â ª ª £àã¯¯  ¯à¥®¡à §®¢ ¨© à¥-
è¥âª¨ L.

�¥®à¥¬  3.13. �®§¬®¦ë á«¥¤ãîé¨¥ ¢ à¨ âë ¤«ï à¥è¥âª¨ Γ∩N á ¡ -
§¨á®¬ f1, f2.

1. �«¨ë f1, f2 à §«¨çë ¨ ®¨ ¥ ¯¥à¯¥¤¨ªã«ïàë. � íâ®¬ á«ãç ¥ ®¯¨
¯®à®¦¤ îâ ¯ à ««¥«®£à ¬. �®£¤  ∆ { æ¨ª«¨ç¥áª ï £àã¯¯  ¯®àï¤ª  2,
¯®à®¦¤ ¥¬ ï æ¥âà «ì®© á¨¬¬¥âà¨¥©, ¨«¨ ¯®¢®à®â®¬   π.
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2. �«¨ë f1, f2 à §«¨çë ¨ ®¨ ¯¥à¯¥¤¨ªã«ïàë. � íâ®¬ á«ãç ¥ ®¯¨ ¯®-
à®¦¤ îâ ¯àï¬®ã£®«ì¨ª. �®£¤  ∆ { £àã¯¯  D2 ¯®àï¤ª  4, ¯®à®¦¤ ¥-
¬ ï á¨¬¬¥âà¨¥© ®â®á¨â¥«ì® ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ f1 ¨ ¯®¢®-
à®â®¬   π.

3. �«¨ë f1, f2 ®¤¨ ª®¢ë ¨ ®¨ ¯¥à¯¥¤¨ªã«ïàë. � íâ®¬ á«ãç ¥ ®¯¨
¯®à®¦¤ îâ ª¢ ¤à â. �®£¤  ∆ { £àã¯¯  D4.

4. �«¨ë f1, f2 ®¤¨ ª®¢ë ¨ ®¨ ¥ ¯¥à¯¥¤¨ªã«ïàë. �à®¬¥ â®£®, ¤«¨ 
f1 − f2 ®â«¨ç  ®â ¤«¨ë f2. � íâ®¬ á«ãç ¥ ®¯¨ ¯®à®¦¤ îâ à®¬¡.
�®£¤  ∆ { £àã¯¯  D2, ¯®à®¦¤ ¥¬ ï ¤¢ã¬ï á¨¬¬¥âà¨ï¬¨ ®â®á¨â¥«ì®
¯àï¬ëå, ¯ à ««¥«ìëå ¤¨ £® «ï¬ à®¬¡ .

5. �«¨ë f1, f2 ®¤¨ ª®¢ë ¨ ®¨ ¥ ¯¥à¯¥¤¨ªã«ïàë. �à®¬¥ â®£®, ¤«¨ 
f1 − f2 à ¢  ¤«¨¥ f2. � íâ®¬ á«ãç ¥ ®¯¨ ¯®à®¦¤ îâ à®¬¡. �®£¤  ∆
{ £àã¯¯  D6, ¯®à®¦¤ ¥¬ ï ¤¢ã¬ï á¨¬¬¥âà¨¥© ®â®á¨â¥«ì® ¯àï¬ëå,

¯ à ««¥«ìëå ¤¨ £® «ï¬ à®¬¡  ¨ ¯®¢®à®â®¬   ã£®«
π

3
.

�à®¬¥ â®£®, ¤«ï ª ¦¤®© à¥è¥âª¨ ¤®¯ãáâ¨¬ë ¯®¤£àã¯¯ë à áá¬®âà¥ëå
£àã¯¯ á¨¬¬¥âà¨© ∆, ãª § ëå ¢ëè¥.

3. �à¥å¬¥àë© á«ãç ©

� áá¬®âà¨¬ â¥¯¥àì âà¥å¬¥àë© á«ãç ©. � ª ¨ ¢ëè¥ à áá¬®âà¨¬ áâà®¥¨¥
ª®¥çëå ¯®¤£àã¯¯ ¢ SO(3,R), § â¥¬ ¢ O(3,R) ¨,  ª®¥æ, ¢®§¬®¦ë¥ à¥è¥âª¨
¨ ¨å £àã¯¯ë á¨¬¬¥âà¨©. � ¬ ¯®âà¥¡ã¥âáï

�¥®à¥¬  3.14. �ãáâì g ∈ O(3,R), ¯à¨ç¥¬ hgh−1 ∈ GL(3,Z). �®£¤  áã-
é¥áâ¢ã¥â â ª ï ¬ âà¨æ  u ∈ SO(3, R), çâ®

ugu−1 =

det g 0
0 cosα − sinα
0 sinα cosα

 , (8)

£¤¥ α = 0,±π
3
,±2π

3
,±π

2
, π.

�®ª § â¥«ìáâ¢®. �§ ªãàá   «£¥¡àë ¨§¢¥áâ®, çâ® ¬ âà¨æ  ®àâ®£® «ì-
®£® ®¯¥à â®à  ¢ ¥ª®â®à®¬ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥ ¨¬¥¥â ¢¨¤ (8). �®íâ®¬ã

det g + 2 cosα = tr(ugu−1) = tr g = tr(hgh−1) ∈ Z.
� ª ª ª det g = ±1, â® 2 cosα ∈ Z. �âáî¤  ª ª ¨ ¢ëè¥ ¯®«ãç ¥¬ âà¥¡ã¥¬®¥
ãâ¢¥à¦¤¥¨¥.

�¡®§ ç¥¨¥ 3.15. �¡®§ ç¨¬ ç¥à¥§ S âà¥å¬¥àãî áä¥àã ¥¤¨¨ç®£® à -
¤¨ãá  ¢ âà¥å¬¥à®¬ ¯à®áâà áâ¢¥ á æ¥âà®¬ ¢ ã«¥. �à¥¤¯®«®¦¨¬, çâ® ∆ {
ª®¥ç ï ¯®¤£àã¯¯  ¢ SO(3,R). �®£¤  ª ¦¤ë© ¥¥¤¨¨çë© í«¥¬¥â ¨§ ∆ ï¢-
«ï¥âáï ¢à é¥¨¥¬ ®â®á¨â¥«ì® ¥ª®â®à®© ®á¨ ¢ ¯¥à¯¥¤¨ªã«ïà®© ¯«®áª®áâ¨
  ã£®« ¨§ â¥®à¥¬ë 3.14. �¥à¥á¥ç¥¨¥ íâ®© ®á¨ á S á®áâ®¨â ¨§ ¤¢ãå â®ç¥ª.
�¡®§ ç¨¬ ç¥à¥§ X { ¬®¦¥áâ¢® ¢á¥å â ª¨å â®ç¥ª ¨§ S ¤«ï ¢á¥å ¥¥¤¨¨çëå
í«¥¬¥â®¢ ¨§ ∆.

�à¥¤«®¦¥¨¥ 3.16. �ãáâì x ∈ X ¨ g ∈ ∆. �®£¤  g(x) ∈ X.

�®ª § â¥«ìáâ¢®. �ãáâì l { ¥¯®¤¢¨¦ ï ®áì ¤«ï h ∈ ∆ \ 1, ¨ x ∈ l ∩ S.
�®£¤  ghg−1(g(l)) = g(l), â. ¥. g(l) { ¥¯®¤¢¨¦ ï ®áì ¤«ï ghg−1 ∈ ∆\1, ¯à¨ç¥¬
g(x) ∈ g(l) ∩ S.
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�à¥¤«®¦¥¨¥ 3.17. �ãáâì x ∈ X ¨ ∆x { áâ ¡¨«¨§ â®à x ¢ ∆, â. ¥.
¬®¦¥áâ¢® ¢á¥å â ª¨å g ∈ ∆, çâ® g(x) = x. �®£¤  Hx { æ¨ª«¨ç¥áª ï £àã¯¯ 
¯®àï¤ª  1, 2, 3, 4, 6. �à¨ íâ®¬ ¥á«¨ ∆ = ∆x∪g2∆x∪. . .∪gm∆x { à §¡¨¥¨¥ ∆  
«¥¢ë¥ á¬¥¦ë¥ ª« ááë ¯® ∆x, â® ®à¡¨â  x ¯à¨ ¤¥©áâ¢¨¨ ∆ ¨¬¥¥â ¯®àï¤®ª m
¨ á®áâ®¨â ¨§ x, g2(x), . . . , gm(x). � ç áâ®áâ¨, |∆| = m|∆x|. �â ¡¨«¨§ â®à
gi(x) à ¢¥ gi∆xg

−1
i .

�®ª § â¥«ìáâ¢®. �®¯®áâ ¢¨¬ gi∆x í«¥¬¥â gi(x).

�¡®§ ç¥¨¥ 3.18. �¡®§ ç¨¬ ç¥à¥§ M ¬®¦¥áâ¢® ¯ à (x, g), £¤¥ g ∈ ∆x\
1.

� ª ª ª ª ¦¤®¬ã g ∈ ∆\1 á®®â¢¥âáâ¢ãîâ ¤¢¥ â®çª¨ ¨§ X, â® |M | = 2(|∆|−
1). � ¤àã£®© áâ®à®ë, X à §¡¨¢ ¥âáï   ®à¡¨âë X1, . . . , Xk ¤¥©áâ¢¨ï £àã¯¯ë
∆. �® ¯à¥¤«®¦¥¨î 3.17 ç¨á«® ¯ à (x, g), £¤¥ x ¯à®¡¥£ ¥â ®¤ã ®à¡¨âã Xi

¯®àï¤ª  mi à ¢® mi(|∆i| − 1), £¤¥ ∆i = ∆xi ¤«ï ¥ª®â®à®£® í«¥¬¥â  xi ∈ Xi.
�à®¬¥ â®£®, mi|∆i| = |∆|. �â ª,

2(|∆| − 1) = m1(|∆1| − 1) + · · ·+mk(|∆k| − 1).

�¥«ï   |∆|, ¯®«ãç ¥¬

2− 2
|∆|

= (1− 1
|∆1|

) + · · ·+ (1− 1
|∆k|

). (9)

� ª ª ª |∆i| ≥ 2 ¤«ï ¢á¥å i, â® 1− 1
|∆i|

≥ 1
2
.�®íâ®¬ã ¨§ (9) ¯®«ãç ¥¬ 2(1− 1

|∆|
) ≥

k

2
, â. ¥. k ≤ 4− 4

|∆|
< 4. �«ãç © k = 1 ¥¢®§¬®¦¥, ¯®áª®«ìªã

2(1− 1
|∆|

) > 1 > 1− 1
|∆1|

.

�«¥¤®¢ â¥«ì®, k = 2, 3.
�ãáâì k = 2 ¨

2(1− 1
|∆|

) = 2− 1
|∆1|

− 1
|∆2|

¨«¨,
2
|∆|

=
1
|∆1|

+
1
|∆2|

�à¨ íâ®¬ |∆1|, |∆2| ≤ |∆|. �âáî¤  |∆1| = |∆2| = |∆|. �â® ®§ ç ¥â, çâ® X
á®áâ®¨â ¨§ ¤¢ãå â®ç¥ª, á®®â¢¥âáâ¢ãîé¨å ®¤®© ®á¨. �®íâ®¬ã ∆ { æ¨ª«¨ç¥áª ï
£àã¯¯  ¢à é¥¨© ¢®ªàã£ ®¤®© ®á¨. �®àï¤®ª ∆ à ¢¥ 1, 2, 3, 4, 6.

�ãáâì k = 3. �®£¤  ¨§ (9) ¢ëâ¥ª ¥â

1 +
2
|∆|

=
1
|∆1|

+
1
|∆2|

+
1
|∆3|

. (10)

�®¦® áç¨â âì, çâ® 2 ≤ |∆1| ≤ |∆2| ≤ |∆3|. �á«¨ |∆1| ≥ 3, â® ¢ à ¢¥áâ¢¥ (10)
¯à ¢ ï ç áâì ¬¥ìè¥ 1,   «¥¢ ï ¡®«ìè¥. �«¥¤®¢ â¥«ì®, |∆1| = 2 ¨

1
2

+
2
|∆|

=
1
|∆2|

+
1
|∆3|

.

�¥¯®áà¥¤áâ¢¥ë© ¯¥à¥¡®à ¯®ª §ë¢ ¥â, çâ® ¢®§¬®¦ë «¨èì á«¥¤ãîé¨¥ á«ã-
ç ¨:

1. |∆2| = 2, |∆3| =
|∆|
2

;
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2. |∆2| = 3, |∆3| = 3 |∆| = 12;
3. |∆2| = 3, |∆3| = 4 |∆| = 24;
4. |∆2| = 3, |∆3| = 5 |∆| = 60.

�âáî¤  ¢ëâ¥ª ¥â

�¥®à¥¬  3.19. �ãáâì ∆ { ª®¥ç ï ¯®¤£àã¯¯  ¢ SO(3,R). �®£¤  ∆ ®¤ 
¨§ á«¥¤ãîé¨å £àã¯¯:

1. æ¨ª«¨ç¥áª ï £àã¯¯  ¯®àï¤ª  1, 2, 3, 4, 6;
2. £àã¯¯  ¤¨í¤à  Dn, £¤¥ n = 1, 2, 3, 4, 6;
3. £àã¯¯  ¢à é¥¨© â¥âà í¤à  T ' A4, á¬. �¨áã®ª 1;
4. £àã¯¯  ¢à é¥¨© ®ªà í¤à  O ' S4, á¬. �¨áã®ª 1;
5. £àã¯¯  ¢à é¥¨© ¨ª®á í¤à  I ' A5, á¬. �¨áã®ª 1.

�¨á. 1

�â¬¥â¨¬, çâ® ãª § ë¥ £àã¯¯ë ¤¥©áâ¢¨â¥«ì® à¥ «¨§ãîâáï ª ª £àã¯¯ë
á¨¬¬¥âà¨© ¥ª®â®àëå ¬®«¥ªã«, á¬. �¨áã®ª 2. � ª £àã¯¯®© á¨¬¬¥âà¨© ¬®«¥-
ªã«ë H3C − CCl3 ï¢«ï¥âáï æ¨ª«¨ç¥áª ï £àã¯¯  ¯®àï¤ª  3, £àã¯¯®© á¨¬¬¥â-
à¨© ¬®«¥ªã«ë C26 ï¢«ï¥âáï £àã¯¯  ¤¨í¤à  D3, £àã¯¯®© á¨¬¬¥âà¨© ¬®«¥ªã«ë
¬¥â   CH4 ï¢«ï¥âáï £àã¯¯  â¥âà í¤à  T , £àã¯¯®© á¨¬¬¥âà¨© ¬®«¥ªã«ë £¥ª-
á ä®à¨¤ ãà   UF4 ï¢«ï¥âáï £àã¯¯  ®ªâ í¤à  T .

�¨á. 2

�«ï § ¢¥àè¥¨ï à áá¬®âà¥¨ï ®¯¨è¥¬ â®ç¥çë¥ £àã¯¯ë, á®áâ®ïé¨¥ ¥
â®«ìª® ¨§ ¢à é¥¨ï.

�¡®§ ç¥¨¥ 3.20. �¡®§ ç¨¬ ç¥à¥§ j æ¥âà «ìãî á¨¬¬¥âà¨î ¢ âà¥å-
¬¥à®¬ ¯à®áâà áâ¢¥, â. ¥. j(x) = −x ¤«ï ¢á¥å ¢¥ªâ®à®¢ x.
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�¯à ¦¥¨¥ 3.21. j2 = 1 ¨ j ∈ O(3,R) \ SO(3,R). �®«¥¥ â®£®,

O(3,R) = SO(3,R)× 〈j〉2.

�à¥¤¯®«®¦¨¬, çâ® ∆ { ª®¥ç ï ¯®¤£àã¯¯  ¢ O(3,R), ¥ «¥¦ é ï ¢
SO(3,R). �®£¤  A = ∆ ∩ SO(3,R) ï¢«ï¥âáï ¯®¤£àã¯¯®© ¨¤¥ªá  2 ¢ ∆.

�à¥¤«®¦¥¨¥ 3.22. �á«¨ j ∈ ∆, â® ∆ = A× 〈j〉2.

�à¥¤¯®«®¦¨¬, çâ® j /∈ ∆ ¨ ∆ \A = jM , £¤¥ M ⊂ SO(3,R).

�à¥¤«®¦¥¨¥ 3.23. AM = MA = M, M2 = A2 = A. � ç áâ®áâ¨,
G = A ∪M ï¢«ï¥âáï ¯®¤£àã¯¯®© ¢ SO(3,R), ¯à¨ç¥¬ A { ¯®¤£àã¯¯  ¨¤¥ªá  2
¢ G.

�¡®§ ç¥¨¥ 3.24. �àã¯¯  G ¨§ ¯à¥¤«®¦¥¨ï 3.23 ®¡®§ ç ¥âáï ç¥à¥§
(G,A).

� á¨«ã â¥®à¥¬ë 3.19 ¨ ¯à¥¤«®¦¥¨ï 3.23 á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3.25. �ãáâì ∆ { ª®¥ç ï ¯®¤£àã¯¯  ¢ O(3,R), ¥ «¥¦ é ï ¢
SO(3,R). �®£¤  ∆ { ®¤  ¨§ á«¥¤ãîé¨å £àã¯¯:

1. 〈a〉n × 〈j〉2;
2. Dn × 〈j〉2;
3. T × 〈j〉2;
4. O × 〈j〉2;
5. I × 〈j〉2;
6. (〈a〉2n, 〈a2〉n);
7. (Dn, 〈c〉n);
8. (D2n, Dn);
9. (O, T ).

�®§¬®¦ë¥ ¬®£®£à ¨ª¨, ¢®§¨ª îé¨¥   à¥¯¥à¥ f1, f2, f3 ãª §ë¢ îâáï
¢ �¨áã®ª 3.
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�¨á. 3
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����� 4

�«¥¬¥âë â¥®à¨¨ ¯à¥¤áâ ¢«¥¨© £àã¯¯

1. �á®¢ë¥ ¯®ïâ¨ï ¨ ¯à¨¬¥àë

�ãáâì V { ¢¥ªâ®à®¥ ¯à®áâà áâ¢®  ¤ ¯®«¥¬ ª®¬¯«¥ªáëå ç¨á¥« C. �¥-
à¥§ GL(V ) ®¡®§ ç ¥âáï ¬®¦¥áâ¢® ¢á¥å ®¡à â¨¬ëå «¨¥©ëå ®¯¥à â®à®¢  
V , â. ¥. ¬®¦¥áâ¢® ¢á¥å «¨¥©ëå ®¯¥à â®à®¢ A ¢ V , ã ª®â®àëå ¥áâì â ª®©
(®¡à âë©) ®¯¥à â®à A−1, çâ® AA−1 = A−1A = E .

�¯à ¦¥¨¥ 4.1. GL(V ) ï¢«ï¥âáï £àã¯¯®© ®â®á¨â¥«ì® ®¯¥à æ¨¨ ã¬®-
¦¥¨ï ®¯¥à â®à®¢.

�¯à¥¤¥«¥¨¥ 4.2. �ãáâì G { £àã¯¯  ¨ V { ª®¬¯«¥ªªá®¥ ¢¥ªâ®à®¥ ¯à®áâ-
à áâ¢®. �à¥¤áâ ¢«¥¨¥¬ £àã¯¯ë G ¢ V  §ë¢ ¥âáï £®¬®¬®àä¨§¬ £àã¯¯ ξ :
G→ GL(V ).

�àã£¨¬¨ á«®¢ ¬¨, ª ¦¤®¬ã í«¥¬¥âã g ∈ G á®¯®áâ ¢«¥ ®¡à â¨¬ë© «¨¥©-
ë© ®¯¥à â®à ξ(g), ¯à¨ç¥¬ ξ(gh) = ξ(g)ξ(h) ¤«ï ¢á¥å g, h ∈ G. �á«¨ ¯à¥¤áâ ¢-
«¥¨¥ ξ ä¨ªá¨à®¢ ®, â® ®¡ëç® ¤¥©áâ¢¨¥ ®¯¥à â®à  ξ(g), g ∈ G,   ¢¥ªâ®à¥
v ∈ V ®¡®§ ç ¥âáï ç¥à¥§ gv. �®£¤  ¤«ï ¢á¥å v, w ∈ V ¨ g, h ∈ G ¢ë¯®«¥ë
ãá«®¢¨ï

g(αv + βw) = α(gv) + β(gw), (gh)v = g(hv), 1v = v. (11)

�®á«¥¤¨¥ ¤¢  à ¢¥áâ¢  ¨§ (11) ¯®ª §ë¢ îâ, çâ® £àã¯¯  G ¤¥©áâ¢ã¥â   ¬®-
¦¥áâ¢¥ V .

�à¨¬¥àë 4.3. �ª ¦¥¬ àï¤ ¯à¥¤áâ ¢«¥¨© £àã¯¯.

1. �ãáâì G = S4 ¨ T { â¥âà í¤à á ¢¥àè¨ ¬¨, § ã¬¥à®¢ ë¬¨ ç¨á-
« ¬¨ 1,2,3,4. �à¥¤¯®«®¦¨¬, çâ® â¥âà í¤à ¢«®¦¥ ¢ R

3, ¯à¨ç¥¬ ¥£®
æ¥âà à á¯®«®¦¥ ¢  ç «¥ ª®®à¤¨ â. �®¯®áâ ¢¨¬ ª ¦¤®© ¯¥à¥áâ -
®¢ª¥ σ ∈ S4 ®àâ®£® «ì®¥ ¯à¥®¡à §®¢ ¨¥ R3, ¯¥à¥¢®¤ïé¥¥ ¢¥àè¨ë
1,2,3,4 ¢ σ1, . . . , σ4. � ª®¥ ¯à¥®¡à §®¢ ¨¥ áãé¥áâ¢ã¥â, â ª ª ª σ ï¢«ï-
¥âáï ¯à®¨§¢¥¤¥¨¥¬ âà á¯®§¨æ¨©, ¨ ¤«ï ª ¦¤®© âà á¯®§¨æ¨¨ â ª®¥
¯à¥®¡à §®¢ ¨¥ áãé¥áâ¢ã¥â. �á®, çâ® ¢®§¨ª ¥â ¯à¥¤áâ ¢«¥¨¥ S4.

2. �àã¯¯  Sn ¤¥©áâ¢ã¥â ¢ k[X1, . . . , Xn] á ¯®¬®éìî ¯¥à¥áâ ®¢®ª ¯¥à¥¬¥-
ëå.

3. �àã¯¯ë ¤¨í¤à  Dn ¨ ª¢ â¥à¨®®¢ Q8 ¨¬¥îâ ¥áâ¥áâ¢¥®¥ ¯à¥¤áâ ¢«¥-
¨¥ ¢ R2 ¨ ¢ C2.

�¯à¥¤¥«¥¨¥ 4.4. �ãáâì § ¤ ë ¤¢  ¯à¥¤áâ ¢«¥¨ï ξ : G → GL(V ), φ :
G→ GL(W ). �â¨ ¯à¥¤áâ ¢«¥¨ï íª¢¨¢ «¥âë (¨§®¬®àäë) , ¥á«¨ áãé¥áâ¢ã¥â
â ª®© ¨§®¬®àä¨§¬ ¢¥ªâ®àëå ¯à®áâà áâ¢ ζ : V →W , çâ® ζ[ξ(g)v] = φ(g)[ζ(v)]
¤«ï ¢á¥å g ∈ V, v ∈ V . �àã£¨¬¨ á«®¢ ¬¨, ¤«ï «î¡®£® g ∈ G ª®¬¬ãâ â¨¢ 
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¤¨ £à ¬¬ 

V
ζ−−−−→ W

ξ(g)

y yφ(g)

V
ζ−−−−→ W.

�¥à¥ä®à¬ã«¨àã¥¬ ¯®ïâ¨¥ ¯à¥¤áâ ¢«¥¨ï ¨ ¨§®¬®àä¨§¬ ¢ ¬ âà¨çëå â¥à-
¬¨ å.
�ãáâì V { ª®¯¬«¥ªá®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® á ¡ §¨á®¬ e = (e1, . . . , en).
�á«¨ § ¤ ® ¯à¥¤áâ ¢«¥¨¥ ξ : G → GL(V ), â® ª ¦¤®¬ã í«¥¬¥âã g ∈ G á®-
¯®áâ ¢«¥  ¬ âà¨æ  Tg = (aij(g)) ∈ GL(n,C). �á«¨ g, h ∈ G, â® Tgh = TgTh ¨
¥á«¨ x =

∑n
i=1 xiei ∈ V, xi ∈ C, â® áâ®«¡¥æ ¨§ ª®®à¤¨ â ¢¥ªâ®à  Tgx ¢ ¡ §¨á¥ e

à ¢¥

Tg

x1

...
xn

 .

�à¥¤¯®«®¦¨¬, çâ® (f1, . . . , fn) { ¡ §¨á ¯à®áâà áâ¢  W , ¨ ζ : V → W { ¨§®-
¬®àä¨§¬ ¯à¥¤áâ ¢«¥¨ï, ¯à¨ç¥¬ ζ(ei) =

∑n
j1
fjcji, cji ∈ C, i = 1, . . . , n.

�®«®¦¨¬ C = (cji) ∈ GL(n,C), ¯ãáâì ¯à¨ ¯à¥¤áâ ¢«¥¨¨ φ : G → GL(W ) í«¥-
¬¥âã g ∈ G á®®â¢¥âáâ¢ã¥â ¬ âà¨æ  T ′g ∈ GL(n,C). �®£¤  ¤«ï «î¡®£® g ∈ G ¯®
®¯à¥¤¥«¥¨î 4.4 ¯®«ãç ¥¬

CTg = T ′gC ¨«¨ T ′g = CTgC
−1 (12)

�¥®à¥¬  4.5. � ¦¤®¥ ª®¥ç®¬¥à®¥ ¯à¥¤áâ ¢«¥¨¥ ª®¥ç®© £àã¯¯ë G
 ¤ ¯®«¥¬ R ( ¤ C) íª¢¨¢ «¥â® ®àâ®£® «ì®¬ã (ã¨â à®¬ã).

�®ª § â¥«ìáâ¢®. �ãáâì § ¤ ® ¯à¥¤áâ ¢«¥¨¥ ψ : G → GL(V ), £¤¥ V {
ª®¥ç®¬¥à®¥ ª®¬¯«¥ªá®¥ ¯à®áâà áâ¢®. � V áãé¥áâ¢ã¥â áâàãªâãà  íà¬¨-
â®¢  ¯à®áâà áâ¢  á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ ( , ). �¢¥¤¥¬ ¢ V ®¢®¥
áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥

[x, y] =
1
|G|

∑
g∈G

(gx, gy).

�¥¯®áà¥¤áâ¢¥ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® [ , ] ï¢«ï¥âáï áª «ïàë¬ ¯à®-
¨§¢¥¤¥¨¥¬, ¨ [gx, gy] = [x, y] ¤«ï ¢á¥å x, y ∈ V .

�«¥¤áâ¢¨¥ 4.6. �ãáâì ψ : G→ GL(V ) { ¨§ â¥®à¥¬ë 4.5. �á«¨ ¯®¤¯à®áâ-
à áâ¢® U ⊆ V ¨¢ à¨ â® ®â®á¨â¥«ì® ¢á¥å ®¯¥à â®à®¢ ψ(g), g ∈ G, â®
V = U ⊕W , £¤¥ ¯®¤¯à®áâà áâ¢® W ¨¢ à¨ â® ®â®á¨â¥«ì® ¢á¥å ®¯¥à -
â®à®¢ ψ(g), g ∈ G.

�«¥¤áâ¢¨¥ 4.7. �ãáâì § ¤  £®¬®¬®àä¨§¬ ψ : G → GL(n,C) ª®¥ç®©
£àã¯¯ë G, ¯à¨ç¥¬ áãé¥áâ¢ã¥â â ª®¥ 1 < k < n, çâ® ¤«ï ¢á¥å g ∈ G

ψ(g) =

 Bg Cg

0 Dg

 ,

Bg ∈ GL(k,C), Dg ∈ GL(n− k,C), Cg ∈ Mat(k × (n− k),C),
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�®£¤  áãé¥áâ¢ã¥â â ª ï ¬ âà¨æ  F ∈ GL(n,C), çâ®

F

 Bg Cg

0 Dg

F−1 =

 B′g 0

0 D′g

 , B′g ∈ GL(k,C), D′g ∈ GL(n− k,C),

¤«ï ¢á¥å g ∈ G.

�®ª § â¥«ìáâ¢®. �®¦® áç¨â âì, çâ® ψ ®àâ®£® «ì®. �®£¤  W = U⊥.

2. �¥®à¥¬  � èª¥ ¨ ¥¥ ¯à¨«®¦¥¨ï

�¯à¥¤¥«¥¨¥ 4.8. �®¤¯à¥¤áâ ¢«¥¨¥, ¯àï¬ ï áã¬¬  ¯à¥¤áâ ¢«¥¨©, ¥-
¯à¨¢®¤¨¬®¥ ¯à¥¤áâ ¢«¥¨¥, ¢¯®«¥ ¯à¨¢®¤¨¬®¥ ¯à¥¤áâ ¢«¥¨¥.

�¥®à¥¬  4.9. �î¡®¥ ª®¥ç®¬¥à®¥ ª®¬¯«¥ªá®¥ (¢¥é¥áâ¢¥®¥) ¯à¥¤áâ ¢-
«¥¨¥ ª®¥ç®© £àã¯¯ë ¢¯®«¥ ¯à¨¢®¤¨¬®.

�®ª § â¥«ìáâ¢®. �¤ãªæ¨ï ¯® à §¬¥à®áâ¨ ¯à¥¤áâ ¢«¥¨ï.

�¯à ¦¥¨¥ 4.10. �®ª § âì, çâ®

1. ¥áâ¥áâ¢¥ë¥ ¤¢ã¬¥àë¥ ¯à¥¤áâ ¢«¥¨ï Dn, Q8 ¥¯à¨¢®¤¨¬ë;
2. ¯à¥¤áâ ¢«¥¨¥ S4 ¨§ 4.3 ¥¯à¨¢®¤¨¬®.

�¥®à¥¬  4.11. �á¥ ®¤®¬¥àë¥ ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë G á¢®¤ïâáï ª ®¤-
®¬¥àë¬ ¯à¥¤áâ ¢«¥¨¥¬ G/G′.

�®ª § â¥«ìáâ¢®. �ã¦® ¢®á¯®«ì§®¢ âìáï ¯à¥¤«®¦¥¨¥¬ 1.93.

�¥®à¥¬  4.12. �î¡®¥ ¥¯à¨¢®¤¨¬®¥ ª®¥ç®¬¥à®¥ ª®¬¯«¥ªá®¥  ¡¥«¥¢®©
£àã¯¯ë ®¤®¬¥à®.

�®ª § â¥«ìáâ¢®. �ãáâì § ¤ ® ¯à¥¤áâ ¢«¥¨¥ ψ  ¡¥«¥¢®© £àã¯¯ë G ¢
¯à®áâà áâ¢¥ V . �á«¨ g ∈ G, â® ®¯¥à â®à ψ(g) ¨¬¥¥â ¥ã«¥¢®© á®¡áâ¢¥ë©
¢¥ªâ®à á á®¡áâ¢¥ë¬ § ç¥¨¥¬ λg. �«¥¤®¢ â¥«ì®, ¯®¤¯à®áâà áâ¢® U ¢ V ,
á®áâ®ïé¥¥ ¨§ ã«ï ¨ ¢á¥å á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ¤«ï ψ(g) á á®¡áâ¢¥ë¬ § ç¥-
¨¥¬ λg ®â«¨ç® ®â ã«ï, ¯à¨ç¥¬ ¢ á¨«ã  ¡¥«¥¢®áâ¨ G ®® ¨¢ à¨ â®. �«¥¤®-
¢ â¥«ì®, U = V . � ª ª ª g { «î¡®© í«¥¬¥â ¨§ G, â® ¤«ï «î¡ëå g ∈ G, v ∈ V
¨¬¥¥¬ gv = λgv. �âáî¤  ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥¨¥.

�«¥¤áâ¢¨¥ 4.13. �ãáâì ª®¥ç ï  ¡¥«¥¢  £àã¯¯  G ¨¬¥¥â ¢ á¨«ã
¯® â¥®à¥¬¥ 2.14 à §«®¦¥¨¥

G = 〈a1〉pk1
1
× · · · × 〈am〉pkmm ,

£¤¥ p1, . . . , pm { ¯à®áâë¥ ç¨á« . � ¦¤®¥ ¥¯à¨¢®¤¨¬®¥ ª®¬¯«¥ªá®¥ ¯à¥áâ ¢-
«¥¨¥ ψ £àã¯¯ë G ¨¬¥¥â ¢¨¤ ψ(aj) = ζj, £¤¥ ζj { ª®¬¯«¥ªáë© ª®à¥ì áâ¥¯¥¨

p
kj
j ¨§ 1. � ç áâ®áâ¨, ç¨á«® ¥íª¢¨¢ «¥âëå ¥¯à¨¢®¤¨¬ëå ª®¬¯«¥ªáëå
¯à¥¤áâ ¢«¥¨© ª®¥ç®©  ¡¥«¥¢®© £àã¯¯ë G à ¢® ¥¥ ¯®àï¤ªã.

�à¥¤«®¦¥¨¥ 4.14. �ãáâì V { ª®¬¯«¥ªá®¥ ¯à®áâà áâ¢® à §¬¥à®áâ¨
n á ¡ §¨á®¬ e = (e1, . . . , en). � ¤ ¤¨¬ ¯à¥¤áâ ¢«¥¨¥ Sn ¢ V , ¯®« £ ï σ(ei) =
eσi, i = 1, . . . , n, ¤«ï σ ∈ Sn. �ãáâì U = k(e1 + · · ·+ em) ¨

W = {x1e1 + · · ·+ xnen|xi ∈ C, x1 + · · ·+ xn = 0}
�®£¤  U,W ¥¯à¨¢®¤¨¬ë¥ ¯®¤¯à¥¤áâ ¢«¥¨ï, ¯à¨ç¥¬ V = U ⊕W .
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�®ª § â¥«ìáâ¢®. �®áâ â®ç® ¯®ª § âì, çâ® W ¥¯à¨¢®¤¨¬®. �ãáâì h =
h1e1 + · · · + hnen { ¥ã«¥¢®© ¢¥ªâ®à ¨§ W . �¥à¥áâ ¢«ïï ei á ¯®¬®éìî Sn
¬®¦® áç¨â âì, çâ® h1 6= 0. � ¬¥â¨¬, çâ® á«ãç © h1 = h2 = · · · = hn ¥¢®§¬®-
¦¥ ¢ á¨«ã ã«¥¢®© å à ªâ¥à¨áâ¨ª¨ ¯®«ï. �¥à¥áâ ¢«ïï e2, . . . , en á ¯®¬®éìî
Sn ¬®¦® áç¨â âì, çâ® h1 6= h2. �®£¤  h − (1, 2)h = (h1 − h2)(e1 − e2). �«¥¤®-
¢ â¥«ì®, «î¡®¥ ¥ã«¥¢®¥ ¨¢ à¨ â®¥ ®â®á¨â¥«ì® Sn ¯®¤¯à®áâà áâ¢® ¢
W á®¤¥à¦¨â ¢¥ªâ®à (h1−h2)−1(h− (1, 2)h) = e1− e2. �® â®£¤  ®® á®¤¥à¦¨â ¨
(2, i)(e1 − e2) = e1 − ei ¤«ï «î¡®£® i. �®íâ®¬ã íâ® ¯®¤¯à®áâà áâ¢® á®¢¯ ¤ ¥â
á W .

3. �¥¬¬  �ãà  ¨ ¥¥ á«¥¤áâ¢¨ï

�¥®à¥¬  4.15 (�¥¬¬  �ãà ). �ãáâì

φ1 : G→ GL(V1), φ2 : G→ GL(V2)

¤¢  ¥¯à¨¢®¤¨¬ëå ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë G. �ãáâì f : V1 → V2 { «¨¥©®¥
®â®¡à ¦¥¨¥, ¯à¨ç¥¬ ¤«ï «î¡®£® g ∈ G ª®¬¬ãâ â¨¢  ¤¨ £à ¬¬ 

V1
f−−−−→ V2

φ1(g)

y yφ2(g)

V1
f−−−−→ V2.

�á«¨ φ1, φ2 ¥ íª¢¨¢ «¥âë, â® f = 0. �á«¨ V1 = V2 = V { ª®¥ç®¬¥à®, ¨
φ1 = φ2 = φ, â® áãé¥áâ¢ã¥â â ª®¥ ª®¬¯«¥ªá®¥ ç¨á«® λ, çâ® f(x) = λx ¤«ï
¢á¥å x ∈ V .

�®ª § â¥«ìáâ¢®. �ãáâì f 6= 0, ¨ W = ker f . �®£¤  W 6= V1, ¯à¨ç¥¬
W ¨¢ à¨ â® ®â®á¨â¥«ì® φ1. �«¥¤®¢ â¥«ì®, W = 0. � «®£¨ç® Im f {
¨¢ à¨ â®¥ ¯®¤¯à®áâà áâ¢® ¢ V2. �®íâ®¬ã Im f = V2, â. ¥. f { íª¢¨¢ «¥â-
®áâì, çâ® ¥¢®§¬®¦®.

�ãáâì V1 = V2 = V ¨ φ1 = φ2 = φ. �®£¤  f ¨¬¥¥â á®¡áâ¢¥ë© ¢¥ªâ®à x á
á®¡áâ¢¥ë¬ § ç¥¨¥¬ λ. �®¡áâ¢¥®¥ ¯®¤¯à®áâà áâ¢® ¢ V ¤«ï ®¯¥à â®à  f
á á®¡áâ¢¥ë¬ § ç¥¨¥¬ λ ¨¢ à¨ â® ®â®á¨â¥«ì® φ. �âáî¤  V á®¢¯ ¤ ¥â
á íâ¨¬ á®¡áâ¢¥ë¬ ¯®¤¯à®áâà áâ¢®¬.

�«¥¤áâ¢¨¥ 4.16. �ãáâì φ1 : G → GL(V1), φ2 : G → GL(V2) ¤¢  ¥¯à¨-
¢®¤¨¬ëå ª®¥ç®¬¥àëå ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë ª®¥ç®© £àã¯¯ë G. �ãáâì
B : V1 → V2 { «¨¥©®¥ ®â®¡à ¦¥¨¥. �®«®¦¨¬

Φ =
1
|G|

∑
g∈G

φ2(g)Bφ1(g−1) : V1 → V2.

�á«¨ V1, V2 ¥ íª¢¨¢ «¥âë, â® Φ = 0. �á«¨ V1 = V2 = V ¨ φ1 = φ2 = φ, â®

Φ(x) =
trB

dimV
x

¤«ï «î¡®£® x ∈ V .
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�®ª § â¥«ìáâ¢®. �«ï «î¡®£® h ∈ G ¨¬¥¥¬

φ2(g)Φ =
1
|G|

∑
g∈G

φ2(h)φ2(g)Bφ1(g−1) =

1
|G|

∑
g∈G

φ2(hg)Bφ1(g−1) =
1
|G|

∑
u∈G

φ2(u)Bφ1(u−1h) =

[
1
|G|

∑
u∈G

φ2(u)Bφ1(u−1)

]
φ1(h) = Φφ1(h).

�®íâ®¬ã ¥á«¨ φ1, φ2 ¥ íª¢¨¢ «¥âë, â® ¯® â¥®à¥¬¥ 4.15 Φ = 0.
�® ¢â®à®¬ á«ãç ¥ áãé¥áâ¢ã¥â â ª®¥ λ ∈ C, çâ®

Φ(x) =
1
|G|

∑
g∈G

φ2(g)Bφ1(g−1)(x) = λx

¤«ï «î¡®£® x ∈ V . � ç áâ®áâ¨, tr Φ = λ dimV , â. ¥. λ =
tr Φ

dim v
. �®

tr Φ =
1
|G|

∑
g∈G

tr[φ(g)Bφ(g)−1] = trB.

�«¥¤áâ¢¨¥ 4.17. �ãáâì ¢ ãá«®¢¨¨ á«¥¤áâ¢¨ï 4.16 e { ¡ §¨á ¢ ¯à®áâ-
à áâ¢¥ V1 ¨ f { { ¡ §¨á ¢ ¯à®áâà áâ¢¥ V2, ¯à¨ç¥¬ ¥á«¨ V1 = V2 = V ¨
φ1 = φ2 = φ, â® e = f . �ãáâì

φ1(g) = (T 1(g)ij), φ2(g) = (T 2(g)ij)

{ ¬ âà¨æë φ1(g), φ2(g) ¢ íâ®© ¯ à¥ ¡ §¨á®¢. �á«¨ φ1, φ2(g) ¥ íª¢¨¢ «¥âë,
â® ¤«ï «î¡®© âà®©ª¨ ¨¤¥ªá®¢ i, j, s ¨¬¥¥¬∑

g∈G
T 2(g)ijT 1(g)is = 0. (13)

�á«¨ V1 = V2 = V ¨ φ1 = φ2 = φ, â® ¤«ï «î¡®£®  ¡®à  ¨¤¥ªá®¢ i, j, r, s∑
g∈G

T 2(g)ijT 1(g)rs =
δisδjr
dimV

. (14)

�®ª § â¥«ìáâ¢®. �ãáâì B : V1 → V2 { ¯à®¨§¢®«ìë© ®¯¥à â®à, ¨¬¥îé¨©
¢ íâ®© ¯ à¥ ¡ §¨á®¢ ¬ âà¨æã B = (bij). �®£¤  ¬ âà¨æ  Φ ¨¬¥¥â ¢ íâ®© ¯ à¥
¡ §¨á®¢ ¬ âà¨æã, ¢ ª®â®à®©   ¬¥áâ¥ i, r áâ®¨â

1
|G|

∑
g∈G

∑
j,s

T 2(g)ijbjsT 1(g)rs.

�á«¨ φ1, φ2 ¥ íª¢¨¢ «¥âë, â® Φ = 0 ¤«ï «î¡®© ¬ âà¨æë B. � ç áâ®áâ¨,
¥á«¨ bj,s = 1 ¨ ¢á¥ ®áâ «ìë¥ í«¥¬¥âë B ã«¥¢ë¥, â® ¯®«ãç ¥¬ à ¢¥áâ¢® (13).

�® ¢â®à®¬ á«ãç ¥ ¯® á«¥¤áâ¢¨î 4.16

1
|G|

∑
g∈G

∑
j,s

T 2(g)ijbjsT 1(g)rs =
trBδis
dimV

�¥àï bjs = δj,j0δs,s0 ¯®«ãç ¥¬ (14).
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�ãáâì L { ¯à®áâà áâ¢® ¢á¥å ª®¬¯«¥ªáëå äãªæ¨© τ : G → C. �á«¨
τ, ψ ∈ L, â® ¯®«®¦¨¬

(τ, ψ) =
1
|G|

∑
g∈G

τ(g)ψ(g).

� ª¨¬ ®¡à §®¬, ¥á«¨ φ1, φ2 { ¥¯à¨¢®¤¨¬ë¥ ¯à¥¤áâ ¢«¥¨ï á ¬ âà¨æ ¬¨ T
1(g), T 2(g),

¨ íâ¨ ¯à¥¤áâ ¢«¥¨ï ¥ íª¢¨¢ «¥âë, â® ¯® (13)

(T 2(g)ij , T 1(g)is) = 0. (15)

�á«¨ ¦¥ íâ¨ ¯à¥¤áâ ¢«¥¨ï à ¢ë, â®

(T 2(g)ij , T 1(g)is) =
δisδjr
dimV

. (16)

4. � à ªâ¥àë ¯à¥¤áâ ¢«¥¨ï

�ãáâì φ : G → GL(V ) { ª®¥ç®¬¥à®¥ ª®¬¯«¥ªá®¥ ¯à¥¤áâ ¢«¥¨¥ ª®¥ç-
®© £àã¯¯ë G.

�¯à¥¤¥«¥¨¥ 4.18. � à ªâ¥à®¬ ¯à¥¤áâ ¢«¥¨ï φ  §ë¢ ¥âáï äãªæ¨ï χφ ∈
L, ¤«ï ª®â®à®© χφ(g) = trφ(g) ∈ C.

�à¥¤«®¦¥¨¥ 4.19. �ãáâì φ : G → GL(V ) { ¯à¥¤áâ ¢«¥¨¥. �¯à ¢¥¤-
«¨¢ë á«¥¤ãîé¨¥ à ¢¥áâ¢ :

1. χφ(hgh−1) = χφ(g);
2. χφ(1) = dimV ;
3. χφ(g−1) = χφ(g);
4. |χφ(g)| ≤ dimV , ¯à¨ç¥¬ ¥á«¨ |χφ(g)| = dimV , â® φ(g) = λE, £¤¥ λ ∈ C

{ ª®à¥ì ¨§ 1 áâ¥¯¥¨ |G|.

�®ª § â¥«ìáâ¢®. �¬¥¥¬ χφ(hgh−1) = tr(φ(h)φ(g)φ(h)−1) = tr(φ(g)) =
χφ(g). �à®¬¥ â®£®, χφ(1) = tr 1 = dimV. � ª ª ª φ(g) ã¨â à® ¯® â¥®à¥¬¥ 4.5,
â® ¯® â¥®à¥¬¥ 1.81 ¬ âà¨æ  φ(g) ¢ ¥ª®â®à®¬ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨áç¥ ¨¬¥¥â
¤¨ £® «ìë© ¢¨¤ diag(λ1, . . . , λn), ¯à¨ç¥¬ λmj = 1, ¥á«¨ m = |g|. �âáî¤ 
¢ëâ¥ª îâ ®áâ «ìë¥ ãâ¢¥à¦¤¥¨ï.

�à¥¤«®¦¥¨¥ 4.20. �á«¨ φ = φ1 ⊕ φ2, â® χφ = χφ1 + χφ2 .

�â ª, φ { äãªæ¨ï   G ¨   ª« áá å á®¯àï¦¥ëå í«¥¬¥â®¢.

�¯à¥¤¥«¥¨¥ 4.21. �ãªæ¨ï ξ ∈ L æ¥âà «ì , ¥á«¨ ξ(hgh−1) = ξ(g), â.
¥. ξ ï¢«ï¥âáï äãªæ¨¥©   ª« áá å á®¯àï¦¥ëå í«¥¬¥â®¢ ¢ G.

�¥âàã¤® ¢¨¤¥âì, çâ® æ¥âà «ìë¥ äãªæ¨¨ ®¡à §ãîâ ¯®¤¯à®áâà áâ¢® ¢
H, à §¬¥à®áâì ª®â®à®£® à ¢  ç¨á«ã ª« áá®¢ á®¯àï¦¥ëå í«¥¬¥â®¢ ¢ G.

�¥®à¥¬  4.22. �ãáâì χ { å à ªâ¥à ¥à¯¨¢®¤¨¬®£® ¯à¥¤áâ ¢«¥¨ï ª®¥ç-
®© £àã¯¯ë G. �®£¤  (χ, χ) = 1. �á«¨ φ1, φ2 { ¤¢  ¥¯à¨¢®¤¨¬ëå ¥íª¢¨¢ «¥â-
ëå ¯à¥¤áâ ¢«¥¨ï G, â® (χφ1 , χφ2) = 0.
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�®ª § â¥«ìáâ¢®. �ãáâì χ(g) § ¤ ¥âáï ¥ª®â®à®© ¬ âà¨æ¥© T (g) = (T (g)ij) ∈
GL(n,C). �® á«¥¤áâ¢¨î 4.17

(χ, χ) =
1
|G|

∑
g∈G

(
∑
s

T (g)ss)(
∑
j

T (g)jj) =
∑
s,j

1
|G|

∑
g∈G

T (g)ssT (g)jj =

∑
s,j

(T (g)ss, T (g)jj) =
∑
s,j

δsjδsj
dimV

= 1. (17)

� «®£¨ç® ¯à®¢¥àï¥âáï ¢â®à®¥ à ¢¥áâ¢®.

�¥®à¥¬  4.23. �ãáâì ª®¥ç®¬¥à®¥ ¯à¥¤áâ ¢«¥¨¥ φ ª®¥ç®© £àã¯¯ë
G à §«®¦¥® ¢ ¯àï¬ãî áã¬¬ã ¥¯à¨¢®¤¨¬ëå ¯à¥¤áâ ¢«¥¨© φ = φ1 + · · ·+φk.
�á«¨ χj { å à ªâ¥à ¯à¥¤áâ ¢«¥¨ï φj ¨ rj { ¥£® ªà â®áâì, â® (χ, χj) = rj.

�¥®à¥¬  4.24. �ãáâì n1, . . . , ns { à §¬¥à®áâ¨ ¥¯à¨¢®¤¨¬ëå ª®¬¯«¥ªá-
ëå ¯à¥¤áâ ¢«¥¨© ª®¥ç®© £àã¯¯ë G. �®£¤  |G| = n2

1 + · · ·+ n2
s.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯à®áâà áâ¢® V á ¡ §¨á®¬ eg, g ∈ G. �¬¥-
¥âáï à¥£ã«ïà®¥ ¯à¥¤áâ ¢«¥¨¥ τ : G → V , ρ(g)eh = egh. �âáî¤  χρ(1) =
|G|, χρ(g) = 0, ¥á«¨ g 6= 1. �à¨ íâ®¬

(χρ, χj) =
1
|G|

∑
g∈G

χρ(g)χj(g) =
1
|G|
|G|χj(1) = dimVj = nj .

�â ª, χρ = n1χ1 + · · ·+ nsχs. �«¥¤®¢ â¥«ì®, |G| = χρ(1) = n2
1 + · · ·+ n2

s.

�ãáâì ª ª ¨ ¢ëè¥, H { ¯à®áâ àáâ¢® ¢á¥å æ¥âà «ìëå äãªæ¨©   G.

�¥®à¥¬  4.25. �ãáâì φ : G→ GL(V ) { ª®¥ç®¬¥à®¥ ª®¬¯«¥ªá®¥ ¯à¥¤-
áâ ¢«¥¨¥ £àã¯¯ë G ¨ f ∈ H. �®«®¦¨¬ φf =

∑
g∈G f(g)φ(g). �á«¨ φ ¥¯à¨-

¢®¤¨¬® ¨ ¨¬¥¥â à §¬¥à®áâì n, â® φf =
|G|
n

(f, χφ).

�®ª § â¥«ìáâ¢®. �¬¥¥¬

φ(h)φfφ(h−1) =
∑
g∈G

φ(h)f(g)φ(g)φ(h−1) =

∑
g∈G

f(g)φ(hgh−1) =
∑
g∈G

f(g)φ(g) = φf .

�«¥¤®¢ â¥«ì®, ¯® á«¥¤áâ¢¨î 4.16 φf (x) = λx ¤«ï ¥ª®â®à®£® ª®¬¯«¥ªá®£®
ç¨á«  λ. �âáî¤ 

tr(φf ) = λ dimV =
∑
g∈G

f(g)χφ(g) = |G|(f, χφ).

�¥®à¥¬  4.26. �ãªæ¨¨ χ1, . . . , χs á®áâ ¢«ïîâ ¡ §¨á ¯à®áâà áâ¢  H.
�®ª § â¥«ìáâ¢®. �ãáâì f ∈ H ¨ f ⊥ χj ¤«ï ¢á¥å j. �®£¤  φf = 0 ¯® ¯à¥-

¤ë¤ãé¥© â¥®à¥¬¥ ¤«ï «î¡®£® ¯à¥¤áâ ¢«¥¨ï φ. � ç áâ®áâ¨, ¯à¨ à¥£ã«ïà®¬
¯à¥¤áâ ¢«¥¨¨ ρ ¨¬¥¥¬

ρf (e1) =
∑
g∈G

f(g)ρ(g)e1 =
∑
g∈G

f(g)eg = 0.
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�«¥¤®¢ â¥«ì®, f(g) = 0.

�«¥¤áâ¢¨¥ 4.27. �¨á«® ª« áá®¢ á®¯àï¦¥ëå í«¥¬¥â®¢ £àã¯¯ë G à ¢®
ç¨á«ã ¥íª¢¨¢ «¥âëå ¥¯à¨¢®¤¨¬ëå ¯à¥¤áâ ¢«¥¨© £àã¯¯ë G.

�¥®à¥¬  4.28. �î¡®¥ ¥¯à¨¢®¤¨¬®¥ ª®¥ç®¬¥à®¥ ª®¬¯«¥ªá®¥  ¡¥«¥¢®©
£àã¯¯ë ®¤®¬¥à®.

�®ª § â¥«ìáâ¢®. �ãáâì § ¤ ® ¯à¥¤áâ ¢«¥¨¥ ψ  ¡¥«¥¢®© £àã¯¯ë G ¢
¯à®áâà áâ¢¥ V . �á«¨ g ∈ G, â® ®¯¥à â®à ψ(g) ¨¬¥¥â ¥ã«¥¢®© á®¡áâ¢¥ë©
¢¥ªâ®à á á®¡áâ¢¥ë¬ § ç¥¨¥¬ λg. �«¥¤®¢ â¥«ì®, ¯®¤¯à®áâà áâ¢® U ¢ V ,
á®áâ®ïé¥¥ ¨§ ã«ï ¨ ¢á¥å á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ¤«ï ψ(g) á á®¡áâ¢¥ë¬ § ç¥-
¨¥¬ λg ®â«¨ç® ®â ã«ï, ¯à¨ç¥¬ ¢ á¨«ã  ¡¥«¥¢®áâ¨ G ®® ¨¢ à¨ â®. �«¥¤®-
¢ â¥«ì®, U = V . � ª ª ª g { «î¡®© í«¥¬¥â ¨§ G, â® ¤«ï «î¡ëå g ∈ G, v ∈ V
¨¬¥¥¬ gv = λgv. �âáî¤  ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥¨¥.

�¥¯à¨¢®¤¨¬ë¥ ¯à¥¤áâ ¢«¥¨ï æ¨ª«¨ç¥áª®© £àã¯¯ë G = 〈a〉n ®¤®¬¥àë ¨
¨¬¥îâ ¢¨¤

φk(a) = exp(
2πik
n

), k = 0, . . . , n− 1.

�à¨ íâ®¬

χφk = exp(
2πik
n

), k = 0, . . . , n− 1.

�âáî¤  ¯à¨ k 6= k′

(χφk , χφk′ ) =

1
n

n−1∑
j=0

exp(
2πik
n

) exp(−2πik′

n
) =

1
n

n−1∑
j=0

exp(
2πi(k − k′)

n
) =

1
n

exp(
2πi(k − k′)

n
n)− 1

exp(
2πi(k − k′)

n
)− 1

= 0.

�à¨ k = k′

(χφk , χφk) =
1
n

n−1∑
j=0

exp(
2πik
n

) exp(−2πik
n

) =
1
n

n−1∑
j=0

1 = 1.

�âáî¤  ¢ á¨«ã â¥®à¥¬ë ® áâà®¥¨¨ ª®¥çëå  ¡¥«¥¢ëå £àã¯¯ ¯®«ãç ¥âáï ®¡é¥¥
®¯¨á ¨¥ ª®¥ç®¬¥àëå ¯à¥¤áâ ¢«¥¨ï ª®¥çëå  ¡¥«¥¢ëå £àã¯¯.

�¥à¥©¤¥¬ ª ®¯¨á ¨î ¥¯à¨¢®¤¨¬ëå ¯à¥¤áâ ¢«¥¨© ¥ª®â®àëå ¥ ¡¥«¥¢ëå
£àã¯¯.

�¥®à¥¬  4.29. �á¥ ®¤®¬¥àë¥ ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë G á¢®¤ïâáï ª ®¤-
®¬¥àë¬ ¯à¥¤áâ ¢«¥¨¥¬ G/G′.

�®ª § â¥«ìáâ¢®. �ã¦® ¢®á¯®«ì§®¢ âìáï ¯à¥¤«®¦¥¨¥¬ 1.93.

�ª ¦¥¬ àï¤ ¯à¨¬¥à®¢ ®¤®¬¥àëå ¯à¥¤áâ ¢«¥¨© á¨¬¬¥âà¨ç¥áª¨å £àã¯¯
Sn, £àã¯¯ ¤¨í¤à  Dn, n ≥ 3, ¨ £àã¯¯ë ª¢ â¥à¨®®¢ Q8. �® ¢á¥å á«ãç ïå ¢®á-
¯®«ì§ã¥¬áï â¥®à¥¬®© 4.29. � ¯®¬¨¬, çâ® S′n = An, D

′
n = 〈a2〉, Q′8 = {±1}.

�à¨ íâ®¬ Sn/An { æ¨ª«¨ç¥áª ï £àã¯¯  ¯®àï¤ª  2. �®íâ®¬ã ¨¬¥¥âáï ¤¢  ®¤®-
¬¥àëå ¯à¥¤áâ ¢«¥¨ï Sn { â®¦¤¥áâ¢¥®¥ ¨ ¯à¥¤áâ ¢«¥¨¥ σ 7→ (−1)σ.
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�á«¨ n ¥ç¥â®, â® D′n = 〈a〉 ¨ ¯®íâ®¬ã Dn/D
′
n ¨¬¥¥â ¯®àï¤®ª ¤¢ . � ª¨¬

®¡à §®¬, ¨¬¥¥âáï ¤¢  ®¤®¬¥àëå ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë ¤¨í¤à  Dn,

a 7→ 1, b 7→ 1, ¨a 7→ 1, b 7→ −1.

�á«¨ n ç¥â®, â® Dn/D
′
n ' 〈aD′n〉2 × 〈bD′n〉2. �âáî¤  ¨¬¥¥âáï ç¥âëà¥ ®¤®¬¥à-

ëå ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë Dn, ¨¬¥®,

a 7→ 1, b 7→ 1;
a 7→ 1, b 7→ −1;
a 7→ −1, b 7→ 1;
a 7→ −1, b 7→ −1.

�«ï £àã¯¯ë ª¢ â¥à¨®®¢ Q8 ¨¬¥¥¬ Q8/Q
′
8 ' 〈iQ′8〉2×〈jQ′8〉2. �®íâ®¬ã ¨¬¥¥âáï

ç¥âëà¥ ®¤®¬¥àëå ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë Q8, ¨¬¥®,

i 7→ 1, j 7→ 1;
i 7→ 1, j 7→ −1;
i 7→ −1, j 7→ 1;
i 7→ −1, j 7→ −1.

�¯¨è¥¬ ¢á¥ ¥¯à¨¢®¤¨¬ë¥ ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë S3 ¨ S4. �å ç¨á«® á®¢¯ -
¤ ¥â á ç¨á«®¬ ª« áá®¢ á®¯àï¦¥ëå í«¥¬¥â®¢. � ¯®¬¨¬, çâ® ¢ S3 ¨¬¥¥âáï 3
ª« áá  á®¯àï¦¥ëå í«¥¬¥â®¢, {1}, {(12)}, {(123)}. �®íâ®¬ã ¨¬¥¥âáï âà¨ ¥-
¯à¨¢®¤¨¬ëå ¯à¥¤áâ ¢«¥¨ï. �¢  ¨§ ¨å ®¤®¬¥àë. �«¥¤®¢ â¥«ì®, ¨¬¥¥âáï
¥é¥ ®¤® à §¬¥à®áâ¨ n, ¯à¨ç¥¬ |S3| = g = 1 + 1 + n2. �âáî¤  n = 2. �â®
¯à¥¤áâ ¢«¥¨¥ á®¢¯ ¤ ¥â á ¥áâ¥áâ¢¥ë¬ ¯à¥¤áâ ¢«¥¨¥¬ S3 = D3.

�¯¨è¥¬ ¢á¥ ¥¯à¨¢®¤¨¬ë¥ ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë S4. � ¯®¬¨¬, çâ® ¢ S4

¨¬¥¥âáï 5 ª« áá  á®¯àï¦¥ëå í«¥¬¥â®¢,

{1}, {(12)}, {(123)}, {(1234}, {(12)(34)}.
�®íâ®¬ã ¨¬¥¥âáï 5 ¥¯à¨¢®¤¨¬ëå ¯à¥¤áâ ¢«¥¨ï. �¢  ¨§ ¨å ®¤®¬¥àë.
�¤® ¤¢ã¬¥à® ¨ á¢ï§ ® á ¨§®¬®àä¨§¬®¬ S4/V4 ' S3. �¢  âà¥å¬¥àëå á¢ï-
§ ë á â¥âà í¤à®¬ ¨ ªã¡®¬.

�¯¨è¥¬ ¢á¥ ¥¯à¨¢®¤¨¬ë¥ ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë Dn. �å ç¨á«® á®¢¯ ¤ ¥â
á ç¨á«®¬ ª« áá®¢ á®¯àï¦¥ëå í«¥¬¥â®¢. � ¯®¬¨¬, çâ® ¢ £àã¯¯¥ Dn ¨¬¥-
îâáï á«¥¤ãîé¨¥ ª« ááë {ak, a−k}, {b, ba2, ba4, . . . {ba, ba3, . . . }. �®íâ®¬ã ªà®¬¥
¤¢ãå (ç¥âëà¥å) ®¤®¬¥àëå ¯à¥¤áâ ¢«¥¨© ¨¬¥îâáï ¤¢ã¬¥àë¥ ¯à¥¤áâ ¢«¥¨ï

a 7→

exp(
2πk
n

) 0

0 exp(
−2πk
n

)

 , k = 1, . . . , [n/2]; b 7→
(

0 1
1 0

)
.

� § ª«îç¥¨¥ ¯à¨¢¥¤¥¬ á«¥¤ãîé¨¥ à¥§ã«ìâ â.

�¥®à¥¬  4.30. �®¥çë¥ ¯®¤£àã¯¯ë ¢ SO(3,R), ®â«¨çë¥ ®â æ¨ª«¨ç¥á-
ª¨å £àã¯¯ ¨ £àã¯¯ ¤¨í¤à , ¨¬¥îâ ¯®àï¤ª¨ 12, 24, 60. �â® £àã¯¯ë á¨¬¬¥âà¨©
â¥âà í¤à , ªã¡ , ®ªâ í¤à , ¤®¤¥ª í¤à , ¨ª®á í¤à . �¨ ¨¬¥îâ ¯®àï¤ª¨ 12, 24,
24, 60, 60 ¨ ¨§®¬®àäë £àã¯¯ ¬ A4, S4, A5.
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����� 5

�«£¥¡àë ¨ ¯®«ï

1. �®«ìæ  ¨  «£¥¡àë

�¯à¥¤¥«¥¨¥ 5.1. �®«ìæ® (¥ ®¡ï§ â¥«ì®  áá®æ¨ â¨¢®¥). �áá®æ¨ â¨¢-
ë¥, ª®¬¬ãâ â¨¢ë¥,  â¨ª®¬¬ãâ â¨¢ë¥ ª®«ìæ , ª®«ìæ  �¨.

�à¥¤«®¦¥¨¥ 5.2. � «î¡®¬ ª®«ìæ® ¨¬¥¥¬ 0x = x0 = 0.

�¯à¥¤¥«¥¨¥ 5.3. �®«ï, â¥« .

�¯à¥¤¥«¥¨¥ 5.4. �«£¥¡à   ¤ ¯®«¥¬ (¥ ®¡ï§ â¥«ì®  áá®æ¨ â¨¢ ï). �á-
á®æ¨ â¨¢ë¥, ª®¬¬ãâ â¨¢ë¥,  â¨ª®¬¬ãâ â¨¢ë¥  «£¥¡àë,  «£¥¡àë
�¨.

�à¨¬¥àë 5.5. �ª ¦¥¬ àï¤  «£¥¡à.

♥ �áá®æ¨ â¨¢ë¥  «£¥¡àë {  «£¥¡àë ¬ âà¨æ Mat(n, k).
♥ �áá®æ¨ â¨¢®-ª®¬¬ãâ â¨¢ë¥  «£¥¡àë {  «£¥¡àë ¬®£®ç«¥®¢

k[X1, . . . , Xn],

 «£¥¡àë àï¤®¢ k[[X]],  «£¥¡àë ¥¯à¥àë¢ëå äãªæ¨©   â®¯®«®£¨ç¥á-
ª®¬ ¯à®áâà áâ¢¥.

♥ �á«¨ R {  áá®æ¨ â¨¢ ï  «£¥¡à  á 1, â®  «£¥¡à  ¬ âà¨æ Mat(n,R) á®¢ 
ï¢«ï¥âáï  áá®æ¨ â¨¢®©  «£¥¡à®© á 1.

♥ �«£¥¡àë �¨ A(−) ¤«ï  áá®æ¨ â¨¢®©  «£¥¡àë A.

�¯à¥¤¥«¥¨¥ 5.6. �¤¨¨çë© í«¥¬¥â, ¤¥«¨â¥«¨ ã«ï , ®¡à â¨¬ë¥ í«¥-
¬¥âë  «£¥¡àë. �¡« áâ¨, â¥« .

�à¥¤«®¦¥¨¥ 5.7. �¤¨¨çë© í«¥¬¥â  «£¥¡àë ®¯à¥¤¥«¥ ®¤®§ ç®.
�¡à â¨¬ë¥ í«¥¬¥âë  áá®æ¨ â¨¢®©  «£¥¡àë ®¡à §ãîâ £àã¯¯ã ¯® ã¬®¦¥-
¨î. �¡à â¨¬ë© í«¥¬¥â  áá®æ¨ â¨¢®©  «£¥¡àë ¥ ¬®¦¥â ¡ëâì ¤¥«¨â¥-
«¥¬ ã«ï.

�«¥¤áâ¢¨¥ 5.8. � â¥«¥ ¨ ¢ ¯®«¥ ¥â ¤¥«¨â¥«¥© ã«ï.

�à¨¬¥àë 5.9. �àã¯¯ë ®¡à â¨¬ëå í«¥¬¥â®¢ ¢

1. k[X1, . . . , Xn] { íâ® ¥ã«¥¢ë¥ ª®áâ âë;
2. k[[X]] { íâ® àï¤ë á ¥ã«¥¢ë¬ á¢®¡®¤ë¬ ç«¥®¬;
3. Mat(n, k) { íâ® GL(n, k); ¤¥«¨â¥«¨ ã«ï ¢ Mat(n, k) { íâ® ¢ëà®¦¤¥ë¥

¬ âà¨æë ¨ â®«ìª® ®¨.

�¯à¥¤¥«¥¨¥ 5.10. �®¤ «£¥¡àë, ¯®¤ «£¥¡àë á 1.

�à¥¤«®¦¥¨¥ 5.11. �ãáâì A {  áá®æ¨ â¨¢ ï  «£¥¡àë ¨ z ∈ A. �®«®-
¦¨¬ k[z] = {

∑
aizi|a)i ∈ k, i ≥ 0}. �®£¤  k[z] {  ¨¬¥ìè ï ¯®¤ «£¥¡à  á 1 ¢

A, á®¤¥à¦ é ï z.

43
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�¯à¥¤¥«¥¨¥ 5.12. �¤¥ « ¢ ª®«ìæ¥ ¨ ¢  «£¥¡à¥. �¡®§ ç¥¨¥ I / R. �«-
£¥¡à  A ¯à®áâ , ¥á«¨ ¢ ¥© â®«ìª® ¤¢  ¨¤¥ «  A ¨ 0.

�à¥¤«®¦¥¨¥ 5.13. �ãáâì A { ª®¬¬ãâ â¨¢®- áá®æ¨ â¨¢ ï  «£¥¡à ,
¨ z1, . . . , zn ∈ A. �®£¤  (z1, . . . , zn) = {

∑n
i=1 aizi|ai ∈ A} ï¢«ï¥âáï ¨¤¥ «®¬ ¢

A.

�¯à ¦¥¨¥ 5.14. �á«¨ ¨¤¥ « I ª®«ìæ  R á ¥¤¨¨æ¥© á®¤¥à¦¨â ®¡à â¨-
¬ë© í«¥¬¥â, â® I = R.

�«¥¤áâ¢¨¥ 5.15. �î¡®¥ â¥«® ¯à®áâ®.

�¯à¥¤¥«¥¨¥ 5.16. �¤¥ « (z1, . . . , zn)  §ë¢ ¥âáï ¨¤¥ «®¬, ¯®à®¦¤¥ë¬
¬®¦¥áâ¢®¬ z1, . . . , zn. �¤¥ « ¢¨¤  (z) ¢ A  §ë¢ ¥âáï £« ¢ë¬.

�¥®à¥¬  5.17. �î¡®© ¨¤¥ « ¢  «£¥¡à  ¬®£®ç«¥®¢ k[X] ï¢«ï¥âáï £« ¢-
ë¬.

�¯à ¦¥¨¥ 5.18. �î¡®© ¨¤¥ « ¢ Z ¨ ¢ Z[i] ï¢«ï¥âáï £« ¢ë¬.

�¥®à¥¬  5.19. �ãáâì R {  áá®æ¨ â¨¢ ï  «£¥¡à , ¨ A = Mat(n,R).
�à¥¤¯®«®¦¨¬, çâ® I / A. �®£¤  áãé¥áâ¢ã¥â ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ë© â ª®©
¨¤¥ « J / R, çâ® I = Mat(n, J).

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ J = {a ∈ R|aE11 ∈ I}. �ãáâì X = (xij) ∈ I,
£¤¥ xij ∈ R. �«ï «î¡ëå i, j = 1, . . . , n ¨¬¥¥¬ xijE11 = E1iXEj1 ∈ I. �«¥¤®¢ -
â¥«ì®, xij ∈ J , â. ¥. I ⊆ Mat(n, J).

�¡à â®, ¯ãáâì X = (xij) ∈ Mat(n, J), â. ¥. xij ∈ J ¤«ï ¢á¥å i, j = 1, . . . , n.
� íâ®¬ á«ãç ¥ xijE11 ∈ I, ®âªã¤ 

X =
∑
ij

xijEij =
∑
ij

Ei1(xijE11)E1j ∈ I.

�«¥¤áâ¢¨¥ 5.20. �ãáâì D { â¥«®. �®£¤  Mat(n,D) { ¯à®áâ ï  «£¥¡à .

�¯à¥¤¥«¥¨¥ 5.21. �®¬®¬®àä¨§¬ë ª®«¥æ ¨  «£¥¡à. �§®¬®àä¨§¬ë,  ¢â®-
¬®àä¨§¬ë. �¤à® £®¬®¬®àä¨§¬  kerφ.

�à¥¤«®¦¥¨¥ 5.22. kerφ ï¢«ï¥âáï ¨¤¥ «®¬ ª®«ìæ  ( «£¥¡àë).

�«¥¤áâ¢¨¥ 5.23. �ãáâì φ : k → A { ¥ã«¥¢®© £®¬®¬®àä¨§¬ ¯®«ï k ¢
 «£¥¡à¥ A. �®£¤  φ ï¢«ï¥âáï ¬®®¬®àä¨§¬®¬.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¨¤¥ « kerφ. �® á«¥¤áâ¢¨î 5.15 «¨¡® kerφ =
k, «¨¡® kerφ = 0. � ¯¥à¢®¬ á«ãç ¥ φ = 0, çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥¨î.
�«¥¤®¢ â¥«ì®, kerφ = 0, ¨ φ { ¬®®¬®àä¨§¬ ¯® á«¥¤áâ¢¨î 1.66.

�¯à¥¤¥«¥¨¥ 5.24. �ãáâì I / R. � áá¬®âà¨¬ ä ªâ®à£àã¯¯ã (®â®á¨â¥«ì-
® á«®¦¥¨ï) R/I . �«ï a+ I, b+ I ∈ R/I ¨ α ∈ k ¯®«®¦¨¬

(a+ I)(b+ I) = ab+ I ∈ R/I, α(a+ I) = αa+ I.

�®«ãç îé ïáï  «£¥¡à  (ª®«ìæ®)  §ë¢ ¥âáï ä ªâ®à «£¥¡à®© (ä ªâ®àª®«ìæ®¬)

�à¥¤«®¦¥¨¥ 5.25. �¯à¥¤¥«¥¨¥ ä ªâ®à «£¥¡àë (ä ªâ®àª®«ìæ ) R/I
ª®àà¥ªâ®. �á«¨ R  áá®æ¨ â¨¢® (ª®¬¬ãâ â¨¢®, ª®«ìæ® ¨«¨  «£¥¡à  �¨),
â® íâ¨¬ ¦¥ á¢®©áâ¢®¬ ®¡« ¤ ¥â R/I.
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�®ª § â¥«ìáâ¢®. �ãáâì a+I = a′+I, b+I = b′+I. �®£¤  a′ = a+x, b′ =
b + y, £¤¥ x, y ∈ I. �®íâ®¬ã a′b′ = ab + xb + ay + xy ∈ ab + I, ¯®áª®«ìªã
xb + ay + xy ∈ I ¢ á¨«ã ®¯à¥¤¥«¥¨ï ¨¤¥ « . � «®£¨ç®, ¥á«¨ α ∈ k, â®
αa′ = αa+ αx ∈ αa+ I. �¥á«®¦® ¯à®¢¥àï¥âáï ¨ ¯®á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥.

�¯à¥¤¥«¥¨¥ 5.26. � áá¬®âà¨¬ £®¬®¬®àä¨§¬ π : R → R/I , a 7→ a + I.
�®£¤  π ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬ ª®«¥æ ( «£¥¡à). �  §ë¢ ¥âáï ¥áâ¥áâ¢¥-
ë¬ £®¬®¬®àä¨§¬®¬ ª®«¥æ ( «£¥¡à).

�à¥¤«®¦¥¨¥ 5.27. �®¬®¬®àä¨§¬ π : R → R/I ¨§ ®¯à¥¤¥«¥¨ï 5.26 ï¢-
«ï¥âáï £®¬®¬®àä¨§¬®¬ ª®«¥æ. kerπ = I. ( «£¥¡à).

�¥®à¥¬  5.28 (�¥®à¥¬  ® £®¬®¬®àä¨§¬ å) . �ãáâì φ : R→ R′ { £®¬®¬®à-
ä¨§¬ ª®«¥æ ( «£¥¡à). �®£¤  Imφ ' R/ kerφ/.

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 1.70 ®â®¡à ¦¥¨¥ ζ : f(R) → R/ kerφ, § -
¤ ¢ ¥¬®¥ ¯® ¯à ¢¨«ã ζ(φ(x)) = φ−1(φ(x)) = x kerφ ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬
 ¤¤¨â¨¢ëå £àã¯¯ Imφ ¨ R/I . �áâ ¥âáï ¯®ª § âì, çâ® ζ(ab) = ζ(a)ζ(b), ¨

αζ(a) = ζ(αa) (18)

¤«ï ¢á¥å a, b ∈ Imφ, α ∈ k. �ãáâì a = φ(x), b = φ(y), £¤¥ x, y ∈ R. � ª
ª ª φ(x)φ(y) = φ(xy), â® ζ(a)ζ(b) = φ−1(φ(x))φ−1(φ(y)) = φ−1φ(xy) = ζ(ab).
� «®£¨ç® ¯à®¢¥àï¥âáï (18).

�à¨¬¥àë 5.29. �®ª § âì, çâ®

1. C[X,Y ]/(X) ' C[X];
2. R[X]/(X2 +X + 1) ' C.

2. �¥®à¥¬  �à®à¡¥¨ãá 

�¯¨è¥¬ ª®¥ç®¬¥àë¥ â¥«   ¤ ¯®«¥¬ ¢¥é¥áâ¢¥ëå ç¨á¥«.

�¯à¥¤¥«¥¨¥ 5.30. �ãáâì H { ¬®¦¥áâ¢® ¢á¥å ª®¬¯«¥ªáëå ¬ âà¨æ

z =
(
a b

−b a

)
(19)

�¥®à¥¬  5.31. H ï¢«ï¥âáï ¯®¤ «£¥¡à®© ¢ R- «£¥¡à¥ ¢á¥å ª®¬¯«¥ªáëå ¬ â-
à¨æ
Mat(2,C). �®«¥¥ â®£®, H ï¢«ï¥âáï â¥«®¬ á æ¥âà®¬ R.

�®ª § â¥«ìáâ¢®. �«ï z ∈ H ¨§ (19) ç¥à¥§ ‖z‖ ®¡®§ ç¨¬
√

det z =
√
|a|2 + |b|2.

�®£¤  ‖z‖ > 0, ¥á«¨ z 6= 0, ‖z1z2‖ = ‖z1‖‖z2‖.
�á«¨ z ¨§ (19), â® ¯®«®¦¨¬

z =
(
a −b
b a

)
�¥âàã¤® ¢¨¤¥âì, çâ® zz = ‖z‖2. � ª¨¬ ®¡à §®¬, ¥á«¨ z 6= 0, â® z−1 =

z

‖z‖2
.

�«¥¤®¢ â¥«ì®, H { â¥«®. �® ¥ª®¬¬ãâ â¨¢®, â ª ª ª ¥á«¨

I =
(

0 −1
1 0

)
, J =

(
i 0
0 −i

)
, (20)
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â® IJ = −JI.
� ©¤¥¬ æ¥âà H. � á®áâ®¨â ¨§ ¢á¥å ¬ âà¨æ

w =
(
u v
−v u

)
,

çâ® wz = zw ¤«ï ¢á¥å ¬ âà¨æ z ¨§ eqref(19). �¥¯®áà¥¤áâ¢¥ ï ¯à®¢¥àª  ¯®-
ª §ë¢ ¥â, çâ® w = λE, λ ∈ R.

�¯à ¦¥¨¥ 5.32. �®ª § âì, çâ® ¬ âà¨æë E, I, J,K, £¤¥ I, J ¨§ (20) ¨

K =
(

0 i
−i 0

)
,

á®áâ ¢«ïîâ ¡ §¨á H  ¤ R, ¯à¨ç¥¬

IJ = K, JK = I, I2 = J2 = K2 = −E.

� ¬ ¯®âà¥¡ã¥âáï àï¤ ãâ¢¥à¦¤¥¨©.

�¯à¥¤¥«¥¨¥ 5.33. �ãáâì A {  áá®æ¨ â¨¢ ï k- «£¥¡à  á 1. �«¥¬¥â
z ∈ A  §ë¢ ¥âáï  «£¥¡à ¨ç¥áª¨¬  ¤ k, ¥á«¨ áãé¥áâ¢ã¥â â ª®© ¥ã«¥¢®© ¬®-
£®ç«¥ f ∈ k[X], çâ® f(z) = 0. �¨¨¬ «ìë¬ ¬®£®ç«¥®¬  «£¥¡à ¨ç¥áª®£®
í«¥¬¥â  z  ¤ k  §ë¢ ¥âáï â ª®© ¬®£®ç«¥ f(X) ∈ k[X] ¬¨¨¬ «ì®© áâ¥-
¯¥¨ á® áâ àè¨¬ ª®íää¨æ¨¥â®¬ 1, çâ® f(z) = 0.

�¯à ¦¥¨¥ 5.34. �ãáâì f ∈ k[X] { ¨¬¥¥â áâ àè¨© ª®íää¨æ¨¥â 1, ¨
z = X + (p) ∈ k[X]/(f). �®£¤  ¬¨¨¬ «ìë© í«¥¬¥â ¤«ï z à ¢¥ f .

�à¥¤«®¦¥¨¥ 5.35. �ãáâì A { ®¡« áâì  ¤ ¯®«¥¬ k, ¨ z ∈ K {  «£¥¡-
à ¨ç¥áª¨© í«¥¬¥â á ¬¨¨¬ «ìë¬ ¬®£®ç«¥®¬ f(X). �®£¤  f ¥¯à¨¢®¤¨¬.
�®«®¦¨¬ k[z] = {a0 + a1z + · · ·+ an−1z

n−1|ai ∈ k, n = deg f}. �®£¤  k[z] ï¢«ï-
¥âáï ¯®¤¯®«¥¬ ¢ K, á®¤¥à¦ é¨¬ k, ¨

k[z] ' k[X]/(f). (21)

�à¥¤«®¦¥¨¥ 5.36. �ãáâì A ª®¥ç®¬¥à®¥ â¥«®  ¤ R, ¨ a ∈ A \ R.
�®£¤  ¬¨¨¬ «ìë© ¬®£®ç«¥  ¤ a ¨¬¥¥â áâ¥¯¥ì ¤¢ . �à®¬¥ â®£®, R[a] '
C.

�®ª § â¥«ìáâ¢®. � ª ª ª A ª®¥ç®¬¥à®, ¢á¥ áâ¥¯¥¨ a § ¢¨á¨¬ë. �«¥-
¤®¢ â¥«ì®, a  «£¥¡à ¨ç®. �¨¨¬ «ìë© ¬®£®ç«¥ p ¤«ï a ¥¯à¨¢®¤¨¬ ¨
¯®â®¬ã ¨¬¥¥â áâ¥¯¥ì ¥ ¢ëè¥ 2 ¢ á¨«ã ¯à¥¤«®¦¥¨ï 5.35. � ª ª ª a /∈ R, â®
áâ¥¯¥ì p à ¢  2. �®íâ®¬ã a2 + αa + β = 0, £¤¥ p = X2 + αX + β ∈ R[X].
�®«®¦¨¬

I =
2a+ α√
4β − α2

.

�®£¤  I2 = −1, ¯à¨ç¥¬ ¯® ¯à¥¤«®¦¥¨î 5.35

R[a] = R[I] ' R[X]/(X2 + 1) ' C.

�¥®à¥¬  5.37. �ãáâì ¯®«¥ A ï¢«ï¥âáï  «£¥¡à ¨ç¥áª¨¬ à áè¨à¥¨¥¬
¯®«ï R. �®£¤  «¨¡® A = R, «¨¡® A = C.
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�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® A ⊇ R1 = R. �®¦® áç¨â âì, çâ® A 6= R.
�® ¯à¥¤«®¦¥¨î 5.36 A ⊇ C. �â ª, A ï¢«ï¥âáï ª®¥çë¬ à áè¨à¥¨¥¬ C.
�á«¨ a ∈ A\C, â® ¬¨¨¬ «ìë© ¬®£®ç«¥ f ¤«ï a ¨¬¥¥â ª®¬¯«¥ªáë© ª®à¥ì
λ. �âáî¤  0 = f(a) = (a − λ)g(a), £¤¥ g ∈ C[X]. � ª ª ª ¢ A ¥â ¤¥«¨â¥«¥©
ã«ï, â® a− λ = 0 ¨ a = λ ∈ C.

�¥®à¥¬  5.38 (�à®¡¥¨ãá). �ãáâì A { ª®¥ç®¬¥à®¥ â¥«®  ¤ R. �®£¤ 
A { ®¤® ¨§ â¥« R,C,H.

�®ª § â¥«ìáâ¢®. �®¦® áç¨â âì, çâ® A ¥ ª®¬¬ãâ â¨¢®. � ª ¨ ¢ ¯à¥-
¤ë¤ãé¥© â¥®à¥¬¥ 5.37 A ⊇ R1 = R. �®¦® áç¨â âì, çâ® A 6= R. �® ¯à¥¤«®¦¥-
¨î 5.36 A ⊇ C. �á«¨ A = C, â® â¥®à¥¬  ¤®ª §  . �ãáâì A 6= C. � íâ®¬ á«ãç ¥
A ï¢«ï¥âáï «¥¢ë¬ ¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬  ¤ C. � áá¬®âà¨¬ ¢ A «¨¥©-
ë© ®¯¥à â®à L(x) = xi, i ∈ C. � ¬¥â¨¬, çâ® L4 = 1. �®íâ®¬ã ¯®«ãç ¥âáï
ª®¬¯«¥ªá®¥ ª®¥ç®¬¥à®¥ ¯à¥¤áâ ¢«¥¨¥ æ¨ª«¨ç¥áª®© £àã¯¯ë G ¯®àï¤ª  4.
�«¥¤®¢ â¥«ì®, A à §« £ ¥âáï ¢ ¯àï¬ãî áã¬¬ã

A = A1 ⊕A−1 ⊕Ai ⊕A−i, £¤¥ Aj = {x ∈ A|xi = jx}.
�ãáâì y ∈ A1. �®£¤  yi = y, ®âªã¤  y(i − 1) = 0, â. ¥. y = 0. �ãáâì y ∈ A−1.
�®£¤  yi = −y, ®âªã¤  y(i+ 1) = 0, â. ¥. y = 0. �â ª, A1 = A−1 = 0, ¨

A = Ai ⊕A−i, C ⊆ Ai.

�¥¬¬  5.39. Ai = C.

�®ª § â¥«ìáâ¢®. �ãáâì a ∈ Ai. �®£¤  ai = ia, â. ¥. ¯®«¥ C[a] ï¢«ï¥âáï
ª®¥çë¬ à áè¨à¥¨¥¬ C. �® â¥®à¥¬¥ 5.37 ¯®«ãç ¥¬ Ai = C.

�¥¬¬  5.40. �ãáâì y ∈ Aεi, z ∈ Aτi, £¤¥ ε, τ = ±1. �®£¤  yz ∈ Aετi.

�®ª § â¥«ìáâ¢®. �¬¥¥¬ (yz)i = y(zi) = y(τia) = τ(yi)a = τεi(ya).

�¥¬¬  5.41. �ãáâì y ∈ Aεi. �®£¤  yAεi = Ai, yA−εi = A−i.

�®ª § â¥«ìáâ¢®. �® «¥¬¬¥ 5.40 ¯®«ãç ¥¬ yAεi ⊆ Ai, yAi ⊆ Aεi. � ª
ª ª ¢ A ¥â ¤¥«¨â¥«¥© ã«ï, â®

dimCAεi = dimC(yAεi) ≤ dimCAi = (yAi) ≤ dimCAεi.

�âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥.

�«¥¤áâ¢¨¥ 5.42. dimCAi = dimCA−i = 1.

� ¢¥àè¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë. �ãáâì j ∈ A−i. �® «¥¬¬ ¬ 5.40, 5.39
j2 ∈ C. �®£¤  ji = −ij. �® «¥¬¬¥ 5.40 ¬®¦® áç¨â âì, çâ® j2 = −1. �®«®¦¨¬
k = ij ∈ A−i. �®£¤  ki = −ik. �à®¬¥ â®£®, k2 = ijij = i(−ij)j = −i2j2 = −1, ¨
jk = j(ij) = (ji)j = −ij2 = i, kj = (ij)j = ij2 = −i. �â ª, Ai = C = R1 + Ri,
A−i = Cj = Rj + Rk ¢ á¨«ã á«¥¤áâ¢¨ï 5.42. �âáî¤  a ' H.

3. �«£¥¡àë �¨

�¯à¥¤¥«¥¨¥ 5.43. �«£¥¡à®© �¨ L  §ë¢ ¥âáï ¥ áá®æ¨ â¨¢ ï  «£¥¡à 
á ã¬®¦¥¨¥¬ [x, y], ã¤®¢«¥â¢®àïîé ï â®¦¤¥áâ¢ ¬

[x, x] = [[x, y], z] + [[y, z], x] + [[z, x], y] = 0.

�à¨¬¥à 5.44. �«£¥¡à  A(−),  «£¥¡à  R3, [x, y] = x× y.
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�¯à ¦¥¨¥ 5.45. �  «£¥¡à¥ �¨ ¢ë¯®«¥® â®¦¤¥áâ¢®  â¨ª®¬¬ãâ â¨¢-
®áâ¨ [x, y] = −[y, x].

�¯à¥¤¥«¥¨¥ 5.46. �ãáâì A { ¯à®¨§¢®«ì ï  «£¥¡à . �¨¥©®¥ ®¯¥à â®à
D   A  §ë¢ ¥âáï ¤¨ää¥à¥æ¨à®¢ ¨¥¬ , ¥á«¨ D(xy) = D(x)y + xD(y). �¥à¥§
Der(A) ®¡®§ ç ¥âáï ¬®¦¥áâ¢® ¢á¥å ¤¨ää¥à¥æ¨à®¢ ¨©  «£¥¡àë A.

�à¥¤«®¦¥¨¥ 5.47. Der(A) ï¢«ï¥âáï ¯®¤ «£¥¡à®© �¨ ¢  «£¥¡à¥ �¨ ¢á¥å

«¨¥©ëå ®¯¥à â®à®¢ L(A)(−)   A.

�¯à ¦¥¨¥ 5.48. �ãáâì f { ª¢ ¤à â¨ç ï ä®à¬    n-¬¥à®¬ ¯à®áâ-
à áâ¢¥ kn, £¤¥ k { ¯®«¥. �¥à¥§ o(n, f) { ®¡®§ ç ¥âáï ¬®¦¥áâ¢® ¢á¥å ª®á®-
á¨¬¬¥âà¨çëå ®â®á¨â¥«ì® f «¨¥©ëå ®¯¥à â®à®¢ ¢ kn. â. ¥. ¬®¦¥áâ¢®
¢á¥å â ª¨å «¨¥©ëå ®¯¥à â®à®¢ C ¢ kn, çâ® f(Cx, y) = −f(x, Cy). �®ª § âì,
çâ® o(n, f) { ¯®¤ «£¥¡à  �¨ ¢ Mat(n, k)(−).

�¯à ¦¥¨¥ 5.49. �ãáâì f { ¯®«ãâ®à «¨¥© ï íà¬¨â®¢  ä®à¬    n-
¬¥à®¬ ª®¬¯«¥ªá®¬ ¯à®áâà áâ¢¥ Cn. �¥à¥§ su(n, f) ®¡®§ ç¨¬ ¬®¦¥áâ¢®
¢á¥å ª®á®á¨¬¬¥âà¨çëå ®â®á¨â¥«ì® f «¨¥©ëå ®¯¥à â®à®¢ ¢ Cn, â. ¥. ¬®-
¦¥áâ¢® ¢á¥å â ª¨å «¨¥©ëå ®¯¥à â®à®¢ A ¢ Cn, çâ® f(Ax, y) = −f(x,Ay).
�®ª § âì, çâ® su(n, f) { ¯®¤ «£¥¡à  �¨ ¢ Mat(2n,R)(−).

�¡®§ ç¥¨¥ 5.50. �¥à¥§ sl(n, k) ®¡®§ ç ¥âáï ¬®¦¥áâ¢® ¢á¥å ¬ âà¨æ ¨§
Mat(n, k) á® á«¥¤®¬ 0.

�¯à ¦¥¨¥ 5.51. sl(n, k) ï¢«ï¥âáï ¯®¤ «£¥¡à®© �¨ ¢ Mat(n, k)(−).

�à¥¤«®¦¥¨¥ 5.52. �ãáâì k { ¯®«¥ å à ªâ¥à¨áâ¨ª¨ 6= 2, ¨

H = E11 − E22, X = E12, Y = E21 ∈ Mat(2, k).

�®ª § âì, çâ®

[X,Y ] = H, [H,X] = 2X, [H,Y ] = −2Y. (22)

�¥®à¥¬  5.53. �«£¥¡à  sl(2, k) ¯à®áâ , ¥á«¨ char k 6= 2.

�®ª § â¥«ìáâ¢®. �ãáâì 0 6= I / sl(2, k), ¨ u = αX + βY + γH ∈ I \ 0.
�®£¤  ¯® (22)

[X,u] = β[X,Y ] + γ[X,H] = βH − 2γX ∈ I. (23)

�à®¬¥ â®£®, [X, [X,u]] = β[H,X] = 2βX ∈ I. �á«¨ β 6= 0, â® X ∈ I, ¨ â®£¤ 
I = sl(2, k) ¢ á¨«ã (22).

�ãáâì β = 0. �® (23) ¯®«ãç ¥¬, çâ® [X,u] = −2γX ∈ I. �á«¨ γ 6= 0, â®
X ∈ I, ¨ ¯®íâ®¬ã I = sl(2, k).

�ãáâì β = γ = 0, α 6= 0. �®£¤  á®¢  X ∈ I.

�¥®à¥¬  5.54. �«£¥¡à  �¨ (R3,×) ¯à®áâ .

�®ª § â¥«ìáâ¢®. �¡¥¤¨¬áï á ç « , çâ® (R3,×) {  «£¥¡à  �¨. �ãáâì
e1, e2, e3 { ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¢ R

3. �®£¤  ¬®¦® áç¨â âì, çâ®

[e1, e2] = e3, [e2, e3] = e1, [e3, e1] = e2.

�¥¯®áà¥¤áâ¢¥ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ®

[x, x] = J(e1, e2, e3) = [[e1, e2], e3] + [[e2, e3], e1] + [[e3, e1], e2] = 0.
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�à®¬¥ â®£®, �ª®¡¨  J(x, y, z) ª®á®á¨¬¬¥âà¨ç¥. �âáî¤  ¢ë¢®¤¨âáï (R3,×) {
 «£¥¡à  �¨.

�ãáâì I { ¥ã«¥¢®© ¨¤¥ « ¢ (R3,×). �®¦® áç¨â âì, çâ® e1 ∈ I. �®£¤  I
á®¤¥à¦¨â e3 = [e1, e2], e2 = [e3, e1] ∈ I. �«¥¤®¢ â¥«ì®, I = (R3,×).
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����� 6

�¨¥©ë¥ £àã¯¯ë ¨ ¨å  «£¥¡àë �¨

�áî¤ã ¢ íâ®© à ¡®â¥ ¯®¤ F ¯®¨¬ ¥âáï «¨¡® ¯®«¥ ¢¥é¥áâ¢¥ëå ç¨á¥« R,
«¨¡® ¯®«¥ ª®¬¯«¥ªáëå ç¨á¥« C.

1. � á â¥«ìë¥ ¯à®áâà áâ¢ 

�¯à¥¤¥«¥¨¥ 6.1. �®¤£àã¯¯  G ¢ ¯®«®© «¨¥©®© £àã¯¯¥ GL(n, F )  -
§ë¢ ¥âáï «¨¥©®©, ¥á«¨ áãé¥áâ¢ã¥â â ª ï ª®¥ç ï á¨áâ¥¬  ¬®£®ç«¥®¢

fs(Xij) ∈ F [Xij |1 ≤ i, j ≤ n], s = 1, . . . , N, (24)

çâ® ¬ âà¨æ  A = (aij) ¯à¨ ¤«¥¦¨â G â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  fs(aij) = 0
¤«ï ¢á¥å s = 1, . . . , N .

�à¨¬¥àë 6.2. �®¤£àã¯¯ë O(n,R), SO(n,R), SL(n, F ) «¨¥©ë.

�¯à¥¤¥«¥¨¥ 6.3. �á«¨ G «¨¥© ï £àã¯¯ , § ¤  ï á¨áâ¥¬®© ãà ¢¥-
¨© (24), ¨ g ∈ G, â® ª á â¥«ìë¬ ¯à®áâà áâ¢®¬ Tg ª G ¢ â®çª¥ g  §ë¢ ¥âáï
«¨¥©®¥ ¯à®áâà áâ¢®, á®áâ®ïé¥¥ ¨§ ¢á¥å ¬ âà¨æ dX = (dxpq) ∈ Mat(n, F ) á
ãá«®¢¨¥¬ ∑

p,q

∂fi
∂xpq

(g)dxpq = 0, i = 1, . . . , r. (25)

� áá¬®âà¨¬ ¯à®áâà áâ¢® TE ¤«ï à §«¨çëå «¨¥©ëå £àã¯¯.

�à¨¬¥à 6.4. �á«¨ G = SL(n, F ), â® G § ¤ ¥âáï ®¤¨¬ ãà ¢¥¨¥¬

f = detX − 1 = 0.

�âáî¤  TE § ¤ ¥âáï ®¤¨¬ ãà ¢¥¨¥¬

∂f

∂xpq
=
∂(detX)
∂xpq

=
∂(
∑n
i=1Aiqxiq)
∂xpq

= Apq.

� ª¨¬ ®¡à §®¬,
∂f

∂xpq
= δpq, ®âªã¤ 

∑
p.q

∂f

∂xpq
dxpq =

∑
p,q

δpqdxpq =
∑
p

dxpp = tr(dX),

â. ¥. TE § ¤ ¥âáï ãà ¢¥¨¥¬ tr(dX) = 0.

�à¨¬¥à 6.5. �á«¨ G = O(n,R), â® G § ¤ ¥âáï ®¤¨¬ ãà ¢¥¨¥¬ tX ·X =
E. �â® ®§ ç ¥â, çâ® ¤«ï i, j = 1, . . . , n

n∑
t=1

xtixtj − δij = 0.

51
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� ª¨¬ ®¡à §®¬,

∂

∂xrs
(
∑n
t=1 xtixtj − δij) =

∑n
t=1

(
∂xti
∂xrs

xtj + xti
∂xtj
∂xrs

)
=∑n

t=1(δtrδisxtj + xtiδtrδjs).

�â ª,

∂

∂xrs

(
n∑
t=1

xtixtj − δij

)
|E=

n∑
t=1

(δtrδisδtj + δtiδtrδjs).

�âáî¤  ¢ëâ¥ª ¥â, çâ® TE § ¤ ¥âáï ãà ¢¥¨ï¬¨

0 =
n∑

t,s,r=1

(δtrδisδtj + δtiδtrδjs)dxrs = dxji + dxij .

�«¥¤®¢ â¥«ì®, TE á®áâ®¨â ¨§ ¢á¥å ª®á®á¨¬¬¥âà¨ç¥áª¨å ¬ âà¨æ dX = (dxij).

� ä¨ªá¨àã¥¬ í«¥¬¥â g «¨¥©®© £àã¯¯ë G. �â®¡à ¦¥¨¥ ¯à ¢®£® á¤¢¨£ 
Rg : G→ G, x 7→ xg, ï¢«ï¥âáï ¤¨ää¥à¥æ¨àã¥¬ë¬ ®â®¡à ¦¥¨¥¬, ¯®áª®«ìªã
ã¬®¦¥¨¥ ¬ âà¨æ § ¤ ¥âáï «¨¥©ë¬¨ äãªæ¨ï¬¨ ®â ª®íää¨æ¨¥â®¢ ¬ â-
à¨æë x ∈ G. �®íâ®¬ã ¤¨ää¥à¥æ¨ « dRg íâ®£® ®â®¡à ¦¥¨ï á®¢¯ ¤ ¥â á
¬ âà¨æ¥© g, â. ¥.

dRg : Tx → Txg, dRg(dX) = (dX)g. (26)

�® Rg1g2 = Rg1Rg2 . �«¥¤®¢ â¥«ì®, dRg § ¤ ¥â «¨¥©ë© ¨§®¬®àä¨§¬ TE ¨
Tg, â. ¥.

Tg = TEg (27)

¤«ï «î¡®£® g ∈ G. � ç áâ®áâ¨, á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 6.6. dimTE = dimTg ¤«ï «î¡®£® g ∈ G.

�¯à¥¤¥«¥¨¥ 6.7. �ãáâì G { «¨¥© ï £àã¯¯ . �ãâ¥¬ ¨§ í«¥¬¥â  E ¢
í«¥¬¥â g ∈ G  §ë¢ ¥âáï â ª®¥ ¤¨ää¥à¥æ¨àã¥¬®¥ ®â®¡à ¦¥¨¥ p : [0, 1]→ G,
çâ® p(0) = E, p(1) = g. �¢ï§®© ª®¬¯®¥â®© E ¢ G  §ë¢ ¥âáï ¬®¦¥áâ¢®
¢á¥å í«¥¬¥â®¢ g ∈ G, ®¡« ¤ îé¨¬ ¯ãâ¥¬ ¨§ E ¢ g. �àã¯¯  G á¢ï§ , ¥á«¨
GE = G.

�¥®à¥¬  6.8. �¢ï§ ï ª®¬¯®¥â  GE ¥¤¨¨ç®£® í«¥¬¥â  E ï¢«ï¥âáï
®à¬ «ì®© ¯®¤£àã¯¯®© ¢ G.

�®ª § â¥«ìáâ¢®. �ãáâì GE { á¢ï§ ï ª®¬¯®¥â  E, ¨ g, h ∈ GE á ¯ã-
âï¬¨

x(t), y(t) : [0, 1]→ G, x(0) = y(0) = E, x(1) = g, y(1) = h.

�®£¤  x(t)y(t) { ¤¨ää¥à¥æ¨àã¥¬ë© ¯ãâì ¨§ E ¢ gh. �à®¬¥ â®£®, ¯®«ãç ¥¬
¤¨ää¥à¥æ¨à®¢ ë¥ ¯ãâ¨

E
x(t)−1

−−−−→ X−1, E
Zx(t)Z−1

−−−−−−→ ZXZ−1.

� ª ª ª ¨¬¥¥âáï «®ª «ì ï ¡¨¥ªæ¨ï G ¨ TE ¢ ®ªà¥áâ®áâ¨ E, â® TE(GE) =
TE(G).

�¯à ¦¥¨¥ 6.9. �®ª § âì, çâ®
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1. GE ¨¬¥¥â ª®¥çë© ¨¤¥ªá ¢ G;
2. O(n,R) ¥ á¢ï§®,   SO(n,R) á¢ï§®.

�¯à ¦¥¨¥ 6.10. �ã¤¥â «¨ £àã¯¯  SL(n,R) á¢ï§ ?

�à¥¤«®¦¥¨¥ 6.11. �ãáâì x : [0, 1] → G { ¤¨ää¥à¥æ¨àã¥¬ë© ¯ãâì ¢
£àã¯¯¥ G. �á«¨ t0 ∈ [0, 1] ¨ g = x(t0) ∈ G, â® x′(t0) ∈ Tg(G).

�®ª § â¥«ìáâ¢®. �ãáâì G § ¤ ¥âáï á¨áâ¥¬®©  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©
(24), ¨ x(t) = (xij(t)). �®£¤ 

fs(xij(t)) = 0, i = 1, . . . , N,

¤«ï «î¡®£® t ∈ [0, 1]. �«¥¤®¢ â¥«ì®, ¨á¯®«ì§ãï ¯à ¢¨«® ¤¨ää¥à¥æ¨à®¢ ¨ï
á«®¦®© äãªæ¨¨, ¤«ï «î¡®£® s = 1, . . . , N ¯®«ãç ¥¬

∂fs
∂xpq

(g)x′pq(t0) = 0.

�âáî¤  ¢ á¨«ã ®¯à¥¤¥«¥¨ï 6.3 ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥.

�¥®à¥¬  6.12. �ãáâì £àã¯¯  G á¢ï§ . �®£¤  G ®¯à¥¤¥«ï¥âáï TE.

�®ª § â¥«ìáâ¢®. �ãáâì X ∈ G ¨ x(t) { ¯ãâì ¨§ E ¢ X. �®£¤ 

x(t)′ ∈ Tx(t) = TEx(t)

¤«ï ¢á¥å t ∈ [0, 1] ¢ á¨«ã (27). �â ª,

x(t)′ = A(t)x(t), A(t) ∈ TE ¤«ï ¢á¥å t ∈ [0, 1]. (28)

�¡à â®, ¥á«¨ A ∈ TE , â® à áá¬®âà¨¬ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ (28), £¤¥
A(t) = A á  ç «ìë¬ ãá«®¢¨¥¬ x(0) = E. �® ¨¬¥¥â ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥
à¥è¥¨¥.

�ë¡¥à¥¬ ¢ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ Mat(n, F ) â ªãî ®¢ãî á¨áâ¥¬ã ª®-
®à¤¨ â yj , j = 1, . . . , n2, çâ® TE § ¤ ¥âáï á¨áâ¥¬®© ãà ¢¥¨© yi = 0, £¤¥ i
¯à®¡¥£ ¥â ¯¥à¢ë¥ d ¨¤¥ªá®¢. �®£¤  áãé¥áâ¢ã¥â «®ª «ì ï ¡¨¥ªæ¨ï TE ¨ G.
�®íâ®¬ã à¥è¥¨¥ (28) «¥¦¨â ¢ G.

�® íâ® à¥è¥¨¥ ¥áâì expAt. � ª¨¬ ®¡à §®¬, exp : TE → G ï¢«ï¥âáï «®-
ª «ì®© ¡¨¥ªæ¨¥© ¢ ®ªà¥áâ®áâ¨ U â®çª¨ E. � ª ª ª ®â®¡à ¦¥¨¥ x 7→ x−1

¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®, â® ¬®¦® áç¨â âì, çâ® U−1 ⊆ U . �¡®§ ç¨¬
ç¥à¥§ H ¬®¦¥áâ¢® ¢á¥å ¯à®¨§¢¥¤¥¨© í«¥¬¥â®¢ ¨§ U . �á«¨ x ∈ H, â® xU ⊆ H
ï¢«ï¥âáï ®âªàëâë¬ ¯®¤¬®¦¥áâ¢®¬ ¢ G.

�ãáâì G \H ¥¯ãáâ® ¨ z ∈ G \H. �á«¨ zU ∩H ¥¯ãáâ®, â® zu = u1 · · ·ut,
£¤¥ u, uj ∈ U . �âáî¤  z = u1 · · ·utu−1 ∈ H, â ª ª ª u−1 ∈ U . �«¥¤®¢ â¥«ì®,
zU ∩ H ¯ãáâ®. �â ª, G ï¢«ï¥âáï ®¡ê¥¤¨¥¨¥¬ ¤¢ãå ¥¯¥à¥á¥ª îé¨åáï ®â-
ªàëâëå ¯®¤¬®¦¥áâ¢ G = H ∪ (G \ H). �ãáâì g ∈ G \ H ¨ x : [0, 1] → G,
£¤¥ x(o) = E, x(1) = g. �®£¤  ®âà¥§®ª [0, 1] ï¢«ï¥âáï ®¡ê¥¤¨¥¨¥¬ ¤¢ãå ¥-
¯¥à¥á¥ª îé¨åáï ®âªàëâëå ¥¯ãáâëå ¯®¤¬®¦¥áâ¢ x−1(H), x−1(G \ H), çâ®
¥¢®§¬®¦®.

�à¨¬¥àë 6.13. � áá¬®âà¨¬ íªá¯®¥æ¨ «ì®¥ ¤«ï àï¤  £àã¯¯ ¨å ¯®à®¦-
¤ îé¨å í«¥¬¥â®¢.
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1. �ãáâì G = SL(n,C). �®£¤  TE = sl(n,C). � §¨á sl(n,C) á®áâ ¢«ïîâ
¬ âà¨æë Eij , 1 ≤ i 6= j ≤ n, Eii − Ejj , 1 ≤ i < j ≤ n. �à¨ â®¬

exp(Eij) = E + Eij , i 6= j,

exp(Eii − Ejj) = diag(1, . . . , 1,
i
e, 1, . . . , 1,

j
e, 1 . . . , 1).

2. �ãáâì G = O(2,R), TE = o(2,R). �®£¤ 

exp
(

0 α
−α 0

)
= exp

[
1√
2

(
1 i
i 1

)−1(
iα 0
0 −iα

)
1√
2

(
1 i
i 1

)]
=

1√
2

(
1 i
i 1

)−1(exp(iα) 0
0 exp(−iα)

)
1√
2

(
1 i
i 1

)
=
(

cosα − sinα
sinα cosα

)
2. �âàãªâãà   «£¥¡àë �¨   TE

�¥®à¥¬  6.14. �ãáâì G { «¨¥© ï £àã¯¯ , ¨ A,B ∈ TE. �®£¤  [A,B] ∈
TE.

�®ª § â¥«ìáâ¢®. � ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 6.12 exp(At), exp(Bt) ∈
G ¤«ï ¢á¥å t ∈ F. �«¥¤®¢ â¥«ì®,

[exp(A
√
t), exp(B

√
t)] ∈ G ¤«ï ¢á¥å t ∈ F. (29)

�ëç¨á«¨¬ ª á â¥«ìë© ¢¥ªâ®à ª (29) ¢ â®çª¥ E. �¬¥¥¬

exp(A
√
t) = E +A

√
t+

A2t

2
+ o(t);

exp(B
√
t) = E +B

√
t+

B2t

2
+ o(t);

exp(A
√
t)−1 = exp(−A

√
t) = E −A

√
t+

A2t

2
+ o(t);

exp(B
√
t)−1 = exp(−B

√
t) = E −B

√
t+

B2t

2
+ o(t);

� ª¨¬ ®¡à §®¬,

[exp(A
√
t), exp(B

√
t)] = exp(A

√
t) exp(B

√
t) exp(A

√
t)−1 exp(B

√
t)−1 =

E + (A+B −A−B)
√
t+(

A2

2
+
B2

2
+
A2

2
+
B2

2
+AB −A2 −AB −BA−B2 +AB

)
t+ o(t) =

E + (AB −BA)t+ o(t).

�¯à¥¤¥«¥¨¥ 6.15. �ãáâì G1 ⊆ GL(n1, F ), G2 ⊆ GL(n2, F ), { «¨¥©ë¥
£àã¯¯ë. �®¬®¬®àä¨§¬ £àã¯¯ f : G1 → G2  §ë¢ ¥âáï £®¬®¬®àä¨§¬ «¨¥©ëå
£àã¯¯, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ¬®£®ç«¥ë

fij(Xrs) ∈ F [Xrs|1 ≤ r, s ≤ n1], 1 ≤ i, j ≤ n2,

çâ® ¤«ï «î¡®£® g = (grs) ∈ G1 (i, j)-ë© ª®íää¨æ¨¥âë ¬ âà¨æë f(g) à ¢¥
fij(grs).

�¥®à¥¬  6.16. �á«¨ f : G1 → G2 { £®¬®¬®àä¨§¬ «¨¥©ëå £àã¯¯, â®
df |E : TE(G1)→ TE(G2) ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬  «£¥¡à �¨.
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�®ª § â¥«ìáâ¢®. �ãáâì A ∈ TE(G1). �®£¤  df |E (A) = JE(f)A, £¤¥
JE(f) { § ç¥¨¥ �ª®¡¨   ®â®¡à ¦¥¨ï f ¢ â®çª¥ E. � ª¨¬ ®¡à §®¬, ®â®¡à -
¦¥¨¥ df |E «¨¥©®. �à®¬¥ â®£®, f(exp(At)) = exp(df |E (A)t) ¤«ï «î¡®£®
t ∈ F . �âáî¤ 

f([exp(A
√
t), exp(B

√
t)]) = [f(exp(A

√
t)), f(exp(B

√
t))] =

[exp(df |E (A
√
t)), exp(df |E (B

√
t))]. (30)

�¨ää¥à¥æ¨àãï à ¢¥áâ¢® (30) ¯® t ¨ ¯®« £ ï t = 0 ¯®«ãç ¥¬ df |E ([A,B]) =
[df |E (A), df |E (B)]. ª ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 6.14.

�«¥¤áâ¢¨¥ 6.17. �ãáâì f : G1 → G2 { £®¬®¬®àä¨§¬ «¨¥©ëå £àã¯¯,
¯à¨ç¥¬ £àã¯¯  G1 á¢ï§ . �®£¤  df |E ®¤®§ ç® ®¯à¥¤¥«ï¥â f .

�¥®à¥¬  6.18. �ãáâì A { ª®¥ç®¬¥à ï, ¥ ®¡ï§ â¥«ì®  áá®æ¨ â¨¢ ï
F - «£¥¡à , G { £àã¯¯  ¥¥  ¢â®¬®àä¨§¬®¢, ¨ DerA {  «£¥¡à  �¨ ¥¥ ¤¨ää¥à¥-
æ¨à®¢ ¨©. �®£¤  £àã¯¯  G «¨¥©  ¨ TE = DerA { ¥¥  «£¥¡à  �¨.

�®ª § â¥«ìáâ¢®. �ãáâì e = (e1, . . . , en) { ¯à®¨§¢®«ìë© ¡ §¨á ¢ A. �®£¤ 
¤«ï «î¡ëå i, j = 1, . . . , n

eiej =
n∑

i,j,k=1

ckijek, ckij ∈ F. (31)

�á«¨ α ∈ G ¨¬¥¥â ¢ ¡ §¨á¥ e ¬ âà¨æã (aij), â®

αei =
n∑
k=1

ekaki

�«¥¤®¢ â¥«ì®, ¤«ï ¢á¥å i, j

α(ei)α(ej) =
∑
t,s esasietatj =∑

t,s esetasiatj =
∑
t,s,k c

k
stasiatjek. (32)

� ¤àã£®© áâ®à®ë, α(eiej) =
∑
k c

k
ijα(ek) =

∑
k,l c

k
ijelalk. �®íâ®¬ã ª®íää¨æ¨-

¥âë aij ¬ âà¨æë α ã¤®¢«¥â¢®àïîâ ãà ¢¥¨ï¬¨∑
k,l

ckijelalk =
∑
t,s,k

ckstasiatj ,

¨ ¯®â®¬ã £àã¯¯  G ⊆ GL(n, F ) «¨¥© .
� ©¤¥¬ ¥¥  «£¥¡àã �¨. �«¥¬¥â

D ∈ TE ⇐⇒ exp(Dt) ∈ G = AutA ¤«ï ¢á¥å t ∈ F.
�â® ®§ ç ¥â, çâ® ¤«ï ¢á¥å a, b ∈ A

exp(Dt)(ab) = exp(Dt)(a) exp(Dt)(b).

� ª¨¬ ®¡à §®¬,

(E +
Dt

1!
+
D2t2

2!
+ · · · )(ab) =

(E +
Dt

1!
+
D2t2

2!
+ · · · )(a)(E +

Dt

1!
+
D2t2

2!
+ · · · )(b). (33)

�¨ää¥à¥æ¨àãï à ¢¥áâ¢® (33) ¯® t ¨ ¯®« £ ï t = 0, ¯®«ãç ¥¬

D(ab) = D(a)b+ aD(b).
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�â ª, TE ⊆ DerA.
�¡à â®, ¯ãáâì D ∈ DerA. �®£¤  Dt ∈ DerA ¤«ï ¢á¥å t ∈ F . �âáî¤  ¯®

ä®à¬ã«¥ �¥©¡¨æ 

exp(Dt)(ab) = (E +
Dt

1!
+
D2t2

2!
+ · · · )(ab) =

ab+ (D(a)b+ aD(b))t+
1
2!

(D2(a)b+ 2D(a)d(b) + aD2(btn))t2 + · · ·

+
1
n!

(
∑n
i=0

(
n

i

)
Di(a)Dn−i(b)) + · · ·

(a+D(a)t+
D2(a)t2

2!
+ · · · )(b+D(b)t+

D2(b)t2

2!
+ · · · ) =

exp(Dt)(a) exp(Dt)(b).

�â ª, exp(Dt) ∈ G.

� áá¬®âà¨¬ ¯®¤à®¡¥¥ á¢®©áâ¢  á¢ï§ëå ¨ ¥á¢ï§ëå £àã¯¯ �¨.

�¥®à¥¬  6.19. �àã¯¯ë

SL(n,C), GL(n,C), SO(n,R), U(n,C), SU(n,C)

á¢ï§ë. �àã¯¯ë GL(n,R),O(n,R) ¥á¢ï§ë.

�¥®à¥¬  6.20. �î¡ ï ª®¬¯ ªâ ï ª®¬¯«¥ªá ï £àã¯¯  �¨ ¨§®¬®àä 
 ¡¥«¥¢®© £àã¯¯¥ Cn/Γ, £¤¥ Γ { ¤¨áªà¥â ï ¯®¤£àã¯¯  à £  2n ¢ Cn.

�¯à¥¤¥«¥¨¥ 6.21. �®¬®¬®àä¨§¬ £àã¯¯ �¨ f : G → H  §ë¢ ¥âáï  -
ªàë¢ îé¨¬, ¥á«¨ ¢ë¯®«¥® ®¤® ¨§ íª¢¨¢ «¥âëå ãá«®¢¨©:

1. ¯®¤£àã¯¯  ker f ¤¨áªà¥â ;
2. df : T1(G)→ T2(G) ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¢¥ªâ®àëå ¯à®áâà áâ¢;
3. f ¨¤ãæ¨àã¥â ¤¨ää¥®¬®àä¨§¬ ®ªà¥áâ®áâ¥© x ¨ f(x).

�à¨¬¥à 6.22. �®¬®¬®àä¨§¬ f : R → U(1,C), f(x) = exp(2πi). ï¢«ï¥âáï
 ªàëâ¨¥¬.

�¥®à¥¬  6.23. �ãé¥áâ¢ã¥â  ªàë¢ îé¨© £®¬®¬®àä¨§¬ f : SL(2,C) →
SO(3,C) á ï¤à®¬ ker f = ±1. �à¨ íâ®¬ f(SU(2,C)) = SO(3,R).

�®ª § â¥«ìáâ¢®. �ãáâì L = sl(2,C) { ¬®¦¥áâ¢® ¬ âà¨æ á® á«¥¤®¬ ã«ì,
â. ¥.

sl(2,C) = {
(
a c
b −a

)
|a, b, c ∈ C}.

� áá¬®âà¨¬ ¯à¥¤áâ ¢«¥¨¥ Ad £àã¯¯ë G = SL(2,C) ¢ L ¯® ¯à ¢¨«ã (Ad g)(x) =
gxg−1. � ¬¥â¨¬, çâ® Ad á®åà ï¥â ¡¨«¨¥©ãî äãªæ¨î∣∣∣∣a c

b −a

∣∣∣∣ = −a2 − bc = (ia)2 +
[
i(b− c)√

2

]2

+
[
i(b+ c)√

2

]2

.

�«¥¤®¢ â¥«ì®, Ad g ∈ SO(3,C).
�á®, çâ® ker Ad = ±1. �à¨ íâ®¬ Im Ad = SO(3,C).

�â  ª®áâàãªæ¨ï ®¡®¡é ¥âáï   ¯à®¨§¢®«ì®¥ n ≥ 2. �¬¥®, ¯ãáâì Cn {
 «£¥¡à  �«¨ää®à¤  ®â áâ ¤ àâ®© ¡¨«¨¥©®© äãªæ¨¨ (x, y) =

∑n
j=1 xjyj
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  n-¬¥à®¬ ¯à®áâà áâ¢¥ Cn á® áâà ¤ àâë¬ ¡ §¨á®¬ e1, . . . , en. �®£¤  ¡ §¨á
Cn á®áâ ¢«ïîâ ®¤®ç«¥ë

ei1 · · · eim , 1 ≤ i1 < . . . < im ≤ n, (34)

¯à¨ç¥¬ ekej = −ejek, ¯à¨ 1 ≤ k 6= j ≤ n, e2
j = 1. �®íâ®¬ã dimCn = 2n, ¨

Cn = C0
n ⊕ C1

n, £¤¥ ¡ §¨á C
k
n á®áâ ¢«ïîâ ®¤®ç«¥ë (34), ã ª®â®àëå m ≡ k

mod 2. � Cn ¨¬¥¥âáï ¨¢®«îæ¨ï,

ei1 · · · eim = eim · · · ei1 .

�®«®¦¨¬ N(u) = uu ¤«ï «î¡®£® u ∈ Cn.
�ãáâì C∗n { £àã¯¯  ®¡à â¨¬ëå í«¥¬¥â®¢  «£¥¡àë Cn. �¥à¥§ Spin(n,C)

®¡®§ ç¨¬ ¯®¤£àã¯¯ã ¢á¥å â ª¨å

u ∈ (C0
n)∗, çâ® N(u) = 1 ¨ uCnu−1 = C

n, (35)

£¤¥ Cn { ª®¬¯«¥ªá ï «¨¥© ï ®¡®«®çª  ¢¥ªâ®à®¢ e1 . . . , en.

�¯à¥¤¥«¥¨¥ 6.24. �àã¯¯  Spin(n,C)  §ë¢ ¥âáï ª®¬¯«¥ªá®© á¯¨®à®©
£àã¯¯®©.

� á¨«ã (35) ¯®«ãç ¥âáï £®¬®¬®àä¨§¬ π : Spin(n,C) → SO(n,C). �®¦®
¯®ª § âì, çâ® £®¬®¬®àä¨§¬ π áîàê¥ªâ¨¢¥, ¨ £àã¯¯  Spin(n,C) á¢ï§ , kerπ =
±1.

�«ï ®¯¨á ¨ï í«¥¬¥â®¢ Spin(n,C) ®¡®§ ç¨¬ ç¥à¥§ Qn−1 ¢á¥ â ª¨¥ y ∈ Cn,
çâ® y =

∑
yjej ¨

∑
y2
j = 1. � íâ®¬ á«ãç ¥ y ∈ C∗n, ¨ Spin(n,C) á®áâ®¨â ¨§

¯à®¨§¢¥¤¥¨ï ç¥â®£® ç¨á«  í«¥¬¥â®¢ Qn−1.
�ãáâì n = 2l+ 1 { ¥ç¥â®. �®£¤   «£¥¡à  C0

n ' Mat(2l,C). �«¥¤®¢ â¥«ì®,
¢ ¥© ¨¬¥¥âáï ¯à®áâ®© «¥¢ë© ¨¤¥ « I à §¬¥à®áâ¨ 2l. �¥¬ á ¬ë¬ ¢®§¨ª ¥â
¥¯à¨¢®¤¨¬®¥ ¯à¥¤áâ ¢«¥¨¥ Spin(2l+ 1,C),  §ë¢ ¥âáï á¯¨®àë¬ ¯à¥¤áâ ¢-
«¥¨¥¬.

�á«¨ n = 2l, â®  «£¥¡à  Cn ¯à®áâ , ¨ ¯®íâ®¬ã ¨¬¥¥âáï ¯à¥¤áâ ¢«¥¨¥
Spin(2l,C) ¢ ¯à®áâ®¬ «¥¢®¬ ¨¤¥ «¥ J à §¬¥à®áâ¨ 2l. �®¢  ¢®§¨ª ¥â á¯¨-
®à®¥ ¯à¥¤áâ ¢«¥¨¥, ® ®® ¯à¨¢®¤¨¬® ¨ à §« £ ¥âáï ¢ ¯àï¬ãî áã¬¬ã ¤¢ãå
¯®¤¯à¥¤áâ ¢«¥¨©

J = (J ∩ C0
n)⊕ (J ∩ C1

n).

�¯à¥¤¥«¥¨¥ 6.25. �àã¯¯  �¨ G ®¤®á¢ï§ , ¥á«¨ ¢ G «î¡®© ¯ãâì áâï£¨-
¢ ¥âáï ¢ â®çªã.

�¥®à¥¬  6.26. �î¡ ï á¢ï§ ï £àã¯¯  �¨ G ¨¬¥¥â ¢¨¤ G ' G̃/N , £¤¥ G̃
{ ®¤®á¢ï§ ï £àã¯¯  �¨, ¨ N { ¤¨áªà¥âë© æ¥âà «ìë© ®à¬ «ìë© ¤¥«¨-
â¥«ì. � à  G̃,N ®¯à¥¤¥«¥  ®¤®§ ç®.

�¯à¥¤¥«¥¨¥ 6.27. �àã¯¯  G̃  §ë¢ ¥âáï ®¤®á¢ï§ë¬  ªàëâ¨¥¬ G.

�à¨¬¥àë 6.28. �«¥¤ãîé¨¥ £àã¯¯ë ®¤®á¢ï§ë: SL(n,C), SU(n,C), Spin(n,C).
�¬¥îâáï á«¥¤ãîé¨¥ ®¤®á¢ï§ë¥  ªàëâ¨ï:

1. R→ U(1,C);
2. SL(2,C)→ SO(3,C);
3. SU(2,C)→ SO(3,R);
4. SL(2,C)× SL(2,C)→ SO(4,C);
5. SL(4,C)→ SO(6,C).
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�à¨ íâ®¬ ¢ á¨«ã ¥¤¨áâ¢¥®áâ¨  ªàëâ¨ï

Spin(3,C) ' SL(2,C), Spin(4,C) ' SL(2,C)× SL(2,C),
Spin(6,C) ' SL(4,C).

3. �à¥¤áâ ¢«¥¨ï £àã¯¯ �¨

�¯à¥¤¥«¥¨¥ 6.29. �à¥¤áâ ¢«¥¨¥¬ «¨¥©®© £àã¯¯ë G ¢ ª®¬¯«¥ªá®¬
¯à®áâà áâ¢¥ V  §ë¢ â¥áï £®¬®¬®àä¨§¬ «¨¥©ëå £àã¯¯ φ : G → GL(V ) ¢
á¬ëá«¥ ®¯à¥¤¥«¥¨ï 6.15. �àã£¨¬¨ á«®¢ ¬¨, ¥á«¨ ¢ V ¢ë¡à  ¡ §¨á, â® φ § ¤ ¥â
£®¬®¬®àä¨§¬ «¨¥©ëå £àã¯¯ φ : G→ GL(n,C)

�¥®à¥¬  6.30. �ãáâì G ª®¬¯ ªâ ï £àã¯¯  �¨. �®£¤    G áãé¥áâ¢ã¥â
¨ ¥¤¨áâ¢¥ë© â ª®© ¨â¥£à «

∫
G
f(g)dg ¤«ï ª ¦¤®©   «¨â¨ç¥áª®© äãª-

æ¨¨ f   G, çâ® ®

1. «¨¥¥ ®â®á¨â¥«ì® äãªæ¨¨ f ;
2.
∫
G
dg = 1,

∫
G
|f(g)|2dg > 0, ¥á«¨ f 6= 0;

3.
∫
G
f(g)dg =

∫
G
f(g−1)dg =

∫
G
f(gh)dg =

∫
G
f(hg)dg, ¥á«¨ h ∈ G.

�«¥¤áâ¢¨¥ 6.31. �ãáâì § ¤ ® ¯à¥¤áâ ¢«¥¨¥ φ : G→ GL(V ), £¤¥ dimV <
∞. � ¢¢®¤¨âáï áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ (x, y). �¢¥¤¥¬ ®¢®¥ áª «ïà®¥ ¯à®¨§¢¥-
¤¥¨¥ 〈x, y〉 =

∫
G

(φ(g)x, φ(g)y)dg. � á¨«ã á¢®©áâ¢ ¨â¥£à «  ª ¦¤ë© ®¯¥à â®à
φ(h), h ∈ G, ã¨â à¥.

�«¥¤áâ¢¨¥ 6.32. �î¡®¥ ª®¥ç®¬¥à®¥ ¯à¥¤áâ ¢«¥¨¥ ª®¬¯ ªâ®© £àã¯-
¯ë �¨ ¢¯®«¥ ¯à¨¢®¤¨¬®.

�¥®à¥¬  6.33. �î¡®¥ ¥¯à¨¢®¤¨¬®¥ ª®¬¯«¥ªá®¥ ¯à¥¤áâ ¢«¥¨¥ ª®¬¯ ª-
â®© £àã¯¯ë �¨ ª®¥ç®¬¥à®.

�¥®à¥¬  6.34. �àã¯¯  ¢á¥å ã¨â àëå ¬ âà¨æ U(n,C) ï¢«ï¥âáï ¬ ª-
á¨¬ «ì®© ª®¬¯ ªâ®© ¯®¤£àã¯¯®© ¢ GL(n,C). �î¡ ï ¤àã£ ï ¬ ªá¨¬ «ì ï
ª®¬¯ ªâ ï ¯®¤£àã¯¯  ¢ GL(n,C) á®¯àï¦¥  á U(n,C). �àã¯¯  ¢á¥å ®àâ®-
£® «ìëå ¬ âà¨æ O(n,R) ï¢«ï¥âáï ¬ ªá¨¬ «ì®© ª®¬¯ ªâ®© ¯®¤£àã¯¯®©
¢ GL(n,R). �î¡ ï ¤àã£ ï ¬ ªá¨¬ «ì ï ª®¬¯ ªâ ï ¯®¤£àã¯¯  ¢ GL(n,R)
á®¯àï¦¥  á O(n,R).

�¯à¥¤¥«¥¨¥ 6.35. �àã¯¯  �¨ ¯®«ã¯à®áâ , ¥á«¨ ¢ ¥© ¥â ¥¥¤¨¨çëå
á¢ï§ëå ®à¬ «ìëå  ¡¥«¥¢ëå ¯®¤£àã¯¯.

�à¨¬¥à 6.36. �àã¯¯ë SL(n,C),SU(n,C),SO(3,R) ¯®«ã¯à®áâë.

�¥®à¥¬  6.37. �î¡ ï á¢ï§ ï ¯®«ã¯à®áâ ï £àã¯¯  �¨ ¤®¯ãáª ¥â â®ç®¥
«¨¥©®¥ ¯à¥¤áâ ¢«¥¨¥.

�¯à¥¤¥«¥¨¥ 6.38. � ªá¨¬ «ìë¬ â®à®¬ ¢ £àã¯¯¥ �¨ G  §ë¢ ¥âáï
¬ ªá¨¬ «ì ï ¯®¤£àã¯¯  �¨, ï¢«ïîé ïáï ¯àï¬ë¬ ¯à®¨§¢¥¤¥¨¥¬ £àã¯¯ C

∗.

�à¨¬¥àë 6.39. � ªá¨¬ «ìë© â®à
¢ GL(n,C) { ¯®¤£àã¯¯  ¤¨ £® «ìëå ¬ âà¨æ D(n,C),
¢ SL(n,C) { ¯®¤£àã¯¯  ¤¨ £® «ìëå ¬ âà¨æ D(n,C) ∩ SL(n,C),
¢ SO(n,C) { ¯®¤£àã¯¯  ¤¨ £® «ìëå ¬ âà¨æ D(n,C) ∩ SO(n,C).

�¥®à¥¬  6.40. � á¢ï§®© ª®¬¯ ªâ®© £àã¯¯¥ �¨ ¬ ªá¨¬ «ìë© â®à ï¢-
«ï¥âáï ¬ ªá¨¬ «ì®© á¢ï§®© ª®¬¬ãâ â¨¢®© ¯®¤£àã¯¯®© �¨. �á¥ â ª¨¥
¯®¤£àã¯¯ë á®¯àï¦¥ë.
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�¯à¥¤¥«¥¨¥ 6.41. � ªá¨¬ «ì ï á¢ï§ ï à §à¥è¨¬ ï ¯®¤£àã¯¯  �¨ B+

¢ £àã¯¯¥ �¨ G  §ë¢ ¥âáï ¯®¤£àã¯¯®© �®à¥«ï .

� ¬¥â¨¬, çâ® B+ á®¤¥à¦¨â ¬ ªá¨¬ «ìë© â®à H.

�¥®à¥¬  6.42 (�®à®§®¢, �®à¥«ì) . �á¥ ¯®¤£àã¯¯ë �®à¥«ï B+ á¢ï§®©
ª®¬¯«¥ªá®© £àã¯¯ë �¨ G á®¯àï¦¥ë ¬¥¦¤ã á®¡®© ¢ G.

�à¨¬¥àë 6.43. �á«¨ G = GL(n,C), â® B+ = T (n,C). �á«¨ G { ®¤  ¨§
£àã¯¯ SO(n,C), SL(n,C), SU(n,C), â® B+ = T (n,C) ∩G.

�¯à¥¤¥«¥¨¥ 6.44. �ãáâì φ : G→ GL(n,C) { ª®¬¯«¥ªá®¥ ¯à¥¤áâ ¢«¥¨¥
£àã¯¯ë �¨ G. �«ï «î¡®£® £®¬®¬®àä¨§¬  χ : G → C

∗ ç¥à¥§ Vχ ®¡®§ ç¨¬
¯®¤¯à®áâà áâ¢®

Vχ = {v ∈ V |φ(g)v = χ(g)v ¤«ï «î¡®£® g ∈ G}.
�¥ã«¥¢®¥ ¯®¤¯à®áâà áâ¢® Vχ  §ë¢ ¥âáï ¢¥á®¢ë¬, ¥ã«¥¢ë¥ ¢¥ªâ®àë ¨§ Vχ
 §ë¢ îâáï ¢¥á®¢ë¬¨,   äãªæ¨ï χ ¢ íâ®¬ á«ãç ¥  §ë¢ ¥âáï ¢¥á®¬.

�á«¨ H { ¬ ªá¨¬ «ìë© â®à ¢ G, â® H ï¢«ï¥âáï ª®¬¯ ªâ®©  ¡¥«¥¢®© £àã¯-
¯®©. �«¥¤®¢ â¥«ì®, ¢á¥ ¥¥ ¥¯à¨¢®¤¨¬ë¥ ¯à¥¤áâ ¢«¥¨ï ®¤®¬¥àë. �®íâ®¬ã
¥á«¨ § ¤ ® ª®¥ç®¬¥à®¥ ¯à¥¤áâ ¢«¥¨¥ φ : G→ GL(V ) á¢ï§®© ª®¬¯ ªâ®©
£àã¯¯ë �¨ G á ¬ ªá¨¬ «ìë¬ â®à®¬ H, â®

V = ⊕sj=1Vλj (H).

�¯à¥¤¥«¥¨¥ 6.45. �¥á®¢®© ¢¥ªâ®à v ∈ Vλj \ 0 ¤«ï H  §ë¢ ¥âáï áâ à-

è¨¬, ¥á«¨ ¤«ï ª ¦¤®£® í«¥¬¥â  g ∈ B+  ©¤¥âáï â ª®¥ ç¨á«® χg ∈ C, çâ®
φ(g)v = χgv.

� ç áâ®áâ¨, áâ àè¨© ¢¥á § ¤ ¥â £®¬®¬®àä¨§¬ χ : B+ → C
∗.

�¥®à¥¬  6.46. �¥¯à¨¢®¤¨¬®¥ ª®¥ç®¬¥à®¥ ¯à¥¤áâ ¢«¥¨¥ á¢ï§®© ¯®-
«ã¯à®áâ®©  «£¥¡à ¨ç¥áª®© £àã¯¯ë G ®¤®§ ç®, á â®ç®áâìî ¤® íª¢¨¢ «¥â-
®áâ¨ ®¯à¥¤¥«ï¥âáï á¢®¨¬ áâ àè¨¬ ¢¥á®¬.

�à¨¬¥à 6.47. �ãáâì G = SL(2,C). �®£¤  ¨¬¥¥âáï ¥áâ¥áâ¢¥®¥ ¯à¥¤áâ ¢-
«¥¨¥ G ¢ ¯à®áâà áâ¢¥ Pn ®¤®à®¤ëå ª®¬¯«¥ªáëå ¬®£®ç«¥®¢ ®â X,Y áâ¥-
¯¥¨ n, ¨¬¥®, (

a b
c d

)
◦ f(X,Y ) = f(aX + bY, cX + dY ).

�®à¥«¥¢áª ï ¯®¤£àã¯¯  B+ á®áâ®¨â ¨§ ¢á¥å ¢¥àå¥âà¥ã£®«ìëå ¬ âà¨æ

B =
(
a b
0 d

)
, a, d ∈ C∗, b ∈ C.

�â àè¨¬ ¢¥ªâ®à®¬ íâ®£® ¯à¥¤áâ ¢«¥¨ï ï¢«ï¥âáï ¬®£®ç«¥ Y n, â ª ª ª B ◦
Y n = a−nY n.

�¥£ª® ¢¨¤¥âì, çâ® −E ¤¥©áâ¢ã¥â ¯à¨ íâ®¬ ¯à¥¤áâ ¢«¥¨¨ â®¦¤¥áâ¢¥®,
¥á«¨ n ç¥â®. �«¥¤®¢ â¥«ì®, ¯à¨ ç¥â®¬ n = 2k ¯®«ãç ¥âáï ¥¯à¨¢®¤¨¬®¥
¯à¥¤áâ ¢«¥¨¥ SO(3,C) ' SL(2,C)/{±E} áâ¥¯¥¨ 2k + 1.

�à¨¬¥à 6.48. �ãáâì Pn ª ª ¨ ¢ëè¥. � ¬¥â¨¬, çâ® SU(2,C) á®áâ®¨â ¨§ ¢á¥å
¬ âà¨æ ¢¨¤  (

a −b
b a

)
, a, b ∈ C, |a|2 + |b|2 = 1.
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�¯à¥¤¥«¨¬ ¯à¥¤áâ ¢«¥¨¥ SU(2,C) ¢ Pn ª ª ®£à ¨ç¥¨¥ ¯à¥¤áâ ¢«¥¨ï SL(2,C)
¨§ ¯à¨¬¥à  6.47   ¯®¤£àã¯¯ã
SU(2,C). �®«ãç ¥âáï ¥¯à¨¢®¤¨¬®¥ ¯à¥¤áâ ¢«¥¨¥ SU(2,C) á® áâ àè¨¬ ¢¥ªâ®-
à®¬ Xn. �¥©áâ¢¨â¥«ì®,

B+ = SU(2,C) ∩ T (2,C) =
{(

a 0
0 a

)
|a ∈ C, |a| = 1

}
,

¨ ¯®íâ®¬ã (
a 0
0 a

)
◦Xn = anXn.

�à¨ ç¥â®¬ n = 2k ¯®«ãç ¥âáï ¥¯à¨¢®¤¨¬®¥ ª®¬¯«¥ªá®¥ ¯à¥¤áâ ¢«¥¨¥
SO(3,R) áâ¥¯¥¨ 2k + 1.

�à¥¤áâ ¢«¥¨¥ ¨§ ¯à¨¬¥à  6.48 ¬®¦® ®¯¨á âì ¯®-¤àã£®¬ã. �ãáâì Hn {
¯à®áâà áâ¢® ¢á¥å ®¤®à®¤ëå ª®¬¯«¥ªáëå ¬®£®ç«¥®¢ f áâ¥¯¥¨ n, ã¤®¢-
«¥â¢®àïîé¨å ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î

∆f = 0, ∆ =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
.

�¥©áâ¢¨¥ SO(3,R) ¨¤ãæ¨à®¢ ® ¥áâ¥áâ¢¥ë¬ ¤¥©áâ¢¨¥¬   ª®®à¤¨ â å
âà¥å¬¥àëå ¢¥ªâ®à®¢. �â® ¯à¥¤áâ ¢«¥¨¥ ¨¬¥¥â áâ¥¯¥ì 2n + 1  ¤ R, ¨ ®®
íª¢¨¢ «¥â® ¯à¥¤áâ ¢«¥¨î ¢ Pn. � ª¨¬ ®¡à §®¬, ¯®«ãç îâáï ¢á¥ ¥¯à¨¢®-
¤¨¬ë¥ ¯à¥¤áâ ¢«¥¨ï SO(3,R).
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