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Àëåêñååâ Àíàòîëèé Äìèòðèåâè÷ � äîöåíò êàôåäðû äèôôåðåíöèàëüíûõ

óðàâíåíèé ÞÔÓ.

Êóäðÿøîâ Ñòàíèñëàâ Íèêèôèðîâè÷ � äîöåíò êàôåäðû äèôôåðåíöèàëüíûõ

óðàâíåíèé ÞÔÓ.

Óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè â ïðèìåðàõ è çàäà÷àõ.

Ó÷åáíîå ïîñîáèå, Ðîñòîâ-íà-Äîíó, 2008, 98 ñòð. Äàííîå ó÷åáíîå ïîñîáèå ÿâëÿ-

åòñÿ ðåçóëüòàòîì çíà÷èòåëüíîé ïåðåðàáîòêè ÷åòûðåõ ìåòîäè÷åñêèõ óêàçàíèé

Àëåêñååâà À.Ä. , Ðàä÷åíêî Ò.Í. , Ðîãîæèíà Â.Ñ. è Õàñàáîâà Ý.Ã. , îïóáëèêî-

âàííûõ â ÓÏË ÐÃÓ â 1992 ãîäó. Äîáàâëåíî ìíîãî íîâûõ çàäà÷, ïðèâåäåíû

ïîäðîáíûå ðåøåíèÿ ñòàíäàðòíûõ çàäà÷. Ðàñøèðåíà òåîðåòè÷åñêàÿ ÷àñòü.

Â ïîñîáèè ðàññìàòðèâàþòñÿ çàäà÷è íà êëàññèôèêàöèþ äèôôåðåíöèàëüíûõ

óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïîðÿäêà, ïðèâåäåíèþ èõ ê êà-

íîíè÷åñêîìó âèäó, íàõîæäåíèþ îáùåãî ðåøåíèÿ è ðåøåíèÿ çàäà÷è Êîøè äëÿ

óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà.

Îíî áóäåò ïîëåçíî ïðè èçó÷åíèè òåîðåòè÷åñêîãî êóðñà "Óðàâíåíèÿ ìàòå-

ìàòè÷åñêîé ôèçèêè"ñòóäåíòàìè ôàêóëüòåòà ìåõàíèêè, ìàòåìàòèêè è êîìïüþ-

òåðíûõ íàóê, ôèçè÷åñêîãî ôàêóëüòåòà è ôàêóëüòåòà âûñîêèõ òåõíîëîãèé.



1. ÏÐÈÂÅÄÅÍÈÅ Ê ÊÀÍÎÍÈ×ÅÑÊÎÌÓ ÂÈÄÓ ÓÐÀÂÍÅÍÈÉ Â

×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ.

Â ýòîì ðàçäåëå ðàññìàòðèâàþòñÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ

ïðîèçâîäíûõ âòîðîãî ïîðÿäêà, ëèíåéíûå îòíîñèòåëüíî âòîðûõ ïðîèçâîäíûõ,

ñëåäóþùåãî âèäà:

A
∂2u

∂x2 + 2B
∂2u

∂x∂y
+ C

∂2u

∂y2 + f(x, y, u,
∂u

∂x
,
∂u

∂y
) = 0. (1.1)

Çäåñü u = u(x, y) - èñêîìàÿ ôóíêöèÿ, A = A(x, y),B = B(x, y), C = C(x, y),

f(x, y, u, ∂u∂x ,
∂u
∂y ) - çàäàííûå ôóíêöèè, ïðè÷åì À, Â, Ñ â ðàññìàòðèâàåìûõ îá-

ëàñòÿõ íåïðåðûâíû âìåñòå ñî ñâîèìè ïðîèçâîäíûìè.

Âûðàæåíèå ∆ = B2 − AC íàçûâàåòñÿ äèñêðèìèíàíòîì ýòîãî óðàâíåíèÿ.

Åñëè â íåêîòîðîé îáëàñòè D ïëîñêîñòè õó âûïîëíÿåòñÿ íåðàâåíñòâî ∆ > 0,

óðàâíåíèå (1.1) íàçûâàåòñÿ ãèïåðáîëè÷åñêèì â ýòîé îáëàñòè. Ïðè ∆ = 0

â îáëàñòè D óðàâíåíèå (1.1) íàçûâàåòñÿ ïàðàáîëè÷åñêèì, à ïðè ∆ < 0 â

D − ýëëèïòè÷åñêèì â îáëàñòè D.

Çàìåíîé ïåðåìåííûõ õ, ó íà íîâûå ξ, η ïî ôîðìóëàì

ξ = ϕ1(x, y), η = ϕ2(x, y) (1.2)

ïðè ñîîòâåòñòâóþùåì âûáîðå ôóíêöèé ϕ1(x, y), ϕ2(x, y) â êàæäîì èç óêàçàí-

íûõ òðåõ ñëó÷àåâ óðàâíåíèå (1.1) ìîæåò áûòü ïðèâåäåíî ê òàê íàçûâàåìîìó

êàíîíè÷åñêîìó âèäó, à èìåííî, ê âèäó

∂2u
∂ξ∂η = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ) â ñëó÷àå ãèïåðáîëè÷åñêîãî,

∂2u
∂2η = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ) â ñëó÷àå ïàðàáîëè÷åñêîãî è

∂2u
∂2ξ+

∂2u
∂2η = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ) â ñëó÷àå ýëëèïòè÷åñêîãî óðàâíåíèÿ (ïðè ýòîì óðàâ-

íåíèå (1.1) ÷àñòî çàìåòíî óïðîùàåòñÿ).

Ïðè îñóùåñòâëåíèè óêàçàííîé çàìåíû ïåðåìåííûõ ïîíàäîáèòñÿ âûðàæå-
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íèå õ è ó ÷åðåç ξ è η. Ò. å. ñèñòåìà óðàâíåíèé (1.2) äîëæíà áûòü ðàçðåøèìîé

îòíîñèòåëüíî õ è ó. Èçâåñòíî, ÷òî óñëîâèåì òàêîé ðàçðåøèìîñòè ÿâëÿåòñÿ

íåðàâåíñòâî

∂(ϕ1, ϕ2)

∂(x, y)
= det

∂ϕ1

∂x
∂ϕ1

∂y

∂ϕ2

∂x
∂ϕ2

∂y

 = det

 ∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

 6= 0 (1.3)

Ïîýòîìó ïðè âûáîðå ôóíêöèé ϕ1, ϕ2 ìû äîëæíû çàáîòèòüñÿ î òîì, ÷òîáû â

ðàññìàòðèâàåìîé îáëàñòè îíè óäîâëåòâîðÿëè ýòîìó íåðàâåíñòâó.

Äëÿ íàõîæäåíèÿ ôóíêöèé ϕ1(x, y), ϕ2(x, y), ïðè êîòîðûõ çàìåíà ïåðåìåí-

íûõ (1.2) ïðèâîäèò óðàâíåíèå (1.1) ê êàíîíè÷åñêîìó âèäó, ñîñòàâëÿåòñÿ ñëå-

äóþùåå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå

Ady2 − 2Bdxdy + Cdx2 = 0 (1.4).

Îíî íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì äëÿ óðàâíåíèÿ (1.1).

Åñëè A(x, y) ≡ C(x, y) ≡ 0 â îáëàñòè D, òî B(x, y) 6= 0 â D (èíà÷å óðàâ-

íåíèå (1.1) íå ÿâëÿåòñÿ óðàâíåíèåì âòîðîãî ïîðÿäêà â ýòîé îáëàñòè). Òîãäà

óðàâíåíèå (1.1) ÿâëÿåòñÿ ãèïåðáîëè÷åñêèì â óêàçàííîé îáëàñòè è ïîñëå äå-

ëåíèÿ íà Â(õ,ó) ïðèîáðåòàåò êàíîíè÷åñêèé âèä. Ïîýòîìó â äàëüíåéøåì íàñ

áóäóò èíòåðåñîâàòü ñëó÷àè, êîãäà â D èëè A 6= 0, èëè C 6= 0.

Ïðè A 6= 0 óðàâíåíèå (1.4)ðàçðåøàåòñÿ îòíîñèòåëüíî dy è ðàñïàäàåòñÿ íà

äâà óðàâíåíèÿ

Ady − (B +
√

∆)dx = 0 (1.51)

Ady − (B −
√

∆)dx = 0 (1.52)

(ïðè C 6= 0 óðàâíåíèå (1.4)ðàñïàäàåòñÿ íà äâà óðàâíåíèÿ

Cdx− (B +
√

∆)dy = 0, Cdx− (B −
√

∆)dy = 0).
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1) Ïóñòü óðàâíåíèå (1.1) â îáëàñòè D ÿâëÿåòñÿ ãèïåðáîëè÷åñêèì (∆ > 0)

è, äëÿ îïðåäåëåííîñòè A 6= 0. Òîãäà óðàâíåíèÿ (1.51) è (1.52) ðàçëè÷íû è äåé-

ñòâèòåëüíû. Â ýòîì ñëó÷àå äëÿ ïðèâåäåíèÿ óðàâíåíèÿ (1.1) ê êàíîíè÷åñêîìó

âèäó ñëåäóåò â ôîðìóëàõ (1.2) â êà÷åñòâå ϕ1(x, y) âçÿòü êàêîé-íèáóäü èíòå-

ãðàë óðàâíåíèÿ (1.51), à â êà÷åñòâå ϕ2(x, y) - êàêîé-íèáóäü èíòåãðàë óðàâíå-

íèÿ (1.52) (èëè íàîáîðîò), òàê ÷òîáû äëÿ íèõ âûïîëíÿëîñü íåðàâåíñòâî (1.3).

Òàêîé âûáîð èíòåãðàëîâ óêàçàííûõ óðàâíåíèé âñåãäà âîçìîæåí.

Åñëè îáùåå ðåøåíèå îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâî-

ãî ïîðÿäêà ðàçðåøåíî îòíîñèòåëüíî ïðîèçâîëüíîé ïîñòîÿííîé, òî åñòü çàïè-

ñàíî â âèäå ðàâåíñòâà ϕ(x, y) = C, òî ýòî ðàâåíñòâî íàçûâàåòñÿ îáùèì èí-

òåãðàëîì ðàññìàòðèâàåìîãî óðàâíåíèÿ, à âõîäÿùàÿ â íåãî ôóíêöèÿ ϕ(x, y) -

èíòåãðàëîì ýòîãî óðàâíåíèÿ.

2) Â ñëó÷àå ïàðàáîëè÷åñêîãî óðàâíåíèÿ (∆ = 0) óðàâíåíèÿ (1.51) è (1.52)

îäèíàêîâû è èìåþò âèä:

Ady −Bdx = 0. (1.5)

Â ýòîì ñëó÷àå äëÿ ïðèâåäåíèÿ óðàâíåíèÿ (1.1) ê êàíîíè÷åñêîìó âèäó â êà÷å-

ñòâå îäíîé èç ôóíêöèé

ϕ1(x, y), ϕ2(x, y)

ñëåäóåò âçÿòü êàêîé-íèáóäü èíòåãðàë óðàâíåíèÿ (1.5). Äðóãóþ æå èç ýòèõ

ôóíêöèé ìîæíî âûáðàòü ïðîèçâîëüíî, íî òàê, ÷òîáû âûïîëíÿëîñü íåðàâåí-

ñòâî (1.3) (ìîæíî ïîêàçàòü, ÷òî â êà÷åñòâå ýòîé äðóãîé ôóíêöèè âñåãäà ãîäèò-

ñÿ èëè õ, èëè ó).

3) Åñëè ∆ < 0 â îáëàñòè D, ò.å. óðàâíåíèå (1.1) ýëëèïòè÷åñêîå â ýòîé îá-

ëàñòè, òî êîýôôèöèåíòû B ±
√

∆ â óðàâíåíèÿõ (1.51) è (1.52) êîìïëåêñíû.

Ïîýòîìó êîìïëåêñíû è èíòåãðàëû ýòèõ óðàâíåèé. Äëÿ ïðèâåäåíèÿ óðàâíåíèÿ

(1.1) ê êàíîíè÷åñêîìó âèäó â ýòîì ñëó÷àå äîñòàòî÷íî âçÿòü êàêîé-íèáóäü èí-
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òåãðàë ϕ(x, y) ëþáîãî èç óðàâíåíèé (1.51), (1.52) è â ôîðìóëàõ (1.2) ïîëîæèòü

ϕ1(x, y) = Reϕ(x, y), ϕ2(x, y) = Imϕ(x, y) (èëè íàîáîðîò).

Ïðè çàìåíå ïåðåìåííûõ (1.2) ïðîèçâîäíûå ôóíêöèè u ïî ñòàðûì ïåðåìåí-

íûì õ, ó, êàê èçâåñòíî èç àíàëèçà, âûðàæàþòñÿ ÷åðåç åå ïðîèçâîäíûå ïî íîâûì

ïåðåìåííûì ξ, η ïî ñëåäóþùèì ôîðìóëàì:

∂u

∂x
=
∂u

∂ξ

∂ξ

∂x
+
∂u

∂η

∂η

∂x
,

∂u

∂y
=
∂u

∂ξ

∂ξ

∂y
+
∂u

∂η

∂η

∂y
,

∂2u

∂x2 =
∂2u

∂ξ2 (
∂ξ

∂x
)2 + 2

∂2u

∂ξ∂η

∂ξ

∂x

∂η

∂x
+
∂2u

∂η2 (
∂η

∂x
)2 +

∂u

∂ξ

∂2ξ

∂x2 +
∂u

∂η

∂2η

∂x2 , (1.6)

∂2u

∂y2 =
∂2u

∂ξ2 (
∂ξ

∂y
)2 + 2

∂2u

∂ξ∂η

∂ξ

∂y

∂η

∂y
+
∂2u

∂η2 (
∂η

∂y
)2 +

∂u

∂ξ

∂2ξ

∂y2 +
∂u

∂η

∂2η

∂y2 ,

∂2u

∂x∂y
=
∂2u

∂ξ2

∂ξ

∂x

∂ξ

∂y
+

∂2u

∂ξ∂η
(
∂ξ

∂x

∂η

∂y
+
∂ξ

∂y

∂η

∂x
) +

∂2u

∂η2

∂η

∂x

∂η

∂y
+
∂u

∂ξ

∂2ξ

∂x∂y
+
∂u

∂η

∂2η

∂x∂y
.

Ïîäðîáíîå îáîñíîâàíèå îïèñàííîãî ìåòîäà ìîæíî íàéòè, íàïðèìåð, â

È.Ã. Ïåòðîâñêèé, Ëåêöèè îá óðàâíåíèÿõ ñ ÷àñòíûõ ïðîèçâîäíûìè, 1961 ã.

ÇÀÌÅ×ÀÍÈÅ 1. Ïðè íàõîæäåíèè ôóíêöèé ϕ1(x, y), ϕ2(x, y) ïîëåçíî

èìåòü â âèäó ñëåäóþùèé èçâåñòíûé èç òåîðèè äèôôåðåíöèàëüíûõ óðàâíå-

íèé ôàêò:

åñëè ϕ(x, y) åñòü èíòåãðàë óðàâíåíèÿ M(x, y)dx + N(x, y)dy = 0 (óðàâíåíèÿ

(1.51), (1.52), (1.5) èìåííî òàêîâû), òî Φ(ϕ(x, y)), ãäå Φ(z) - ëþáàÿ äèôôåðåí-

öèðóåìàÿ ôóíêöèÿ, òàêæå ÿâëÿåòñÿ èíòåãðàëîì ýòîãî óðàâíåíèÿ.
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Íàïðèìåð, åñëè ln(x + y − 5) ÿâëÿåòñÿ èíòåãðàëîì óêàçàííîãî óðàâíåíèÿ,

òî ôóíêöèÿ õ+ó òàêæå ÿâëÿåòñÿ èíòåãðàëîì ýòîãî óðàâíåíèÿ. Â ñàìîì äå-

ëå, x + y = eln(x+y−5) + 5, à ôóíêöèÿ Φ(z) = ez + 5 äèôôåðåíöèðóåìà ïðè

ëþáîì z.

ÇÀÌÅ×ÀÍÈÅ 2. Àíàëîãè÷íîå ðàññóæäåíèå îòíîñèòñÿ è ê óðàâíåíèÿì ïà-

ðàáîëè÷åñêîãî òèïà. Òàê, åñëè ϕ(x, y) = c îáùèé èíòåãðàë óðàâíåíèÿ (1.5), òî

â êà÷åñòâå çàìåíû áåðåì

ξ = ϕ(x, y)

èëè

ξ = Φ(ϕ(x, y)),

ãäå Φ(z) òîæå, ÷òî è âûøå. Ïóñòü, íàïðèìåð, (1.5) çàïèñàëîñü â âèäå

3xdy + ydx = 0.

Ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

dy

y
= −dx

3x

èëè

ln |y| = −lnx
3

+ ln c.

Îòñþäà îáùèé èíòåãðàë çàïèøåòñÿ â âèäå y 3
√
x = c. Íî çàìåíà ξ = y 3

√
x

íåóäîáíà. Ëó÷øå ξ = (y 3
√
x)3 èëè ξ = y3x. Ïðè ïîäñòàíîâêå ïîñëåäíåé ðåäàê-

öèè ξ "õëîïîò" áóäåò ïîìåíüøå.

Äëÿ óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà èçìåíÿòü ϕ1(x, y) è ϕ2(x, y) íåëüçÿ.

Ìàêñèìóì äîïóñòèìîãî óìíîæèòü íà −1 äëÿ óäîáñòâà. Ñìîòðèòå ñëåäóþùèé

ïðèìåð 1.

Ðàññìîòðèì íåêîòîðûå ïðèìåðû çàäà÷.
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ÏÐÈÌÅÐ 1. Óðàâíåíèå

y2∂
2u

∂x2 + 2xy
∂2u

∂x∂y
+ 2x2∂

2u

∂y2 + y
∂u

∂y
= 0 (1.7)

ïðèâåñòè ê êàíîíè÷åñêîìó âèäó â îáëàñòè x 6= 0, y 6= 0.

Èìååì: ∆ = B2−AC = x2y2−2x2y2 < 0 â óêàçàííîé îáëàñòè. Ñëåäîâàòåëü-

íî, â ýòîé îáëàñòè çàäàííîå óðàâíåíèå ÿâëÿåòñÿ ýëëèïòè÷åñêèì. Ñîñòàâëÿåì

äëÿ íåãî õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

y2dy2 − 2xydxdy + 2x2dx2 = 0.

Ðàçðåøàÿ åãî îòíîñèòåëüíî dy, ïîëó÷àåì äâà óðàâíåíèÿ:

ydy − (1 + i)xdx = 0 è ydy − (1− i)xdx = 0.

Íàéäåì èíòåãðàë êàêîãî-íèáóäü èç ýòèõ óðàâíåíèé (íàïðèìåð, ïåðâîãî). Òàê

êàê

−y2 + (1 + i)x2 = C

åñòü îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ, åãî èíòåãðàëîì ÿâëÿåòñÿ êîìïëåêñíàÿ

ôóíêöèÿ

ϕ(x, y) = x2 − y2 + ix2.

Êàê óêàçûâàëîñü âûøå, äëÿ ïðèâåäåíèÿ çàäàííîãî óðàâíåíèÿ ê êàíîíè÷åñêî-

ìó âèäó äîñòàòî÷íî ïðîèçâåñòè çàìåíó ïåðåìåííûõ:

ξ = Reϕ(x, y) = x2 − y2, η = Imϕ(x, y) = x2. (1.8)

Ëåãêî âèäåòü, ÷òî óñëîâèå (1.3) äëÿ ýòèõ ôóíêöèé âûïîëíÿåòñÿ. Ïðîèçâîäÿ
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çàìåíó (1.8), ìû ïî ôîðìóëàì (1.6) ïîëó÷àåì:

∂u

∂x
=
∂u

∂ξ
2x+

∂u

∂η
2x,

∂u

∂y
= −2y

∂u

∂ξ
,

∂2u

∂y2 = −2
∂u

∂ξ
+ 4y2∂

2u

∂ξ2 ,

∂2u

∂x∂y
= −4xy(

∂2u

∂ξ2 +
∂2u

∂ξ∂η
),

∂2u

∂x2 = 2
∂u

∂ξ
+ 2

∂u

∂η
+ 4x2(

∂2u

∂ξ2 + 2
∂u

∂ξ∂η
+
∂2u

∂η2 ).

Ïîäñòàâèâ ïîëó÷åííûå âûðàæåíèÿ â (1.7) è çàìåíèâ õ è ó íà ξ è η ïî ôîðìóëàì

(1.8), ìû ïðèõîäèì ê ñëåäóþùåìó êàíîíè÷åñêîìó óðàâíåíèþ

∂2u

∂ξ2 +
∂2u

∂η2 −
1

η − ξ

∂u

∂ξ
+

1

2η

∂u

∂η
= 0.

Èíîãäà ïîñëå ïðèâåäåíèÿ ê êàíîíè÷åñêîìó âèäó óðàâíåíèå íàñòîëüêî óïðî-

ùàåòñÿ, ÷òî åãî îêàçûâàåòñÿ âîçìîæíûì ðåøèòü. Ïðåæäå ÷åì ïðèâåñòè òàêèå

ïðèìåðû, ðàññìîòðèì ñëåäóþùåå óðàâíåíèå (ïîõîæåå íà îáûêíîâåííîå äèô-

ôåðåíöèàëüíîå óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè),

∂v

∂ξ
= f(ξ)g(v), (1.9)

ãäå v = v(ξ, η) - èñêîìàÿ, à f(ξ) è g(v) - çàäàííûå ôóíêöèè. Ïóñòü dξv = ∂v
∂ξdξ

åñòü ÷àñòíûé äèôôåðåíöèàë (äèôôåðåíöèàë ôóíêöèè v ïðè dη = 0, ò.å. âû-

çâàííûé ïðèðàùåíèåì dξ îäíîé ëèøü ïåðåìåííîé ξ) ïî ξ ôóíêöèè v(ξ, η).

Òîãäà ÷àñòíàÿ ïðîèçâîäíàÿ ∂v
∂ξ ìîæåò áûòü ïðåäñòàâëåíà â âèäå îòíîøåíèÿ

äâóõ äèôôåðåíöèàëîâ: ∂v∂ξ =
dξv
dξ
. Ýòî ïîçâîëÿåò íàì óðàâíåíèþ (1.9) ïðèäàòü
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ñëåäóþùèé âèä: dξv
g(v) − f(ξ)dξ = 0. À òàê êàê

dξ

∫
dv

g(v)
=

∂

∂ξ
(

∫
dv

g(v)
)dξ = (

d

dv

∫
dv

g(v)
)
∂v

∂ξ
dξ =

dξv

g(v)

è

d

∫
f(ξ)dξ = f(ξ)dξ,

åãî ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

dξ

∫
dv

g(v)
− d

∫
f(ξ)dξ = 0. (1.91)

à) ïóñòü ôóíêöèÿ v = ṽ(ξ, η), åñòü êàêîå-íèáóäü ðåøåíèå óðàâíåíèÿ (1.91)

(à, ñëåäîâàòåëüíî, è óðàâíåíèÿ (1.9)). Òîãäà ñïðàâåäëèâî

dξ(

∫
dv

g(v)
|v=ṽ(ξ,η))− d

∫
f(ξ)dξ = dξ(

∫
dv

g(v)
|v=ṽ(ξ,η) −

∫
f(ξ)dξ) ≡ 0, (1.10)

À ýòî çíà÷èò, ÷òî âûðàæåíèå â ñêîáêàõ íå çàâèñèò îò ξ, ò.å.∫
dv

g(v)
|v=ṽ(ξ,η) −

∫
f(ξ)dξ ≡ C(η), (1.11)

ãäå C(η) - ïðîèçâîëüíàÿ ôóíêöèÿ. Ðàâåíñòâî æå (1.11) îçíà÷àåò, ÷òî ðåøåíèå

ṽ(ξ, η) óðàâíåíèÿ (1.9) îïðåäåëÿåòñÿ íåÿâíî ðàâåíñòâîì∫
dv

g(v)
−

∫
f(ξ)dξ = C(η). (1.12)

á) ïóñòü, íàîáîðîò, ṽ(ξ, η) åñòü ôóíêöèÿ, îïðåäåëåííàÿ íåÿâíî ðàâåíñòâîì

(1.12) ïðè êàêîé-íèáóäü ôóíêöèè C(η). Òîãäà âåðíî (1.11), à, ñëåäîâàòåëüíî,

è (1.10). Íî ýòî çíà÷èò, ÷òî ṽ(ξ, η) ÿâëÿåòñÿ ðåøåíèåì (1.9).

Èç à) è á) ñëåäóåò, ÷òî ðåøåíèÿìè óðàâíåíèÿ (1.9) ÿâëÿþòñÿ ôóíêöèè

v(ξ, η), îïðåäåëÿåìûå ðàâåíñòâîì (1.12) ïðè ëþáîé ôóíêöèè C(η), è òîëüêî

îíè. Â ýòîì ñìûñëå ðàâåíñòâî (1.12) â íåÿâíîì âèäå çàäàåò îáùåå ðåøåíèå
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óðàâíåíèÿ (1.9).

ÏÐÈÌÅÐ 2. Ðåøèòü óðàâíåíèå

x2∂
2u

∂x2 − y2∂
2u

∂y2 + 2x
∂u

∂x
− 2y

∂u

∂y
= 0, (1.13)

â îáëàñòè x 6= 0, y 6= 0.

Â óêàçàííîé îáëàñòè ñïðàâåäëèâî ∆ = x2y2 > 0. Ñëåäîâàòåëüíî, â ýòîé îáëà-

ñòè óðàâíåíèå (1.13) ãèïåðáîëè÷åñêîå. Äëÿ ïðèâåäåíèÿ åãî ê êàíîíè÷åñêîìó

âèäó ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå x2dy2 − y2dx2 = 0, êîòîðîå ðàñ-

ïàäàåòñÿ íà ïàðó ðàçëè÷íûõ óðàâíåíèé xdy−ydx = 0 è xdy+ydx = 0. Îáùèå

èíòåãðàëû ýòèõ óðàâíåíèé ñîîòâåòñòâåííî òàêîâû: xy = C è y
x = C. Ôóíê-

öèè æå ϕ1(x, y) = xy è ϕ2(x, y) = y
x ÿâëÿþòñÿ èõ èíòåãðàëàìè. Ïîýòîìó â

ðåçóëüòàòå çàìåíû ïåðåìåííûõ

ξ = xy, η =
y

x
(1.14)

óðàâíåíèå (1.9) áóäåò ïðèâåäåíî ê êàíîíè÷åñêîìó âèäó.

Âû÷èñëÿåì ÷àñòíûå ïðîèçâîäíûå ïî ôîðìóëàì (1.6)

∂u

∂x
=
∂u

∂ξ

∂ξ

∂x
+
∂u

∂η

∂η

∂x
=
∂u

∂ξ
y − ∂u

∂η

y

x2 | × 2x,

∂u

∂y
=
∂u

∂ξ

∂ξ

∂y
+
∂u

∂η

∂η

∂y
=
∂u

∂ξ
x+

∂u

∂η

1

x
| × −2y,

∂2u

∂x2 =
∂2u

∂ξ2 y
2 − 2

y2

x2

∂2u

∂ξ∂η
+
∂2u

∂η2

y2

x4 +
∂u

∂η

2y

x3 | × x2,

∂2u

∂y2 =
∂2u

∂ξ2x
2 + 2

∂2u

∂ξ∂η
+
∂2u

∂η2

1

x2 | × −y2.

Ñìåøàííóþ ïðîèçâîäíóþ, åñòåñòâåííî, íå âû÷èñëÿåì. Ïîäñòàâëÿåì íàéäåí-
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íûå ïðîèçâîäíûå â óðàâíåíèå (1.13) è ïðèâåäåì ïîäîáíûå ÷ëåíû

∂2u

∂ξ2 (x2y2 − x2y2) +
∂2u

∂ξ∂η
(−2y2 − 2y2)+

+
∂2u

∂η2 (
y2

x2 −
y2

x2 ) +
∂u

∂ξ
(2xy − 2xy) +

∂u

∂η
(
2y

x
− 2y

x
− 2y

x
) = 0

ïîñëå î÷åâèäíûõ ïðåîáðàçîâàíèé ïîëó÷àåì

−4y2 ∂
2u

∂ξ∂η
− 2y

x

∂u

∂η
= 0

èëè
∂2u

∂ξ∂η
+

1

2xy

∂u

∂η
= 0.

Ñ ó÷åòîì, ÷òî ξ = xy, îêîí÷àòåëüíî èìååì:

∂2u

∂ξ∂η
+

1

2ξ

∂u

∂η
= 0. (1.15)

Îáîçíà÷èì ∂u
∂η = v(ξ, η). Òîãäà (1.15)

ïðèíèìàåò âèä ∂v
∂ξ + v

2ξ = 0.

Ýòî åñòü óðàâíåíèå òèïà (1.9). Íà îñíîâàíèè (1.12) åãî îáùåå ðåøåíèå îïðå-

äåëÿåòñÿ ðàâåíñòâîì
∫

dv
v + 1

2

∫
dξ
ξ = C(η). Îòñþäà

v =
1√
ξ
eC(η) =

ω(η)√
ξ
. (1.16)

(âñëåäñòâèå ïðîèçâîëüíîñòè C(η) ôóíêöèÿ ω(η) òàêæå ÿâëÿåòñÿ ïðîèçâîëü-

íîé). Ðåøåíèå óðàâíåíèÿ (1.15) ïîëó÷àåòñÿ îòñþäà èíòåãðèðîâàíèåì ïî η:

u =
∫ ω(η)√

ξ
dη + ψ(ξ). Âìåñòî ïðîèçâîëüíîé ïîñòîÿííîé ìû íàïèñàëè çäåñü

ïðîèçâîëüíóþ ôóíêöèþ ψ(ξ), òàê êàê óêàçàííàÿ ôóíêöèÿ u óäîâëåòâîðÿåò

óðàâíåíèþ (1.16) ïðè ïðîèçâîëüíîé ψ(ξ), â ÷åì ëåãêî óáåäèòüñÿ. Îáîçíà÷èâ∫
ω(η)dη = ϕ(η), ãäå ôóíêöèÿ ϕ(η) - ñíîâà ïðîèçâîëüíà, ìû ïîëó÷àåì îáùåå

ðåøåíèå óðàâíåíèÿ (1.15) â âèäå u = 1√
ξ
ϕ(η) + ψ(ξ). Âîçâðàùàÿñü ê ïåðåìåí-
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íûì x, y ïî ôîðìóëàì (1.14), âûâîäèì îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ

(1.13): u = 1√
xyϕ(yx) + ψ(xy). Íàïîìèíàåì, ÷òî ôóíêöèè ϕ è ψ çäåñü ïðîèç-

âîëüíû.

ÏÐÈÌÅÐ 3. Íàéòè ðåøåíèå óðàâíåíèÿ

∂2u

∂x2 + 2
∂2u

∂x∂y
− 3

∂2u

∂y2 = 0, (1.17)

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u|y=0 = 3x2,
∂u

∂y
|y=0 = 0. (1.18)

Íà âñåé ïëîñêîñòè õó ñïðàâåäëèâî ∆ = 1 + 3 > 0. Ñëåäîâàòåëüíî, íà âñåé

ïëîñêîñòè óðàâíåíèå (1.17) ÿâëÿåòñÿ ãèïåðáîëè÷åñêèì, à åãî õàðàêòåðèñòè÷å-

ñêîå óðàâíåíèå dy2−2dxdy−3dx2 = 0 ðàñïàäàåòñÿ íà äâà óðàâíåíèÿ dy = −dx

è dy = 3dx. x+ y = C è y−3x = C�èõ îáùèå èíòåãðàëû, à ôóíêöèè x+ y è

y − 3x - èíòåãðàëû ýòèõ óðàâíåíèé. Ïîýòîìó ê êàíîíè÷åñêîìó âèäó ïðèâîäèò

ñëåäóþùàÿ çàìåíà ïåðåìåííûõ:

ξ = x+ y, η = y − 3x. (1.19)

Â ðåçóëüòàòå ýòîé çàìåíû ìû ïîëó÷àåì óðàâíåíèe

∂2u

∂ξ∂η
= 0. (1.20)

Îáîçíà÷èâ ∂u
∂ξ = v(ξ, η), ìû ïðèâîäèì åãî ê âèäó ∂v

∂η = 0, îòêóäà çàêëþ÷àåì,

÷òî ôóíêöèÿ v îò η íå çàâèñèò, òî åñòü èìååò âèä: v = ω(ξ), ãäå ω(ξ) �

ïðîèçâîëüíàÿ ôóíêöèÿ. Òàêèì îáðàçîì, äëÿ ôóíêöèè u ìû èìååì óðàâíåíèå

∂u
∂ξ = ω(ξ). Èíòåãðèðóÿ ïî ξ, íàõîäèì îáùåå ðåøåíèå óðàâíåíèÿ (1.20)
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u =

∫
ω(ξ)dξ + ψ(η) = ϕ(ξ) + ψ(ξ)

. Çäåñü îáå ôóíêöèè ϕ(ξ), ψ(ξ) ïðîèçâîëüíûå. Âîçâðàùàÿñü ê ïåðåìåííûì

x, y, ïîëó÷àåì îáùåå ðåøåíèå óðàâíåíèÿ (1.17):

u(x, y) = ϕ(x+ y) + ψ(y − 3x). (1.21)

Íàøà çàäà÷à ñîñòîèò â òîì, ÷òîáû èç áåñêîíå÷íîãî ìíîæåñòâà ðåøåíèé (1.21),

âûäåëèòü òî, êîòîðîå óäîâëåòâîðÿåò óñëîâèÿì (1.18). Èíûìè ñëîâàìè, ìû

äîëæíû íàéòè âïîëíå îïðåäåëåííûå ôóíêöèè ϕ è ψ, ïðè êîòîðûõ ôóíêöèÿ u

óäîâëåòâîðÿåò óñëîâèÿì (1.18). Èç (1.21) èìååì ∂u
∂y = ϕ

′
(x+ y) + ψ

′
(y − 3x).

Ïîëàãàÿ çäåñü è â (1.21) y = 0 , èç (1.18) ïîëó÷àåì:

ϕ(x) + ψ(−3x) = 3x2, (1.22)

ϕ
′
(x) + ψ

′
(−3x) = 0. (1.23)

Èç ïîñëåäíåãî ðàâåíñòâà æåëàòåëüíî ïîëó÷èòü óðàâíåíèå, â êîòîðîå âìåñòî

ïðîèçâîäíûõ ϕ
′
(x), ψ

′
(−3x) âõîäèëè áû ôóíêöèè ϕ(x), ψ(−3x). Êàçàëîñü

áû, ýòîé öåëè ìîæíî äîñòè÷ü, èçìåíèâ â (1.23) ñóììó ïðîèçâîäíûõ íà ïðî-

èçâîäíóþ ñóììû ôóíêöèé. Íî ýòîìó ìåøàåò òî îáñòîÿòåëüñòâî, ÷òî øòðèõè

â (1.23) îçíà÷àþò ïðîèçâîäíûå óêàçàííûõ ôóíêöèé ïî èõ àðãóìåíòàì (ϕ
′
(x)

åñòü ïðîèçâîäíàÿ ïî õ, ψ
′
(−3x) - ïðîèçâîäíàÿ ïî -3õ). Ïîýòîìó âíà÷àëå â (1.23)

ïåðåéäåì ê ïðîèçâîäíûì ïî îäíîìó è òîìó æå ïåðåìåííîìó (íàïðèìåð, ïî õ).

Èìååì: dψ(−3x)
dx = dψ(−3x)

d(−3x) ·
d(−3x)
dx = ψ

′
(−3x) · (−3),

îòêóäà ψ
′
(−3x) = −1

3
dψ(−3x)

dx . Òåïåðü (1.23) ïðèíèìàåò âèä

dϕ(x)

dx
− 1

3

dψ(−3x)

dx
=

d

dx
(ϕ(x)− 1

3
ψ(−3x)) = 0.
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Îòñþäà

ϕ(x)− 1

3
ψ(−3x) = C. (1.24)

Èç (1.22) è (1.24) íàõîäèì

ϕ(x) =
3

4
x2 +

3

4
C, ψ(−3x) =

9x2

4
− 3

4
C.

Íàêîíåö, ïîëîæèâ −3x = z, ïîëó÷àåì ψ(z) = z2

4 −
3
4C. Òðåáóåìûå ôóíêöèè ϕ

è ψ íàéäåíû. Ïîäñòàâëÿÿ èõ â (1.21), ìû ïîëó÷èì èñêîìîå ðåøåíèå çàäà÷è

u(x, y) = 3
4(x+ y)2 + 3

4C + (y−3x)2

4 − 3
4C = 3x2 + y2.

ÇÀÌÅ×ÀÍÈÅ 3. Îñëîæíåíèÿ, ñâÿçàííûå ñ íåîäèíàêîâîñòüþ àðãóìåíòîâ

ôóíêöèé ϕ è ψ â (1.22) è (1.23), óñòðàíÿòñÿ, è ðåøåíèå ïîñòàâëåííîé çàäà-

÷è óïðîñòèòñÿ, åñëè ïðîèçâîëüíóþ ôóíêöèþ ψ â(1.21) ìû ïðåäñòàâèì â âèäå

ñëîæíîé ôóíêöèè ψ̃(ω(y − 3x)), ãäå ψ̃ - ïðîèçâîëüíàÿ, à ω - îïðåäåëåííàÿ

ôóíêöèÿ, ïðè÷åì ïîñëåäíÿÿ âûáèðàåòñÿ òàê, ÷òîáû ψ̃(ω(y − 3x)) ïðè y = 0

ïðèíèìàëà âèä ψ̃(x). Â íàøåì ñëó÷àå, î÷åâèäíî, ñëåäóåò ïîëîæèòü ω(z) = −z
3 .

Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ (1.17) áóäåò èìåòü âèä

u(x, y) = ϕ(x+ y) + ψ̃(−y − 3x

3
) = ϕ(x+ y) + ψ̃(x− y

3
),

à ïîýòîìó âìåñòî (1.22) è (1.23) ìû ïîëó÷èì

ϕ(x) + ψ̃(x) = 3x2

è ϕ
′
(x) − 1

3ψ̃
′
(x) = (ϕ(x) − 1

3ψ̃(x))
′

= 0.Òîé æå öåëè ìû ìîãëè áû äîñòè÷ü,

åñëè áû â(1.19) âìåñòî η = y − 3x, ìû âçÿëè η = x − y
3 , âîñïîëüçîâàâøèñü

ÇÀÌÅ×ÀÍÈÅÌ 1.
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ÏÐÈÌÅÐ 4. Íàéòè ðåøåíèå óðàâíåíèÿ

x2∂
2u

∂x2 − 2xy
∂2u

∂x∂y
− 3y2 ∂u

∂y2 = 0, (1.25)

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u|y=1 = f0(x),
∂u

∂y
|y=1 = f1(x), (1.26)

ãäå f0(x) , f1(x) - çàäàííûå ôóíêöèè.

Â îáëàñòè x 6= 0, y 6= 0 ñïðàâåäëèâî ∆ = 4x2y2 > 0, ñëåäîâàòåëüíî, â

óêàçàííîé îáëàñòè óðàâíåíèå (1.25) ÿâëÿåòñÿ ãèïåðáîëè÷åñêèì. Åãî õàðàê-

òåðèñòè÷åñêîå óðàâíåíèå x2dy2 + 2xydxdy − 3y2dx2 = 0 ðàñïàäàåòñÿ íà äâà

óðàâíåíèÿ

xdy − ydx = 0 è xdy + 3ydx = 0.

Ôóíêöèè y
x è x

3y ÿâëÿþòñÿ èíòåãðàëàìè ýòèõ óðàâíåíèé ñîîòâåòñòâåííî. Ïî-

ýòîìó äëÿ ïðèâåäåíèÿ óðàâíåíèÿ (1.25) ê êàíîíè÷åñêîìó âèäó ïðîèçâåäåì çà-

ìåíó ïåðåìåííûõ ξ = y
x è η = x3y. Â ðåçóëüòàòå ýòîé çàìåíû ìû ïîëó÷èì

óðàâíåíèå
∂2u

∂ξ∂η
− 1

4ξ

∂u

∂ξ
= 0. (1.27)

Ïðè ∂u
∂ξ = v îíî ïðèíèìàåò âèä ∂v

∂η −
v
4η = 0. Ýòî åñòü óðàâíåíèå òèïà (1.9). Â

ñîîòâåòñòâèè ñ (1.12) åãî îáùåå ðåøåíèå èìååò âèä
∫

dv
v −

1
4

∫
dη
η = C(ξ), îò-

êóäà v = η
1
4C1(ξ). Îáùåå ðåøåíèå óðàâíåíèÿ (1.27) ïîëó÷àåòñÿ èç óðàâíåíèÿ

∂u
∂ξ = η

1
4C1(ξ) èíòåãððîâàíèåì ïî ξ: u = η

1
4

∫
C1(ξ)dξ+C2(η) = η

1
4C3(ξ)+C2(η)

(ôóíêöèè C(ξ), C1(ξ), C2(η), C3(ξ) - ïðîèçâîëüíûå). Âîçâðàùàÿñü ê ïåðå-

ìåííûì õ, ó, ìû ïîëó÷àåì îáùåå ðåøåíèå óðàâíåíèÿ (1.25):

u(x, y) = x
3
4y

1
4C3(

y

x
) + C2(x

3y). (1.28)

16



Òåïåðü íàøà çàäà÷à ñîñòîèò â òîì, ÷òîáû èç áåñêîíå÷íîãî ìíîæåñòâà ôóíêöèé

C2 è C3 âûáðàòü òàêèå, ïðè êîòîðûõ (1.28) áóäåò óäîâëåòâîðÿòü óñëîâèÿì

(1.26).

Êîãäà â ñîîòâåòñòâèè ñ (1.26) ìû ïîëîæèì â (1.28) y = 1, àðãóìåíòû ôóíê-

öèé C2 è C3îêàæóòñÿ ðàâíûìè 1
x è x3. À ýòî, êàê âèäíî èç ïðåäûäóùåãî

ïðèìåðà, âûçîâåò îïðåäåëåííûå îñëîæíåíèÿ. Ïîýòîìó ïðîèçâîëüíûå ôóíê-

öèè C2 è C3 ìû, èìåÿ â âèäó ÇÀÌÅ×ÀÍÈÅ 3, çàìåíèì äðóãèìè ïðîèçâîëü-

íûìè ôóíêöèÿìè, ïîëîæèâ C3(
y
x) = ϕ(ω1(

y
x)) è C2(x

3y) = ψ(ω2(x
3y)), ãäå

ôóíêöèè ϕ è ψ ïðîèçâîëüíû, à ω1 è ω2 âûáåðåì òàê, ÷òîáû àðãóìåíòû ôóíê-

öèé ϕ è ψ ïðè y = 1 îáà îêàçàëèñü ðàâíûìè õ. Äëÿ ýòîãî ñëåäóåò ïîëîæèòü

ω1(z) = 1
z è ω2(z) = z

1
3 . Äåéñòâèòåëüíî, òîãäà ìû áóäåì èìåòü C3(

y
x) = ϕ(xy ) è

C2(x
3y) = ψ(x3y

1
3 ) = ψ(xy

1
3 ). Òåïåðü îáùåå ðåøåíèå óðàâíåíèÿ (1.25) ïîëó÷àåò

áîëåå ïîäõîäÿùèé âèä

u(x, y) = x
3
4y

1
4ϕ(

x

y
) + ψ(xy

1
3 ). (1.281)

Îòñþäà íàõîäèì ∂u
∂y :

∂u

∂y
=

1

4
x

3
4y−

3
4ϕ(

x

y
)− x

7
4y−

7
4ϕ

′
(
x

y
) +

1

3
xy−

2
3ψ(xy

1
3 ).

Ïîëàãàÿ çäåñü è â (1.281) y=1, ìû èç (1.26) ïîëó÷àåì

x
3
4ϕ(x) + ψ(x) = f0(x),

1

4
x

3
4ϕ(x)− x

7
4ϕ

′
(x) +

1

3
xψ

′
(x) = f1(x). (1.29)

Èñêëþ÷àÿ èç ýòîé ñèñòåìû óðàâíåíèé ôóíêöèè ψ(x), ìû ïðèõîäèì ê ñëåäóþ-

ùåìó óðàâíåíèþ îòíîñèòåëüíî ôóíêöèè ϕ(x):

ϕ
′
(x) =

1

4
x−

3
4f

′

0(x)−
3

4
x−

7
4f1(x).
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Îòñþäà

ϕ(x) =
1

4
x−

3
4f0(x) +

3

4

∫
x−

7
4 (

1

4
f0(x)− f1(x))dx+ C (1.30)

(ñëàãàåìîå ñ f
′

0(x) ìû ïðîèíòåãðèðîâàëè ïî ÷àñòÿì). Ìû óâèäèì äàëåå, ÷òî

ïîñëåäóþùèå ôîðìóëû ïîëó÷àò áîëåå êîìïàêòíûé âèä, åñëè íåîïðåäåëåííûé

èíòåãðàë â (1.30) ìû çàìåíèì èíòåãðàëîì îò òîé æå ôóíêöèè ñ ïåðåìåííûì

âåðõíèì ïðåäåëîì. Òîãäà áóäåì èìåòü

ϕ(x) =
1

4
x−

3
4f0(x) +

3

4

∫ x

x0

z−
7
4 (

1

4
f0(z)− f1(z))dz + C, (1.31)

x0 - ïðîèçâîëüíîå ôèêñèðîâàííîå ÷èñëî. Êàê èçâåñòíî, èíòåãðàëû â ôîðìóëàõ

(1.30), (1.31) ìîãóò îòëè÷àòüñÿ äðóã îò äðóãà òîëüêî íà ïîñòîÿííîå ÷èñëî,

÷òî ââèäó íàëè÷èÿ â ýòèõ ôîðìóëàõ ïðîèçâîëüíîãî ïîñòîÿííîãî Ñ íè÷åãî íå

ìåíÿåò.

Èç (1.29) è (1.31) íàõîäèì

ψ(x) =
3

4
f0(x)−

3

4
x

3
4

∫ x

x0

z−
7
4 (

1

4
f(z0)− f1(z))dz − Cx

3
4 .

Ïîäñòàâëÿÿ íàéäåííûå ôóíêöèè ϕ è ψ â (1.281), ïîëó÷àåì ðåøåíèå ïîñòàâëåí-

íîé çàäà÷è:

u(x, y) = x
3
4y

1
4 (

1

4
x−

3
4y

3
4f0(

x

y
) +

3

4

∫ x
y

x0

z−
7
4 (

1

4
f(z0)− f1(z))dz + C)+

+
3

4
f0(xy

1
3 )− 3

4
x

3
4y

1
4

∫ xy
1
3

x0

z−
7
4 (

1

4
f(z0)− f1(z))dz − Cx

3
4y

1
4 =

=
1

4
yf0(

x

y
) +

3

4
f0(xy

1
3 ) +

3

4
x

3
4y

1
4

∫ x
y

xy
1
3

z−
7
4 (

1

4
f(z0)− f1(z))dz.

Â ñëó÷àå ãèïåðáîëè÷åñêîãî óðàâíåíèÿ åãî ÷àñòíîå ðåøåíèå ìîæåò áûòü

íàéäåíî òàêæå ïî çàäàíèþ èñêîìîé ôóíêöèè íà ïàðå íåçàâèñèìûõ õàðàê-

òåðèñòèê ýòîãî óðàâíåíèÿ (õàðàêòåðèñòèêîé óðàâíåíèÿ (1.1) íàçûâàåòñÿ
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êðèâàÿ ϕ(x, y)=C, ãäå ϕ(x, y) åñòü êàêîé-íèáóäü èíòåãðàë õàðàêòåðèñòè÷åñêî-

ãî óðàâíåíèÿ (1.4), à Ñ - ëþáàÿ ïîñòîÿííàÿ. Õàðàêòåðèñòèêè ϕ1(x, y) = C1,

ϕ2(x, y) = C2 íàçûâàþòñÿ íåçàâèñèìûìè, åñëè íåçàâèñèìû èíòåãðàëû ϕ1(x, y),

ϕ2(x, y), ò.å. åñëè äëÿ íèõ âûïîëíÿåòñÿ íåðàâåíñòâî (1.3)).

Ðàññìîòðèì åùå îäèí ïðèìåð.

ÏÐÈÌÅÐ 5. Íàéòè ðåøåíèå óðàâíåíèÿ

2x
∂2u

∂x∂y
− 3y

∂2u

∂y2 + 3
∂u

∂y
= 0,

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u|y=1 = x2 − 2,
∂u

∂y
|y=1 = x3. (1.32)

Ðåøåíèå. Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

−2xdxdy − 3ydx2 = 0, (1.33)

(2xdy + 3ydx)dx = 0,

Ïðèðàâíèâàåì ïî î÷åðåäè íóëþ ñîìíîæèòåëè. Ðàâåíñòâî 2xdy + 3ydx = 0

ÿâëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

Ðàçäåëÿÿ èõ, ïîëó÷èì
2dy

y
+

3dx

x
= 0.

Èíòåãðèðóåì êàæäîå ñëàãàåìîå

2ln|y|+ 3ln|x| = lnC1,

îòñþäà

x3y2 = C1.
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Äàëåå dx = 0 è x = C2 Ïåðâûé âàðèàíò çàìåíû ξ = x3y2, η = x.

Ôóíêöèÿ ξ ,êàê è â ïðåäûäóùåì ïðèìåðå, íà ïðÿìîé y = 1 ïðèíèìàåò çíà-

÷åíèå ξ|y=1 = x3, ÷òî ìàëî ñîãëàñóåòñÿ ñ äàííûìè (1.32), íî ìû íå ìåíÿåì

åå, à êàê è â ïðèìåðå 4 çàïèøåì óäîáíîå îáùåå ðåøåíèå. Ýòî ïðåîáðàçîâàíèå

âïîëíå áóäåò îïðàâäàíî ïðîñòîé çàìåíîé ïåðåìåííûõ. Âû÷èñëÿåì ïðîèçâîä-

íûå ïðè ξ = x3y2, η = x

∂u

∂x
=
∂u

∂ξ
3x2y2 +

∂u

∂η
;

∂u

∂y
=
∂u

∂ξ
2x3y; | × 3

∂2u

∂x∂y
=
∂2u

∂ξ2 6x5y3 +
∂2u

∂ξ∂η
2x3y +

∂u

∂ξ
6x2y; | × 2x

∂2u

∂y2 =
∂2u

∂ξ2 4x6y2 +
∂u

∂ξ
2x3. | × −3y

Ïîäñòàâèì íàéäåííûå ïðîèçâîäíûå â äàííîå óðàâíåíèå:

∂2u

∂ξ2 (12x6y3 − 12x6y3) +
∂2u

∂ξ∂η
4x4y +

∂u

∂ξ
(12x3 − 6x3y + 6x3y) = 0.

Ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ÷ëåíîâ ïîëó÷àåì

4x4y
∂2u

∂ξ∂η
+ 12x3y

∂u

∂ξ
= 0,

ñîêðàùàåì íà 4x4y è ìåíÿåì x íà η

∂2u

∂ξ∂η
+

3

η

∂u

∂ξ
= 0.

Ïóñòü v = ∂u
∂ξ òîãäà

∂v
∂η = −3v

η .

Âîñïîëüçóåìñÿ ðàâåíñòâîì (1.12) , ïîìåíÿâ â íåì ìåñòàìè ξ è η,∫
dv

v
= −3

∫
dη(ξ)

η
+ lnC(ξ);

ln|v| = −3ln|η|+ lnC(η).
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Òåïåðü

v =
C(ξ)

η3 ;
∂u

∂ξ
=
C(ξ)

η3 .

Äàëåå

u(ξ, η) =
1

η3

∫
C(ξ)dξ + ϕ(η) =

1

η3ψ(ξ) + ϕ(η).

Çäåñü C(ξ),ϕ(η) è ψ(ξ) ïðîèçâîëüíûå ôóíêöèè

ψ(ξ) =

∫
C(ξ)dξ.

Ïåðåõîäèì ê ïåðåìåííûì x è y

u(x, y) =
1

x3ψ(x3y2) + ϕ(x).

Ïðåîáðàçóåì ψ(x3y2) ê ïðîèçâîëüíîé ôóíêöèè îò àðãóìåíòà ξ1 = xy
2
3

ψ(x3y2) = ψ((xy
2
3 )3) = g((xy

2
3 )) = g(ξ1).

Èòàê

u(x, y) =
1

x3g(xy
2
3 ) + ϕ(x). (1.34)

Ïîäáåðåì ôóíêöèè g è ϕ èç ðàññ÷åòà óäîâëåòâîðèòü íà÷àëüíûì óñëîâèÿì

(1.32).

Íàéäåì ïðåäâàðèòåëüíî ïðîèçâîäíóþ ∂u
∂y èç ðàâåíñòâà (1.34)

∂u

∂y
=

1

x3g
′
ξ1
(xy

2
3 )x

2

3
y−

1
3 . (1.35)

Ïîäñòàâèì y = 1 â ðàâåíñòâî (1.34) è (1.35) è óäîâëåòâîðèì óñëîâèÿì (1.32)

1

x3g(x) + ϕ(x) = x2 − 2,

1

x3g
′(x)x

2

3
= x3, g′(x) =

3

2
x5.
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Èíòåãðèðóåì ïîñëåäíåå ðàâåíñòâî

g(x) =
x6

4
+ C.

Äàëåå ϕ(x) = x2 − 2− 1
x3 (

x6

4 + C).

Ïîäñòàâëÿåì, íàéäåííûå âûðàæåíèå äëÿ g(x) è ϕ(x) â (1.34), èçìåíèâ àðãó-

ìåíò â g(x) çíà÷åíèå x íà xy
2
3

u(x, y) =
1

x3

(xy
2
3 )6

4
+
C

x3 + x2 − 2− x3

4
− C

x3 .

Ïîñëå íåáîëüøèõ óïðîùåíèé�îêîí÷àòåëüíûé ðåçóëüòàò

u(x, y) =
x3(y4 − 1)

4
+ x2 − 2.

ÏÐÈÌÅÐ 6. Íàéòè ðåøåíèå óðàâíåíèÿ

∂2u

∂x2 + y
∂2u

∂y2 +
1

2

∂u

∂y
= 0, (y < 0), (1.36)

åñëè u(x, y) = ϕ1(x) íà õàðàêòåðèñòèêå x− 2
√
−y = 0 , (L1)

è u(x, y) = ϕ1(x) íà õàðàêòåðèñòèêå x+ 2
√
−y = 0, (L2),

ãäå ϕ1(x) è ϕ2(x) - ôóíêöèè, çàäàííûå ñîîòâåòñòâåííî íà îòðåçêàõ 0 ≤ x ≤ 1
2

è 1
2 ≤ x ≤ 1, ïðè÷åì ϕ1(

1
2) = ϕ2(

1
2) (ñì. ðèñóíîê).
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Ëåãêî âèäåòü, ÷òî ïîäñòàíîâêîé ξ = x− 2
√
−y, η = x+ 2

√
−y óðàâíåíèå

(1.36) ïðèâîäèòñÿ ê êàíîíè÷åñêîìó âèäó

∂2u

∂ξ∂η
= 0.

Ïîýòîìó (ñì. ïðèìåð 3) åãî îáùåå ðåøåíèå òàêîâî

u(x, y) = θ1(x− 2
√
−y) + θ2(x+ 2

√
−y), (1.37)

ãäå θ1è θ2- ïðîèçâîëüíûå ôóíêöèè. Íàøà çàäà÷à ñîñòîèò â òîì, ÷òîáû âûáðàòü

òàêèå θ1 è θ2, ïðè êîòîðûõ ôóíêöèÿ (1.37) óäîâëåòâîðÿåò óñëîâèÿì çàäà÷è.

Íà õàðàêòåðèñòèêå L1, òî åñòü, ïðè 2
√
−y = x, ìû ïî óñëîâèþ èìååì

θ1(0) + θ2(2x) = ϕ1(x). (1.38)

Àíàëîãè÷íî, íà L2, òî åñòü, ïðè 2
√
−y = 1− x, ñïðàâåäëèâî

θ1(2x− 1) + θ2(1) = ϕ2(x). (1.39)
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Èç (1.39), ïîëàãàÿ 2x− 1 = z, ïîëó÷àåì

θ1(z) = ϕ2(
z + 1

2
)− θ2(1), (1.40)

à èç (1.38) ïðè z = 2x ïîëó÷àåì

θ2(z) = ϕ1(
z

2
)− θ1(0).

Òðåáóåìûå ôóíêöèè θ1 è θ2 íàéäåíû. Ïîäñòàâëÿåì èõ â (1.37):

u(x, y) = ϕ2(
x− 2

√
−y + 1

2
) + ϕ2(

x+ 2
√
−y

2
)− (θ1(0) + θ2(1)). (1.41)

Ïîëîæèì â (1.40) z = 0: θ1(0) = ϕ2(
1
2) − θ2(1), îòêóäà

θ1(0) + θ2(1) = ϕ2(
1
2). Òàê ÷òî èñêîìîå ðåøåíèå çàäà÷è ïðèîáðåòàåò âèä:

u(x,y)=ϕ1(
x+2

√
−y

2 ) + ϕ2(
x−2

√
−y+1
2 )− ϕ2(

1
2).
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ÇÀÄÀ×È.

Îïðåäåëèòü òèï çàäàííîãî óðàâíåíèÿ â çàäàííîé îáëàñòè:

1.1. (y + 1)∂
2u
∂x2 − 2 ∂2u

∂x∂y + x∂
2u
∂y2 − ∂u

∂y = 0

â ïðÿìîóãîëüíèêå 1 < x < 3, 0 < y < 1.

1.2. y ∂
2u
∂y2 + x∂

2u
∂x2 + 2(x+ y) ∂2u

∂x∂y = 0

â êðóãå x2 + (y − 6)2 < 1.

1.3. 2xy ∂2u
∂x∂y + x2 ∂2u

∂y2 + y2 ∂2u
∂x2 − x∂u∂y + y ∂u∂x = 0

â êâàäðàòå |x| < 1, |y| < 1.

1.4. (x+ y)∂
2u
∂x2 + (x− y)∂

2u
∂y2 + xu = 0

â êðóãå (x− 5)2 + y2 < 1.

1.5. (x+ 1)∂
2u
∂x2 − 2x2 ∂u

∂x + (y − 3)∂
2u
∂y2 + u = 0

â êâàäðàòå 0 < x < 1, 0 < y < 1.

1.6. 4∂
2u
∂x2 − 2(x− y) ∂2u

∂x∂y + (1− xy)∂
2u
∂y2 = 0

â ïîëîñå 2 < x+ y < 5.

1.7. x2 ∂2u
∂x2 + ∂2u

∂y2 + 2x ∂2u
∂x∂y + y ∂u∂x −

∂u
∂y = 0

â êîëüöå 1 < x2 + y2 < 7.

1.8. x∂
2u
∂x2 + 6∂u∂x + (x+ y)∂

2u
∂y2 − y ∂u∂y = 0

â êâàäðàòå 0 < x < 2, 0 < y < 2.

1.9. 6 ∂2u
∂x∂y + y ∂

2u
∂x2 + x∂

2u
∂y2 + ∂u

∂y = 0
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â êâàäðàòå 1 < x < 2, 2 < y < 3.

1.10. 2x∂u∂x + 3∂u∂y + ∂2u
∂x2 − (x2 − 2)∂

2u
∂y2 − 2y ∂2u

∂x∂y = 0

â êðóãå x2 + y2 < 1.

1.11. 5x∂
2u
∂x2 − 4x ∂2u

∂x∂y + 2y ∂
2u
∂y2 + y ∂u∂x − u = 0

â ïðÿìîóãîëüíèêå 1 < x < 3, 4 < y < 8.

1.12. Òî æå óðàâíåíèå â ïðÿìîóãîëüíèêå 5 < x < 9, −1 < y < 1.

Óêàçàòü îäíó èç ïîäñòàíîâîê, ïðèâîäÿùèõ äàííîå óðàâíåíèå ê êàíîíè÷å-

ñêîìó âèäó, óêàçàòü òèï óðàâíåíèÿ è îæèäàåìûé êàíîíè÷åñêèé âèä:

1.13. 2∂
2u
∂x2 − 2 ∂2u

∂x∂y + ∂2u
∂y2 = 0.

1.14. 2∂
2u
∂x2 − ∂2u

∂x∂y − 6∂
2u
∂y2 = 0.

1.15. ∂
2u
∂x2 − 10 ∂2u

∂x∂y + 25∂
2u
∂y2 = 0.

1.16. ∂
2u
∂x2 + e2x ∂2u

∂y2 + y ∂u∂y − x∂u∂x = 0.

1.17. e2y ∂2u
∂x2 + 2xey ∂u2

∂x∂y + x2 ∂2u
∂y2 = 0.

1.18. y ∂
2u
∂x2 + x(2y − 1) ∂2u

∂x∂y − 2x2 ∂2u
∂y2 = 0.

1.19. 9y4 ∂2u
∂x2 + 6y2sinx ∂2u

∂x∂y + sin2x∂
2u
∂y2 = 0.
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1.20. x2 ∂2u
∂x2 − 2xy ∂2u

∂x∂y + (4 + y2)∂
2u
∂y2 = 0.

1.21. y ∂
2u
∂x2 + (ex − y) ∂2u

∂x∂y − ex ∂
2u
∂y2 = 0.

1.22. x∂
2u
∂x2 + (1 + xtgx) ∂2u

∂x∂y + tgx∂
2u
∂y2 = 0.

1.23. cos2y ∂
2u
∂x2 − 2sinxcosy ∂2u

∂x∂y + sin2x∂
2u
∂y2 = 0.

1.24. x2 ∂2u
∂x2 + (2x2 − y2) ∂2u

∂x∂y − 2y2 ∂2u
∂y2 = 0.

1.25. ∂
2u
∂x2 + 2cos2y ∂2u

∂x∂y + cos4y ∂
2u
∂y2 = 0.

1.26. sin2y ∂
2u
∂x2 + cos2x∂

2u
∂y2 = 0.

1.27. x4 ∂2u
∂x2 − 2x2y ∂2u

∂x∂y + y2 ∂2u
∂y2 + 3∂u∂x = 0.

1.28. sin4x∂
2u
∂x2 + 2sin2x ∂2u

∂x∂y + ∂2u
∂y2 − ∂u

∂y + sinx∂u∂x = 0.

1.29. e2x ∂2u
∂x2 + 2 ∂2u

∂x∂y + 2e−2x ∂2u
∂y2 + ∂u

∂x = 0

1.30. cos4x∂
2u
∂x2 + sin4y ∂

2u
∂y2 − 3∂u∂y = 0.

1.31. tg2x∂
2u
∂x2 − 2ytgx ∂2u

∂x∂y + y2 ∂2u
∂y2 − ∂u

∂y = 0.

1.32. e2y ∂2u
∂x2 + 3ey ∂2u

∂x∂y + 2∂
2u
∂y2 + ey ∂u∂x −

∂u
∂y = 0.
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1.33. x4 ∂2u
∂x2 + 4x2 ∂2u

∂x∂y + 5∂
2u
∂y2 − ∂u

∂x + 1
x
∂u
∂y = 0.

1.34. sin2y ∂
2u
∂x2 − 4siny ∂2u

∂x∂y + 4∂
2u
∂y2 + 2cosy ∂u∂x −

∂u
∂y = 0.

1.35. ∂
2u
∂x2 + 2ctgx ∂2u

∂x∂y + ctg2x∂
2u
∂y2 − cosx∂u∂x = 0.

1.36. tg2x∂
2u
∂x2 + ctg2y ∂

2u
∂y2 − sinx∂u∂x + 2cosy ∂u∂y = 0.

1.37. (x+ y)∂
2u
∂x2 + 2y ∂2u

∂x∂y + (y − x)∂
2u
∂y2 = 0.

1.38. (x2 + 9)∂
2u
∂x2 − 2xy ∂2u

∂x∂y + y2 ∂2u
∂y2 = 0.

1.39. x∂
2u
∂x2 + (x+ x2 + 2y) ∂2u

∂x∂y + (x2 + 2y)∂
2u
∂y2 = 0.

1.40. x2 ∂2u
∂x2 − (1 + xy + x2) ∂2u

∂x∂y + (xy + 1)∂
2u
∂y2 = 0.

Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó

1.41. ∂2u
∂x∂t + ∂2u

∂t2 = 0.

1.42. ∂
2u
∂x2 − 2 ∂2u

∂x∂y + ∂2u
∂y2 = 0.

1.43. 4∂
2u
∂x2 − 4 ∂2u

∂x∂y + ∂2u
∂y2 − 2∂u∂x + ∂u

∂y = 0.

1.44.∂
2u
∂x2 − 6 ∂2u

∂x∂y + 8∂
2u
∂y2 + ∂u

∂x − 2∂u∂y = 0.
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1.45. ∂
2u
∂x2 − 2 ∂2u

∂x∂y + 2∂
2u
∂y2 + ∂u

∂x −
∂u
∂y = 0.

1.46. 3∂
2u
∂x2 + 2 ∂2u

∂x∂y −
∂2u
∂y2 + ∂u

∂x + ∂u
∂y = 0.

1.47. 5∂
2u
∂x2 + 4 ∂2u

∂x∂y + ∂2u
∂y2 + 2∂u∂x + ∂u

∂y = 0.

1.48. 9∂
2u
∂x2 − 6 ∂2u

∂x∂y + ∂2u
∂y2 + 3∂u∂x −

∂u
∂y = 0.

1.49. 4∂
2u
∂x2 − 8 ∂2u

∂x∂y + 3∂
2u
∂y2 + 2∂u∂x −

∂u
∂y = 0.

1.50. ∂
2u
∂x2 + 6 ∂2u

∂x∂y + 9∂
2u
∂y2 + ∂u

∂x + 3∂u∂y = 0.

1.51. 2∂
2u
∂x2 − 2 ∂2u

∂x∂y + 5∂
2u
∂y2 + ∂u

∂x + ∂u
∂y = 0.

1.52. ∂
2u
∂x2 + 4 ∂2u

∂x∂y + 4∂
2u
∂y2 + ∂u

∂x + 2∂u∂y = 0.

1.53. 5∂
2u
∂x2 + 6 ∂2u

∂x∂y + ∂2u
∂y2 + ∂u

∂x + ∂u
∂y = 0.

1.54. 5∂
2u
∂x2 + 2 ∂2u

∂x∂y + 2∂
2u
∂y2 + 6(∂u∂x −

∂u
∂y ) = 0.

1.55. 9∂
2u
∂x2 − 12 ∂2u

∂x∂y + 4∂
2u
∂y2 + 3∂u∂x − 2∂u∂y = 0.

1.56. 5∂
2u
∂x2 − 8 ∂2u

∂x∂y + 5∂
2u
∂y2 + 3(∂u∂x − 2∂u∂y ) = 0.

1.57. 3∂
2u
∂x2 + 5 ∂2u

∂x∂y − 2∂
2u
∂y2 + 7(∂u∂x + 2∂u∂y ) = 0.
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1.58. ∂
2u
∂x2 − 2 ∂2u

∂x∂y + ∂2u
∂y2 + α∂u∂x + β ∂u∂y + cu = 0.

1.59. ∂
2u
∂x2 + 2 ∂2u

∂x∂y − 3∂
2u
∂y2 + 2∂u∂x + 6∂u∂y = 0.

1.60. 3∂
2u
∂x2 − 4 ∂2u

∂x∂y + ∂2u
∂y2 − 3∂u∂x + ∂u

∂y = 0.

1.61. xy
∂2u
∂x2 − y

x
∂2u
∂y2 + 1

y
∂u
∂x −

1
x
∂u
∂y = 0.

1.62. (1 + x2)∂
2u
∂x2 + (1 + y2)∂

2u
∂y2 + x∂u∂x + y ∂u∂y = 0.

1.63. x∂
2u
∂x2 − 4x3 ∂2u

∂y2 − ∂u
∂x = 0.

1.64. x2 ∂2u
∂x2 − 6xy ∂2u

∂x∂y + 9y2 ∂2u
∂y2 + 12y ∂u∂y = 0.

1.65. 4y2 ∂2u
∂x2 − ∂2u

∂y2 + 1
y
∂u
∂y = 0.

1.66. ey ∂2u
∂x∂y −

∂2u
∂y2 + (1 + ey)∂u∂y = 0.

1.67. 4y2 ∂2u
∂x2 − 4y ∂2u

∂x∂y + ∂2u
∂y2 − 1

y
∂u
∂y = 0.

1.68. y2 ∂2u
∂x2 + 2xy ∂2u

∂x∂y + 2x2 ∂2u
∂y2 + y ∂u∂y = 0.

1.69. cos2y ∂
2u
∂x2 − 2cosy ∂2u

∂x∂y + ∂2u
∂y2 − xcos2y ∂u∂x + (tgx− xcosy)∂u∂y = 0.

1.70. ∂
2u
∂x2 + 2sinx ∂2u

∂x∂y − cos2x∂
2u
∂y2 = 0.
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1.71. siny ∂2u
∂x∂y + ∂2u

∂y2 + (sinyx − ctgy)∂u∂y = 0.

1.72. 9x2 ∂2u
∂x2 − 6xy ∂2u

∂x∂y + y2 ∂2u
∂y2 + y ∂u∂y = 0.

1.73. x2 ∂2u
∂x2 − 2xsiny ∂2u

∂x∂y + sin2y ∂
2u
∂y2 = 0.

1.74. x2 ∂2u
∂x2 + cos4y ∂

2u
∂y2 + x∂u∂x = 0.

1.75. sin2y ∂
2u
∂x2 + 2siny ∂2u

∂x∂y + ∂2u
∂y2 + cosy ∂u∂x = 0.

1.76. e2y ∂2u
∂x2 + 3ey ∂2u

∂x∂y + 2∂
2u
∂y2 − 2∂u∂y = 0.

1.77. y2 ∂2u
∂x2 + 4∂

2u
∂y2 + 4

y
∂u
∂y = 0.

1.78. y2 ∂2u
∂x2 − 2yex ∂2u

∂x∂y + e2x ∂2u
∂y2 − y2 ∂u

∂x −
e2x

y
∂u
∂y = 0.

1.79. ∂
2u
∂x2 − 4x ∂2u

∂x∂y + 8x2 ∂2u
∂y2 − 1

x
∂u
∂x + ∂u

∂y = 0.

1.80. y2 ∂2u
∂x2 + 4yx2 ∂2u

∂x∂y + 4x4 ∂2u
∂y2 + 2x2 ∂u

∂x + 4xy ∂u∂y = 0.

1.81. cos2y ∂
2u
∂x2 − 4cosy ∂2u

∂x∂y + 4∂
2u
∂y2 + 2siny ∂u∂x = 0.

1.82. ∂
2u
∂x2 + ey ∂2u

∂x∂y + 5
4e

2y ∂2u
∂y2 + 5

4e
2y ∂u
∂y = 0.

1.83. ∂
2u
∂x2 − 2cosx ∂2u

∂x∂y − sin2x∂
2u
∂y2 = 0.

31



1.84. sin2x∂
2u
∂x2 − 2ysinx ∂2u

∂x∂y + y2 ∂2u
∂y2 = 0.

1.85. cth2x∂
2u
∂x2 − 2ycthx ∂2u

∂x∂y + y2 ∂2u
∂y2 + 2y ∂u∂y = 0.

1.86. tg2x∂
2u
∂x2 − 2ytgx ∂2u

∂x∂y + y2 ∂2u
∂y2 + tg3x∂u∂x = 0.

Ïðèâåñòè óðàâíåíèÿ ê êàíîíè÷åñêîìó âèäó â êàæäîé èç îáëàñòåé, ãäå òèï

óðàâíåíèÿ ñîõðàíÿåòñÿ:

1.87. y ∂
2u
∂x2 + ∂2u

∂y2 = 0.

1.88. ∂
2u
∂x2 + y ∂

2u
∂y2 + α∂u∂y = 0. α = const

1.89. y ∂
2u
∂x2 + x∂

2u
∂y2 = 0.

1.90. x∂
2u
∂x2 + y ∂

2u
∂y2 = 0.

1.91. Íàéòè îáùåå ðåøåíèå óðàâíåíèé â çàäà÷àõ :

à) 1.41, á) 1.42, â) 1.43, ã) 1.44, ä) 1.46, å) 1.48, æ) 1.49,

ç) 1.50, è) 1.52, ê) 1.53, ë) 1.55, ì) 1.57, í) 1.59, î) 1.60,

ï) 1.66, ð) 1.71.

Íàéòè îáùåå ðåøåíèå ñëåäóþùèõ óðàâíåíèé:

1.92. ∂
2u
∂x2 + 4 ∂2u

∂x∂y − 5∂
2u
∂y2 + ∂u

∂x −
∂u
∂y = 0.
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1.93. ∂
2u
∂x2 − sinx ∂2u

∂x∂y + (sinx− ctgx)∂u∂x = 0.

1.94. 4x∂
2u
∂x2 − y ∂2u

∂x∂y + 7∂u∂x = 0.

1.95. ∂
2u
∂x2 − 4x ∂2u

∂x∂y + 4x2 ∂2u
∂y2 − ∂u

∂x + 2(x− 1)∂u∂y = 0.

1.96. x∂
2u
∂x2 − y ∂2u

∂x∂y + 2∂u∂x = 0.

1.97. 2x ∂2u
∂x∂y − y ∂

2u
∂y2 − 3∂u∂y = 0.

1.98. ∂
2u
∂x2 − 4x ∂2u

∂x∂y + 4x2 ∂2u
∂y2 − 1

x
∂u
∂x = 0.

1.99. x ∂2u
∂x∂y − 3y ∂

2u
∂y2 − 5∂u∂y = 0.

1.100. x∂
2u
∂x2 − y ∂2u

∂x∂y + 4∂u∂x = 0.

1.101. ∂
2u
∂x2 − 2cosx ∂2u

∂x∂y + cos2x∂
2u
∂y2 − 2∂u∂x + (2cosx+ sinx)∂u∂y = 0.

1.102. x∂
2u
∂x2 + y ∂2u

∂x∂y = 0.

1.103. 4x ∂2u
∂x∂y − y ∂

2u
∂y2 + 3∂u∂y = 0.

1.104. x2 ∂2u
∂x2 − 2xy ∂2u

∂x∂y + y2 ∂2u
∂y2 + x∂u∂x + y ∂u∂y = 0.

1.105. t2 ∂
2u
∂t2 − x2 ∂2u

∂x2 = 0.
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1.106. 3x∂
2u
∂x2 − y ∂2u

∂x∂y + 4∂u∂x = 0.

1.107. 3x ∂2u
∂x∂y − y ∂

2u
∂y2 − 2∂u∂y = 0.

1.108. 2x∂
2u
∂x2 − y ∂2u

∂x∂y + 5∂u∂x = 0.

1.109. ∂
2u
∂x2 + 2sinx ∂2u

∂x∂y − cos2x∂
2u
∂y2 + ∂u

∂x + (sinx+ cosx+ 1)∂u∂y = 0.

1.110. ∂
2u
∂x2 + 2sinx ∂2u

∂x∂y − cos2x∂
2u
∂y2 + cosx∂u∂y = 0.

1.111. ∂
2u
∂x2 − 2sinx ∂2u

∂x∂y − (3 + cos2x)∂
2u
∂y2 − cosx∂u∂y = 0.

1.112. ∂
2u
∂x2 − 2sinx ∂2u

∂x∂y − (3 + cos2x)∂
2u
∂y2 + x∂u∂x + (2− sinx− cosx)∂u∂y = 0.

1.113. x2 ∂2u
∂x2 − 3xy ∂2u

∂x∂y + 2y2 ∂2u
∂y2 + 3y ∂u∂y = 0.

1.114. 3x2 ∂2u
∂x2 − 16xy ∂2u

∂x∂y + 16y2 ∂2u
∂y2 + 15x∂u∂x = 0.

1.115. ∂
2u
∂x2 − 2xy

∂2u
∂x∂y + x2

y2
∂2u
∂y2 − 2

x
∂u
∂x + y2−x2

y3
∂u
∂y − x3 = 0.

1.116. ∂2u
∂x∂y − 2x∂

2u
∂y2 + 1

x2+y(
∂u
∂x − 2x∂u∂y ) + 1 = 0.

Â ñëåäóþùèõ çàäà÷àõ òðåáóåòñÿ íàéòè ðåøåíèÿ óêàçàííûõ óðàâíåíèé ïðè

çàäàâàåìûõ íà÷àëüíûõ óñëîâèÿõ :

1.117. Óðàâíåíèå çàäà÷è 1.41; u|t=0 = 0, ∂u
∂t |t=0 = −x− 1.
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1.118. Óðàâíåíèå çàäà÷è 1.57; u|x=0 = 1, ∂u
∂x |x=0 = 3y.

1.119. Óðàâíåíèå çàäà÷è 1.53; u|x=0 = 2y, ∂u
∂x |x=0 = 5y.

1.120. Óðàâíåíèå çàäà÷è 1.46; u|x=0 = 2y, ∂u
∂x |x=0 = 4y.

1.121. Óðàâíåíèå çàäà÷è 1.44; u|y=0 = 2x, ∂u
∂y |y=0 = 3x+ 1.

1.122. Óðàâíåíèå çàäà÷è 1.49; u|y=0 = 3x, ∂u
∂y |y=0 = 2x+ 6.

1.123. 3∂
2u
∂x2 − 2 ∂2u

∂x∂y −
∂2u
∂y2 = 0; u|y=0 = f(x), ∂u

∂y |y=0 = F (x).

1.124. 3∂
2u
∂x2 − 5 ∂2u

∂x∂y + 2∂
2u
∂y2 = 0; u|y=0 = f(x), ∂u

∂y |y=0 = F (x).

1.125. 2∂
2u
∂x2 + 3 ∂2u

∂x∂y − 5∂
2u
∂y2 = 0; u|y=0 = f(x), ∂u

∂y |y=0 = F (x).

1.126. 3∂
2u
∂x2 − 4 ∂2u

∂x∂y − 7∂
2u
∂y2 = 0; u|y=0 = f(x), ∂u

∂y |y=0 = F (x).

1.127. ∂
2u
∂x2 − 5 ∂

2u
∂x∂y + 6∂

2u
∂y2 = 0; u|y=0 = f(x), ∂u

∂y |y=0 = F (x).

1.128. Óðàâíåíèå çàäà÷è 1.60; u|y=0 = ϕ(x), ∂u
∂y |y=0 = ψ(x).

1.129. Óðàâíåíèå çàäà÷è 1.92; u|y=0 = f(x), ∂u
∂y |y=0 = F (x).

1.130. Óðàâíåíèå çàäà÷è 1.96; u|x=1 = y, ∂u
∂x |x=1 = 2y3.
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1.131. Óðàâíåíèå çàäà÷è 1.97; u|y=1 = x4, ∂u
∂y |y=1 = 3x3.

1.132. Óðàâíåíèå çàäà÷è 1.100; u|x=1 = 3y4, ∂u
∂x |y=0 = 2y5.

1.133. Óðàâíåíèå çàäà÷è 1.102; u|x=1 = 2y + 1, ∂u
∂x |x=1 = y.

1.134. Óðàâíåíèå çàäà÷è 1.103; u|y=1 = 4x3, ∂u
∂y |y=1 = 8x.

1.135. Óðàâíåíèå çàäà÷è 1.107; u|y=1 = x, ∂u
∂y |y=1 = 15x2.

1.136. Óðàâíåíèå çàäà÷è 1.103; u|y=1 = x2 + 1, ∂u
∂y |y=1 = 4.

1.137. Óðàâíåíèå çàäà÷è 1.107; u|y=1 = 0, ∂u
∂y |y=1 = 6x2 3

√
x.

1.138. Óðàâíåíèå çàäà÷è 1.94; u|x=1 = 3y5, ∂u
∂x |x=1 = 2y11.

1.139. Óðàâíåíèå çàäà÷è 1.99; u|y=1 = 4x4, ∂u
∂y |y=1 = 2x8.

1.140. Óðàâíåíèå çàäà÷è 1.106; u|x=1 = 4y3, ∂u
∂x |x=1 = y7.

1.141. Óðàâíåíèå çàäà÷è 1.108; u|x=1 = y2, ∂u
∂x |x=1 = 2y7.

1.142. Óðàâíåíèå çàäà÷è 1.106; u|x=1 = 1 + y4, ∂u
∂x |x=1 = y4.

1.143. Óðàâíåíèå çàäà÷è 1.108; u|x=1 = 0, ∂u
∂x |x=1 = y5.
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1.144. 2x ∂2u
∂x∂y − 3y ∂

2u
∂y2 + ∂u

∂y = 0; u|y=1 = 2 + 3x2, ∂u
∂y |y=1 = x4

1.145. 3x∂
2u
∂x2 − 2y ∂2u

∂x∂y + ∂u
∂x = 0; u|x=1 = y5 + 3, ∂u

∂x |x=1 = 2y2 − y

1.146. 3x ∂2u
∂x∂y − 4y ∂

2u
∂y2 + ∂u

∂y = 0, u|y=1 = 3x2 + 2x, ∂u
∂y |y=1 = 1− 2x

1.147. 2x ∂2u
∂x∂y − 5y ∂

2u
∂y2 + ∂u

∂y = 0, u|y=1 = 3x2 + 1, ∂u
∂y |y=1 = 5x+ 2

1.148. 4x∂
2u
∂x2 − 3y ∂2u

∂x∂y −
∂u
∂x = 0, u|x=1 = 1, ∂u

∂x |x=1 = 3y3

1.149. 3x∂
2u
∂x2 − y ∂2u

∂x∂y + ∂u
∂x = 0, u|x=1 = 3y2, ∂u

∂x |x=1 = 1− y

1.150. 3x ∂2u
∂x∂y − 2y ∂

2u
∂y2 + 2∂u∂y = 0, u|y=1 = 3x2, ∂u

∂y |y=1 = 4− x2

1.151. 4x∂
2u
∂x2 − y ∂2u

∂x∂y + 7∂u∂x = 0, u|x=1 = 3y, ∂u
∂x |x=1 = 2y2

1.152. Óðàâíåíèå çàäà÷è 1.105; u|t=1 = 2x2, δu
δt |t=1 = x2.

1.153. Óðàâíåíèå çàäà÷è 1.113; u|y=1 = 1 + 2x2, ∂u
∂y |y=1 = 4x2.

1.154. Óðàâíåíèå çàäà÷è 1.114; u|y=1 = 5x4 − 3x2, ∂u
∂y |y=1 = 10x4 − 9x2.

1.155. Óðàâíåíèå çàäà÷è 1.105; u|t=1 = 2
√
x, ∂u

∂t |t=1 =
√
x.

1.156. 4x2 ∂2u
∂x2 − y2 ∂2u

∂y2 + 8x∂u∂x + y ∂u∂y = 0, u|x=1 = 2y, ∂u
∂x |x=1 = 0
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1.157. x2 ∂2u
∂x2 − 9y2 ∂2u

∂y2 + 6x∂u∂x + 6y ∂u∂y = 0, u|y=1 = 3x, ∂u
∂y |y=1 = x2.

1.158. Óðàâíåíèå çàäà÷è 1.113; u|y=1 = 2x, ∂u
∂y |y=1 = x.

1.159. Óðàâíåíèå çàäà÷è 1.114; u|x=1 = 2y2, ∂u
∂x |x=1 = 20

3 y
2.

1.160. Óðàâíåíèå çàäà÷è 1.109; u|y=−cosx = 1 + 2sinx, ∂u
∂y |y=−cosx = sinx.

1.161. Óðàâíåíèå çàäà÷è 1.110; u|y=−cosx = 1 + cosx, ∂u
∂y |y=−cosx = 0.

1.162. Óðàâíåíèå çàäà÷è 1.111; u|y=cosx = sinx, ∂u
∂y |y=cosx = 1

2e
x.

1.163. Óðàâíåíèå çàäà÷è 1.112; u|y=cosx = 0, ∂u
∂y |y=cosx = e

x
2 cosx.

Óðàâíåíèå (1.1) ïðèâåäåíî ê êàíîíè÷åñêîìó âèäó ïðè ïîìîùè óêàçàííîé

ïîäñòàíîâêè (ξ, η). Çàâåðøèòü ïðèìåð, îïðåäåëèâ ÷àñòíîå ðåøåíèå, óäîâëå-

òâîðÿþùåå çàäàííûì íà÷àëüíûì óñëîâèÿì:

1.164. ∂2u
∂ξ∂η − 2∂u∂ξ = 0, ξ = 2x+ 3y, η = 4x− 5y, u|x=0 = 1, ∂u

∂x |x=0 = 2.

1.165. ∂2u
∂ξ∂η + 1

2
∂u
∂ξ = 0, ξ = 3x+ 8y, η = 4x− 5y, u|x=0 = 5, ∂u

∂x |x=0 = 7.

1.166. ∂2u
∂ξ∂η − 4∂u∂ξ = 0, ξ = 3x+ 7y, η = 4x− 5y, u|x=0 = 1, ∂u

∂x |x=0 = 2.

1.167. ∂2u
∂ξ∂η + 3∂u∂ξ = 0, ξ = 3x− 4y, η = 5x+ 6y, u|x=0 = 2, ∂u

∂x |x=0 = 3.

38



1.168. ∂2u
∂ξ∂η − 3∂u∂ξ = 0, ξ = 2x+ 3y, η = 5x− 4y, u|x=0 = 1, ∂u

∂x |x=0 = 1.

1.169. ∂2u
∂ξ∂η − 2∂u∂η = 0, ξ = 5x− 6y, η = x+ 2y, u|x=0 = 4, ∂u

∂x |x=0 = 1.

1.170. ∂2u
∂ξ∂η + 1

4
∂u
∂η = 0, ξ = 2x− 3y, η = 3x+ 4y, u|x=0 = 2, ∂u

∂x |x=0 = 1.

1.171. ∂2u
∂ξ∂η + 3∂u∂η = 0, ξ = 4x− 3y, η = 5x+ 2y, u|x=0 = 3, ∂u

∂x |x=0 = 5.

1.172. ∂2u
∂ξ∂η − 3∂u∂η = 0, ξ = 3x− 4y, η = 3x+ 5y, u|x=0 = y, ∂u

∂x |x=0 = 1.

1.173. ∂2u
∂ξ∂η + 2∂u∂η = 0, ξ = 2x+ 3y, η = 3x+ 5y, u|y=0 = 2x, ∂u

∂y |y=0 = 3.

1.174. ∂2u
∂ξ∂η−4∂u∂ξ = 0, ξ = 3x+y, η = 2y−5x, u|y=0 = 3x+5, ∂u

∂y |y=0 = 4.

1.175. ∂2u
∂ξ∂η = 0, ξ = x2y3, η = y, u|x=1 = 3y3 + 5, ∂u

∂x |x=1 = 3y + 1.

1.176. ∂2u
∂ξ∂η + 1

3η
∂u
∂ξ = 0, ξ = x2y3, η = x, u|y=1 = 2x, ∂u

∂x |y=1 = 3x2 + 1.

1.177. ∂2u
∂ξ∂η + 2

η
∂u
∂ξ = 0, ξ = y2x3, η = x, u|y=1 = 2x2, ∂u

∂y |y=1 = 3x+ 1.

1.178. ∂2u
∂ξ∂η + 4

η
∂u
∂ξ = 0, ξ = xy3, η = y, u|x=1 = 3y, ∂u

∂x |x=1 = 2 + 3y.

1.179. ∂2u
∂ξ∂η + 1

η
∂u
∂ξ = 0, ξ = x3y2, η = x, u|y=1 = 2x3, ∂u

∂y |y=1 = 3x.

1.180. ∂2u
∂ξ∂η + 4

η
∂u
∂ξ = 0, ξ = y3x, η = y, u|x=1 = 1 + 2y, ∂u

∂x |x=1 = 3y2.
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1.181 ∂2u
∂ξ∂η + 5

3
1
η
∂u
∂ξ = 0, ξ = x3y4, η = y, u|x=1 = 3y5 ∂u

∂x |x=1 = 3y4

1.182. ∂2u
∂ξ∂η + 4

3η
∂u
∂ξ = 0, ξ = x3y4, η = y, u|x=1 = y ∂u

∂x |x=1 = 3y + 2

1.183. ∂2u
∂ξ∂η + 3

η
∂u
∂ξ = 0, ξ = x3y2, η = y, u|x=1 = 3y2 ∂u

∂x |x=1 = 3y + 2

1.184. ∂2u
∂ξ∂η + 9

2η
∂u
∂ξ = 0, ξ = y2x3, η = x, u|y=1 = x3 ∂u

∂x |y=1 = x2 − 2

1.185 ∂2u
∂ξ∂η −

2
η
∂u
∂ξ = 0, ξ = x2y3, η = x, u|y=1 = x2 + 1 ∂u

∂x |y=1 = x

1.186. ∂2u
∂ξ∂η + 4

3η
∂u
∂ξ = 0, ξ = x3y4, η = x, u|y=1 = 4x2 ∂u

∂x |y=1 = 6x

Â ñëåäóþùèõ çàëäà÷àõ òðåáóåòñÿ íàéòè ðåøåíèÿ çàäàííûõ óðàâíåíèé ïî

çàäàííûì çíà÷åíèÿì ϕ(x), ψ(x) èñêîìûõ ðåøåíèé íà êóñêàõ ïàðû íåçàâèñè-

ìûõ õàðàêòåðèñòèê:

1.187. ∂
2u
∂x2 = ∂2u

∂y2 , u(x, y) = ϕ(x) íà y + x = 0,

u(x, y) = ψ(x) íà y − x = 0,

ϕ(0) = ψ(0).

1.188. ∂
2u
∂x2 + 6 ∂2u

∂x∂y + 5∂
2u
∂y2 = 0, u(x, y) = ϕ(x) íà y − x = 0,

u(x, y) = ψ(x) íà 5x− y = 0,

ϕ(0) = ψ(0).

1.189. ∂
2u
∂x2 + 6 ∂2u

∂x∂y + 5∂
2u
∂y2 = 0, u(x, y) = ϕ(x) íà y = 5x+ 3,

u(x, y) = ψ(x) íà y = x− 1,
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ϕ(−1) = ψ(−1).

1.190. ∂
2u
∂x2 − 6 ∂2u

∂x∂y + 8∂
2u
∂y2 = 0, u(x, y) = ϕ(x) íà y + 4x = 0,

u(x, y) = ψ(x) íà y + 2x+ 2 = 0,

ϕ(1) = ψ(1).

1.191. 3∂
2u
∂x2 + 2 ∂2u

∂x∂y −
∂2u
∂y2 = 0, u(x, y) = ϕ(x) íà x− y − 1 = 0,

u(x, y) = ψ(x) íà x+ 3y + 1 = 0,

ϕ(1
2) = ψ(1

2).

1.192. 4∂
2u
∂x2 − 8 ∂2u

∂x∂y + 3∂
2u
∂y2 = 0, u(x, y) = ϕ(x) íà x+ 2y + 1 = 0,

u(x, y) = ψ(x) íà 3x+ 2y + 2 = 0,

ϕ(−1
2) = ψ(−1

2).

1.193. 3∂
2u
∂x2 + 5 ∂2u

∂x∂y − 2∂
2u
∂y2 = 0, u(x, y) = ϕ(x) íà x+ 3y + 2 = 0,

u(x, y) = ψ(x) íà 2x− y − 1 = 0,

ϕ(1
7) = ψ(1

7).

1.194. 25∂
2u
∂x2 + 5 ∂2u

∂x∂y − 2∂
2u
∂y2 = 0, u(x, y) = ϕ(x) íà 2x− 5y − 4 = 0,

u(x, y) = ψ(x) íà x+ 5y + 3 = 0,

ϕ(1
3) = ψ(1

3).

1.195. ∂
2u
∂x2 + 2 ∂2u

∂x∂y − 8∂
2u
∂y2 = 0, u(x, y) = ϕ(x) íà 4x− y + 3 = 0,

u(x, y) = ψ(x) íà 2x+ y − 4 = 0,

ϕ(1
6) = ψ(1

6).
41



1.196. ∂
2u
∂x2 + ∂2u

∂x∂y − 6∂
2u
∂y2 = 0, u(x, y) = ϕ(x) íà 2x+ y + 1 = 0,

u(x, y) = ψ(x) íà 3x− y − 2 = 0,

ϕ(1
5) = ψ(1

5).

1.197. 2∂
2u
∂x2 − 7 ∂2u

∂x∂y − 4∂
2u
∂y2 = 0, u(x, y) = ϕ(x) íà 4x+ y + 1 = 0,

u(x, y) = ψ(x) íà x− 2y + 4 = 0,

ϕ(−2
3) = ψ(−2

3).

1.198. ∂
2u
∂x2 + 2x ∂2u

∂x∂y −
1
x
∂2u
∂y2 = 0, (x > 0), u(x, y) = ϕ(x) íà y − 1 = 0,

u(x, y) = ψ(x) íà x2 − y = 0,

ϕ(1) = ψ(1).

1.199. ∂
2u
∂x2 + 2x∂

2u
∂y2 = 0, (y > 0), u(x, y) = ϕ(x) íà y − x2 = 0,

u(x, y) = ψ(x) íà x− 2 = 0,

ϕ(2) = ψ(4).

1.200. 2y ∂
2u
∂x2 + ∂2u

∂x∂y = 0, (x > 0), u(x, y) = ϕ(x) íà y −
√
x = 0,

u(x, y) = ψ(x) íà y − 2 = 0,

ϕ(4) = ψ(4).

1.201. ∂
2u
∂x2 − 4x2 ∂2u

∂y2 − 1
x
∂u
∂x = 0, (x > 0), u(x, y) = ϕ(x) íà y − x2 = 0,

u(x, y) = ψ(x) íà y + x2 − 2 = 0,

ϕ(1) = ψ(1).

1.202. ∂
2u
∂x2 + 2shx ∂2u

∂x∂y −
∂2u
∂y2 + 1

chx
∂u
∂y − thx

∂u
∂x = 0, u(x, y) = ϕ(x) íà y− ex = 0,

u(x, y) = ψ(x) íà y − e−x = 0,
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ϕ(0) = ψ(0).

2 ÓÐÀÂÍÅÍÈß ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÒÈÏÀ. ÌÅÒÎÄ ÔÓÐÜÅ.

Â äàííîì ðàçäåëå ìû ïðèâåäåì çàäà÷è, ðåøàåìûå ìåòîäîì Ôóðüå äëÿ óðàâ-

íåíèé ãèïåðáîëè÷åñêîãî òèïà , ê êîòîðûì ñâîäÿòñÿ ôèçè÷åñêèå ïðîöåññû êî-

ëåáàòåëüíîãî õàðàêòåðà. Ðàññìîòðèì â íà÷àëå îäíîìåðíûå ïî ãåîìåòðè÷åñêèì

êîîðäèíàòàì: êîëåáàíèÿ ñòðóíû è ïðîäîëüíûå êîëåáàíèÿ ñòåðæíÿ.

2.1 Óðàâíåíèÿ êîëåáàíèÿ ñòðóíû.

Ñòðóíà � òóãî íàòÿíóòàÿ íèòü, ïðàêòè÷åñêè íå ðàñòÿæèìàÿ, íî ëåãêî èçãè-

áàåìàÿ. Ïóñòü îíà èìååò äëèíó ` è â ïîëîæåíèè ðàâíîâåñèÿ çàíèìàåò îòðåçîê

[0, `] íà îñè Ox. Èçó÷àþòñÿ ìàëûå ïîïåðå÷íûå êîëåáàíèÿ. Ââîäèì íåèçâåñò-

íóþ ôóíêöèþ u(x, t) ðàâíóþ îòêëîíåíèþ òî÷êè ñ àáñöèññîé x îò ïîëîæåíèÿ

ðàâíîâåñèÿ â ìîìåíò âðåìåíè t. Èçâåñòíû ôèçè÷åñêèå ïàðàìåòðû ñòðóíû: ρ �

ëèíåéíàÿ ïëîòíîñòü, T � íàòÿæåíèå ñòðóíû, p(x, t) � âíåøíÿÿ ñèëà, ðàññ÷è-

òàííàÿ íà åäèíèöó äëèíû . Áåç âûâîäà (ñì. êíèãè [1] è [2] ) ïðèâåäåì óðàâíåíèå

êîëåáàíèÿ (ïîêà áåç ó÷åòà ñîïðîòèâëåíèÿ îêðóæàþùåé ñðåäû)

ρ
∂2u

∂t2
= T

∂2u

∂x2 + p(x, t). (1.1)

Åñëè ïðåäïîëîæèòü, ÷òî ñîïðîòèâëåíèå ñðåäû ïðîïîðöèîíàëüíî ñêîðîñòè

äâèæåíèÿ òî÷åê ñòðóíû, òî åñòü ðàâíî k
∂u

∂t
, k > 0, òî óðàâíåíèå (1.1) ïåðå-

ïèøåòñÿ òàê:

ρ
∂2u

∂t2
+ k

∂u

∂t
= T

∂2u

∂x2 + p(x, t) (1.2)

Ìàëûå êîëåáàíèÿ ñòðóíû îáû÷íî õàðàêòåðèçóþòñÿ ñîîòíîøåíèåì
(
∂u
∂x

)2 ≈ 0.

Ëåãêî ïîêàçàòü, ÷òî âåëè÷èíà T , íàòÿæåíèå ñòðóíû â ïîëîæåíèè ðàâíîâå-

ñèÿ, ïðàêòè÷åñêè íå çàâèñèò â ïðîöåññå êîëåáàíèÿ íè îò âðåìåíè t , íè îò

êîîðäèíàòû x (ýòî ÿâëÿåòñÿ ñëåäñòâèåì ïðåäïîëîæåíèÿ
(
∂u
∂x

)2 ≈ 0). Áóäåì â
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äàëüíåéøåì ñ÷èòàòü ñòðóíó îäíîðîäíîé, à ýòî îçíà÷àåò ïîñòîÿíñòâî ïëîòíî-

ñòè ρ. Ïîäåëèì óðàâíåíèå (1.1) íà ρ è ââåäåì ïàðàìåòð a =
√

T
ρ , ïîñëå ÷åãî

îíî ïðèìåò âèä
∂2u

∂t2
= a2∂

2u

∂x2 + g(x, t), (1.3)

ãäå g(x, t) = p(x, t)/ρ.

Òà æå îïåðàöèÿ ñ óðàâíåíèåì (1.2) äàåò òàêîé ðåçóëüòàò

∂2u

∂t2
+ 2ν

∂u

∂t
= a2∂

2u

∂x2 + g(x, t). (1.4)

Çäåñü äëÿ óäîáñòâà ïîëîæèëè 2ν = k/ρ. Åñëè âíåøíÿÿ ñèëà îòñóòñòâóåò,

p(x, t) ≡ 0, òî êîëåáàíèÿ íàçûâàþòñÿ ñîáñòâåííûìè èëè ñâîáîäíûìè. Îíè

îïèñûâàþòñÿ óðàâíåíèåì
∂2u

∂t2
= a2∂

2u

∂x2 (1.5)

â ïðåäïîëîæåíèè, ÷òî ñðåäà êîëåáàíèÿ íå ïðåïÿòñòâóåò äâèæåíèþ ñòðóíû.

Àíàëîãè÷íî ïðåîáðàçóåòñÿ è ðàâåíñòâî (1.4).

Äëÿ âñåõ ïðåäñòàâëåííûõ óðàâíåíèé ñòàâèòñÿ çàäà÷à Êîøè: íàéòè ðåøåíèå

óðàâíåíèé, óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u|t=0 = f(x), (1.6)

∂u

∂t

∣∣∣∣
t=0

= F (x). (1.7)

Ïåðâîå òðåáîâàíèå îçíà÷àåò, ÷òî çàäàåòñÿ íà÷àëüíîå îòêëîíåíèå, ïåðâè÷íàÿ

ôîðìà ñòðóíû, âòîðîå � çàäàåòñÿ íà÷àëüíàÿ ñêîðîñòü. Ýòî óñëîâèå ðåàëèçó-

åòñÿ íà ïðàêòèêå êàê óäàð ïî ñòðóíå ìîëîòî÷êîì, ôîðìà êîòîðîãî è ñêîðîñòü

îïðåäåëÿåòñÿ ôóíêöèåé F (x).

Ó÷èòûâàÿ êîíå÷íûå ðàçìåðû ñòðóíû, â òî÷êàõ x = 0 è x = l çàäàþòñÿ êðà-

åâûå óñëîâèÿ � çàêðåïëåííûå êîíöû, òî åñòü îòêëîíåíèÿ ãðàíè÷íûõ òî÷åê
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ðàâíû íóëþ äëÿ ëþáîãî çíà÷åíèÿ âðåìåíè t > 0. Àíàëèòè÷åñêè îíè çàïèñû-

âàþòñÿ ñëåäóþùèì îáðàçîì

u(0, t) = u(l, t) = 0. (1.8)

Òåõíè÷åñêè ìîæíî îñóùåñòâèòü è ìÿãêîå èëè ñâîáîäíîå çàêðåïëåíèå îäíîãî

èç êîíöîâ, íàïðèìåð, x = l, êîãäà îí áåç òðåíèÿ ïåðåìåùàåòñÿ ïî ïðÿìîé,

ïåðïåíäèêóëÿðíîé îñè x â ïëîñêîñòè êîëåáàíèÿ x0u. Â ýòîì ñëó÷àå ïðîåêöèÿ

ñèë íàòÿæåíèÿ íà îñü Ox, (
−→
T )u, áóäåò ðàâíÿòüñÿ íóëþ è, ìîæíî ïîêàçàòü, ÷òî

âûïîëíÿåòñÿ óñëîâèå
∂u

∂x
|x=` = 0. (1.9)

Àíàëîãè÷íîå óñëîâèå, åñëè ñâîáîäåí êîíåö x = 0

∂u

∂x
|x=0 = 0. (1.10)

Åñëè êîíåö äâèæåòñÿ ñ ñîïðîòèâëåíèåì ïðîïîðöèîíàëüíîì îòêëîíåíèþ, òî

òàêîå êðàåâîå óñëîâèå íàçûâàþò óïðóãèì. Â ýòîì ñëó÷àå èìåþò ìåñòî çàâèñè-

ìîñòè
∂u

∂x
− h1u

∣∣∣∣
x=0

= 0,
∂u

∂x
+ h2u

∣∣∣∣
x=`

= 0, h1, h2 > 0, (1.101)

Ãðàíè÷íûå óñëîâèÿ âèäà (1.8), (1.9), (1.10) è (1.101) íàçûâàþòñÿ îäíîðîä-

íûìè. Íà ïðàêòèêå ìîæíî ñòîëêíóòüñÿ ñ íåîäíîðîäíûìè óñëîâèÿìè, íàïðè-

ìåð, ïîäâèæíûå êîíöû, êîãäà òî÷êè x = 0 èëè x = l ïåðåìåùàþòñÿ ïî çàäàí-

íûì çàêîíàì. Â ýòîì ñëó÷àå (1.8) ïåðåïèøóòñÿ òàê

u(0, t) = ϕ(t), u(`, t) = ψ(t). (1.11)

Ñîáèðàÿ âñå âìåñòå, ñôîðìóëèðóåì íà÷àëüíî êðàåâóþ çàäà÷ó î êîëåáàíèè

îäíîðîäíîé ñòðóíû . Â îáëàñòè 0 < x < l, t > 0 íàéòè ðåøåíèå óðàâíåíèÿ (1.1)
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èëè (1.5), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì (1, 6), (1.7) è äâóì êðàåâûì

óñëîâèÿì (1.8) ( èëè (1.9), (1.10) è òàê äàëåå).

Åñëè íà÷àëüíî-êðàåâàÿ çàäà÷à îäíîðîäíàÿ, òî äëÿ åå ðåøåíèÿ ìîæíî ïðè-

ìåíèòü ìåòîä Ôóðüå (ïî-äðóãîìó ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ), èçëîæåíèþ

êîòîðîãî ïîñâÿùåí äàííûé ðàçäåë. Åñëè çàäà÷à íåîäíîðîäíàÿ, òî ñóùåñòâó-

þò íåñëîæíûå ïðèåìû ñâåäåíèÿ åå ê îäíîðîäíîìó ñëó÷àþ, îá ýòîì ïîãîâîðèì

ïîçæå, ïîñëå òîãî êàê ðàññìîòðèì îñíîâíûå îäíîðîäíûå çàäà÷è.

Â êà÷åñòâå ïðèìåðà èññëåäóåì çàäà÷ó î ñîáñòâåííûõ êîëåáàíèÿõ ñòðóíû,

çàêðåïëåííîé íà êîíöàõ. Ïîâòîðèìñÿ, íî ÷åòêî ïîñòàâèì çàäà÷ó.

Ïðèìåð 1. Â îáëàñòè 0 < x < l, t > 0 íàéòè ðåøåíèå óðàâíåíèÿ

∂2u

∂t2
= a2∂

2u

∂x2 , (1.5)

óäîâëåòâîðÿþùåå óñëîâèÿì:

u(0, t) = 0, (1.81)

u(`, t) = 0, (1.82)

u(x, 0) = f(x), (1.6)

∂u

∂t
(x, 0) = F (x). (1.7)

Çäåñü f(x) è F (x) äîñòàòî÷íî ãëàäêèå ôóíêöèè íà [0, `], óäîâëåòâîðÿþùèå

óñëîâèÿì

f(0) = f(`) = 0; F (0) = F (`) = 0.

Çàäà÷ó ðåøàåì ìåòîäîì Ôóðüå. Íà ïåðâîì ýòàïå èùåì íåòðèâèàëüíûå,

÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (1.5) â âèäå ïðîèçâåäåíèÿ u(x, t) = X(x)T (t),

óäîâëåòâîðÿþùåå òîëüêî êðàåâûì óñëîâèÿì.

Èìååì
∂2u

∂t2
= X(x)T ′′(t),

∂2u

∂x2 = X ′′(x)T (t).
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Íåèçâåñòíûå ìíîæèòåëè äîëæíû óäîâëåòâîðÿòü ðàâåíñòâó

X(x)T ′′(t) = a2X ′′(x)T (t)

èëè
T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
. (1.12)

Ñîîòíîøåíèå (1.12) ÿâëÿåòñÿ òîæäåñòâåííûì ñîâïàäåíèåì äâóõ ôóíêöèé îò

íåçàâèñèìûõ ïåðåìåííûõ x è t è ýòî ñîâïàäåíèå âîçìîæíî òîëüêî òîãäà, êîãäà

êàæäàÿ äðîáü ðàâíà îäíîìó è òîìó æå ïîñòîÿííîìó çíà÷åíèþ, êîòîðîå ìû

äëÿ íà÷àëà îáîçíà÷èì ÷åðåç µ. Â ðåçóëüòàòå ôóíêöèÿ X(x) óäîâëåòâîðÿåò

äèôôåðåíöèàëüíîìó óðàâíåíèþ X ′′(x)
X(x) = µ, êîòîðîå ïåðåïèøåì â ñòàíäàðòíîé

ôîðìå

X ′′(x)− µX(x) = 0. (1.13)

Âñïîìíèì, ÷òî èñêîìàÿ ôóíêöèÿ u(x, t) äîëæíà óäîâëåòâîðÿòü òðåáîâàíèÿì

(1.81) è (1.82). Ðàññìîòðèì ñíà÷àëà (1.81)

u(0, t) = X(0)T (t) ≡ 0.

Ôóíêöèÿ T (t) ïî ïðåäïîëîæåíèþ íå áóäåò òîæäåñòâåííî ðàâíÿòüñÿ íóëþ,

ñëåäîâàòåëüíî, ìû ïîëó÷àåì, ÷òî

X(0) = 0. (1.14)

Òî÷íî òàêæå âûâîäèì, ÷òî

X(l) = 0. (1.15)

Â èòîãå òðåáóåòñÿ íàéòè íåòðèâèàëüíîå ðåøåíèå óðàâíåíèÿ (1.13), óäîâëåòâî-

ðÿþùåå ñîîòíîøåíèÿì (1.14) è (1.15). Òàêàÿ çàäà÷à äëÿ äèôôåðåíöèàëüíîãî

óðàâíåíèÿ 2-ãî ïîðÿäêà íàçûâàåòñÿ êðàåâîé (â îòëè÷èè îò çàäà÷è Êîøè) èëè
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çàäà÷åé Øòóðìà - Ëèóâèëëÿ. Íåáîëüøîå èññëåäîâàíèå ïîêàçûâàåò, ÷òî ïðè

µ ≥ 0 ïîñòàâëåííàÿ çàäà÷à íå èìååò ðåøåíèÿ. Ïóñòü µ < 0 è äëÿ óäîáñòâà

µ = −λ2. Òåïåðü óðàâíåíèå (1.13) ïðåäñòàíåò â âèäå

X ′′(x) + λ2X(x) = 0.

Îáùåå ðåøåíèå íàõîäèòñÿ ëåãêî

X(x) = C1 cosλx+ C2 sinλx.

Êðàåâàÿ çàäà÷à (1.13), (1.14), (1.15) ðàçðåøèìà äàëåêî íå äëÿ âñåõ µ < 0.

Íàéäåì ñîîòâåòñòâóþùèå çíà÷åíèÿ µ, òî÷íåå λ, à òàêæå îäíó èç ïîñòîÿííûõ

C1, C2 (âòîðàÿ áóäåò ïðîèçâîëüíîé).

Ïóñòü x = 0, òîãäà X(0) = C1 = 0. Åñëè x = l, òî X(l) = C2 sinλ` = 0,

C2 6= 0, à ïîòîìó sinλ` = 0, îòêóäà λ` = πk, k ∈ Z. Îáîçíà÷èì λk = πk
` . Çíà-

÷åíèÿ µk = (πk` )2 íàçûâàþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè. Êàæäîìó λk = πk
` ñ

òî÷íîñòüþ äî ìíîæèòåëÿ C2 , áóäåò îòâå÷àòü èñêîìîå ðåøåíèå, êîòîðîå, çàìå-

íèâ C2 íà Ak, çàïèøåì â âèäå

Xk(x) = Ak sin
πkx

`
. (1.16)

Çàìåòèì, ÷òî k = 0 ìû îòâåðãàåì, òàê êàê µ < 0, ïðèäåòñÿ ðàññòàòüñÿ è ñ

îòðèöàòåëüíûìè k, êîòîðûå íå äàþò íîâûõ íåçàâèñèìûõ ðåøåíèé, ïîýòîìó

k ∈ N îïðåäåëÿåò âñå áåñêîíå÷íîå ìíîæåñòâî {Xk(x)} ðåøåíèé. Îíè íàçûâà-

þòñÿ ñîáñòâåííûìè ôóíêöèÿìè çàäà÷è Øòóðìà - Ëèóâèëëÿ.

Ïåðåéäåì ê ìíîæèòåëþ T (t), êîòîðûé ñîãëàñíî (1.12) áóäåò óäîâëåòâîðÿòü

óðàâíåíèþ
T ′′

a2T (t)
= −λ2

k èëè T ′′ +

(
πka

`

)2

T (t) = 0.

Îáùåå ðåøåíèå ïîñëåäíåãî óðàâíåíèÿ, Tk(t), çàïèñûâàåòñÿ ñëåäóþùèì îá-
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ðàçîì

Tk(t) = Bk cos
πka

`
t+ Ck sin

πka

`
t,

ãäå Bk è Ck � ïîñòîÿííûå íåèçâåñòíûå êîýôôèöèåíòû. Ïåðâûé ýòàï ìû çà-

âåðøàåì ïðåäñòàâëåíèåì áåñêîíå÷íîãî ìíîæåñòâà ÷àñòíûõ ðåøåíèé (1.5), óäî-

âëåòâîðÿþùèõ çàäàííûì ãðàíè÷íûì òðåáîâàíèÿì

uk(x, t) =

(
Bk cos

πka

`
t+ Ck sin

πka

`
t

)
Ak sin

πkx

`
.

Èõ ìîæíî çàïèñàòü â áîëåå ïðîñòîì âèäå

uk(x, t) =

(
ak cos

πka

`
t+ bk sin

πka

`
t

)
sin

πkx

`
. (1.17)

Çäåñü ak = AkBk, bk = AkCk � ïðîèçâîëüíû. Â öåëÿõ óïðîùåíèÿ ïðîöå-

äóðû ðåøåíèÿ çàäà÷ ìû, íå íàðóøàÿ îáùíîñòè, áóäåì ñ÷èòàòü ïîñòîÿííûé

ìíîæèòåëü ïðè Xk(x) ðàâíûì åäèíèöå. Âòîðîé ýòàï - âûïîëíåíèå íà÷àëüíûõ

óñëîâèé (1.6) è (1.7). Íåòðóäíî çàìåòèòü, ÷òî ñ ïîìîùüþ ôóíêöèè uk(x, t) èç

(1.17) óäîâëåòâîðèòü ýòèì òðåáîâàíèÿì íå óäàñòñÿ. Îòìåòèì, ÷òî è ëþáàÿ,

êîíå÷íàÿ ñóììà ôóíêöèé uk(x, t), êîòîðàÿ õîòÿ è óäîâëåòâîðÿåò óðàâíåíèþ

(1.5) è êðàåâûì óñëîâèÿì (1.81), (1.82), íå ðåøèò çàäà÷ó Êîøè â îáùåì ñëó-

÷àå, êàê íè âûáèðàé ak è bk. Îñòàåòñÿ åäèíñòâåííàÿ âîçìîæíîñòü âçÿòü íå

òîëüêî áåñêîíå÷íóþ ñóììó uk(x, t), à âåñü ðÿä, çàïèñàâ

u(x, t) =
∞∑
k=1

(
ak cos

πka

`
t+ bk sin

πka

`
t

)
sin

πkx

`
, (1.18)

â êîòîðûõ ak è bk , õîòÿ è íåèçâåñòíûå, íî äîëæíû îáåñïå÷èâàòü ñõîäèìîñòü

ðÿäà. Ïðåäñòàâëåíèå (1.18) íàçîâåì ôîðìàëüíûì ðåøåíèåì ïîñòàâëåííîé çà-

äà÷è, õîòÿ îíî ìîæåò è íå áûòü ðåøåíèåì â îáû÷íîì âèäå.

Ïîäáåðåì êîýôôèöèåíòû ak è bk â (1.18) òàê, ÷òîáû óñëîâèÿ (1.6) è (1.7)

óäîâëåòâîðÿëèñü. Ïðåäâàðèòåëüíî ôîðìàëüíî ïðîäèôôåðåíöèðóåì ôîðìàëü-
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íî ðÿä (1.18) ïî t

∂u

∂t
=

∞∑
k=1

πka

`

(
−ak sin

πka

`
t+ bk cos

πka

`
t

)
sin

πkx

`
. (1.19)

Ïîëàãàåì â (1.18) t = 0 ñ ó÷åòîì, ÷òî u(x, 0) = f(x),

∞∑
k=1

ak sin
πkx

`
= f(x). (1.20)

Çàìå÷àåì, ÷òî ak ÿâëÿþòñÿ êîýôôèöèåíòàìè ðÿäà Ôóðüå ôóíêöèè f(x) , ðàç-

ëîæåííîé íà îòðåçêå [0, `] â ðÿä òîëüêî ïî ñèíóñàì. Ïðåäïîëàãàÿ, ÷òî ñàì ðÿä

â (1.20) ñõîäèòñÿ íà [0, `] ðàâíîìåðíî, íàõîäèì

ak =
2

`

`∫
0

f(x) sin
πkx

`
dx, k = 1; 2; ... . (1.21)

Òî÷íî òàêæå, ïîëàãàÿ t = 0 â ðàâåíñòâå (1.19), ñ ó÷åòîì (1.7) ïîëó÷àåì

∞∑
k=1

πka

`
bk sin

πkx

`
= F (x).

Îòñþäà πka
` bk = 2

`

∫̀
0
F (x) sin πkx

` dx, à

bk =
`

πka

2

`

`∫
0

F (x) sin
πkx

`
dx, k = 1; 2; ... . (1.22)

Ìîæíî ñ÷èòàòü, ÷òî ôîðìàëüíî äëÿ íåïðåðûâíûõ f(x) è F (x) ìû ïîëó÷èëè

ðåøåíèå çàäà÷è â âèäå ðÿäà (1.18), â êîòîðîì êîýôôèöèåíòû íàõîäÿòñÿ ïî

ôîðìóëàì (1.21) è (1.22). Íî ðÿäû, ðÿäû Ôóðüå â òîì ÷èñëå, âåùü êàïðèçíàÿ

è íå ñõîäÿòñÿ ðàâíîìåðíî äàæå äëÿ íåïðåðûâíûõ ôóíêöèé. Ìîæíî ïîêàçàòü,

÷òî äëÿ ðàâíîìåðíîé ñõîäèìîñòè ðÿäà (1.18) äîñòàòî÷íî, ÷òîáû f(x) èìåëà

êóñî÷íî íåïðåðûâíóþ ïðîèçâîäíóþ, à F (x) áûëà ïðîñòî êóñî÷íî íåïðåðûâ-
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íà ïðè âûïîëíåíèè (1.81) è (1.82). Îäíàêî ýòè òðåáîâàíèÿ íå îáåñïå÷èâàþò,

âîîáùå ãîâîðÿ, ñóùåñòâîâàíèÿ ó ôóíêöèè u(x, t) íåïðåðûâíûõ âòîðûõ ïðîèç-

âîäíûõ ∂2u
∂x2 è ∂2u

∂t2 , áåç ÷åãî ãîâîðèòü îá u(x, t) êàê î ðåøåíèè óðàâíåíèÿ (1.5)

íåêîððåêòíî. Ââåäåì òàêîå îïðåäåëåíèå.

Îïðåäåëåíèå. Ôóíêöèþ u(x, t) ïðåäñòàâëåííóþ ðÿäîì (1.18), â êîòîðîì êî-

ýôôèöèåíòû íàõîäÿòñÿ ïî ôîðìóëàì (1.21), (1.22) íàçîâåì ðåãóëÿðíûì (êëàñ-

ñè÷åñêèì) ðåøåíèåì çàäà÷è, åñëè ðÿä äîïóñêàåò äâóõêðàòíîå äèôôåðåíöèðî-

âàíèå ïî x è t.

Íåïðåðûâíîñòü ïîâòîðíûõ ïðîèçâîäíûõ àâòîìàòè÷åñêè ñëåäóåò èç ïðàâè-

ëà ïî÷ëåííîãî äèôôåðåíöèðîâàíèÿ ôóíêöèîíàëüíîãî ðÿäà, òðåáóþùåãî ðàâ-

íîìåðíîé ñõîäèìîñòè ôîðìàëüíî ïðîäèôôåðåíöèðîâàííûõ ðÿäîâ.

Ïðèâåäåì áåç äîêàçàòåëüñòâà äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåãóëÿð-

íîãî ðåøåíèÿ â âèäå òðåáîâàíèÿ íà ñòåïåíü ãëàäêîñòè f(x) è F (x).

Òåîðåìà. Åñëè â ïîñòàâëåííîé â ïðèìåðå 1 çàäà÷å f(x) óäîâëåòâîðÿåò óñëîâèÿì

f(0) = f(`) = 0, f ′′(0) = f ′′(`) = 0 è f(x) èìååò íåïðåðûâíûå ïðîèçâîäíûå

f ′(x), f ′′(x) è êóñî÷íî íåïðåðûâíóþ f ′′′(x), à F (x) óäîâëåòâîðÿåò òðåáîâàíè-

ÿì F (0) = F (`) = 0, F ′(x) íåïðåðûâíà, F ′′(x) êóñî÷íî íåïðåðûâíà, òî u(x, t),

ïðåäñòàâëåííàÿ ðÿäîì (1.18), áóäåò ðåãóëÿðíûì ðåøåíèåì.

Åñëè f(x) è F (x) îáåñïå÷èâàþò ëèøü ðàâíîìåðíóþ ñõîäèìîñòü ðÿäà (1.18),

òî u(x, t) íàçûâàþò îáîáùåííûì ðåøåíèåì. Íà ïðàêòèêå åãî ðàâíîìåðíî ñ òðå-

áóåìîé òî÷íîñòüþ ïðèáëèæàþò ðåãóëÿðíûìè ðåøåíèÿìè. Ñàìûé åñòåñòâåí-

íûé ñïîñîá îãðàíè÷èòüñÿ ÷àñòè÷íîé ñóììîé ðÿäà (1.18) ïðè äîñòàòî÷íî áîëü-

øîì ÷èñëå ñëàãàåìûõ.

2.2 Óðàâíåíèÿ ïðîäîëüíûõ êîëåáàíèé ñòåðæíÿ.

Èçó÷èì ìàëûå ïðîäîëüíûå êîëåáàíèÿ ñòåðæíÿ.

Ñòåðæåíü � óïðóãîå öèëèíäðè÷åñêîå òåëî ñ ïîñòîÿííîé ïëîùàäüþ ïîïåðå÷-

íîãî ñå÷åíèÿ σ. Íàïðàâèì îñü àáñöèññ âäîëü ñòåðæíÿ. Â êà÷åñòâå íåèçâåñòíîé
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ôóíêöèè áåðåòñÿ âåëè÷èíà ñìåùåíèÿ ñå÷åíèÿ ñòåðæíÿ ñ àáñöèññîé x â ïîëî-

æåíèè ðàâíîâåñèÿ â ìîìåíò âðåìåíè t. Ïóñòü x(t) êîîðäèíàòà ýòîãî ñå÷åíèÿ

â ìîìåíò t > 0, òîãäà u(x, t) = x(t) − x. Âèçóàëüíî, åñòåñòâåííî, u(x, t) óâè-

äåòü íåëåãêî. Ïðè âûâîäå óðàâíåíèÿ èñïîëüçóþò çàêîí Ãóêà: ñèëà íàòÿæåíèÿ

(T ) ïðè èçìåíåíèè äëèíû îáðàçöà (∆x) ïðîïîðöèîíàëüíà åãî îòíîñèòåëüíîìó

óäëèíåíèþ (∆u
∆x) è ïëîùàäè ïîïåðå÷íîãî ñå÷åíèÿ σ. Êîýôôèöèåíò ïðîïîðöè-

îíàëüíîñòè (íàçûâàåòñÿ ìîäóëåì Þíãà, îáîçíà÷àåòñÿ E) îïðåäåëÿåòñÿ äëÿ

óïðóãèõ òåë ýêñïåðèìåíòàëüíî. Èòàê, T = Eσ∆u
∆x . Ó÷èòûâàÿ ìàëîñòü ∆u,

ìîæíî ñ÷èòàòü, ÷òî ∆u
∆x ≈

∂u
∂x . Òåïåðü

T = Eσ
∂u

∂x
. (2.1)

Ñàìî óðàâíåíèå èìååò òàêîé æå âèä êàê è äëÿ êîëåáàíèé ñòðóíû (1.1), à èìåí-

íî

σρ
∂2u

∂t2
= Eσ

∂2u

∂x2 + p(x, t)σ. (2.2)

Çäåñü ρ � îáúåìíàÿ ïëîòíîñòü ñòåðæíÿ, p(x, t) � âíåøíÿÿ ñèëà, ðàññ÷èòàííàÿ

íà åäèíèöó îáúåìà. Ñ÷èòàÿ ñòåðæåíü îäíîðîäíûì (â ýòîì ñëó÷àå ρ � ïîñòî-

ÿííîå ÷èñëî) ïîñëå äåëåíèÿ (2.2) íà ρσ, ïîëó÷àåì

∂2u

∂t2
= a2∂

2u

∂x2 + g(x, t) (2.3),

ãäå a2 = E
ρ , g(x, t) = p(x,t)

ρ . Åñëè âíåøíèå ñèëû îòñóòñòâóþò, p(x, t) ≡ 0, òî

ïîëó÷àåòñÿ óðàâíåíèå ñîáñòâåííûõ êîëåáàíèé

∂2u

∂t2
= a2∂

2u

∂x2 . (2.4)

Äëÿ âñåõ óðàâíåíèé ñòàâèòñÿ çàäà÷à Êîøè: íàéòè ðåøåíèå óäîâëåòâîðÿþùåå

óñëîâèÿì

u(x, 0) = f(x);
∂u

∂t
(x, 0) = F (x), (2.5)
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f(x) è F (x), êàê è âûøå, äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ, f(x) � íà÷àëüíîå ðàñ-

òÿæåíèå ñòåðæíÿ âäîëü îñè, F (x) � íà÷àëüíàÿ ñêîðîñòü ñå÷åíèÿ ñ àáñöèññîé

x.

Äëÿ êîíå÷íîãî ñòåðæíÿ, çàíèìàþùåãî îòðåçîê [0, `] îñè 0x, ñòàâÿòñÿ êðàå-

âûå çàäà÷è. Ïåðå÷èñëèì îñíîâíûå.

1). Îäèí èç êîíöîâ èëè îáà æåñòêî çàêðåïëåíû, òî åñòü ñìåùåíèå â ãðàíè÷-

íûõ òî÷êàõ ðàâíî íóëþ äëÿ ëþáîãî t > 0:

u(0, t) = 0, (2.6)

u(`, t) = 0. (2.7)

2). Ìÿãêîå çàêðåïëåíèå. Ýòî îçíà÷àåò, ÷òî êîíöû (÷àùå âñåãî îäèí èç íèõ)

ñîâåðøàþò ñâîáîäíûå êîëåáàíèÿ, íàòÿæåíèå íà êîíöàõ ðàâíî íóëþ. Èìååì

ïðè x = 0: T |x=0 = Eσ ∂u∂x |x=0 = 0, à òàê êàê Eσ 6= 0, òî

∂u

∂x
|x=0 = 0. (2.8)

Àíàëîãè÷íî â ñå÷åíèè x = `:

∂u

∂x
|x=` = 0. (2.9)

3). Óïðóãîå çàêðåïëåíèå. Â ýòîì ñëó÷àå íà êîíöàõ äåéñòâóåò âíåøíåå ñî-

ïðîòèâëåíèå, ïðîïîðöèîíàëüíîå îòêëîíåíèþ u. Íàïðèìåð, ïðè x = 0 èìååì

(αu+β ∂u∂x) |x=0 = 0 . Ó÷èòûâàÿ íàïðàâëåíèå ñèë íàòÿæåíèÿ ïðè x = 0 êðàåâîå

óñëîâèå çàïèñûâàåòñÿ òàê:

(u− h1
∂u

∂x
) |x=0 = 0, h1 > 0. (2.10)
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Ïðè x = `

(u+ h2
∂u

∂x
) |x=` = 0, h2 > 0. (2.11)

Êðàåâûå óñëîâèÿ ìîãóò áûòü íåîäíîðîäíûìè, òèïà

u(0, t) = ϕ(t), u(`, t) = ψ(t)

è òàê äàëåå.

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ñëåäóþùóþ çàäà÷ó.

Ïðèìåð 2. Îäèí êîíåö ñòåðæíÿ çàêðåïëåí, à íà äðóãîé äåéñòâóåò ïîñòîÿí-

íàÿ ñèëà Q. Íàéòè ïðîäîëüíûå êîëåáàíèÿ ñòåðæíÿ, åñëè â íà÷àëüíûé ìîìåíò,

t = 0, ñèëà ïåðåñòàåò äåéñòâîâàòü.

Áóäåì ñ÷èòàòü, ÷òî êîíåö x = 0 çàêðåïëåí è èìååò ìåñòî òðåáîâàíèå (2.6),

à êîíåö x = l èìååò ìÿãêîå çàêðåïëåíèå (2.9).

Ïî óñëîâèþ çàäà÷è íåòðóäíî ñîîáðàçèòü, ÷òî íà÷àëüíûå ñêîðîñòè ñå÷åíèé

ñòåðæíÿ ðàâíû íóëþ, ÷òî îçíà÷àåò

∂u

∂t
(x, 0) = 0 (2.12)

Íà÷àëüíûå îòêëîíåíèÿ íàéäåì èç óñëîâèÿ, ÷òî ñòåðæåíü áûë ïðåäâàðèòåëüíî

ðàñòÿíóò ñèëîéQ è âñÿ ñèñòåìà íàõîäèëàñü â ðàâíîâåñèè äî t = 0. Òî÷íåå ñèëû

íàòÿæåíèÿ T ïðè x = l ðàâíÿëèñüQ. Ïî çàêîíó Ãóêà T = Eσ ∂u∂x (ñì. [1] ñòð.76.)

Òàêèì îáðàçîì, ïðè t = 0 âûïîëíÿåòñÿ ðàâåíñòâî T = Eσ ∂u∂x = Q . Îòñþäà

∂u
∂x = Q

Eσ . Èíòåãðèðóÿ ïîñëåäíåå ñîîòíîøåíèå, ïîëó÷àåì u(x, 0) = Q
Eσx+C. Ïî-

ñòîÿííóþ C íàéäåì, èñïîëüçóÿ óñëîâèå (2.6), êîòîðîå âûïîëíÿåòñÿ ïðè ëþáîì

t ≥ 0. Ïðè t = 0 u(0, 0) = C = 0. Èòàê, íà÷àëüíûå îòêëîíåíèÿ ðàâíû

u|t=0 =
Q

Eσ
x. (2.13)

Âñå íåîáõîäèìûå óñëîâèÿ ïîñòàíîâêè çàäà÷è îïðåäåëåíû è ìû ïðèñòóïà-
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åì ê åå ðåøåíèþ. Èùåì ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (2.4), óäîâëåòâîðÿþùèå

òîëüêî êðàåâûì óñëîâèÿì (2.6) è (2.9), â âèäå ïðîèçâåäåíèÿ u(x, t) = X(x)T (t).

Ïîäñòàâëÿÿ ôóíêöèþ u â (2.4) è ðàçäåëÿÿ ïåðåìåííûå x è t, ïîëó÷àåì, êàê è

âûøå, ðàâåíñòâî (1.12), èç êîòîðîãî ñëåäóåò, ÷òî êàæäàÿ äðîáü ðàâíà íåêîòî-

ðîé ïîñòîÿííîé, ñêàæåì µ,

T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
= µ. (2.14)

Êàê è ðàíüøå, êðàåâûå óñëîâèÿ ìîæíî óäîâëåòâîðèòü òîëüêî ñ ïîìîùüþ

ôóíêöèè X(x). Îíè çàïèñûâàþòñÿ â âèäå

X(0) = 0, (2.15)

X ′(`) = 0. (2.16)

Íåñëîæíûé àíàëèç ïîêàçûâàåò, ÷òî ýòî ìîæíî äîñòè÷ü ëèøü ïðè îòðèöàòåëü-

íîì çíà÷åíèè µ, äëÿ ïðîñòîòû µ = −λ2 . Âíîâü ïîëó÷èëè çàäà÷ó Øòóðìà -

Ëèóâèëëÿ â òàêîé ïîñòàíîâêå: íàéòè çíà÷åíèÿ λ, ïðè êîòîðûõ óðàâíåíèå

X ′′(x) + λ2X(x) = 0 (2.17)

èìååò íåòðèâèàëüíûå ðåøåíèÿ, óäîâëåòâîðÿþùèå óñëîâèÿì (2.15) è (2.16), è

ñàìè ýòè ðåøåíèÿ. Îáùåå ðåøåíèå (2.17) çàïèñûâàåòñÿ â âèäå

X(x) = C1 cosλx+ C2 sinλx.

Åñëè x = 0, òî ñëåäóåò ðàâåíñòâî C1 = 0. Íàõîäèì ïðîèçâîäíóþ

X ′(x) = C2λ cosλx

è, ïîëàãàÿ â ïîñëåäíåì ðàâåíñòâå x = `, ïîëó÷àåì X ′(`) = C2λ cosλ` = 0. Ïî-
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ñòîÿííóþ C2, êîòîðàÿ íå áóäåò ðàâíÿòüñÿ íóëþ, äëÿ ïðîñòîòû ïîëàãàåì ðàâíîé

åäèíèöå, λ òîæå íå ðàâíà íóëþ. Çíà÷èò, âûïîëíÿåòñÿ ðàâåíñòâî cosλ` = 0 è

λ` = π
2 (2k+1), k ∈ Z . Îòñþäà íàõîäèì λk = π

2`(2k+1) èXk(x) = sin π
2`(2k+1)x.

Çàìåòèì, ÷òî îòðèöàòåëüíûå çíà÷åíèÿ k íå äàþò ñóùåñòâåííî íîâûõ ðåøåíèé

è ïîýòîìó ïîëàãàåì k = 0; 1; è òàê äàëåå.

Ïåðåéäåì ê îïðåäåëåíèþ ñîìíîæèòåëåé T (t), êîòîðûå óäîâëåòâîðÿþò óðàâ-

íåíèþ T ′′(t) +
(
πa
2` (2k + 1)

)2
T (t) = 0 Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ îáîçíà-

÷èì Tk(t) è çàïèøåì â âèäå

Tk(t) = ak cos
π

2`
(2k + 1)at+ bk sin

π

2`
(2k + 1)at

, çäåñü ak è bk � íåêîòîðûå íåèçâåñòíûå êîýôôèöèåíòû. Èñêîìûå ÷àñòíûå

ðåøåíèÿ óðàâíåíèÿ (2.4) uk = Xk(x)Tk(t). Ôîðìàëüíîå ðåøåíèå ïðåäñòàâëÿåì

â âèäå ðÿäà

u(x, t) =
∞∑
k=0

(
ak cos

π

2`
(2k + 1)at+ bk sin

π

2`
(2k + 1)at

)
sin

π

2`
(2k+1)x. (2.18)

Ïðåäïîëàãàåì, ÷òî ðÿä (2.18) ñõîäèòñÿ ðàâíîìåðíî â îáëàñòè 0 < x < `, t > 0.

Íåèçâåñòíûå êîýôôèöèåíòû íàéäåì èç ðàñ÷åòà óäîâëåòâîðèòü íà÷àëüíûì óñëî-

âèÿì (2.12) è (2.13). Âûïîëíåíèå óñëîâèÿ (2.12), ðàâåíñòâî íóëþ íà÷àëüíûõ

ñêîðîñòåé, îçíà÷àåò, ÷òî âñå bk = 0 . Äëÿ îïðåäåëåíèÿ ak â ðàâåíñòâå (2.18)

ïîëîæèì t = 0 è ó÷òåì òðåáîâàíèå (2.13). Ïîëó÷àåì

u(x, 0) =
∞∑
k=0

ak sin
π

2`
(2k + 1)x =

Q

Eσ
x. (2.19)

Çàìåòèì, ÷òî ñèñòåìà ñèíóñîâ {sin π
2`(2k + 1)x} îðòîãîíàëüíà íà îòðåçêå [0, `]

è
∫̀
0

sin2 π
2`(2k+ 1)dx = `

2 äëÿ ëþáîãî öåëîãî k ≥ 0. Ýòî ïîçâîëÿåò ñ÷èòàòü ðÿä

(2.19) îáîáùåííûì ðÿäîì Ôóðüå. Êîýôôèöèåíòû åãî çàïèñûâàþòñÿ â âèäå
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ak = 2
`

∫̀
0

Q
Eσx sin π

2`(2k + 1)xdx . Èíòåãðàë áåðåòñÿ ïî ÷àñòÿì, ïîëàãàÿ u = x,

dv = sin π
2`(2k + 1)xdx. Äàëåå du = dx, v = − 2`

π(2k+1) cos π
2`(2k + 1)x . Òåïåðü

ak = − 4Q

Eσπ(2k + 1)

x cos
π

2`
(2k + 1)x |`0−

`∫
0

cos
π

2`
(2k + 1)xdx

 .

Âíåûíòåãðàëüíûé ÷ëåí ðàâåí íóëþ, íà íèæíåì ïðåäåëå çà ñ÷åò ìíîæèòåëÿ x,

íà âåðõíåì â ñèëó ðàâåíñòâà íóëþ êîñèíóñà. Âû÷èñëÿÿ îñòàâøèéñÿ èíòåãðàë,

óñòàíàâëèâàåì, ÷òî

ak =
8Q`

Eσπ2(2k + 1)2 sin
π

2`
(2k + 1)x

∣∣∣∣`
0
.

Ïîäñòàâëÿÿ ïðåäåëû èíòåãðèðîâàíèÿ è ó÷èòûâàÿ, ÷òî sin π
2 (2k + 1) = (−1)k

Îêîí÷àòåëüíî ïîëó÷àåì

ak = (−1)k
8Q`

Eσπ2(2k + 1)2 .

Íàéäåííûå êîýôôèöèåíòû ïîäñòàâëÿåì â ñîîòíîøåíèå (2.18) è ïî òðàäèöèè

ïîñòîÿííûå ìíîæèòåëè (íå çàâèñÿùèå îò k) âûíîñèì çà çíàê ñóììû. Èñêîìîå

ðåøåíèå ðàâíî

u(x, t) =
8Q`

Eσπ2

∞∑
k=0

(−1)k

(2k + 1)2 cos
π

2`
(2k + 1)at sin

π

2`
(2k + 1)x.

2.3 Îáùàÿ ñõåìà Ôóðüå.

Ó÷èòûâàÿ ìíîãîîáðàçèå äèôôåðåíöèàëüíûõ óðàâíåíèé è êðàåâûõ óñëî-

âèé ïîëåçíî ðàññìîòðåòü äîñòàòî÷íî îáùóþ ïîñòàíîâêó çàäà÷, îáúåäèíåííû-

ìè áëèçêèìè ìåòîäàìè ðåøåíèÿ. Ïóñòü â îáëàñòè 0 < x < l, t > 0 òðåáóåòñÿ
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íàéòè ðåøåíèå óðàâíåíèÿ

ρ(x)
∂2u

∂t2
=

∂

∂x

(
p(x)

∂u

∂x

)
− q(x)u, (3.1)

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

αu(0, t)− β
∂u

∂x
(0, t) = 0, (3.2)

γu(`, t) + δ
∂u

∂x
(`, t) = 0, (3.3)

ïðè t > 0 è íà÷àëüíûì óñëîâèÿì

u(x, 0) = f(x), (3.4)

∂u

∂t
(x, 0) = F (x), (3.4)

ãäå f(x) è F (x) äîñòàòî÷íî ãëàäêèå íà [0, `] ôóíêöèè. Áóäåì ñ÷èòàòü, ÷òî ρ(x),

p(x), p′(x) è q(x) íåïðåðûâíû íà [0, `], ρ(x) > 0, p(x) > 0, q(x) ≥ 0; α, β, γ, δ

� íåîòðèöàòåëüíûå ïîñòîÿííûå è α+ β > 0, γ + δ > 0.

Ïîñòàâëåííàÿ íà÷àëüíàÿ êðàåâàÿ çàäà÷à ìîæåò áûòü ðåøåíà ìåòîäîì Ôó-

ðüå. Èùåì ñíà÷àëà íåòðèâèàëüíûå ðåøåíèÿ óðàâíåíèÿ (3.1) â âèäå ïðîèçâå-

äåíèÿ u(x, t) = X(x)T (t), óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì (3.2) è (3.3).

Ïîäñòàâëÿÿ u(x, t) â (3.1), ïîëó÷àåì

ρ(x)T ′′(t)X(x) = T (t)
d

dx
(p(x)

dX

dx
)− q(x)T (t)X(x).

Ðàçäåëèì ïåðåìåííûå

(p(x)X ′(x))′ − q(x)X(x)

ρ(x)
=
T ′′(t)

T (t)
= −λ.

Çäåñü ìû, êàê è âûøå, ïðèðàâíÿåì ëåâóþ è ïðàâóþ ÷àñòè ïîñòîÿííîé −λ, èñ-

õîäÿ èç ðàíåå ïðèâåäåííûõ ðàññóæäåíèé îá óñëîâèè òîæäåñòâåííîãî ðàâåíñòâà
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äâóõ ôóíêöèé îò ðàçíûõ, íåçàâèñèìûõ àðãóìåíòîâ. Òåïåðü äëÿ X(x) èìååì

óðàâíåíèå

(p(x)X ′(x))′ + (λρ(x)− q(x))X(x) = 0 (3.7)

ñ íåèçâåñòíûì ïàðàìåòðîì λ. Äëÿ (3.7) ñòàâèòñÿ êðàåâàÿ çàäà÷à. Èñêîìîå

ðåøåíèå X(x) äîëæíî óäîâëåòâîðÿòü óñëîâèÿì:

αX(0)− βX ′(0) = 0, (3.8)

γX(`) + δX ′(`) = 0. (3.9)

Ïîñòàâëåííàÿ çàäà÷à íàçûâàåòñÿ çàäà÷åé Øòóðìà-Ëèóâèëëÿ è ñòðîãî ôîðìó-

ëèðóåòñÿ ñëåäóþùèì îáðàçîì.

ÇÀÄÀ×À ØÒÓÐÌÀ-ËÈÓÂÈËËß. Íàéòè òàêèå çíà÷åíèÿ λ, íàçûâàåìûå

ñîáñòâåííûìè çíà÷åíèÿìè, ïðè êîòîðûõ ñóùåñòâóåò íåòðèâèàëüíîå ðåøåíèå

óðàâíåíèÿ (3.1), óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì (3.2), (3.3), à òàêæå

íàéòè ýòè ðåøåíèÿ, íàçûâàåìûå ñîáñòâåííûìè ôóíêöèÿìè.

Èìåþò ìåñòî ñëåäóþùèå îñíîâíûå òåîðåìû äëÿ çàäà÷è Øòóðìà - Ëèóâèë-

ëÿ.

1. Ñóùåñòâóåò ñ÷åòíîå ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé

λ1 < λ2 < . . . < λn < . . . ,

êîòîðûì ñîîòâåòñòâóþò ñîáñòâåííûå ôóíêöèè ñ òî÷íîñòüþ äî ïîñòîÿííîãî

ìíîæèòåëÿ

X1(x), X2(x), ... Xn(x), ...

2. Ñîáñòâåííûå çíà÷åíèÿ íåîòðèöàòåëüíû, ïðè÷åì λ = 0 ÿâëÿåòñÿ ñîáñòâåí-
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íûì çíà÷åíèåì òîãäà è òîëüêî òîãäà, êîãäà q(x) ≡ 0 íà [0, `] è α = γ = 0.

3. Cîáñòâåííûå ôóíêöèè íà îòðåçêå [0, `] îáðàçóþò îðòîãîíàëüíóþ ñèñòåìó

ñ âåñîì ρ(x), òî åñòü

`∫
0

ρ(x)Xm(x)Xn(x)dx =

 0, m 6= n

6= 0, m = n

4. Òåîðåìà Ñòåêëîâà. Âñÿêàÿ ôóíêöèÿ f(x), óäîâëåòâîðÿþùàÿ ãðàíè÷íûì

óñëîâèÿì (3.8), (3.9) è èìåþùàÿ äâå íåïðåðûâíûå ïðîèçâîäíûå, ðàçëàãàåòñÿ

â àáñîëþòíî è ðàâíîìåðíî ñõîäÿùèéñÿ ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì

Xn(x):

f(x) =
∞∑
n=1

anXn(x), 0 ≤ x ≤ `,

an =

∫̀
0
ρ(x)f(x)Xn(x)dx

∫̀
0
ρ(x)X2

n(x)dx

.

Äëÿ êàæäîãî ñîáñòâåííîãî çíà÷åíèÿ λn ðåøàåì óðàâíåíèÿ îòíîñèòåëüíî

T (t)
T ′′(t)

T (t)
= −λn

èëè

T ′′n (t) + λnTn(t) = 0, n = 1; 2....

Îáùèå ðåøåíèÿ ýòèõ óðàâíåíèé èìåþò âèä:
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Tn(t) = An cos
√
λnt+Bn sin

√
λnt,

ãäå An,Bn - ïðîèçâîëüíûå ïîñòîÿííûå.

Òàêèì îáðàçîì, ìû ïîëó÷èì ñ÷åòíîå ìíîæåñòâî ðåøåíèé óðàâíåíèÿ (3.1) âèäà

un(x, t) = Tn(t)Xn(x) = (An cos
√
λnt+Bn sin

√
λnt)Xn(x),

êîòîðûå óäîâëåòâîðÿþò ãðàíè÷íûì óñëîâèÿì (3.8) è (3.9).

×òîáû óäîâëåòâîðèòü íà÷àëüíûì óñëîâèÿì (3.4) è (3.5), ñîñòàâèì ðÿä

u(x, t) =
∞∑
n=1

(An sin
√
λnt+Bn cos

√
λnt)Xn(x) (3.10)

Åñëè ýòîò ðÿä ñõîäèòñÿ ðàâíîìåðíî, òàê æå êàê è ðÿäû, ïîëó÷àþùèåñÿ èç íåãî

äâóêðàòíûì äèôôåðåíöèðîâàíèåì ïî x è ïî t, òî ñóììà åãî áóäåò óäîâëåòâî-

ðÿòü óðàâíåíèþ (3.1) è êðàåâûì óñëîâèÿì (3.2) è (3.3).

Òîãäà äëÿ âûïîëíåíèÿ íà÷àëüíûõ óñëîâèé (3.4) è (3.5) íàäî, ÷òîáû

u(x, t) =
∞∑
n=1

AnXn(x) = f(x), (3.11)

∂u(x, 0)

∂t
=

∞∑
n=1

√
λnBnXn(x) = F (x). (3.12)

Ïðåäïîëîæèì, ÷òî ôóíêöèè f(x) è F (x) óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû

Ñòåêëîâà, òåïåðü èõ äåéñòâèòåëüíî ìîæíî ïðåäñòàâèòü â âèäå ðÿäîâ (3.11) ,

(3.12). Òîãäà ìîæíî îïðåäåëèòü êîýôôèöèåíòû Anè Bn, óìíîæèâ îáå ÷àñòè

ðàâåíñòâà (3.11) è (3.12) íà ρ(x)Xn(x) è ïðîèíòåãðèðîâàâ ïî x â èíòåðâàëå îò

0 äî `. Â ñèëó ñâîéñòâà 3, ïîëó÷èì

An =

∫̀
0
ρ(x)f(x)Xn(x)dx

∫̀
0
ρ(x)X2

n(x)dx

, Bn =

∫̀
0
ρ(x)F (x)Xn(x)dx

∫̀
0
ρ(x)X2

n(x)dx

,
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Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ êîýôôèöèåíòîâ â ðÿä (3.10), ïîëó÷èì ðå-

øåíèå íàøåé çàäà÷è.

Èçëîæåííûé ìåòîä î÷åâèäíûì îáðàçîì ïåðåíîñèòñÿ íà óðàâíåíèÿ ïàðàáî-

ëè÷åñêîãî è ýëëèïòè÷åñêîãî òèïîâ.

Ïðèâîäèì òåïåðü çàäà÷è, ðàçáèòûå ïî îñíîâíûì òåìàì.

2.4.1 Çàäà÷è ñ îäíîðîäíûìè óñëîâèÿìè. Ïðåäëàãàåì ðåøèòü ñëåäóþ-

ùèå ïðèìåðû.

2.1 Îäíîðîäíàÿ ñòðóíà äëèíîé `, çàêðåïëåííàÿ íà îáîèõ êîíöàõ, íàõîäèòñÿ

â ïîëîæåíèè, çàíèìàÿ îòðåçîê [0, `] îñè 0x, ñëåäîâàòåëüíî

u(0, t) = 0; u(`, t) = 0

Íàéòè ðåøåíèå óðàâíåíèÿ ∂2u
∂t2 = a2 ∂2u

∂x2 äëÿ ëþáîãî t > 0, åñëè çàäàþòñÿ ñëåäó-

þùèå íà÷àëüíûå óñëîâèÿ:

1) u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);

2) u(x, 0) = 5 sin 3πx
` − 1

2 sin 8πx
` ,

∂u
∂t (x, 0) = 0;

3) u(x, 0) = 0, ∂u
∂t (x, 0) = 6 sin πx

` − sin 3πx
` + 3 sin 7πx

` ;

4)u(x, 0) = 1
3 sin 2πx

` + 4 sin 5πx
` − 1

4 sin 8πx
` ,

∂u
∂t (x, 0) = A sin πsx

` +B sin πpx
` , A è B � ïîñòîÿííûå; s, p ∈ N .

5) u(x, 0) = Ax, ∂u
∂t (x, 0) = 0;
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6) u(x, 0) = 0, ∂u
∂t (x, 0)=


0, 0 ≤ x ≤ α,

v0, α < x < β,

0, β ≤ x ≤ l.

7) u(x, 0) = 4hx(`−x)
l2 , ∂u

∂t (x, 0) = 0;

8)u(x, 0) =

 h
cx, 0 ≤ x ≤ c,

h(x−l)
(c−l) , c < x ≤ l,

∂u(x,0)
∂t = 0;

9) u(x, 0) = 16h
5 [(x` )

4 − 2(x` )
3 + (x` )], h>0,

∂u
∂t (x, 0) = 0;

2.2. Ëåâûé êîíåö ñòåðæíÿ, x = 0, çàêðåïëåí, à ïðàâûé x = `, ñâîáîäåí, ýòî

îçíà÷àåò âûïîëíåíèå óñëîâèé u(0, t) = 0, ∂u
∂x(`, t) = 0

äëÿ t>0. Íàéòè ïðîäîëüíûå êîëåáàíèÿ ñòåðæíÿ ïðè ñëåäóþùèõ íà÷àëüíûõ

óñëîâèÿõ:

1) u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);

2) u(x, 0) = A sin 3πx
2` +B sin 11πx

2` ,
∂u
∂t (x, 0) = 0;

3) u(x, 0) = 0, ∂u
∂t (x, 0) = 1

2 sin 7πx
2` −

1
3 sin 9πx

2` ;

4) u(x, 0) = sin 5πx
2` ,

∂u
∂t (x, 0) = sin 3πx

2` ;

5) u(x, 0) = 0, ∂u
∂t (x, 0) = v0;
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6) u(x, 0) = hx
` ,

∂u
∂t (x, 0) = 0;

7) u(x, 0) = 1
4 sin 3πx

2` −
1
5 sin 5πx

2` ,
∂u
∂t (x, 0) = v0;

8) u(x, 0) = x, ∂u
∂t (x, 0) = v0;

9) u(x, 0) = Ax, ∂u
∂t (x, 0) = sin πx

2` − 2 sin 3πx
2` .

2.3 Ïðîèíòåãðèðîâàòü óðàâíåíèå ïðîäîëüíûõ êîëåáàíèé ñòåðæíÿ ∂2u
∂t2 = a2 ∂2u

∂x2 ,

åñëè ëåâûé êîíåö, x = 0, ñâîáîäåí, ïðàâûé x = ` çàêðåïëåí (òî åñòü ∂u
∂x(0, t) = 0,

u(l, t) = 0 ïðè t>0) ñî ñëåäóþùèìè íà÷àëüíûìè óñëîâèÿìè:

1) u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);

2) u(x, 0) = A cos 5πx
2` +B cos 7πx

2` ,
∂u
∂t (x, 0) = 0;

3) u(x, 0) = 0, ∂u
∂t (x, 0) = 2 cos 5πx

2` −
2
7 sin 7πx

2` ;

4) u(x, 0) = cos πx2` ,
∂u
∂t (x, 0) = cos 3πx

2` −
1
2 cos 5πx

2` ;

5) u(x, 0) = 0, ∂u
∂t (x, 0) = v0;

6) u(x, 0) = h(l−x)
` , ∂u

∂t (x, 0) = 0;

7) u(x, 0) = 1
5 cos 5πx

2` −
1
4 cos 3πx

2` ,
∂u
∂t (x, 0) = v0;

8) u(x, 0) = l − x, ∂u
∂t (x, 0) = cos πx2` − 3 cos 3πx

2` ;
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9) u(x, 0) = A(`− x), ∂u
∂t (x, 0) = v0.

2.4. Èçó÷èòü çàäà÷ó î ïðîäîëüíûõ êîëåáàíèÿõ ñòåðæíÿ, îáà êîíöà êîòîðîãî

ñâîáîäíû. Ïîäîáíàÿ çàäà÷à âîçíèêàåò ïðè äâèæåíèè ðàêåòû â áåçâîçäóøíîì

ïðîñòðàíñòâå. Èñêîìàÿ ôóíêöèÿ u(x, t), êàê ìû ãîâîðèëè â ïóíêòå 2.2, óäîâëå-

òâîðÿåò óðàâíåíèþ ∂2u
∂t2 = a2 ∂2u

∂x2 è êðàåâûì óñëîâèÿì ∂u
∂x(0, t) = 0, ∂u

δx (`, t) = 0.

Ðåøèòü çàäà÷ó ñ òàêèìè íà÷àëüíûìè äàííûìè:

1) u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);

2) u(x, 0) = 0, ∂u
∂t (x, 0) = cos2 3πx

` ;

3) u(x, 0) = sin2 5πx
` ,

∂u
∂t (x, 0) = 0;

4) u(x, 0) = 1 + cos 2πx
` − 1

3 cos 3πx
` ,

∂u
∂t (x, 0) = 2 cos 6πx

` − 2
3 cos 7πx

` ;

5) u(x, 0) = hx
` ,

∂u
∂t (x, 0) = 0;

6) u(x, 0) = sin2 πx
` ,

∂u
∂t (x, 0) = x;

7) u(x, 0) = x, ∂u
∂t (x, 0) = v0;

8) u(x, 0) = l − x, ∂u
∂t (x, 0) = cos2 8πx

` ;

9) u(x, 0) = cos 3πx
` ,

∂u
∂t (x, 0) = l − x.

2.5 Â ñëåäóþùåé ñåðèè ðàññìàòðèâàþòñÿ çàäà÷è î ïðîäîëüíûõ êîëåáàíèÿõ
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ñòåðæíÿ, îäèí èç êîíöîâ èëè îáà çàêðåïëåíû óïðóãî.

Â ïîëóïîëîñå 0 < x < `, t > 0 äëÿ óðàâíåíèÿ ∂2u
∂t2 = a2 ∂2u

∂x2

ðåøèòü íà÷àëüíî-êðàåâûå çàäà÷è ñî ñëåäóþùèìè óñëîâèÿìè:

1) u(0, t) = 0, ∂u
∂x(l, t) + hu(l, t) = 0, h > 0,

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);

2) u(0, t) = 0, ∂u
∂x(l, t) + hu(l, t) = 0, h > 0,

u(x, 0) = 1, ∂u
∂t (x, 0) = 0;

3) ∂u
∂x(0, t) = 0, ∂u

∂x(l, t) + hu(l, t) = 0, h > 0,

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);

4) ∂u
∂x(0, t) = 0, ∂u

∂x(l, t) + hu(l, t) = 0, h > 0,

u(x, 0) = 0, ∂u
∂t (x, 0) = 1;

5) ∂u
∂x(0, t) = 0, ∂u

∂x(l, t) + hu(l, t) = 0, h > 0,

u(x, 0) = Ax, ∂u
∂t (x, 0) = 0;

6) ∂u
∂x(0, t)− hu(0, t) = 0, h > 0, u(l, t) = 0,

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);

7) ∂u
∂x(0, t)− hu(0, t) = 0, ∂u

∂x(l, t) = 0, h > 0

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);

8) ∂u
∂x(0, t)− hu(0, t) = 0, ∂u

∂x(l, t) + hu(l, t) = 0, h > 0

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);
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9) ∂u
∂x(0, t)− h1u(0, t) = 0, ∂u

∂x(l, t) + h2u(l, t) = 0, h1 > 0, h2 > 0,

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x).

2.4.2 Çàäà÷è î êîëåáàíèè ñ îñîáûìè êðàåâûìè óñëîâèÿìè.

Íåñìîòðÿ íà îáèëèå ðàçëè÷íûõ êðàåâûõ çàäà÷, íà ïðàêòèêå (â ðåàëüíîé

æèçíè) âñòðå÷àþòñÿ ïðèìåðû îñîáûõ ãðàíè÷íûõ óñëîâèé, äàæå òàêèõ, äëÿ

êîòîðûõ íåïðèìåíèì ìåòîä Ôóðüå. Â ýòîì ñëó÷àå êðàåâîå óñëîâèå òàêîâî, ÷òî

ïåðåìåííûå â íåì íå ðàçäåëÿþòñÿ, íàïðèìåð, αu(0, t)+β ∂u∂t (0, t) = 0, αβ 6= 0.

Äëÿ óðàâíåíèÿ îáùåãî âèäà (3.1) ìåòîä Ôóðüå ìîæåò äàòü îñå÷êó, åñëè êðàå-

âûå óñëîâèÿ îòëè÷íûå îò óñëîâèé (3.2) è (3.3). Äëÿ ñïåöèàëüíîãî óðàâíåíèÿ,

ñêàæåì (1.5), ìåòîä Ôóðüå ìîæåò ñðàáîòàòü, íî òåîðèÿ Øòóðìà-Ëèóâèëëÿ íå

áóäåò âûïîëíÿòñÿ â ïîëíîé ìåðå. Ðàññìîòðèì çàäà÷ó î êîëåáàíèè ñòðóíû èëè

ñòåðæíÿ ñî ñîñðåäîòî÷åííîé ìàññîé íà êîíöå.

Ïðèìåð 3. (çàäà÷à N 84, [5], 1968 ãîäà).

Îäíîðîäíûé ñòåðæåíü èìååò äëèíó ` è ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ σ. Êî-

íåö åãî x = 0 çàêðåïëåí íåïîäâèæíî, à íà êîíöå x = ` ñîñðåäîòî÷åíà ìàññà m.

Ñòåðæåíü ïðåäâàðèòåëüíî ðàñòÿíóò ñèëîé Q. Èçó÷èòü ïðîäîëüíûå êîëåáàíèÿ

ñòåðæíÿ, êîòîðûå âîçíèêàþò ïðè âíåçàïíîì ïðåêðàùåíèè äåéñòâèÿ ðàñòÿãè-

âàþùåé ñèëû.

Ðåøåíèå. Âûÿñíèì ñíà÷àëà íà÷àëüíûå óñëîâèÿ. Ïîñêîëüêó îíè àíàëîãè÷-

íûå óñëîâèÿì ïðèìåðà 2, òî ìîæåì ñðàçó çàïèñàòü

u(x, 0) =
Qx

Eσ
, (4.1)

∂u

∂t
(x, 0) = 0. (4.2)
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Óðàâíåíèå áóäåò îäíîðîäíûì

∂2u

∂t2
= a2∂

2u

∂x2 , a2 =
E

ρ
. (4.3)

Îñü 0x íàïðàâèì âäîëü ñòåðæíÿ ñâåðõó âíèç. Âåðõíèé êîíåö çàêðåïëåí â òî÷êå

x = 0, çíà÷èò , ïåðâîå êðàåâîå óñëîâèå

u(0, t) = 0. (4.4)

Íà âòîðîì êîíöå, x = `, ñîñðåäîòî÷åííàÿ â òî÷êå ìàññà m è ýòî ñå÷åíèå â

ïðîöåññå êîëåáàíèé áóäåò èìåòü ñèëó óñêîðåíèÿ, ðàâíóþ −m∂2u
∂t2 , êîòîðàÿ ïðî-

òèâîñòîèò ñèëå íàòÿæåíèÿ T = Eσ ∂u∂x , ñìîòðèòå ðàâåíñòâî (2.1). Â ñèëó ïðèí-

öèïà Äàëàìáåðà ñóììà ýòèõ ñèë ðàâíà íóëþ. Â èòîãå ïîëó÷àåì âòîðîå êðàåâîå

óñëîâèå: (
m
∂2u

∂t2
+ Eσ

∂u

∂x

)∣∣∣∣
x=`

= 0 (4.5)

Ýòî óñëîâèå îòëè÷àåòñÿ îò òðåáîâàíèé (3.2) è (3.3) è íà ïåðâûé âçãëÿä ïåðå-

ìåííûå x è t â íåì íå ðàçäåëÿþòñÿ, íî , áëàãîäàðÿ ñïåöèàëüíîìó âèäó óðàâ-

íåíèÿ (4.3), ïåðåìåííûå ðàçäåëÿþòñÿ, ÷òî ïîçâîëÿåò ïðèìåíèòü ìåòîä Ôóðüå.

Èùåì ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (4.3), óäîâëåòâîðÿþùèå óñëîâèÿì (4.4) è

(4.5), â âèäå ïðîèçâåäåíèÿ u(x, t) = X(x)T (t). Ïîäñòàâëÿÿ u(x, t) â óðàâíåíèå

è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷àåì:

T ′′(t)

a2T (t)
=
X ′′(X)

X(x)
= ν = −λ2 (4.6)

Ìû ïîñ÷èòàëè â òîæäåñòâå (4.6) îáùóþ ïîñòîÿííóþ äðîáåé îòðèöàòåëüíîé,

λ 6= 0, íàäåÿñü, ÷òî äîòîøíûé ÷èòàòåëü ñàì ïðîâåðèò, ÷òî ïðè ν ≥ 0 êðàåâàÿ

çàäà÷à íå ðàçðåøèìà.

68



Çàïèøåì äèôôåðåíöèàëüíûå óðàâíåíèÿ, ïîðîæäåííûå ðàâåíñòâîì (4.6)

X ′′(x) + λ2X(x) = 0, (4.7)

T ′′(t) + a2λ2T (t) = 0. (4.8)

Îïðåäåëèìñÿ ñ êðàåâûìè óñëîâèÿìè. Ïðè x = 0 èìååì X(0)T (t) = 0, îòêóäà

X(0) = 0. (4.9)

Ïðè x = ` ïðîáëåìà ïîñëîæíåé. Òåïåðü

mX(`)T ′′(t) + EσX ′(`)T (t) = 0.

Âîñïîëüçóåìñÿ ñîîòíîøåíèåì (4.8), èç êîòîðîãî T ′′(t) = −a2λ2T (t). Òåïåðü

ïðåäûäóùåå ðàâåíñòâî çàïèøåòñÿ òàê mX(`)(−a2λ2T (t)) + EσX ′(`)T (t) = 0

Ñîêðàòèì íà T (t) 6= 0

EσX ′(`)−mλ2a2X(`) = 0. (4.10)

Êðàåâîå óñëîâèå (4.10) îòëè÷àåòñÿ îò óñëîâèé ïóíêòà 2.3 íàëè÷èåì λ2 â ðà-

âåíñòâå è ïîëüçîâàòüñÿ ðåçóëüòàòàìè ýòîãî ïóíêòà ñëåäóåò ñ îñòîðîæíîñòüþ.

Èòàê, èùåì íåòðèâèàëüíûå ðåøåíèÿ (4.7), óäîâëåòâîðÿþùèå (4.9) è (4.10).

Îáùåå ðåøåíèå (4.7) íàõîäèëîñü ðàíüøå

X(x) = C1 cosλx+ C2 sinλx.

Ïðè x = 0 èìååì X(0) = C1 = 0, C2 äëÿ ïðîñòîòû ïîëàãàåì ðàâíîé åäèíèöå,

C2 = 1. Ïîäñòàâèì X(x) è X(x)′ = λ cosλx â (4.10)

Eσλ cosλ`−mλ2a2 sinλ` = 0.
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Ñîêðàùàåì íà λ (λ 6= 0), äåëèì íà cosλ` è óìíîæàåì íà `

λ` tg λ` =
Eσ

a2m
`.

Ïóñòü λ` = µ, α = Eσ`
a2m = Eσ`

m
ρ
E = ρ`σ

m > 0. Äëÿ µ ïîëó÷àåì óðàâíåíèå

µ tg µ = α, (4.11)

êîòîðîå èìååò áåñêîíå÷íîå ÷èñëî ïðîñòûõ, ïîëîæèòåëüíûõ êîðíåé (ïðîùå âñå-

ãî ýòî óñòàíîâèòü ãðàôè÷åñêè) µ1, µ2 ..., µk... . Èì ñîîòâåòñòâóþò ñîáñòâåííûå

ôóíêöèè Xk(x) = sin µkx
` , k ∈ N . Ñàìûé áîëüíîé âîïðîñ � îðòîãîíàëüíû ëè

Xk(x) íà îòðåçêå [0, `]. Ïðîâåðèì ýòî. Ïóñòü Xk(x) è Xm(x), k 6= m, ðåøåíèÿ

(4.7) îòâå÷àþùèå íåðàâíûì äðóã äðóãó µk è µm, µk 6= µm.

Âû÷èñëèì
`∫

0

Xk(x)Xm(x)dx =

`∫
0

sin
µkx

`
sin

µkx

`
dx =

=
1

2

`∫
0

(
cos

µk − µm
`

x− cos
µk + µm

`
x

)
dx =

=
1

2

(
`

µk − µm
sin (µk − µm)− `

µk + µm
sin (µk + µm)

)
=

=
`

2

(
sin (µk − µm)

α (ctg µk − ctg µm)
− sin (µk + µm)

α (ctg µk + ctg µm)

)
=

=
`

2α

(
sin (µk − µm)

sin (µm − µk)
sinµk sinµm −

sin (µk + µm)

sin (µk + µm)
sinµk sinµm

)
=

= − `

α
sinµk sinµm = − `

α
Xk(`)Xm(`).

Â èòîãå ïîëó÷èëè

`∫
0

Xk(x)Xm(x)dx = − `

α
Xk(`)Xm(`) (4.12)
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ïðè÷åì íè ïðè êàêîì n, n ∈ N ,Xn(`) = sinµn 6= 0, èáî â ïðîòèâíîì ñëó÷àå è

tg µn = 0, íî ýòî íåâîçìîæíî â ñèëó ðàâåíñòâà (4.11).

Òàêèì îáðàçîì, ìíîæåñòâî {Xk(x)} íå ÿâëÿåòñÿ îðòîãîíàëüíîé ñèñòåìîé

íà îòðåçêå [0, `]. Ïîïûòêà îðòîãîíèçèðîâàòü ñèñòåìó áåñïåðñïåêòèâíà, íî ïî-

ïðîáóåì ïîäîáðàòü âåñ ρ(x) > 0, ñ êîòîðûì ñèñòåìà áûëà áû îðòîãîíàëüíà.

Óäîáíî ïîëîæèòü ρ(x) = 1 + ϕ(x). Èìååì

`∫
0

(1 + ϕ(x))Xk(x)Xm(x)dx =

`∫
0

Xk(x)Xm(x)dx+

+

`∫
0

ϕ(x)Xk(x)Xm(x)dx =

`∫
0

ϕ(x)Xk(x)Xm(x)dx− `

α
Xk(`)Xm(`),

ìû âîñïîëüçîâàëèñü ðàâåíñòâîì (4.12). Äëÿ îðòîãîíàëüíîñòè ñëåäóåò ïîòðå-

áîâàòü îò ϕ(x) íåîáû÷àéíîãî óñëîâèÿ, à èìåííî, ÷òîáû

`∫
0

ϕ(x)X(x)dx =
`

α
X(`) (4.13)

äëÿ ëþáîé äîñòàòî÷íî ãëàäêîé X(x). Ïîäîáíûå ôóíêöèè èçâåñòíû ñîâðåìåí-

íîé ìàòåìàòèêå è ôèçèêå è íàçûâàþòñÿ îáîáùåííûìè ôóíêöèÿìè. Ââåäåííóþ

ôóíêöèþ ϕ(x) ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ ìîæíî îòîæäåñòâèòü

ñ δ-ôóíêöèåé Äèðàêà, êîòîðóþ îïðåäåëÿþò, êàê ôóíêöèîíàë íà ìíîæåñòâå

íåïðåðûâíûõ è èíòåãðèðóåìûõ íà (−∞,∞) ôóíêöèè f(x) ïî ôîðìóëå

∞∫
−∞

δ(x− x0)f(x)dx = f(x0).

Òàê, ÷òî ϕ(x) = α
` δ(x − `), íî íîñèò âñïîìîãàòåëüíûé õàðàêòåð è ìû íå ïðè-
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âëåêàåì "âûñîêèå ìàòåðèè", à îáåñïå÷èâàåì ðàâåíñòâî

`∫
0

(1 + ϕ(x))Xk(x)Xm(x)dx = 0,

äëÿ âñåõ íàòóðàëüíûõ k, m, k 6= m. Â äàëüíåéøåì íàì ïîíàäîáèòñÿ èíòåãðàë

H2
k =

`∫
0

(1 + ϕ(x))X2
k(x)dx,

êîòîðûé ìû çàáëàãîâðåìåííî âû÷èñëèì. Ñíà÷àëà

`∫
0

X2
k(x)dx =

`∫
0

sin2 µkx

`
dx =

1

2

`∫
0

(
1− cos

2µkx

`

)
dx =

=
`

2
− `

4µk
sin 2µk =

1

2

(
`− `

2µk

2 tg µk
1 + tg2 µk

)
=

=
`

2

1− α

µ2
k

(
1 + α2

µ2
k

)
 =

`

2

(
1− α

µ2
k + α2

)
Äàëåå

H2
k =

`∫
0

(1 + ϕ(x)) sin2 µkx

`
dx =

`

2

(
1− α

µ2
k + α2

)
+
`

α
sin2 µk =

=
`

2

(
1− α

µ2
k + α2

)
+
`

α

tg2 µk
1 + tg2 µk

=
`

2

(
1− α

µ2
k + α2

)
+

α`

µ2
k + α2 =

=
`

2

(
1 +

α

µ2
k + α2

)
=
`
(
α+ α2 + µ2

k

)
2µ2

k + α2 .

Ïåðåéäåì ê ôóíêöèè T (t) â ðàâåíñòâå (4.6). Óðàâíåíèå

T ′′

a2T (t)
= −

(µk
`

)2
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èìååò ðåøåíèå

Tk(t) = ak cos
µkat

`
+ bk sin

µkat

`
.

Ôîðìàëüíîå ðåøåíèå çàïèøåì â âèäå

u(x, t) =
∞∑
k=1

(
ak cos

µkat

`
+ bk sin

µkat

`

)
sin

µkx

`

Íåèçâåñòíûå êîýôôèöèåíòû îïðåäåëèì èç ðàñ÷åòà óäîâëåòâîðèòü íà÷àëüíûì

óñëîâèÿì. Ïðèìåì íà âåðó, ÷òî {Xk(x)}ïîëíàÿ ñèñòåìà ôóíêöèé íà [0, `], òî

åñòü íå ñóùåñòâóåò ôóíêöèè q(x) 6≡ 0 , îðòîãîíàëüíîé ñ âåñîì ρ(x) âñåì Xk(x),

k ∈ N . Òåïåðü íåòðóäíî ïîêàçàòü, ÷òî óñëîâèå (4.2) âûïîëíÿåòñÿ ëèøü ïðè

bk = 0. Äëÿ ak â ñèëó (4.1) ïîëó÷àåì

∞∑
k=1

ak sin
µkx

`
=
Qx

Eσ
. (4.14)

Ñ÷èòàÿ, ÷òî ðÿä (4.14) ñõîäèòñÿ ðàâíîìåðíî íà [0, `], óìíîæèì åãî íà

(1 + ϕ(x)) sin
µxn
`

è â ñèëó îðòîãîíàëüíîñòè ñ âåñîì ôóíêöèé sin µkx
` , k ∈ N íàõîäèì

ak =
1

H2
k

`∫
0

(1 + ϕ(x))
Qx

Eσ
sin

µkx

`
dx =

=
Q

Eσ

2
(
µ2
k + α2

)
` (α+ α2 + µ2

k)

((
`+

`2

µ2
k

)
sinµk −

`2

µk
cosµk

)
=

=
Q

Eσ

2
√
µ2
k + α2

(
µ2
k + `

(
α− µ2

k

))
µ2
k (α+ α2 + µ2

k)

Â êà÷åñòâå îáîáùåííîãî ðåøåíèÿ ïîëó÷àåì ðÿä

u(x, t) =
2Q

Eσ

∞∑
k=1

√
µ2
k + α2

(
(1− `)µ2

k + α`
)

µ2
k (α+ α2 + µ2

k)
cos

µkat

`
sin

µkx

`
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2.6. B ïîëóïîëîñå 0 < x < l, t > 0 äëÿ óðàâíåíèÿ ∂2u
∂t2 = a2 ∂2u

∂x2

ðåøèòü ñìåøàííûå çàäà÷è ñî ñëåäóþùèìè óñëîâèÿìè:

1) u(0, t) = 0, ∂2u
∂t2 (l, t) = −h∂u∂x(l, t),

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);

2) u(0, t) = 0, ∂2u
∂t2 (l, t) = −h∂u∂x(l, t),

u(x, 0) = Ax, ∂u
∂t (x, 0) = 0;

3) ∂u
∂x(0, t) = 0, ∂2u

∂t2 (l, t) = −h∂u∂x(l, t),

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);

4) ∂2u
∂t2 (0, t) = h∂u∂x(0, t),

∂2u
∂t2 (l, t) = −h∂u∂x(l, t),

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x).

2.4.3. Çàäà÷è î êîëåáàíèè â ñðåäå ñ ñîïðîòèâëåíèåì.

Â ýòîì ðàçäåëå ðàññìàòðèâàþòñÿ çàäà÷è î êîëåáàíèè ñòðóíû â ñðåäå ñ ñî-

ïðîòèâëåíèåì, êîòîðîå ëèáî ïðîïîðöèîíàëüíî ïåðâîé ñòåïåíè ñêîðîñòè, ∂u∂t , è

îïèñûâàþòñÿ îäíîðîäíûì óðàâíåíèåì (1.4) ïðè g(x, t) = 0. Ýòî çàäà÷è 2.7, 2.8,

2.9. Ëèáî ñîïðîòèâëåíèå ïðîïîðöèîíàëüíî îòêëîíåíèþ u(x, t), çàäà÷è 2.10 �

2.14. Ïðèâåäåì íåñëîæíûé ïðèìåð.

Ïðèìåð 4. Íàéòè ðåøåíèå óðàâíåíèÿ

∂2u

∂t2
+ 2ν

∂u

∂t
= a2∂

2u

∂t2
, 0 < ν <

πa

`
, (4.16)

óäîâëåòâîðÿþùåå óñëîâèÿì

u(0, t) = 0, u(`, t) = 0; (4.17)
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u(x, 0) = A sin
2πx

`
+B sin

4πx

`
; (4.18)

∂u

∂t
(x, 0) = 0, A, B � ïîñòîÿííûå. (4.19)

Ðåøåíèå. Ïðèìåíèì ìåòîä Ôóðüå. Ïîñêîëüêó óðàâíåíèå (4.16) âñòðå÷àåòñÿ

âïåðâûå ïðèõîäèòüñÿ âñþ ïðîöåäóðó ïðîäåëàòü ñ ñàìîãî íà÷àëà. Èùåì ÷àñòíîå

ðåøåíèå (4.16), óäîâëåòâîðÿþùåå (4.17), â âèäå ïðîèçâåäåíèÿ

u(x, t) = X(x)T (t).

Ïîäñòàâëÿÿ u(x, t) â (4.16) è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷àåì

T (′′)(t) + 2νT ′(t)

a2T (t)
=
X ′′(x)

X(x)
= −λ2.

Äëÿ X(x) ïîëó÷àåì èçâåñòíóþ ïî ïðèìåðó 1 êðàåâóþ çàäà÷ó:

X ′′(x) + λ2X(x) = 0, X(0) = X(`) = 0.

Îòñþäà λk = πk
` è Xk(x) = sin πkx

` , k ∈ N . Äëÿ T (t) çàïèøåòñÿ òàêæå ëèíåéíîå

óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

T (′′)(t) + 2vνT ′(t) +

(
πka

`

)2

T (t) = 0. (4.20)

Ñîîòâåòñòâóþùåå åìó õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

p2 + 2νp+ (
πka

`
)2 = 0.

Äèñêðèìèíàíò ýòîãî êâàäðàòíîãî óðàâíåíèÿ, ∆ = ν2 − (πka` )2 ïî óñëîâèþ çà-

äà÷è îòðèöàòåëåí. Äëÿ ïðîñòîòû ïîëàãàåì v2 − (πk` )
2

= −ω2
k. Îáùåå ðåøåíèå

óðàâíåíèÿ (4.20) ðàâíî

Tk(t) = ake
−νt cosωkt+ bke

−νt sinωkt, k ∈ N.
75



Ôîðìàëüíîå ðåøåíèå ñòðîèòñÿ ïî ôîðìóëå

u(x, t) = e−νt
∞∑
k=1

(ak cosωkt+ bk sinωkt) sin
πkx

`
(4.21).

Ïðîèçâîäíóþ ∂u
∂t âû÷èñëèì çàðàíåå è îíà ðàâíà

∂u

∂t
(x, t) = −νu(x, t) + e−νt

∞∑
k=1

(−ak sinωkt+ bk cosωkt)ωk sin
πkx

`
.

Â ðàâåíñòâå (4.21) ïîëàãàåì t = 0. Ïîëó÷àåì

∞∑
k=1

ak sin
πkx

`
= A sin

2πkx

`
+B sin

4πkx

`
.

Îòñþäà a2 = A, a4 = B, âñå îñòàëüíûå ak = 0. Âû÷èñëÿåì

∂u

∂t
(x, 0) = −ν

∞∑
k=1

ak sin
πkx

`
+

∞∑
k=1

ωkbk sin
πkx

`
.

Â ñèëó (4.19) ∂u
∂t (x, 0) = 0, îòêóäà

−νak + ωk
	
k = 0, b2 =

νa2

ω2
=
Aν

ω2
, b4 =

Bν

ω4
.

Âñå îñòàëüíûå bk = 0. Îòâåò çàïèñûâàåòñÿ ðàâåíñòâîì

u(x, t) = e−νt
[
A

ω2
(ω2 cosω2t+ ν sinω2t) sin

2πx

`
+

+
B

ω4
(ω4 cosω4t+ ν sinω4t) sin

4πx

`

]
.

Çàìå÷àíèå. Â ðàíåå ðàññìîòðåííûõ ïðèìåðàõ êîýôôèöèåíòû ïðè êîñèíó-

ñàõ ñ t (ak)çàâèñÿò òîëüêî îò íà÷àëüíûõ îòêëîíåíèé (f(x), à ïðè ñèíóñàõ ñ t

(bk) îò íà÷àëüíûõ ñêîðîñòåé (ôóíêöèè F (x)) è ðàâåíñòâî íóëþ îäíîé èç ýòèõ

ôóíêöèé îçíà÷àëî îáðàùåíèå â íóëü âñåé ñåðèè êîýôôèöèåíòîâ. Äëÿ ïðè-

âåäåííîé çàäà÷è ðîëü êîýôôèöèåíòîâ ïðè êîñèíóñàõ ñîõðàíèëàñü, íî óæå bk
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çàâèñÿò è îò íà÷àëüíîãî îòêëîíåíèÿ è îò íà÷àëüíîé ñêîðîñòè è íå âñå ðàâíû

íóëþ, åñëè F (x) ≡ 0. Áóäüòå âíèìàòåëüíåé.

2.7. B ïîëóïîëîñå 0 < x < `, t > 0 äëÿ óðàâíåíèÿ

∂2u

∂t2
+ 2ν

∂u

∂t
= a2∂

2u

∂x2 , ν > 0

(êîëåáàíèÿ â ñðåäå ñ ñîïðîòèâëåíèåì)

ðåøèòü íà÷àëüíî-êðàåâûå çàäà÷è ñî ñëåäóþùèìè óñëîâèÿìè:

1) ν < πa
` , u(0, t) = 0, u(`, t) = 0,

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);

2) u(0, t) = 0, u(`, t) = 0,

u(x, 0) =

 h
cx, 0 ≤ x ≤ c,

h(`−x)
(`−c) , c < x ≤ `,

∂u
∂t (x, 0) = 0;

3) u(0, t) = 0, ∂u
∂x(`, t) = 0,

u(x, 0) = kx, ∂u
∂t (x, 0) = 0;

4)∂u∂x(0, t) = 0, ∂u
∂x(`, t) = 0,

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x);

5)∂u∂x(0, t) = 0, ∂u
∂x(`, t) + hu(`, t) = 0, h>0

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x).

Äëÿ 0 < x < π
2 , t > 0 ðåøèòü ñìåøàííûå çàäà÷è:

2.8. ∂
2u
∂t2 + 2∂u∂t = ∂2u

∂x2 ,
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∂u
∂x(0, t) = 0, u(π2 , t) = 0,

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x).

2.9. ∂
2u
∂t2 + 2∂u∂t = ∂2u

∂x2 ,

∂u
∂x(0, t) = 0, u(π2 , t) = 0,

u(x, 0) = cos x, ∂u
∂t (x, 0) = 0.

2.10. ∂
2u
∂t2 − 2u = ∂2u

∂x2 ,

u(0, t) = 0, ∂u
∂x(

π
2 , t) = 0,

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x).

2.11. ∂
2u
∂t2 − 5u = ∂2u

∂x2 ,

u(0, t) = 0, ∂u
∂x(

π
2 , t) = 0,

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x).

2.12. ∂
2u
∂t2 − 10u = ∂2u

∂x2 ,

u(0, t) = 0, ∂u
∂x(

π
2 , t) = 0,

u(x, 0) = f(x), ∂u
∂t (x, 0) = 0.

2.13. ∂
2u
∂t2 − 10u = ∂2u

∂x2 ,

u(0, t) = 0, ∂u
∂x(

π
2 , t) = 0,

u(x, 0) = 1
9 sin x+ sin 3x, ∂u

∂t (x, 0) = F (x).

2.14. ∂
2u
∂t2 − 17u = ∂2u

∂x2 ,

u(0, t) = 0, ∂u
∂x(

π
2 , t) = 0,

u(x, 0) = f(x), ∂u
∂t (x, 0) = F (x).
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2.4.4. Íåñêîëüêî òåêñòîâûõ çàäà÷.

2.15. Îäíîðîäíàÿ ñòðóíà äëèíîé l, çàêðåïëåííàÿ íà îáîèõ êîíöàõ, íàõîäèò-

ñÿ â ïðÿìîëèíåéíîì ïîëîæåíèè ðàâíîâåñèÿ. Â íåêîòîðûé ìîìåíò âðåìåíè,

ïðèíèìàåìûé çà íà÷àëüíûé, îíà ïîëó÷àåò â òî÷êå x = c óäàð îò ìîëîòî÷-

êà, êîòîðûé ñîîáùàåò ýòîé òî÷êå ïîñòîÿííóþ ñêîðîñòü v0. Íàéòè îòêëîíåíèå

u(x, t) äëÿ ëþáîãî ìîìåíòà âðåìåíè.

Ðàññìîòðåòü äâà ñëó÷àÿ.

à) Ñòðóíà âîçáóæäàåòñÿ íà÷àëüíîé ñêîðîñòüþ

∂u
∂t (x, 0) =

 v0, |x− c| < π
2h ,

0, |x− c| > π
2h ,

Ýòîò ñëó÷àé ñîîòâåòñòâóåò ïëîñêîìó æåñòêîìó ìîëîòî÷êó, èìåþùåìó øè-

ðèíó π
h è óäàðÿþùåìó â òî÷êå x = c.

á) Ñòðóíà âîçáóæäàåòñÿ íà÷àëüíîé ñêîðîñòüþ

∂u
∂t (x, 0) =

 v0 cosh(x− c), |x− c| < π
2h ,

0, |x− c| > π
2h ,

Ýòîò ñëó÷àé ñîîòâåòñòâóåò æåñòêîìó âûïóêëîìó ìîëîòî÷êó øèðèíîé π
h . Òà-

êîé ìîëîòî÷åê â öåíòðå èíòåðâàëà âîçáóæäàåò íàèáîëüøóþ ñêîðîñòü.

2.16. Ðåøèòü çàäà÷ó î ìàëûõ ïîïåðå÷íûõ êîëåáàíèÿõ ñòðóíû äëèíîé 2l ñ

çàêðåïëåííûìè êîíöàìè x = −l, x = l, êîòîðàÿ îòòÿãèâàåòñÿ â äâóõ òî÷êàõ

x = −c è x = c íà íåáîëüøîå ðàññòîÿíèå h îò ïîëîæåíèÿ ðàâíîâåñèÿ è â ìî-

ìåíò t = 0 îòïóñêàåòñÿ áåç íà÷àëüíîé ñêîðîñòè.

2.17. Îäíîðîäíûé ñòåðæåíü äëèíîé 2l ñæàò ñèëàìè, ïðèëîæåííûìè ê åãî

êîíöàì, òàê, ÷òî îí óêîðîòèëñÿ äî äëèíû 2l(1−ε).Ïðè t = 0 íàãðóçêà ñíèìàåò-
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ñÿ. Ïîêàçàòü, ÷òî ñìåùåíèå u(x, t) ñå÷åíèÿ ñ àáñöèññîé õ ñòåðæíÿ îïðåäåëÿåòñÿ

ôîðìóëîé

u(x, t) =
8εl

π2

∞∑
k=0

(−1)(n+ 1)

(2n+ 1)2 sin
(2n+ 1)πx

2`
cos

(2n+ 1)πat

2`
,

åñëè òî÷êà x = 0 íàõîäèòñÿ ïîñåðåäèíå ñòåðæíÿ è a-ñêîðîñòü ïðîäîëüíûõ

âîëí â ñòåðæíå.

2.18. Èçó÷èòü ñâîáîäíûå ïðîäîëüíûå êîëåáàíèÿ îäíîðîäíîãî öèëèíäðè-

÷åñêîãî ñòåðæíÿ äëèíîé l, ó êîòîðîãî îáà êîíöà ñâîáîäíû è u(x, 0) = a,

∂u(x,0)
∂t = b, a, b - ïîñòîÿííûå.

2.19. Îäíîðîäíûé ñòåðæåíü äëèíîé l íàõîäèòñÿ â ïðÿìîëèíåéíîì ïîëîæå-

íèè ðàâíîâåñèÿ. Îäèí êîíåö ñòåðæíÿ çàêðåïëåí óïðóãî, à äðóãîé ñâîáîäåí.

Íàéòè ïðîäîëüíûå êîëåáàíèÿ ñòåðæíÿ, åñëè â íà÷àëüíûé ìîìåíò âðåìåíè åãî

òî÷êàì ñîîáùàåòñÿ ñêîðîñòü f(x).

2.20. Êîíöû îäíîðîäíîé ñòðóíû äëèíîé l óäåðæèâàþòñÿ ñ ïîìîùüþ óïðó-

ãèõ ñèë. Èçó÷èòü ñâîáîäíûå ïîïåðå÷íûå êîëåáàíèÿ ñòðóíû, åñëè èçâåñòíî â

íà÷àëüíûé ìîìåíò âðåìåíè ñìåùåíèå, à íà÷àëüíûå ñêîðîñòè îòñóòñòâóþò.

5.1 Íåîäíîðîäíûå çàäà÷è.

Â ýòîì ïóíêòå ìû ðàññìàòðèâàåì òàê íàçûâàåìûå íåîäíîðîäíûå çàäà÷è, òî

åñòü â çàäà÷àõ ëèáî ïðèñóòñòâóþò âíåøíèå ñèëû, ëèáî íåîäíîðîäíûå êðàåâûå

óñëîâèÿ (ïîäâèæíûå êîíöû), ëèáî òî è äðóãîå âìåñòå.
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ÎÒÂÅÒÛ Ê ÏÐÈÂÅÄÅÍÍÛÌ ÇÀÄÀ×ÀÌ.

Òèïû óðàâíåíèé

1.1. Ýëëèïòè÷åñêèé. 1.2. Ãèïåðáîëè÷åñêèé. 1.3. Ïàðàáîëè÷åñêèé.

1.4. Ýëëèïòè÷åñêèé. 1.5. Ãèïåðáîëè÷åñêèé. 1.6. Ãèïåðáîëè÷åñêèé.

1.7. Ïàðàáîëè÷åñêèé.1.8. Ýëëèïòè÷åñêèé. 1.9. Ãèïåðáîëè÷åñêèé.

1.10. Ýëëèïòè÷åñêèé. 1.11. Ýëëèïòè÷åñêèé. 1.12. Ãèïåðáîëè÷åñêèé.

1.13. ξ = 2y + x, η = x, ýëëèïòè÷åñêèé, , ∂
2u
∂ξ2 + ∂2u

∂η2 = F (ξ, η, u, ∂u∂ξ ,
∂u
∂η ).

1.14. ξ = 3x− 2y, η = 2x+ y, ãèïåðáîëè÷åñêèé, ∂2u
∂ξ∂η = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

1.15. ξ = 5x+ y, η = x, ïàðàáîëè÷åñêèé, ∂2u
∂η2 = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

1.16. ξ = ex, η = y, ýëëèïòè÷åñêèé, , ∂
2u
∂ξ2 + ∂2u

∂η2 = F (ξ, η, u, ∂u∂ξ ,
∂u
∂η ).

1.17. ξ = x2 − 2ey, η = x, ïàðàáîëè÷åñêèé, ∂2u
∂η2 = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

1.18. ξ = y − x2, η = x2 + y2, ãèïåðáîëè÷åñêèé, ∂2u
∂ξ∂η = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

1.19. ξ = cosx+ y3, η = x, ïàðàáîëè÷åñêèé, ∂2u
∂η2 = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

1.20. ξ = xy, η = 2x, ýëëèïòè÷åñêèé, , ∂
2u
∂ξ2 + ∂2u

∂η2 = F (ξ, η, u, ∂u∂ξ ,
∂u
∂η ).

1.21. ξ = 2ex − y2, η = x+ y, ãèïåðáîëè÷åñêèé, ∂2u
∂ξ∂η = F (ξ, η, u, ∂

2u
∂ξ2 ,

∂2u
∂2η ).

1.22. ξ = eycosx, η = ey

x , ãèïåðáîëè÷åñêèé, ∂2u
∂ξ∂η = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

81



1.23. ξ = cosx− siny, η = x, ïàðàáîëè÷åñêèé, ∂2u
∂η2 = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

1.24. ξ = 2x− y, η = 1
x + 1

y , ãèïåðáîëè÷åñêèé, ∂2u
∂ξ∂η = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

1.25. ξ = tgy − x, η = x; ïàðàáîëè÷åñêèé, ∂2u
∂η2 = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

1.26. ξ = cosy, η = sinx; ýëëèïòè÷åñêèé, ∂2u
∂ξ2 + ∂2u

∂η2 = F (ξ, η, u, ∂u∂ξ ,
∂u
∂η ).

1.27. ξ = lny − 1
x , η = x, ïàðàáîëè÷åñêèé, ∂2u

∂η2 = F (ξ, η, u, ∂u∂ξ ,
∂u
∂η ).

1.28. ξ = y + ctgx, η = x, ïàðàáîëè÷åñêèé, ∂2u
∂η2 = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

1.29. ξ = 2y+e−2x, η = e−2x, ýëëèïòè÷åñêèé, ∂2u
∂ξ2 + ∂2u

∂η2 = F (ξ, η, u, ∂u∂ξ ,
∂u
∂η ).

1.30. ξ = ctgy, η = tgx, ýëëèïòè÷åñêèé, ∂2u
∂ξ2 + ∂2u

∂η2 = F (ξ, η, u, ∂u∂ξ ,
∂u
∂η ).

1.31. ξ = ysinx, η = x, ïàðàáîëè÷åñêèé, ∂2u
∂η2 = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

1.32. ξ = x− ey, η = 2x− ey, ãèïåðáîëè÷åñêèé, ∂2u
∂ξ∂η = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

1.33. ξ = y + 2
x , η = 1

x , ýëëèïòè÷åñêèé, ∂2u
∂ξ2 + ∂2u

∂η2 = F (ξ, η, u, ∂u∂ξ ,
∂u
∂η ).

1.34. ξ = 2x− siny, η = y, ïàðàáîëè÷åñêèé, ∂2u
∂ξ2 + ∂2u

∂η2 = F (ξ, η, u, ∂u∂ξ ,
∂u
∂η ).

1.35. ξ = y − lnsinx, η = x, ïàðàáîëè÷åñêèé, ∂2u
∂η2 = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).
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1.36. ξ = lncosy, η = lnsinx, ýëëèïòè÷åñêèé, ∂2u
∂ξ2 + ∂2u

∂η2 = F (ξ, η, u, ∂u∂ξ ,
∂u
∂η ).

1.37. ξ = earctg
y
x

√
x2 + y2, η = x− y, ãèïåðáîëè÷åñêèé,

∂2u
∂ξ∂η = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

1.38. ξ = xy, η = 3y èëè ξ = lny + 1
2ln(x2 + 9), η = arctg x3 , ýëëèïòè-

÷åñêèé,

∂2u
∂ξ2 + ∂2u

∂η2 = F (ξ, η, u, ∂u∂ξ ,
∂u
∂η ).

1.39. ξ = y
x2 − lnx, η = x− y, ãèïåðáîëè÷åñêèé, ∂2u

∂ξ∂η = F (ξ, η, u, ∂u∂ξ ,
∂u
∂η ).

1.40. ξ = xy + lnx, η = x+ y, ãèïåðáîëè÷åñêèé, ∂2u
∂ξ∂η = F (ξ, η, u, ∂u∂ξ ,

∂u
∂η ).

Êàíîíè÷åñêèé âèä:

1.41. ξ = x− t, η = x, ∂2u
∂ξ∂η = 0.

1.42. ξ = x+ y, η = y, ∂2u
∂η2 = 0.

1.43. ξ = x+ 2y, η = x, ∂2u
∂η2 − 1

2
∂u
∂η = 0.

1.44. ξ = 4x+ y, η = 2x+ y, ∂2u
∂ξ∂η −

1
2
∂u
∂ξ = 0.

1.45. ξ = x+ y, η = x, ∂2u
∂ξ2 + ∂2u

∂η2 + ∂u
∂η = 0.
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1.46. ξ = x− y, η = x+ 3y, ∂2u
∂ξ∂η + 1

4
∂u
∂η = 0.

1.47. ξ = 2y − x, η = y, ∂2u
∂ξ2 + ∂2u

∂η2 + ∂u
∂η = 0.

1.48. ξ = x+ 3y, η = x, ∂2u
∂η2 + 1

3
∂u
∂η = 0.

1.49. ξ = x+ 2y, η = 3x+ 2y, ∂2u
∂ξ∂η −

1
4
∂u
∂η = 0.

1.50. ξ = y − 3x, η = x, ∂2u
∂η2 + ∂u

∂η = 0.

1.51. ξ = x+ 2y, η = 3x, ∂2u
∂ξ2 + ∂2u

∂η2 + 1
6(
∂u
∂ξ + ∂u

∂η ) = 0.

1.52. ξ = 2x− y, η = x, ∂2u
∂η2 + ∂u

∂η = 0.

1.53. ξ = x− 5y, η = x− y, ∂2u
∂ξ∂η + 1

4
∂u
∂η = 0.

1.54. ξ = x+ y, η = x− y, ∂2u
∂ξ2 + ∂2u

∂η2 + 2∂u∂η = 0.

1.55. ξ = 2x+ 3y, η = x, ∂2u
∂η2 + 1

3
∂u
∂η = 0.

1.56. ξ = x+ 2y, η = 2x+ y, ∂2u
∂ξ2 + ∂2u

∂η2 + 2∂u∂η = 0.

1.57. ξ = x+ 3y, η = 2x− y, ∂2u
∂ξ∂η + ∂u

∂ξ = 0.
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1.58. ξ = x+ y, η = y, ∂2u
∂η2 + (α+ β)∂u∂ξ + β ∂u∂η + cu = 0.

1.59. ξ = x+ y, η = 3x− y, ∂2u
∂ξ∂η + 1

2
∂u
∂ξ = 0.

1.60. ξ = x+ 3y, η = x+ y, ∂2u
∂ξ∂η + 1

2
∂u
∂η = 0.

1.61. ξ = xy, η = y
x ,

∂2u
∂ξ∂η = 0.

1.62. ξ = ln(x+
√
x2 + 1), η = ln(y +

√
y2 + 1), ∂2u

∂ξ2 + ∂2u
∂η2 = 0.

1.63. ξ = y + x2, η = y − x2, ∂2u
∂ξ∂η = 0.

1.64. ξ = x3y, η = y, ∂2u
∂η2 + 4

3η
∂u
∂η = 0.

1.65. ξ = x+ y2, η = x− y2, ∂2u
∂ξ∂η = 0.

1.66. ξ = x, η = x+ ey, ∂2u
∂ξ∂η + ∂u

∂η = 0.

1.67. ξ = x+ y2, η = x, ∂2u
∂η2 = 0.

1.68. ξ = x2 − y2, η = x2, ∂2u
∂ξ2 + ∂2u

∂η2 + 1
ξ−η

∂u
∂ξ + 1

2η
∂u
∂η = 0.

1.69. ξ = x+ siny, η = x, ∂2u
∂η2 + η ∂u∂η = 0.

85



1.70. ξ = x+ y + cosx, η = x− y − cosx, ∂2u
∂ξ∂η + 1

4cos
ξ+η
2 (∂u∂η −

∂u
∂ξ ) = 0.

1.71. ξ = x+ cosy, η = x, ∂2u
∂ξ∂η + 1

η
∂u
∂η = 0.

1.72. ξ = xy3, η = x, ∂2u
∂η2 − ξ

η2
∂u
∂ξ = 0.

1.73. ξ = xtg y2 , η = x, ∂2u
∂η2 = 2ξ

ξ2+η2
∂u
∂ξ ;

1.74. ξ = tgy, η = lnx, ∂2u
∂ξ2 + ∂2u

∂η2 + 2ξ2
1+ξ2

∂u
∂ξ = 0.

1.75. ξ = x+ cosy, η = y, ∂2u
∂η2 = 0.

1.76. ξ = ey − 2x, η = ey − x, ∂2u
∂ξ∂η = 0.

1.77. ξ = y2, η = 4x, ∂2u
∂ξ2 + ∂2u

∂η2 + 1
ξ
∂u
∂ξ = 0.

1.78. ξ = y2 + 2ex, η = y, ∂2u
∂η2 − 1

η
∂u
∂η = 0.

1.79. ξ = y + x2, η = x2, ∂2u
∂ξ2 + ∂2u

∂η2 + 1
4η
∂u
∂ξ = 0.

1.80. ξ = 4x3 − 3y2, η = x, ∂2u
∂η2 + 6η2

4η3−ξ
∂u
∂η = 0.

1.81. ξ = 2x+ siny, η = y, ∂2u
∂η2 = 0.
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1.82. ξ = x+ 2e−y, η = 2x, ∂2u
∂ξ2 + ∂2u

∂η2 = 0.

1.83. ξ = x+ y + sinx, η = x− y − sinx, ∂2u
∂ξ∂η + 1

4sin
ξ+η
2 (∂u∂η −

∂u
∂ξ ) = 0.

1.84. ξ = ytgx2 , η = y, ∂2u
∂η2 − 2ξ

ξ2+η2
∂u
∂ξ = 0.

1.85. ξ = ychx, η = shx, ∂2u
∂η2 + 1

1+η2 (ξ
∂u
∂ξ + η ∂u∂ξ ) = 0.

1.86. ξ = ysinx, η = y, ∂2u
∂η2 − 2ξ

η2
∂u
∂ξ = 0.

1.87. ξ = x, η = 2
3y

3
2 , ∂2u

∂ξ2 + ∂2u
∂η2 + 1

3η
∂u
∂η = 0, y > 0,

ξ = x− 2
3(−y)

3
2 , η = x+ 2

3(−y)
3
2 , ∂2u

∂ξ∂η −
1

(η−ξ)(
∂u
∂ξ −

∂u
∂η ) = 0, y < 0.

1.88. ξ = x, η = 2
√
y, ∂2u

∂ξ2 + ∂u
∂η2 + 2α−1

η
∂u
∂η = 0, y > 0,

ξ = x− 2
√
−y, η = x+ 2

√
−y, ∂2u

∂ξ∂η +
α− 1

2

η−ξ (
∂u
∂ξ −

∂u
∂η ) = 0, y < 0.

1.89. ξ = x
3
2 , η = y

3
2 (x > 0, y < 0),

ξ = (−x) 3
2 , η = (−y) 3

2 , (x < 0, y < 0),

∂2u
∂ξ2 + ∂u

∂η2 + 1
3ξ
∂u
∂ξ + 1

3η
∂u
∂η = 0;

ξ = (−x) 3
2 − y

3
2 , η = (−x) 2

3 + y
3
2 (x < 0, y > 0),

ξ = x
3
2 − (−y) 3

2 , η = x
3
2 + (−y) 3

2 , (x > 0, y < 0),

∂2u
∂ξ∂η + 1

3
1

η2−ξ2 (η
∂u
∂ξ − ξ ∂u∂η ) = 0.

1.90. ξ =
√
x, η =

√
y (x > 0, y > 0),
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ξ =
√
−x, η =

√
−y, (x > 0, y > 0),

∂2u
∂ξ2 + ∂2u

∂η2 − 1
ξ
∂u
∂ξ −

1
η
∂u
∂η = 0;

ξ =
√
−x, η =

√
y (x < 0, y > 0),

ξ =
√
x, η =

√
−y, (x < 0, y > 0),

∂2u
∂ξ2 −

∂2u
∂η2 − 1

ξ
∂u
∂ξ −

1
η
∂u
∂η = 0.

1.91.

à) u = ϕ(x− t) + ψ(x);

á) u = ϕ(x+ y) + ψ(2x+ y);

â) u = ϕ(x+ 2y) + ψ(x+ 2y)e
x
2 ;

ã) u = ϕ(4x+ y)ex+
y
2 + ψ(2x+ y);

ä) u = ϕ(x− y) + ψ(x+ 3y)e
y−x

4 ;

å) u = ϕ(x+ 3y) + ψ(x+ 3y)e−
x
3 ;

æ) u = ϕ(x+ 2y) + ψ(3x+ 2y)e
x+2y

4 ;

ç) u = ϕ(y − 3x) + ψ(y − 3x)e−x;

è) u = ϕ(2x− y) + ψ(2x− y)e−x;

ê) u = ϕ(x− 5y)e−
x−y

4 + ψ(x− y);

ë) u = ϕ(2x+ 3y) + ψ(2x+ 3y)e−
x
3 ;

ì) u = ϕ(2x− y) + ψ(x+ 3y)ey−2x;

í) u = ϕ(3x− y) + ψ(x+ y)e−
3x−y

2 ;

î) u = ϕ(x+ 3y) + ψ(x+ y)e−
x+3y

2 ;

ï) u = ϕ(x) + ψ(x− ey)e−x;

ð) u = ϕ(x+ cosy) 1
x + ψ(x).

1.92. ξ = x+ y, η = 5x− y, ∂2u
∂ξ∂η + 1

6
∂u
∂η = 0, u = ϕ(x+ y) + ψ(5x− y)e−

x+y
6 .
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1.93. ξ = y, η = y − cosx, ∂2u
∂ξ∂η −

∂u
∂η = 0, u = ϕ(y) + ψ(y − cosx)ey.

1.94. ξ = xy4, η = y, ∂2u
∂ξ∂η −

3
η
∂u
∂ξ = 0, u = ϕ(xy4)y3 + ψ(y).

1.95. ξ = x2 + y, η = x, ∂2u
∂η2 − ∂u

∂η = 0, u = ϕ(x2 + y) + ψ(x2 + y)ex.

1.96. ξ = xy, η = y, ∂2u
∂ξ∂η −

1
η
∂u
∂ξ = 0, u = yϕ(xy) + ψ(y).

1.97.ξ = xy2, η = x, ∂2u
∂ξ∂η −

1
η
∂u
∂ξ = 0, u = ϕ(xy2)x+ ψ(x).

1.98.ξ = x2 + y, η = x, ∂2u
∂η2 − 1

η
∂u
∂η = 0, u = ϕ(x2 + y)x2 + ψ(x2 + y).

1.99. ξ = x3y, η = x, ∂2u
∂ξ∂η −

2
η
∂u
∂ξ = 0, u = ϕ(x3y)x2 + ψ(x).

1.100. ξ = xy, η = y, ∂2u
∂ξ∂η −

3
η
∂u
∂ξ = 0, u = ϕ(xy)y3 + ψ(y).

1.101. ξ = y + sinx, η = x, ∂2u
∂η2 − 2∂u∂η = 0, u = ϕ(ξ) + ψ(ξ)e2η.

1.102. ξ = y
x , η = y, ∂2u

∂ξ∂η −
1
η
∂u
∂ξ = 0, u = ϕ(yx)y + ψ(y).

1.103. ξ = xy4, η = x, ∂2u
∂ξ∂η + 1

η
∂u
∂ξ = 0, u = 1

xϕ(xy4) + ψ(x).

1.104. ξ = xy, η = y, ∂2u
∂η2 + 1

η
∂u
∂η = 0, u = ϕ(xy)lny + ψ(xy).

1.105. ξ = xt, η = x
t ,

∂2u
∂ξ∂η −

1
2ξ
∂u
∂η = 0, u = ϕ(xt) +

√
xtψ(xt ).
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1.106. ξ = xy3, η = y, ∂2u
∂ξ∂η −

1
η
∂u
∂ξ = 0, u = ϕ(xy3)y + ψ(y).

1.107. ξ = x, η = xy3, ∂2u
∂ξ∂η −

1
3ξ
∂u
∂η = 0, u = ϕ(x) + x

1
3ψ(xy3).

1.108. ξ = xy2, η = y, ∂2u
∂ξ∂η −

3
η
∂u
∂ξ = 0, u = ϕ(xy2)y3 + ψ(y).

1.109. ξ = x+y+cos, η = x−y−cosx, ∂2u
∂ξ∂η + 1

2
∂u
∂ξ = 0, u = ϕ(ξ)e−

η
2 +ψ(η).

1.110.ξ = x+ y + cosx, η = x− y − cosx, ∂2u
∂ξ∂η = 0, u = ϕ(ξ) + ψ(η).

1.111. ξ = 2x− y + cosx, η = 2x+ y − cosx, ∂2u
∂ξ∂η = 0, u = ϕ(η) + ψ(ξ).

1.112. ξ = 2x− y + cosx, η = 2x+ y − cosx, ∂2u
∂ξ∂η + 1

4
∂u
∂ξ = 0,

u=ϕ(η) + ψ(ξ)e−
η
4 .

1.113. ξ = x2y, η = xy, ∂2u
∂ξ∂η + 1

η
∂u
∂ξ = 0, u = 1

xyϕ(x2y) + ψ(xy).

1.114. ξ = xy
1
4 , η = xy

3
4 , ∂2u

∂ξ∂η −
2
η
∂u
∂ξ = 0, u = η2ϕ(ξ) + ψ(η).

1.115. ξ = x2 + y2, η = x, ∂2u
∂η2 − 2

η
∂u
∂η − η3 = 0, u = ϕ(ξ) + ψ(ξ)η3 + η5

10 ;

1.116. ξ = x, η = x2 + y, ∂2u
∂ξ∂η + 1

η
∂u
∂ξ + 1 = 0, u = 1

ηϕ(ξ) + ψ(η)− ξη
2 .

Çàäà÷à Êîøè.

1.117. u = 1
2t

2 − xt− t.
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1.118. u = −3
7e
− 7

3x(x+ 3y + 3) + 1
7(16− 18x+ 9y).

1.119. u = e−
1
5x(−25y + 5x− 110) + 27y − 27x+ 110.

1.120. u = e−
x
3 (−12y − 4x− 54) + 14y − 14x+ 54.

1.121. u = e
y
4 (12x+ 3y + 12)− 10x− 5y − 12.

1.122. u = e
y
3 (6x+ 4y + 24)− 3x− 6y − 24.

1.123. u(x, y) = 3f(x+y)+f(x−3y)
4 + 1

4

x+y∫
x−3y

F (τ)dτ.

1.124. u(x, y) = 3f(x+ y)− 2f(x+ 3
2y) + 2

x+ 3
2y∫

x+y
F (τ)dτ.

1.125. u(x, y) =
2f(x+y)+5f(x− 2

5y)
7 + 5

7

x+y∫
x− 2

5y

F (τ)dτ.

1.126. u(x, y) =
3f(x−y)+7f(x+ 3

7y)
10 + 7

10

x+ 3
7y∫

x−y
F (τ)dτ.

1.127. u(x, y) = 3f(x+ y
3)− 2f(x+ y

2) + 6
x+y

2∫
x+y

3

F (τ)dτ.

1.128. u = 3
2e
−yϕ(x+ y)− 1

2ϕ(x+ 3y) + 1
4e
−x+y

2

x+3y∫
x+y

[3ϕ(z) + 2ψ(z)]e
z
2dz.

1.129. u = f(x+ y) + 5
6e
− 1

6 (x+y)
x+y∫
x− 1

5y

[F (z)− f
′
(z)]e

z
6dz.

91



1.130. u = (x2 − 1)y3 + y.

1.131. u = x4 + 3
4x

3(y4 − 1).

1.132. u = 3y4 + (x2 − 1)y5.

1.133. u = 2y + 1 + ylnx.

1.134. u = 4x3 + x(y8 − 1).

1.135. u = x+ 3x2(y5 − 1).

1.136. u = x2 + y4.

1.137. u = x2 3
√
x(y6 − 1).

1.138. u = 3y5 + (x2 − 1)y11.

1.139. u = 4x4 + x8(y2 − 1).

1.140. u = 4y3 + 1
2y

7(x2 − 1).

1.141. u = y2 + y7(x2 − 1).
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1.142. u = xy4 + 1.

1.143. u = (x− 1)y5.

1.144. ξ = x3y2, η = x, ∂2u
∂ξ∂η + 2

η
∂u
∂ξ = 0, u = ϕ(ξ)

η2 + ψ(η),

u = x4 1
4y

4 + 2 + 3x2 − 1
4x

4.

1.145. ξ = x2y3, η = y, ∂2u
∂ξ∂η + 1

η
∂u
∂ξ = 0, u = 1

ηϕ(ξ) + ψ(η),

u = x2y2 − 3
4yx

4
3 + y5 + 3− y2 + 3

4y.

1.146. ξ = x4y3, η = x, ∂2u
∂ξ∂η + 5

3η
∂u
∂ξ = 0, u = ϕ(ξ)

η
5
3

+ ψ(η),

u = 4
5y

5
4 − xy2 + 3x3 + 3x− 4

5 .

1.147. ξ = x5y2, η = x, ∂2u
∂ξ∂η + 3

η
∂u
∂ξ = 0, u = ϕ(ξ)

η3 + ψ(η),

u = 25
8 xy

8
5 + 5

3y
6
5 + 3x2 − 25

8 x−
2
3 .

1.148. ξ = y4x3, η = y, ∂2u
∂ξ∂η + 5

3η
∂u
∂ξ = 0, u = ϕ(ξ)

η
5
3

+ ψ(η),

u = 6
7y

3x
7
2 + 1− 6

7y
3.

1.149. ξ = xy3, η = y, ∂2u
∂ξ∂η + 2

η
∂u
∂ξ = 0, u = ϕ(xi)

η2 + ψ(η),

u = 3
2x

2
3 − xy + 3y2 − 3

2 + y.

1.150. ξ = x2y3, η = x, ∂2u
∂ξ∂η + 4

3η
∂u
∂ξ = 0, u = ϕ(ξ)

η
4
3

+ ψ(η),

u = 2(y2 − 1) + 1
5x

2(1− y5) + 3x2.
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1.151. ξ = xy4, η = y, ∂2u
∂ξ∂η −

3
η
∂u
∂ξ = 0, u = η3ϕ(ξ) + ψ(η),

u = 8y2(1− x−
1
4 ) + 3y.

1.152. u = x2

t + x2t2.

1.153. u = 1 + 2x2y2.

1.154. u = 5x4y2 − 3x2y3.

1.155. u = 2
√
xt.

1.156. ξ = y2x, η = y2

x ,
∂2u
∂ξ∂η −

1
2η
∂u
∂ξ = 0, u = η

1
2ϕ(xi) + ψ(η),

u = 2y√
x

+ y√
x
lnx.

1.157. ξ = yx3, η = x3

y ,
∂2u
∂ξ∂η + 5

6η
∂u
∂ξ = 0, u = 1

η
5
6
ϕ(ξ) + ψ(η),

u = 1
3y

7
3x2 + 3

7y
2x+ 18

7
x

y
1
3
− 1

3
x2

y
2
3
.

1.158. u = x(1 + y).

1.159. u = (x4 + x
8
3 )y2.

1.160. u = 1 + sin(x− y − cosx) + ey+cosxsin(x+ y + cosx).

1.161. u = 1 + cosx · cos(y + cosx).
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1.162. u = sinx · cos(y−cosx2 ) + exsh(y−cosx2 ).

1.163. u = 2e
−2x− y − cosx

4
· cosx · siny − cosx

2 .

1.164. u = e2ηϕ(ξ) + ψ(η), u = 3
22e

44
3 x + 19

22 .

1.165. u = e−
1
2ηϕ(ξ) + ψ(η), u = −112

47 e
− 47

16x + 347
47 .

1.166. u = e4ηϕ(ξ) + ψ(η), u = 7
86e

172
7 x + 79

86 .

1.167. u = e−3ηϕ(ξ) + ψ(η), u = 40
19 −

2
19e

− 57
2 x.

1.168. u = e3ηϕ(ξ) + ψ(η), u = 1
23e

23x + 22
23 .

1.169. u = e2ξϕ(η) + ψ(ξ), u = 1
16e

16x + 63
16 .

1.170. u = e−
1
4ξϕ(η) + ψ(ξ), u = 50

17 −
16
17e

− 17
16x.

1.171. u = e−3ξϕ(η) + ψ(ξ), u = −10
69e

− 69
2 x + 217

69 .

1.172. u = e3ξϕ(η) + ψ(ξ), u = y − 3
4x+ 35

324e
81
5 x − 35

324 .

1.173. u = e−2ξϕ(η) + ψ(ξ), u = 2x+ 3y.

1.174. u = e4ξϕ(η) + ψ(ξ), u = 3x+ y + 5− 45
132 + 45

132e
44
5 y.
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1.175. u = ϕ(ξ) + ψ(η), u = 3y3 + 5− 9
2y + lnx− 9

2x
2
3y.

1.176. u = 1
η

1
3
ϕ(ξ) + ψ(η), u = 6

7x
2(y

7
2 − 1) + 2y

1
2 + 2x− 2.

1.177. u = η−2ϕ(ξ) + ψ(η), u = 3
2xy

2 + 3
4y

4
3 + 2x2 − 3

2x−
3
4 .

1.178 u = 1
η4ϕ(ξ) + ψ(η), u = 3

2x
4
3 + 9

5yx
5
3 + 6

5y −
3
2 .

1.179. u = η−1ϕ(ξ) + ψ(η), u = 9
4xy

4
3 + 2x3 − 9

4x.

1.180. u = η−4ϕ(ξ) + ψ(η), u = 3
2x

2y2 + 1 + 2y − 3
2y

2.

1.181. u = η−
5
3ϕ(ξ) + ψ(η), u = 3y5 + 12

17y
4(x

17
4 − 1).

1.182. u = η−
4
3ϕ(ξ) + ψ(η), u = 12

7 y(x
7
4 − 1) + 2x+ y − 2.

1.183. u = η−3ϕ(ξ) + ψ(η), u = 1
2x

6y + 4
9x

9
2 + 3y2 − 1

2y −
4
9 .

1.184. u = η−
9
2ϕ(ξ) + ψ(η), u = 3

13y
13
3 x2 − 2

3y
3 + x3 − 3

13x
2 − 2

3 .

1.185. u = η2ϕ(ξ) + ψ(η), u = −2
3xy

− 3
2 + x2 + 1 + 2

3x.

1.186. u = η−
4
3ϕ(ξ) + ψ(η), u = 24

7 xy
7
4 + 4x2 − 24

7 x.

Çàäà÷è íà õàðàêòåðèñòèêàõ.
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1.187. u = ϕ(x−y2 ) + ψ(x+y2 )− ϕ(0).

1.188. u = ϕ(5x−y
4 ) + ψ(y−x4 )− ϕ(0).

1.189. u = ϕ(y−x−3
4 ) + ψ(5x−y−1

4 )− ϕ(−1).

1.190. u = ϕ(−y−2x
2 ) + ψ(y+4x+2

2 )− ϕ(1).

1.191. u = ϕ(x+3y+3
4 ) + ψ(3x−3y−1

4 )− ϕ(1
2).

1.192. u = ϕ(3x+2y+1
2 ) + ψ(−x+2y+2

2 )− ϕ(1
2).

1.193. u = ϕ(6x−3y−2
7 ) + ψ(x+3y+3

7 )− ϕ(1
7).

1.194. u = ϕ(x+5y+4
3 ) + ψ(2x−5y−3

3 )− ϕ(1
3).

1.195. u = ϕ(2x+y−3
6 ) + ψ(4x−y+4

6 )− ϕ(1
6).

1.196. u = ϕ(3x−y−1
5 ) + ψ(2x+y+2

5 )− ϕ(1
5).

1.197. u = ϕ(x−2y−2
9 ) + ψ(8x+2y−4

9 )− ϕ(−2
3).

1.198. u = ϕ(
√

1− y + x2) + ψ(
√
y)− ϕ(1).

1.199. u = ϕ(x) + ψ(y − x2 + 4)− ϕ(2).
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1.200. ϕ(y2) + ψ(x− y2 + 4)− ϕ(4).

1.201. u = ϕ(
√

x2+y
2 ) + ψ(

√
x2−y+2

2 )− ϕ(1).

1.202. u = ϕ(ln
y−ex+

√
4+(y−ex)2

2 ) + ψ(ln
ex−y+

√
4+(ex−y)2
2 )− ϕ(0).
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