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<hijhku�ih�dmjkm�nbabdb��III �k_f_klj��hk_gv������]��

1. K\h[h^gu_� dhe_[Zgby� kbkl_f� k� h^ghc� kl_i_gvx� k\h[h^u�� =Zjfhgbq_kdbc� hkpbeeylhj�

QZklhlZ�� i_jbh^�� Zfieblm^Z� b� nZaZ� kh[kl\_gguo� dhe_[Zgbc�� Wg_j]by� f_oZgbq_kdh]h� b

we_dljbq_kdh]h� ]Zjfhgbq_kdbo� hkpbeeylhjh\��Ij_^klZ\e_gb_� h[� Zg]Zjfhgbaf_� dhe_[Z-
gbc�

2. K\h[h^gu_�dhe_[Zgby�kbkl_fu�k\yaZgguo�hkpbeeylhjh\��GhjfZevgu_�dhe_[Zgby��fh^u��

QZklhlu�ghjfZevguo�fh^�^ey�kbkl_fu��khklhys_c�ba�^\mo�k\yaZgguo�hkpbeeylhjh\� �f_-
oZgbq_kdbo�b�we_dljbq_kdbo���H[sbc�f_lh^�hij_^_e_gby�qZklhl�ghjfZevguo�fh^�b�ghj-
fZevguo�dhhj^bgZl�

3. Dhe_[Zgby� fhe_dme�� Dhe_[Zl_evgu_� kl_i_gb� k\h[h^u�� Lbiu� fhe_dmeyjguo� dhe_[Zgbc

�\Ze_glgu_�b�^_nhjfZpbhggu_��kbff_ljbqgu_�b�Zglbkbff_ljbqgu_���GhjfZevgu_�fh^u

g_dhlhjuo�ijhkl_crbo�fhe_dme�

4. Keh`_gb_�]Zjfhgbq_kdbo�dhe_[Zgbc��ijhbkoh^ysbo�ih�h^ghc�hkb��Ij_^klZ\e_gb_�h�f_-
lh^_�\_dlhjguo�^bZ]jZff��Keh`_gb_�\aZbfgh�i_ji_g^bdmeyjguo�dhe_[Zgbc�h^bgZdh\hc

qZklhlu��Nb]mju�EbkkZ`m�

5. AZlmoZxsb_�dhe_[Zgby��Hkpbeeylhj�k�g_[hevrbf�aZlmoZgb_f��QZklhlZ�b�i_jbh^�dhe_[Z-
gbc��dhwnnbpb_gl�aZlmoZgby��<j_fy�j_eZdkZpbb�Zfieblm^u�b�wg_j]bb�dhe_[Zgbc��>_dj_-
f_gl� b� eh]Zjbnfbq_kdbc� ^_dj_f_gl��>h[jhlghklv��Hkpbeeylhj� k� [hevrbf� aZlmoZgb_f�

Djblbq_kdbc�j_`bf�

6. <ugm`^_ggu_�]Zjfhgbq_kdb_�dhe_[Zgby��AZ\bkbfhklv�Zfieblm^u�b�nZau�mklZgh\b\rbo-
ky�dhe_[Zgbc��Z�lZd`_�Zfieblm^�ih]ehs_gby�b�^bki_jkbb�hl�qZklhlu�\ugm`^Zxs_c�kb-
eu��J_ahgZgku�kf_s_gby�b�kdhjhklb��Fhsghklv��aZljZqb\Z_fZy�gZ�ih^^_j`Zgb_�dhe_[Z-
gbc�

7. Ehj_gp_\kdZy�nhjfZ�ebgbb�ih]ehs_gby��RbjbgZ�j_ahgZgkghc�djb\hc�ih]ehs_gby��Iylv

hij_^_e_gbc� ^h[jhlghklb��Hkh[_gghklb� \ugm`^_gguo� dhe_[Zgbc� \� kbkl_f_� k\yaZgguo

hkpbeeylhjh\�

8. D\ZabklZpbhgZjguc�i_j_f_gguc�lhd��AZdhg�HfZ�^ey�p_ib��khklhys_c�ba�ihke_^h\Zl_evgh

kh_^bgzgguo�bg^mdlb\ghklb��khijhlb\e_gby�b�dhg^_gkZlhjZ��J_ahgZgkgu_�y\e_gby�\�ih-
ke_^h\Zl_evguo� b� iZjZee_evguo� p_iyo� i_j_f_ggh]h� lhdZ��Fhsghklv�� \u^_eyxsZyky� \

p_ib�i_j_f_ggh]h�lhdZ��Wnn_dlb\gu_��^_ckl\mxsb_��agZq_gby�gZijy`_gby�b�lhdZ�

9. DeZkkbq_kdh_�^bnn_j_gpbZevgh_�\hegh\h_�mjZ\g_gb_��MjZ\g_gb_�iehkdhc�b�kn_jbq_kdhc

]Zjfhgbq_kdbo�\heg��Ijh^hevgu_�b�ihi_j_qgu_�\hegu��<hegh\hc�\_dlhj��Mqzl�aZlmoZgby

\hegu��Mijm]b_�]Zjfhgbq_kdb_�\hegu��Iehlghklv�wg_j]bb��i_j_ghkbfhc�mijm]hc�\heghc�

10. We_dljhfZ]gblgu_�\hegu�\�h^ghjh^ghc�g_ijh\h^ys_c�kj_^_��K\yav�f_`^m�Zfieblm^Zfb

b�nZaZfb�dhe_[Zgbc�\_dlhjh\�gZijy`_gghklb�we_dljbq_kdh]h�b�bg^mdpbb�fZ]gblgh]h�ih-
e_c�\�we_dljhfZ]gblghc�\heg_��Wg_j]_lbq_kdb_�oZjZdl_jbklbdb�we_dljhfZ]gblguo�b�mi-
jm]bo�\heg��iehlghklv�ihlhdZ�wg_j]bb��bgl_gkb\ghklv��\_dlhju�Mfh\Z�b�Ihcglbg]Z��

11. GZeh`_gb_�\heg��Dh]_j_glgu_�\hegu��Bgl_jn_j_gpby�\heg�hl�^\mo� lhq_qguo�bklhqgb-
dh\��hiul�Xg]Z��Jhev�g_fhghojhfZlbqghklb�bklhqgbdh\�b�bo�dhg_qguo�jZaf_jh\��<j_fy

b�^ebgZ�dh]_j_glghklb��qbkeh�dh]_j_glguo�dhe_[Zgbc��jZ^bmk�b�m]he�dh]_j_glghklb��h[t-
zf�dh]_j_glghklb�

12. Bgl_jn_j_gpby�\heg��hljZ`zgguo�hl�h^ghc�ih\_joghklb��klhyqb_�\hegu���NZaZ�hljZ`zg-
ghc�\hegu�±�mijm]hc�b�we_dljhfZ]gblghc��Bgl_jn_j_gpby�\heg��hljZ`zgguo�hl�^\mo�ih-
\_joghkl_c��Ihehku�jZ\ghc�rbjbgu�b�jZ\gh]h�gZdehgZ��IjhkljZgkl\_ggZy�ehdZebaZpby

bgl_jn_j_gpbhgghc�dZjlbgu��NhjfmeZ�<mevnZ�;jw]]Z�

13. Bgl_jn_j_gpbhggu_�dhfiZjZlhju��J_njZdlhf_lju�b� ki_dljZevgu_�ijb[hju��J_njZdlh-
ju�@Zf_gZ��Ki_dljZevguc�ZiiZjZl�NZ[jb�I_jh��Ijbgpbiu�Nmjv_�ki_dljhkdhibb��Ij_^-
klZ\e_gb_�h�]heh]jZnbb�

14. >bnjZdpby�\heg��Ijbgpbi�=xc]_gkZ�Nj_g_ey��F_lh^� ahg�Nj_g_ey��>bnjZdpby�\heg�gZ

djm]ehf�hl\_jklbb�b�djm]ehc�ij_]jZ^_��:fieblm^gZy�b�nZah\Zy� ahggu_�ieZklbgdb��>b-
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njZdpby�NjZmg]hn_jZ�gZ�s_eb��Mkeh\by�fZdkbfmfh\�b�fbgbfmfh\�^bnjZdpbhgghc�dZj-
lbgu�

15. DeZkkbnbdZpby� \hegh\uo� y\e_gbc� �^bnjZdpby�Nj_g_ey� beb�NjZmg]hn_jZ�� ]_hf_ljbq_-
kdZy�hilbdZ���Jhev�^bnjZdpbb�\�nhjfbjh\Zgbb�hilbq_kdbo�bah[jZ`_gbc��Mkeh\by�jZaj_-
r_gby�[ebadbo�h[t_dlh\�hilbq_kdbfb�ijb[hjZfb�

16. >bnjZdpbhggZy�j_rzldZ��=eZ\gu_�b�^hihegbl_evgu_�fZdkbfmfu�b�fbgbfmfu�^bnjZd-
pbhgghc�dZjlbgu��OZjZdl_jbklbdb�^bnjZdpbhgghc�j_rzldb�dZd�ki_dljZevgh]h�ZiiZjZlZ�

k\h[h^gZy� ki_dljZevgZy� h[eZklv�� m]eh\Zy� b� ebg_cgZy� ^bki_jkbb�� jZaj_rZxsZy� kihkh[-
ghklv��Djbl_jbc�Jwe_y�jZaj_r_gby�^\mo�[ebadbo�ki_dljZevguo�ebgbc�

17. IheyjbaZpby� \heg��Ijhoh`^_gb_� _kl_kl\_ggh]h� b� iehkdh� iheyjbah\Zggh]h� k\_lZ� q_j_a
b^_Zevguc�b�g_b^_Zevguc�iheyjhb^u��AZdhg�FZexkZ��Kl_i_gv�iheyjbaZpbb�\heg��Ihey-
jbaZpby�\heg�ijb�ba[bjZl_evghf�ih]ehs_gbb��AZdhg�;m]_jZ�EZf[_jlZ�;_jZ�

18. AZdhghf_jghklb� baemq_gby� ^bihey��IheyjbaZpby� k\_lZ� ijb� hljZ`_gbb� hl� ih\_joghklb
^bwe_dljbdZ��M]he�;jxkl_jZ��IheyjbaZpby�jZkk_yggh]h�k\_lZ��JZkk_ygb_�fmlgufb�kj_^Z-
fb�b�fhe_dmeyjgh_�jZkk_ygb_��AZdhg�Jwe_y��Ij_^klZ\e_gb_�h�jZkk_ygbb�Fb�

19. Ijhoh`^_gb_�k\_lh\h]h�emqZ�q_j_a� Zgbahljhigh_�h^ghhkgh_�\_s_kl\h��=eZ\gZy�hilbq_-
kdZy� hkv��H[udgh\_gguc� b�g_h[udgh\_gguc� emqb��<hegh\u_� ih\_joghklb� ^ey� h[udgh-
\_gguo�b�g_h[udgh\_gguo�\heg�\�Zgbahljhighf�\_s_kl\_��Ihemq_gb_�b�ZgZeba�weebilb-
q_kdb�b�pbjdmeyjgh�iheyjbah\Zggh]h�k\_lZ��E_\Zy�b�ijZ\Zy�iheyjbaZpbb��DjbklZeebq_-
kdb_�ieZklbgdb�λ/2 b�λ/4.

20. Bgl_jn_j_gpby�iheyjbah\Zgguo�emq_c��Mkeh\by�gZ[ex^_gby�bgl_jn_j_gpbb��P\_lZ�djb-
klZeebq_kdbo� ieZklbghd��Dhghkdhiby��Bkdmkkl\_ggZy� hilbq_kdZy� Zgbahljhiby��nhlhmi-
jm]hklv��we_dljh��b�fZ]gblhhilbq_kdb_�wnn_dlu��Ihdd_evkZ��D_jjZ��DhllhgZ�FmlhgZ��

21. Hilbq_kdZy�Zdlb\ghklv�djbklZeeh\�b�fhe_dme��Hilbq_kdb_� Zglbih^u�b�bahf_ju��Iheh-
`bl_evgu_�b�hljbpZl_evgu_�hilbq_kdb�Zdlb\gu_�\_s_kl\Z��AZdhg�;bh��=bihl_aZ�Nj_g_-
ey��Bkdmkkl\_ggZy�hilbq_kdZy�Zdlb\ghklv��wnn_dl�NZjZ^_y��
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Hl\_lu�gZ�wdaZf_gZpbhggu_

\hijhku�ih�nbabd_�
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���K\h[h^gu_�dhe_[Zgby�kbkl_f�k�h^ghc�kl_i_gvx�k\h[h^u��=Zjfhgbq_kdbc�hkpbe-
eylhj��QZklhlZ��i_jbh^��Zfieblm^Z�b�nZaZ�kh[kl\_gguo�dhe_[Zgbc��Wg_j]by�f_oZgbq_-
kdh]h�b�we_dljbq_kdh]h�]Zjfhgbq_kdbo�hkpbeeylhjh\��Ij_^klZ\e_gb_�h[�Zg]Zjfhgbaf_

dhe_[Zgbc�

1) K\h[h^gu_�dhe_[Zgby�kbkl_f�k�h^ghc�kl_i_gvx�k\h[h^u:
Dhe_[Zl_evguc�ijhp_kk�±�ijhp_kk��oZjZdl_jbamxsbcky�hij_^_ezgghc�ih\lhjy_fhklvx

\h�\j_f_gb�

K\h[h^gu_�dhe_[Zgby� ±�dhe_[Zgby� kbkl_fu��ijhbkoh^ysb_�[_a� \ha^_ckl\by�i_j_f_g-
guo�\g_rg_c�kbe�

Dhe_[Zl_evgu_�ijhp_kku�\hagbdZxl�\�kemqZ_��_keb�kbkl_fZ�gZoh^blky�\�ihl_gpbZevghc

yf_��Lh]^Z�ijb�hldehg_gbb�hl�iheh`_gby�jZ\gh\_kby��ihl_gpbZevgZy�wg_j]by�kbkl_fu�[m^_l

baf_gylvky�\[ebab�lhqdb�fbgbfmfZ��Imklv�U – ihl_gpbZevgZy�wg_j]by�±�aZ\bkbl�lhevdh�hl
h^ghc�ba�dhhj^bgZl��h^gZ�kl_i_gv�k\h[h^u��� ( )( )0 ,U C O x∞∈  ]^_�x0�±�lhqdZ�fbgbfmfZ��Lh]^Z

U(x) fh`_l�[ulv�jZaeh`_gZ�\�jy^�L_cehjZ�\�O(U0): ( ) ( )
2

2

0 0 02

1
...,

2

dU d U
U U x x

dx dx
ξ ξ= + + +  ]^_

ξ = x – x0 – hldehg_gb_�hl�iheh`_gby�jZ\gh\_kby�� ( )0 0,
dU

x
dx

= �ihkdhevdm�x0 – lhqdZ�fbgbfm-

fZ��lh�_klv�jZaeh`_gb_�ijbf_l�\b^�� ( )
2

2

0 02

1
...

2

d U
U U x

dx
ξ= + +

2) Fh^_ev�]Zjfhgbq_kdh]h�hkpbeeylhjZ:
Ij_g_[j_`zf� \� jZaeh`_gbb� i�� �� ijhba\h^gufb� ihjy^dZ� \ur_�� q_f� ��� Lh]^Z

2 2
2

0 0 02

1
( ) ,

2 2

d U k dU
U U x U F k

dx dx

ξξ ξ= + = + ⇒ = − = − � lh� _klv� F – \ha\jZsZxsZy� kbeZ� ±� ijh-

ihjpbhgZevgZ�hldehg_gbx�hl�iheh`_gby�jZ\gh\_kby��dZd�b�kbeZ�mijm]hklb�ijm`bgu��ihwlh-
fm�F gZau\Zxl�d\Zabmijm]hc.

Mkeh\by�ijbf_gbfhklb�fh^_eb��fZeh_�hldehg_gb_�hl�iheh`_gby�jZ\gh\_kby��hlkmlkl-
\b_�^bkkbiZpbb�wg_j]bb�

3) IZjZf_lju�]Zjfhgbq_kdbo�dhe_[Zgbc:
MjZ\g_gb_�F = – kξ y\ey_lky�ebg_cguf�^bnn_j_gpbZevguf�mjZ\g_gb_f�\lhjh]h�ihjy^-

dZ� 0.m kξ ξ+ =
<<

�Lh]^Z� ( )0 0 0cos ;  
k

A t
m

ξ ω ϕ ω= + =  – djm]h\Zy� �pbdebq_kdZy��qZklhlZ�kh[kl-

\_gguo�dhe_[Zgbc�kbkl_fu��ξ(0) = Acosϕ0, lh�_klv�ϕ0 – gZqZevgZy�nZaZ�dhe_[Zgbc��ϕ = ω0t +
ϕ0 – nZaZ�dhe_[Zgbc��Ih�ZgZeh]bb�k�\jZsZl_evguf�^\b`_gb_f� 02ν πω=  – qZklhlZ�dhe_[Zgbc�

0

2
T

π
ω

=  – i_jbh^�dhe_[Zgbc��A = ξmax – Zfieblm^Z�dh-

e_[Zgbc��QZklhlZ� dhe_[Zgbc� ]Zjfhgbq_kdh]h� hkpbeey-
lhjZ�g_�aZ\bkbl�hl�Zfieblm^u (dhe_[Zgby�bahojhfgu).

JZkkfhljbf� f_oZgbq_kdmx� b� we_dljbq_kdmx� fh-
^_eb�]Zjfhgbq_kdh]h�hkpbeeylhjZ��>ey�f_oZgbq_kdh]h

hkpbeeylhjZ� ,m kξ ξ= −
<<

�]^_�k�±�dhwnnbpb_gl�mijm]hklb

ijm`bgu�� Lh]^Z� ( )0 0cos ;  A t W U Tξ ω ϕ= + = + =
2

2 2

.
2 2 2

k m kAξ ξ= + =
<

� >ey� we_dljbq_kdh]h� dhglmjZ�
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0,
q

L q
C

+ =
<<

�]^_�q – aZjy^�gZ�dhg^_gkZlhj_��L – bg^mdlb\ghklv�dZlmrdb��K�±�zfdhklv�dhg^_g-

kZlhjZ��Lh]^Z� ( )0 0 0cos ;q q tω ϕ= +
22 2
0

0

1
;  .

2 2 2

qq LI
W

C CLC
ω = = + =  LZdbf�h[jZahf��kms_kl\m-

_l�ZgZeh]by�f_`^m�f_oZgbq_kdbfb�b�we_dljbq_kdbfb�dhe_[Zgbyfb��L – ZgZeh]�m, 1/C – ZgZ-
eh]�k.

NZah\h_�ijhkljZgkl\h�±�ijhkljZgkl\h��gZlygmlh_�gZ�\_dlhjZ� ,  .ξ ξ
<

�<�kemqZ_�]Zjfhgbq_-
kdh]h� hkpbeeylhjZ� djb\Zy��ij_^klZ\eyxsZy� dhe_[Zgby� \� wlhf� ijhkljZgkl\_�� bf__l� \b^� we-

ebikZ�
2 2

2 2 2

0

1 .
A A

ξ ξ
ω

 
 + =
 
 

<

4) Ijbf_ju�bkihevah\Zgby�fh^_eb�]Zjfhgbq_kdh]h�hkpbeeylhjZ:
JZkkfhljbf�^\Z� l_eZ�jZaghc�fZkku�� kh_^bgzg-

gu_�ijm`bghc�k�`zkldhklvx�k (wlZ�kbkl_fZ�k\yaZg-
guo�hkpbeeylhjh\�fh^_ebjm_l�\Ze_glgu_�dhe_[Zgby

Zlhfh\�\�^\moZlhfghc�fhe_dme_��� ( )1 1 1 2 1 1 2 2;  m k m mξ ξ ξ ξ ξ= − − = −
<<

��p_glj�fZkk�fhe_dmeu�^he-

`_g� hklZ\Zlvky� g_ih^\b`guf�� ihkdhevdm� \g_rgb_� kbeu� hlkmlkl\mxl��� Lh]^Z

1 2
1 1

1 2

,  ]^_�
m m

k
m m

µξ ξ µ= − =
+

<<

 – ijb\_^zggZy�fZkkZ��QZklhlZ�kh[kl\_gguo�dhe_[Zgbc� 0 ,
kω
µ

=

lh� _klv� gZ[ex^Z_lky� ihegZy� ZgZeh]by� k� fh^_evx� f_oZgbq_kdh]h� hkpbeeylhjZ� �i�� ���� ?keb

fZkkZ�h^gh]h�ba�l_e�klj_fblky�d�gmex��lh� 1 0

1

;  .
k

m
m

µ ω→ →

5) :g]Zjfhgbaf�dhe_[Zgbc:
<�fh^_eb�]Zjfhgbq_kdh]h�hkpbeeylhjZ�F = – kξ, lh�_klv�F�ebg_cgZ��h^gZdh�_keb�[jZlv

ba� jZaeh`_gby� nmgdpbb� U \� jy^� L_cehjZ� �i�� ��� qe_gu� [he__� \ukhdh]h� ihjy^dZ�� lh
2

1 ... ( ) ( ).F k k f m fξ ξ ξ ξ ξ= − − + = ⇒ =
<<

�<�wlhf�kemqZ_�dhe_[Zgby�g_ebg_cgu (j_r_gb_f�y\ey-

_lky�i_jbh^bq_kdZy��gh�g_]Zjfhgbq_kdZy�nmgdpby��dhlhjZy��h^gZdh��fh`_l�[ulv�ijb[eb`_gZ

kmffhc�]Zjfhgbq_kdbo�jZaeh`_gb_f�\�jy^�Nmjv_���hgb�g_bahojhfgu��qZklhlZ�aZ\bkbl�hl�Zf-
ieblm^u�� ihkdhevdm� kbkl_fZ� bf__l� g_kdhevdh� kh[kl\_gguo� qZklhl���fh^u� dhe_[Zgbc� i_j_-
klZxl�[ulv�g_aZ\bkbfufb��kf�������

���K\h[h^gu_�dhe_[Zgby�kbkl_fu�k\yaZgguo�hkpbeeylhjh\��GhjfZevgu_�dhe_[Z-
gby� �fh^u���QZklhlu�ghjfZevguo�fh^�^ey�kbkl_fu��khklhys_c�ba�^\mo�hkpbeeylhjh\

�f_oZgbq_kdbo� b� we_dljbq_kdbo���H[sbc�f_lh^� hij_^_e_gby� ghjfZevguo�fh^� b� ghj-
fZevguo�dhhj^bgZl�

1) GhjfZevgu_�fh^u�b�ghjfZevgu_�dhhj^bgZlu:
GhjfZevgu_�dhhj^bgZlu�±�dhhj^bgZlu��\\_^_gb_�dhlhjuo�iha\hey_l�k\_klb�mjZ\g_gby

^\b`_gby�kbkl_fu�k\yaZgguo�l_e�d�kbkl_f_�ebg_cguo�^bnn_j_gpbZevguo�mjZ\g_gbc�k�ih-
klhyggufb�dhwnnbpb_glZfb��dZ`^h_�ba�dhlhjuo�kh^_j`bl�lhevdh�h^gm�i_j_f_ggmx�±�h^gm

ba�ghjfZevguo�dhhj^bgZl��Qbkeh�ghjfZevguo�dhhj^bgZl�jZ\gh�qbkem�kl_i_g_c�k\h[h^u�kbk-
l_fu��lh�_klv�qbkem�mjZ\g_gbc��dhlhjufb�hibku\Z_lky�kbkl_fZ��

GhjfZevgu_�fh^u� ±�dhe_[Zgby��hibku\Z_fu_� mjZ\g_gbyfb�gZ�ghjfZevgu_�dhhj^bgZ-
lu��fh]ml�[ulv�\ha[m`^_gu�g_aZ\bkbfh�^jm]�hl�^jm]Z��g_�h[f_gb\Zxlky�wg_j]b_c�
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2) F_oZgbq_kdb_�hkpbeeylhju:
JZkkfhljbf� ^\Z� ]jmaZ� h^bgZdh-

\hc�fZkku��k\yaZggu_�ijm`bghc�`zkl-
dhklb� k1�� ]jmau� k\yaZgu� k� g_ih^\b`-
gufb� hihjZfb� ijm`bgZfb� `zkldhklb

k. Lh]^Z�
( )
( )

1 1 1 1 2

2 2 1 1 2

m k k

m k k

ξ ξ ξ ξ

ξ ξ ξ ξ

 = − − −

 = − + −

<<

<<

��keh`bf�b�\uql_f�mjZ\g_gby��

( )1

,
2

I I

II II

m k

m k k

ξ ξ

ξ ξ

 = −

 − +

<<

<<

�]^_�ξI = ξ1

+ ξ2; ξII = ξ1 – ξ2�±�ghjfZevgu_�dhhj^bgZlu��J_r_gb_f�kbkl_fu�y\ey_lky�gZ[hj�]Zjfhgbq_-

kdbo�nmgdpbc� ξI� b� ξII: 
( )
( )2

cos
,

cos

I I I I

II II II

A t

A t

ξ ω ϕ

ξ ω ϕ

= +


= +
� ]^_� 12

,  I II

k kk

m m
ω ω += = � ±� qZklhlu� ghj-

fZevguo�fh^��kh[kl\_ggu_�qZklhlu�kbkl_fu��� 1 ;
2

I IIξ ξξ +=  2 .
2

I IIξ ξξ −= �LZdbf�h[jZahf��^ey

gZoh`^_gby� \k_o� iZjZf_ljh\� dhe_[Zgbc� kbkl_fu� g_h[oh^bfh� q_luj_� gZqZevguo� mkeh\by�

dhlhju_�iha\heyl�hij_^_eblv�:I, AII, ϕI, ϕII.
?keb�\�gZqZevguc�fhf_gl�\j_f_gb�khh[sblv�]jmaZf�h^bgZdh\u_�ih�fh^mex�b�gZijZ\-

e_gbx�kf_s_gby��lh�ξII = 0. Lh]^Z�[m^_l�\ha[m`^_gZ�lhevdh�gbadhqZklhlgZy�fh^Z�dhe_[Zgbc�
]jmau�dhe_[exlky�dZd�_^bgh_� l_eh��?keb�khh[sblv� ]jmaZf�h^bgZdh\u_�ih�fh^mex��gh�jZa-
ebqgu_�ih�gZijZ\e_gbx�kf_s_gby��lh�ξI = 0; \ha[m`^Z_lky�\ukhdhqZklhlgZy�fh^Z�dhe_[Zgbc�
Ijb�wlhf�\�h[hbo�kemqZyo�oZjZdl_j�dhe_[Zgbc�g_�baf_gy_lky�kh�\j_f_g_f��lh�_klv�\lhjZy�fh-
^Z�g_�\ha[m`^Z_lky�±�g_�ijhbkoh^bl�h[f_gZ�wg_j]b_c�f_`^m�fh^Zfb��Ihwlhfm�ghjfZevgu_

fh^u� y\eyxlky� g_aZ\bkbfufb�� ?keb� k\yav� f_`^m� ]jmaZfb� ±� keZ[Zy� ( )1 ,k k� � lh� qZklhlu

ghjfZevguo�fh^�[ebadb��gZeh`_gb_�^\mo�dhe_[Zgbc�k�[ebadbfb�qZklhlZfb�ijb\h^bl�d�f_^-
e_gghfm�baf_g_gbx�Zfieblm^u�dhe_[Zgbc�dZ`^h]h�ba�]jmah\�±�[m^ml�gZ[ex^Zlvky�©[b_gbyª.

3) We_dljbq_kdb_�hkpbeeylhju:
JZkkfhljbf� dhglmj�� ij_^klZ\e_g-

guc�gZ�jbkmgd_��Ba�ijZ\be�Dbjo]hnZ�

1 1 2

1

3 2 2

1

0

;  

0

q dI q
L

C dt C

q dI q
L

C dt C

− − + =

− − + =


1 1 2 2,  ;  I q I q= =
< <

1 2 3 0,q q q+ + =

lh]^Z�

1 31
1

1

1 3 3
3

1

0

.

0

q qq
L q

C C

q q q
L q

C C

+ + + =
 + + + =


<<

<<

Keh`bf�b�\uql_f�mjZ\g_gby��

1

0

,
1 2

0

I
I

II II

q
L q

C

L q q
C C

 + =
   + + =   

<<

<<

�]^_�qI = q1 – q3; qII = q1 + q3 – ghj-

fZevgu_� dhhj^bgZlu��
1

1 2
1

,  I II

C C

LC L
ω ω

 +  = = � ±� ghjfZevgu_� qZklhlu�� A^_kv� \gh\v

�dZd�b�\������gZ[ex^Z_lky�ZgZeh]by�f_`^m�f_oZgbq_kdbfb�b�we_dljbq_kdbfb�dhe_[Zgbyfb�
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4) H[sbc�f_lh^�hij_^_e_gby�ghjfZevguo�dhhj^bgZl:
<�kemqZ_�\ha[m`^_gby�h^ghc�ba�ghjfZevguo�fh^�l_eZ�dhe_[exlky�\�h^ghc�nZa_�beb�\

ijhlb\hnZa_��ihwlhfm�\�h[s_f� kemqZ_�^ey�ihbkdZ�ghjfZevguo� dhhj^bgZl� j_r_gby� ξ1�b� ξ2

bsml�\�\b^_�AIcosω1t b�BIcosω1t. Ijb�ih^klZgh\d_�bo�\�mjZ\g_gby�^\b`_gby�ihemqbf�kbkl_fm
^\mo� ebg_cguo� mjZ\g_gbc� gZ�ω1� b� KI = :I/BI. :gZeh]bqgh� fh`gh� bkdZlv� j_r_gby� \� \b^_

AIIcosω2t, –BIIcosω2t��LZdbf�h[jZahf��ihemqbf�mjZ\g_gby�dhe_[Zgbc�l_e�\�kemqZ_�\ha[m`^_-

gby�fh^�ih�hl^_evghklb��?keb�ξI = ξ1 + n1ξ2, a ξII = ξ1 + n2ξ2, lh� 2 1
1 2

2 1 1 2

;  ,I II I IIn n

n n n n

ξ ξ ξ ξξ ξ− −= =
− −

�lh

_klv�CI = – n2, CII = – n1. ω1, ω2 – ghjfZevgu_�qZklhlu�

���Dhe_[Zgby�fhe_dme��Dhe_[Zl_evgu_�kl_i_gb�k\h[h^u��Lbiu�fhe_dmeyjguo�dh-
e_[Zgbc� �\Ze_glgu_� b� ^_nhjfZpbhggu_�� kbff_ljbqgu_� b� Zglbkbff_ljbqgu_���Ghj-
fZevgu_�fh^u�g_dhlhjuo�ijhkl_crbo�fhe_dme�

1) Lbiu�fhe_dmeyjguo�dhe_[Zgbc:
<Ze_glgu_�fhe_dmeyjgu_�dhe_[Zgby�±�dhe_[Zgby�Zlhfh\��ijhbkoh^ysb_�\^hev�gZijZ\-

e_gbc�obfbq_kdbo�k\ya_c��fh]ml�[ulv�kbff_ljbqgufb� �Zlhfu�dhe_[exlky�kbgnZagh�±�\ha-
[m`^_gZ�gbadhqZklhlgZy�fh^Z��b� Zglbkbff_ljbqgufb� �Zlhfu�dhe_[exlky�\�ijhlb\hnZa_� ±

\ha[m`^_gZ�\ukhdhqZklhlgZy�fh^Z���<Ze_glgu_�dhe_[Zgby�hibku\Zxlky�fh^_eyfb�k\yaZgguo

hkpbeeylhjh\��kf�������

>_nhjfZpbhggu_�dhe_[Zgby�±�baf_g_gb_�nhjfu�fhe_dmeu�[_a�baf_g_gby�^ebg�k\ya_c�

2) Dhe_[Zl_evgu_�kl_i_gb�k\h[h^u:
?keb�fhe_dmeZ�khklhbl�ba�N�Zlhfh\��lh�^ey�_z�hibkZgby�lj_[m_lky��N mjZ\g_gbc��dZ`-

^uc� Zlhf� ij_^klZ\ey_lky� dZd� fZl_jbZevgZy� lhqdZ�� bf_xsZy� ljb� ihklmiZl_evgu_� kl_i_gb

k\h[h^u���Fhe_dmeZ�\�p_ehf�bf__l�ljb�ihklmiZl_evgu_�b�ljb��^\_�^ey�ebg_cghc��\jZsZl_ev-
gu_�kl_i_gb�k\h[h^u��Lh]^Z�dhe_[Zgby�Zlhfh\�\�fhe_dme_�hibku\Zxlky��N – 6 (3N�±����mjZ\-
g_gbyfb��lh�_klv�fhe_dmeZ�bf__l��N – 6 (3N – 5) dhe_[Zl_evguo�kl_i_g_c�k\h[h^u.

GZijbf_j��fhe_dmeZ�\h^u�g_ebg_cgZ�b� khklhbl�ba� ljzo� Zlhfh\��ihwlhfm�hgZ�bf__l� �

dhe_[Zl_evgu_� kl_i_gb� k\h[h^u��>\_� ba� gbo� khhl\_lkl\mxl� kbff_ljbqguf� b� Zglbkbff_l-
jbqguf�\Ze_glguf�dhe_[Zgbyf��\^hev�H±G�k\ya_c���Z�lj_lvy�±�^_nhjfZpbhgguf�dhe_[Zgbyf

�baf_g_gbx� m]eZ�G±H±G���Fhe_dmeZ�CO2 ebg_cgZ� b� khklhbl� ba� ljzo� Zlhfh\�� ihwlhfm� hgZ
bf__l���dhe_[Zl_evgu_�kl_i_gb�k\h[h^u��>\_�ba�gbo�\gh\v�khhl\_lkl\mxl�\Ze_glguf� �kbf-
f_ljbqguf�b�Zglbkbff_ljbqguf��dhe_[Zgbyf��Z�^\_�^jm]b_�±�lZd�gZau\Z_fuf�\ujh`^_gguf

�bkdjb\e_gb_�fhe_dmeu�\�^\mo�\aZbfgh�i_ji_g^bdmeyjguo�iehkdhklyo���LZdb_�\ujh`^_ggu_

dhe_[Zgby� y\eyxlky� ^_nhjfZpbhggufb�� gh� bf_xl� bgh_� gZa\Z-
gb_�� ihkdhevdm� iehkdhklb� jZ\ghijZ\gu� b� khhl\_lkl\mxsb_� bf

dhe_[Zgby�bf_xl�h^bgZdh\mx�wg_j]bx�

��� Keh`_gb_� ]Zjfhgbq_kdbo� dhe_[Zgbc�� ijhbkoh^ysbo

ih�h^ghc�hkb��Ij_^klZ\e_gb_�h�f_lh^_�\_dlhjguo�^bZ]jZff�

Keh`_gb_� \aZbfgh� i_ji_g^bdmeyjguo� dhe_[Zgbc� h^bgZdh-
\hc�qZklhlu��Nb]mju�EbkkZ`m�

1) Keh`_gb_�dhe_[Zgbc��ijhbkoh^ysbo�\^hev�h^ghc�hkb:
>ey� keh`_gby� lZdbo� dhe_[Zgbc� bkihevamxl�f_lh^� \_dlhj-

guo�^bZ]jZff��dhe_[Zgb_�ij_^klZ\ey_lky�\�\b^_�\_dlhjZ��fh^mev

dhlhjh]h� jZ\_g� Zfieblm^_�� \jZsZxs_]hky� \hdjm]� iheh`_gby
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jZ\gh\_kby��<�wlhf�kemqZ_�m]he�ϕ�±�nZaZ�dhe_[Zgbc��Dhhj^bgZlZ�l_eZ�x = Acosϕ baf_gy_lky
ih�]Zjfhgbq_kdhfm�aZdhgm�b��ih�kmlb��kh\_jrZ_l�dhe_[Zgby��Bf_ggh�hgZ�bf__l�nbabq_kdbc

kfuke��<�wlhf�kemqZ_�dhe_[Zgby�fh`gh�kdeZ^u\Zlv�dZd�\_dlhjZ�Zfieblm^�

?keb�dhe_[Zgby�dh]_j_glgu��lh�_klv�bo�jZaghklv�nZa�ihklhyggZ�\h�\j_f_gb���lh�^ey�j_-
amevlbjmxs_]h�dhe_[Zgby

ξ = Acos(ωt + ϕ0)� \_jgu� ke_^mxsb_� aZ\bkbfhklb��
2 2 2

1 2A A A= + + ( )1 2 2 12 cos ;A A ϕ ϕ−

1 1 2 2
0

1 1 2 2

sin sin
tg .

cos cos

A A

A A

ϕ ϕϕ
ϕ ϕ

+=
+

� ?keb� dhe_[Zgby� g_dh]_j_glgu�� lh� j_amevlbjmxsZy� Zfieblm^Z

baf_gy_lky�\h�\j_f_gb��ihwlhfm�lj_[m_lky�ijhba\h^blv�hl^_evguc�jZkqzl�^ey�dZ`^h]h�fh-
f_glZ�\j_f_gb�

2) Keh`_gb_�\aZbfgh�i_ji_g^bdmeyjguo�dhe_[Zgbc:
<� wlhf� kemqZ_� m^h[gh�ijbgylv�ijyfu_�� \^hev� dhlhjuo�ijhbkoh^yl�dhe_[Zgby�� aZ� hkb

dhhj^bgZl��Lh]^Z� j_amevlbjmxs__� dhe_[Zgb_� ±� keh`_gb_� dhe_[Zgbc� ^\mo� dhhj^bgZl� l_eZ�

( ) ( ) ( ) ( )
2 2

1 01 2 02 01 022 2
1 2

cos ,  cos sin 1 ,  sin 1 ;
x y

x A t y A t t t
A A

ω ϕ ω ϕ ω ϕ ω ϕ= + = + ⇒ + = − + = −

( ) ( ) ( ) ( ) ( )
2 2

01 02 01 02 02 01 2 2
1 2 1 2

cos cos sin sin cos 1 1
xy x y

t t t t
A A A A

ω ϕ ω ϕ ω ϕ ω ϕ ϕ ϕ+ + + + + = − = + − − ⇒

2 2
2

2 2
1 2 1 2

2
cos 1 cos

x y xy

A A A A
ϕ ϕ+ − ∆ = − ∆ �±�mjZ\g_gb_�weebikZ��Ijhbkoh^bl�weebilbq_kdZy�iheyjb-

aZpby�dhe_[Zgbc�±�ljZ_dlhjby�l_eZ�bf__l�\b^�weebikZ��Ijb�A1 = A2 b�∆ϕ = (2m+1)π/2 weebik
\ujh`^Z_lky�\�hdjm`ghklv��pbjdmeyjgZy�iheyjbaZpby���Z�ijb�∆ϕ = πm – \�ijyfmx�

?keb�qZklhlu�kdeZ^u\Z_fuo�dhe_[Zgbc�jZaebqZxlky�\�p_eh_�qbkeh�jZa��lh�ljZ_dlhjbb

l_eZ�gZau\Zxlky�nb]mjZfb�EbkkZ`m��hgb�\ibkZgu�\�ijyfhm]hevgbd�kh�klhjhgZfb��A1, 2A2;
wlb�djb\u_�aZfdgmlu��Z�bo�nhjfZ�aZ\bkbl�hl�khhlghr_gby�qZklhl�b�jZaghklb�nZa�kdeZ^u\Z_-
fuo�dhe_[Zgbc�

5. AZlmoZxsb_�dhe_[Zgby��Hkpbeeylhj�k�g_[hevrbf�aZlmoZgb_f��QZklhlu�b�i_jb-
h^�dhe_[Zgbc��dhwnnbpb_gl� aZlmoZgby��\j_fy�j_eZdkZpbb�Zfieblm^u�b� wg_j]bb��^_d-
j_f_gl�b�eh]Zjbnfbq_kdbc�^_dj_f_gl��^h[jhlghklv��Hkpbeeylhj�k�[hevrbf�aZlmoZgb-
_f��Djblbq_kdbc�j_`bf�

1) Hkpbeeylhj�k�g_[hevrbf�aZlmoZgb_f:
AZlmoZxsb_�dhe_[Zgby�±�dhe_[Zgby��ijb�dhlhjuo�bf_xl�f_klh�ihl_jb�wg_j]bb�

Imklv�gZ�dhe_[Zl_evgmx� kbkl_fm�^_ckl\m_l� kbeZ� lj_gby��ijhihjpbhgZevgZy� kdhjhklb

�kemqZc�\yadh]h�lj_gby��� .
lj

F r ξ= −
<

�Lh]^Z�\lhjhc�aZdhg�GvxlhgZ�fh`_l�[ulv�aZibkZg�\�\b^_

2 2
0 02 0,  ]^_�� � � �krm k r m mξ ξ ξ ξ β ξ ω ξ β ω= − − ⇒ + + = = =

<< < << <

� oZjZdl_jbklbq_kdh_� mjZ\g_gb_

bf__l�\b^� 2 2
02 0.λ βλ ω+ + = �<�kemqZ_�fZeh]h�aZlmoZgby�β < ω0, ihwlhfm�j_r_gb_�^bnn_j_g-

pbZevgh]h�mjZ\g_gby�ijbf_l�\b^� ( ) 2 2
0 0 0cos ,  ]^_� �t

s sA e tβξ ω ϕ ω ω β−= + = − �A^_kv�ωs – kh[kl-

\_ggZy�qZklhlZ�aZlmoZxsbo�dhe_[Zgbc; ω0�±�kh[kl\_ggZy�qZklhlZ�g_aZlmoZxsbo�dhe_[Zgbc�

ϕ0 – gZqZevgZy�nZaZ. 0
tA A e β−=  – Zfieblm^Z�aZlmoZxsbo�dhe_[Zgbc. 

2

s

T
π

ω
=  – i_jbh^ aZlm-

oZxsbo�dhe_[Zgbc.
>ey� we_dljbq_kdh]h� dhe_[Zl_evgh]h� dhglmjZ� aZlmoZgb_� h[mkeh\e_gh� gZebqb_f� khijh-
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lb\e_gby�� gZ� dhlhjhf� \u^_ey_lky� l_ieh� �l_jy_lky� wg_j]by��� MjZ\g_gb_� aZibr_lky� \� \b^_

q
L I IR

C
− = + ⇒

< 1
0,  lh�_klv�\�wlhf�kemqZ_�� �

R R
q q q

L CL L
β+ + = =

<< <

2) IZjZf_lju�aZlmoZgby�dhe_[Zgbc:
β – dhwnnbpb_gl�aZlmoZgby.
<j_fy�j_eZdkZpbb�Zfieblm^u (τ:��±�\j_fy��aZ�dhlhjh_�Zfieblm^Z�mf_gvrZ_lky�\�e�jZa�

( )
0

0

1
.A

A

t

At

A e
e e e

A e

β
βτ

β τ τ
β

−

− + = ⇒ = ⇒ =

<j_fy�j_eZdkZpbb�wg_j]bb (τW) – \j_fy��aZ�dhlhjh_�wg_j]by�kbkl_fu�mf_gvrZ_lky�\�_

jZa��

2

2 2 2 2max
0

1
~ ~ .

2 2
t t

S W

m
W A e eβ βξ ω τ

β
− −= ⇒ =

<

Qbkeh�dhe_[Zgbc��aZ�dhlhjh_�Zfieblm^Z�mf_gvrZ_lky�\�_�jZa��Ne): 
1

.
2

A S
eN

T T

τ ω
πβ β

= = =

>_dj_f_gl�aZlmoZgby (D)�±�qbkeh�jZa��\�dhlhjh_�mf_gvrZ_lky�Zfieblm^Z�dhe_[Zgbc�aZ

i_jbh^��
( )

( ) .TA t
D e

A t T
β= =

+

Eh]Zjbnfbq_kdbc�^_dj_f_gl�aZlmoZgby (γ): 1
ln .

e

D T
N

γ β= = =

>h[jhlghklv (Q��±�iZjZf_lj��oZjZdl_jbamxsbc�mklhcqb\hklv�dhe_[Zl_evghc�kbkl_fu�d

aZlmoZgbx�� ijhihjpbhgZe_g� �kf�� ����� hlghr_gbx� wg_j]bb� d� m[ueb� wg_j]bb� aZ� i_jbh^�

;
2

S
eQ N

T

ωπ ππ
γ β β

= = = =  ijb�fZehf�aZlmoZgbb� 0 .
2

Q
ω

β
≈

3) Hkpbeeylhj�k�[hevrbf�aZlmoZgb_f:
Ijb�β > ω0 j_r_gb_� ^bnn_j_gpbZevgh]h� mjZ\g_gby�

khhl\_lkl\mxs_]h�\lhjhfm�aZdhgm�GvxlhgZ��kf�������bf__l

bghc� \b^�� ( )2 2 2 2
0 0t tte Ae Beβ ω β ωβξ − − −−= + = 1 2 ,

t t

Ae Beτ τ− −
+

]^_� 1 2 2
0

1
,  τ

β β ω
=

− −
 2 2 2

0

1
.τ

β β ω
=

+ +
�IZjZf_lju�:�b�<

hij_^_eyxlky� ba� gZqZevguo� mkeh\bc�� <j_fy� \ha\jZs_gby

kbkl_fu� \� iheh`_gb_� jZ\gh\_kby� hij_^_ey_lky� wdkihg_g-
lhc�k�f_gvrbf�ihdZaZl_e_f��lh�_klv�τ1��Ijb�[hevrhf�aZlm-
oZgbb� τ1�fh`_l� [ulv� ^hklZlhqgh� [hevrbf�� lh� _klv� \j_fy

j_eZdkZpbb�hdZ`_lky�[hevrbf��qlh�g_`_eZl_evgh�ijb�jZ[hl_�klj_ehqguo�ijb[hjh\�

4) Djblbq_kdbc�j_`bf:
Ijb� β = ω0� j_Zebam_lky� lZd� gZau\Z_fuc� ©djblbq_-

kdbcª�j_`bf�dhe_[Zgbc�hkpbeeylhjZ��\�wlhf�kemqZ_�j_r_-
gb_� ^bnn_j_gpbZevgh]h� mjZ\g_gby� bf__l� \b^

( ).te A Btβξ −= +  A = ξ(0); ijb�: = 0 (0);B ξ=
<

 lh]^Z�fZdkb-

fZevgh_� hldehg_gb_� ^hklb]Z_lky� \� fhf_gl� \j_f_gb� �/β� b

khklZ\ey_l� max ~ (0).
B

e
ξ ξ

β
=

<

�Wlh�k\hckl\h�bkihevam_lky�^ey

hij_^_e_gby�bfimevkZ�ih�fZdkbfZevghfm�hldehg_gbx�klj_edb�\�[Zeebklbq_kdbo�ijb[hjZo�
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5) Hkh[_gghklb�aZlmoZxsbo�dhe_[Zgbc�\�kbkl_f_�k\yaZgguo�hkpbeeylhjh\:
JZagu_�fh^u�aZlmoZxl�ih�jZaghfm��Ijb�fZeuo�aZlmoZgbyo�ghjfZevgu_�fh^u�hklZxlky

g_aZ\bkbfufb��ihwlhfm�bo�qbkeh�jZ\gh�qbkem�kl_i_g_c�k\h[h^u��dZd�b�^ey�kbkl_f�[_a�aZlm-
oZgby��kf��������Ijb�[hevrbo�aZlmoZgbyo�fh^u�i_j_klZxl�[ulv�g_aZ\bkbfufb�

���<ugm`^_ggu_�]Zjfhgbq_kdb_�dhe_[Zgby��AZ\bkbfhklb�Zfieblm^u�b�nZau�mklZ-
gh\b\rboky�dhe_[Zgbc��Z�lZd`_�Zfieblm^�ih]ehs_gby�b�^bki_jkbb�hl�qZklhlu�\ugm`-
^Zxs_c�kbeu��J_ahgZgku�kf_s_gby�b�kdhjhklb��Fhsghklv��aZljZqb\Z_fZy�gZ�ih^^_j-
`Zgb_�dhe_[Zgbc�

1) MklZgh\b\rb_ky�\ugm`^_ggu_�dhe_[Zgby:
<ugm`^_ggu_�dhe_[Zgby� ±� dhe_[Zgby��ijhbkoh^y-

sb_� ih^� ^_ckl\b_f� i_j_f_gghc� \g_rg_c� kbeu�� ;m^_f

jZkkfZljb\Zlv� lhevdh� kemqZc� \g_rg_c� kbeu�� baf_gyx-
s_cky�ih�]Zjfhgbq_kdhfm�aZdhgm��F = F0cosωt.

Ih^�^_ckl\b_f�\g_rg_c�kbeu�kbkl_fZ�[m^_l�\u\_-
^_gZ�ba�iheh`_gby�jZ\gh\_kby��ihwlhfm�\�g_c�\ha[m^yl-
ky� kh[kl\_ggu_� �k\h[h^gu_�� dhe_[Zgby� k� qZklhlhc� ωS;
djhf_� wlh]h�� kbkl_fZ� [m^_l� dhe_[Zlvky� k� qZklhlhc� ω
\g_rg_c�kbeu��Ihkl_i_ggh�k\h[h^gu_�dhe_[Zgby�aZlmo-
gml�� qZklhlZ� dhe_[Zgbc� klZg_l� jZ\gZ�ω� ±� lZdhc� j_`bf
dhe_[Zgbc� gZau\Z_lky� mklZgh\b\rbfky�� <lhjhc� aZdhg

GvxlhgZ�aZibr_lky�\�\b^_�
2

0 0cos 2m k r F tξ ξ ξ ω ξ β ξ ω ξ= − − + ⇒ + + =
<< < << <

0 cos ,f tω �]^_�f0 = = F0/m.

J_r_gb_� ^Zggh]h� ^bnn_j_gpbZevgh]h� mjZ\g_gby� [m^_l� khklhylv� ba� j_r_gby� h^ghjh^gh]h

mjZ\g_gby��khhl\_lkl\mxs_]h�k\h[h^guf� aZlmoZxsbf�dhe_[Zgbyf��b�qZklh]h�j_r_gby��dh-
lhjh_�fh`_l�[ulv�gZc^_gh�\�\b^_� ( )cos .A tξ ω α= − �Lh-

]^Z� cos ,  
2

A t
πξ ω ω α ξ = − + =  

< <<

 ( )2 cos .A tω ω α π= − +

<hkihevam_fky�f_lh^hf�\_dlhjguo�^bZ]jZff��ih�l_hj_-
f_� IbnZ]hjZ

( )( )
( )

22 2 2 2 2 2 0
0 0 22 2 2 2

0

4 ,
4

f
A f Aω ω β ω

ω ω β ω
− + = ⇒ =

− +

2 2
0

2
arctg .

βωα
ω ω

=
−

KhklZ\eyxsb_�Zfieblm^u�AP = Asinα b�AD = Acosα
gZau\Zxlky� Zfieblm^Zfb� ih]ehs_gby� b� ^bki_jkbb� kh-

hl\_lkl\_ggh��Ijb� 0ω ω�  0
2 2
0 0

2
,  ;

f
A

βωα
ω ω

≈ ≈ � kbkl_fZ

\_^zl�k_[y�dZd�k\h[h^guc�hkpbeeylhj��gZ�dhlhjuc�^_c-
kl\m_l� ihklhyggZy� ih� \_ebqbg_� kbeZ� F0. Ijb

0 0 0
0 2 3 2

22
 0,  ;  tg ;  ; ,  .P D

f f f
A A A

ββω ω ω α α π
ω ω ω ω

≈ → → ∞ ≈ − → ≈ ≈ −�

0
2 .D

f
A A

ω
≈ − ≈ −

2) J_ahgZgku�Zfieblm^u�b�kdhjhklb:
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:fieblm^Z� \ugm`^_gguo� dhe_[Zgbc� fZdkbfZevgZ� _keb� agZq_gb_� ( )22 2 2 2
0 4ω ω β ω− +

fbgbfZevgh�� ( )2 2 2 2 2 2 2
0 04 8 0 2p Sω ω ω β ω ω ω β ω β− − + = ⇒ = − = − � ±� j_ahgZgkgZy� qZklhlZ�

Ijb� j_ahgZgk_� 0 ,
2p

S

f
A

βω
≈  tg ;p

p

ω
α

β
= � ijb� fZehf� aZlmoZgbb� 0

0

,
2p

f
A

βω
≈

tg pα ≈ 0 .
2p

ω πα
β

→ ∞ ⇒ ≈

:fieblm^Z�kdhjhklb�hij_^_ey_lky�\ujZ`_gb_f��

( )
0

22 2
0 2

2

;

4

V

f
A

ω ω
βω

=
−

+

�fZdkbfmf

^hklb]Z_lky�ijb�ω = ω0. 0 .
2

p
V

f
A

β
=

3) Fhsghklv��aZljZqb\Z_fZy�gZ�ih^^_j`Zgb_�dhe_[Zgbc:

F]gh\_ggZy� fhsghklv� fh`_l� [ulv� \uqbke_gZ� dZd� ( ) ( ) ( ),P t F t tξ= ⋅
<

� lh� _klv� ( )P t =

0 0

1
cos cos cos 2 cos .

2 2 2 2
F t A t F A t

π π πω ω ω α ω ω α α      = ⋅ − + = − + + −            
� Ihwlhfm� kj_^g__

agZq_gb_� fhsghklb�� aZljZqb\Z_fhc� gZ� ih^^_j`Zgb_� dhe_[Zgbc��
0

1
( ) ( )

T

P t P t dt
T

= =∫

0 0

1 1
sin

2 2 PF A F Aω α ω= �ijhihjpbhgZevgh�Zfieblm^_�ih]ehs_gby�

7. Ehj_gp_\kdZy�nhjfZ�ebgbb�ih]ehs_gby��RbjbgZ�j_ahgZgkghc�djb\hc�ih]eh-
s_gby��Iylv�hij_^_e_gbc�^h[jhlghklb��Hkh[_gghklb�\ugm`^_gguo�dhe_[Zgbc�\�kbkl_-
f_�k\yaZgguo�hkpbeeylhjh\�

1) RbjbgZ�j_ahgZgkghc�djb\hc�ih]ehs_gby:

( )
( ) ( ) ( )

22
2 2 22 2 2 20

0 0 0 022 2 2 2
0

1
( ) ~ ,  1 4

2 4
PP t F A

ω ωω ω ω ω ω ω ω ω ωωω ω β ω
 = − = − + ≈ −  − +

�\[ebab�j_ahgZgkZ��ihwlhfm�
( )

2

2 2
0

( ) ~ ( ) .P t R
βω

ω ω β
=

− +
�Nmgdpby�R(ω) gZau\Z_lky�ehj_g-

p_\kdhc�nhjfhc�ebgbb�b�hibku\Z_l�j_ahgZgkguc�ibd��R(ω) = 1 ijb�ω = ω0; R(ω) = ½ ijb

0 .ω ω β− = �Ihwlhfm�ihemrbjbgZ�j_ahgZgkghc�djb\hc� �lh�_klv�rbjbgZ�ibdZ�ijb� agZq_gbb

fhsghklb�� jZ\ghf� iheh\bg_�fZdkbfZevgh]h�� 2 1/ ,p Wω β τ∆ ≈ = � ]^_� τW – \j_fy� j_eZdkZpbb

wg_j]bb��kf�������

2) Iylv�hij_^_e_gbc�^h[jhlghklb:

I_j\h_�hij_^_e_gb_�^h[jhlghklb�±�kf������� 0

1

2W S W WQτ ω τ ω τ
β

= ⇒ = ≈  – \lhjh_�hij_-

^_e_gb_. 
2 2

( ) 2 2
2 ;

( ) ( ) 1 1T

W t
S

W t W t T e eβ γ

π ππ − −= = =
− + − −

�ijb�fZehf�aZlmoZgbb�
2 1 2 ,e γ γ− ≈ − �lh�_klv
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2
SS Q

ωπ
γ β

≈ = =  – lj_lv_� hij_^_e_gb_. 
( )

2
0

0 2
p

S W
S

A
Q

A

ω ω τ
ω βω

= ≈ =
→

 – q_l\zjlh_� hij_^_e_-

gb_� �ijb�fZehf�aZlmoZgbb���
1

,  ihwlhfm� S
p S W

W p

Q
ωω ω τ

τ ω
∆ ≈ = ≈

∆
 – iylh_�hij_^_e_gb_��Nhj-

fmeZ� ^ey� ∆ωj�� Z�� agZqbl�� b� ihke_^g__� hij_^_e_gb_� \_jgu� \� kemqZ_� 0 ,nω ω β− ≤ � ]^_

0 2
2 .n Q

ω π
β γ

≈ =�

3) Hkh[_gghklb�\ugm`^_gguo�dhe_[Zgbc�kbkl_f�k\yaZgguo�hkpbeeylhjh\:
DZ`^Zy�ghjfZevgZy�fh^Z�bf__l�kh[kl\_gguc�j_ahgZgk��ijbqzf�\�h[s_f�kemqZ_�rbjbgZ

j_ahgZgkguo�djb\uo�b�j_ahgZgkgZy�Zfieblm^Z�jZaebqgu�b�aZ\bkyl�hl�^h[jhlghklb�^ey�dZ`-
^hc�ba�fh^��Ijb�[hevrbo�aZlmoZgbyo�fh^u�i_j_klZxl�[ulv�g_aZ\bkbfufb�b�bo�\\_^_gb_�l_-
jy_l�kfuke��dZd�b�^ey�kh[kl\_gguo�aZlmoZxsbo�dhe_[Zgbc��±�kf������

8. D\ZabklZpbhgZjguc�i_j_f_gguc�lhd��AZdhg�HfZ�^ey�p_ib��khklhys_c�ba�ihke_-
^h\Zl_evgh�kh_^bgzgguo�bg^mdlb\ghklb��khijhlb\e_gby�b�dhg^_gkZlhjZ��J_ahgZgkgu_

y\e_gby�\�ihke_^h\Zl_evguo�b�iZjZee_evguo�p_iyo�i_j_f_ggh]h�lhdZ��Fhsghklv��\u-
^_eyxsZyky�\�p_ib�i_j_f_ggh]h�lhdZ��Wnn_dlb\gu_� �^_ckl\mxsb_�� agZq_gby�gZijy-
`_gby�b�lhdZ�

1) AZdhg�HfZ�^ey�ihke_^h\Zl_evghc�p_ib�i_j_f_ggh]h�lhdZ:
QZklh�\�p_iyo�i_j_f_ggh]h�lhdZ�gZijy`_gb_�baf_gy_lky�ih�]Zjfhgbq_kdhfm�aZdhgm�U =

U0cosωt.�<�wlhf�kemqZ_��_keb�lhd�±�d\ZabklZpbhgZj_g��lh�_klv�\�ex[hc�fhf_gl�\j_f_gb�kbeZ
lhdZ�\h�\k_o�lhqdZo�ihke_^h\Zl_evghc�p_ib�h^bgZdh\Z��\lhjh_�ijZ\beh�Dbjo]hnZ�^ey�p_ib

ihke_^h\Zl_evgh� kh_^bgzgguo� bg^mdlb\ghklb�� zfdhklb� b� khijhlb\e_gby� aZibr_lky� dZd

0 cos
q

L q U t R q
C

ω− + = + ⇔
<< <

2

0 02 cos ,q q q u tβ ω ω+ + =
<< <

� qlh� b^_glbqgh� ^bnn_j_gpbZevghfm

mjZ\g_gbx�\lhjh]h� aZdhgZ�GvxlhgZ�^ey�\ugm`^_gguo�f_oZgbq_kdbo�dhe_[Zgbc� �kf���� ���

Ke_^h\Zl_evgh�� \� mklZgh\b\r_fky� j_`bf_� mjZ\g_gb_� dhe_[Zgbc� bf__l� \b^

( )0 cos ,q q tω α= − �Z�q0 b�α�bsmlky�k�ihfhsvx�f_lh^Z�\_dlhjguo�^bZ]jZff�

>ey� hlukdZgby� khhlghr_gby� f_`^m� Zfieblm^gufb� agZ-
q_gbyfb�kbeu�lhdZ�b�gZijy`_gby�gZ�\_dlhjghc�^bZ]jZff_�hl-
deZ^u\Zxl� gZijy`_gby� gZ� hl^_evguo� we_f_glZo� p_ib�

( )0 0cos ;  cos ;
2R LU IR I R t U L I LI t
πω α ω ω α π = = − + = = − +  

<

( )0 cos ,C

Iq
U t

C C
ω α

ω
= = − � ihwlhfm�

2

2 2 2

0 0

1
;U I L R

C
ω

ω
  = − +     

1

tg ;
L

C
R

ω
ωϕ

−
=  

2

21
Z L R

C
ω

ω
 = − +  

– ihegh_� khijhlb\e_-

gb_�ihke_^h\Zl_evghc�p_ib��U0 = I0Z – aZdhg�HfZ�^ey�p_i_c�i_j_f_ggh]h�lhdZ��Ih�ZgZeh]bb�k
p_iyfb� ihklhyggh]h� lhdZ� \\h^yl� khijhlb\e_gby� bg^mdlb\gh_ L Lχ ω= � b� _fdhklgh_

1
.C C

χ
ω

= �Khijhlb\e_gb_�j_abklhjZ�R�gZau\Z_lky�hfbq_kdbf (Zdlb\guf���bg^mdlb\gh_�b�_f-

dhklgh_�±�j_Zdlb\guf.
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2) J_ahgZgkgu_�y\e_gby�\�p_iyo�i_j_f_ggh]h�lhdZ:
Mkeh\b_�j_ahgZgkZ�lhdZ�\�ihke_^h\Zl_evghc�p_ib�kh\iZ^Z_l�k�mkeh\b_f�j_ahgZgkZ�kdh-

jhklb��kf�������� 0

1
.

CL
ω ω= =  J_ahgZgkm�kbeu�lhdZ�khhl\_lkl\m_l�fbgbfmf�ihegh]h�khijh-

lb\e_gby�p_ib��lh�_klv�
1

.C L L
C

χ χ ω
ω

= ⇒ =

>ey�iZjZee_evghc�p_ib��kh^_j`Zs_c�bg^mdlb\-
ghklv� b� zfdhklv�� fbgbfmf� �ghev�� kbeu� lhdZ� lZd`_

^hklb]Z_lky� ijb� jZ\_gkl\_� khhl\_lkl\mxsbo� khijh-
lb\e_gbc��lh�_klv�ωj = ω0��LZdh_�khklhygb_�gZau\Z_l-
ky� j_ahgZgkhf� khijhlb\e_gby� �beb� [ZeZgkhf� lhdh\).
?keb�`_�ihke_^h\Zl_evgh� k� bg^mdlb\ghklvx� ijbkh_-
^bgzg�j_abklhj��lh�\_dlhjgZy�^bZ]jZffZ�baf_gblky�

0 0

2 2 2 2 2 2
1

;  tg sin .
U U L L

I
Z RR L R L

ω ωϕ ϕ
ω ω

= = = ⇒ =
+ +
2 2

2 2 2 2 0 0
0 0 2 2 2 2 2 2

2
U U C

I U C L
R L R L

ωω ω
ω ω

= + − ⇒
+ +

( )
2 2 2

22 2 2 2
.

1

R L
Z

R C CL

ω

ω ω

+⇒ =
+ −

 Mkeh\b_� j_ahgZgkZ� khijhlb\e_gby� �fb-

gbfmfZ� kbeu� lhdZ� \� ih^\h^ysbo� ijh\h^Zo��
2

2 2
02

1
4 .

j

R

CL L
ω ω β= − = −

3) Fhsghklv��\u^_eyxsZyky�\�p_ib�i_j_f_ggh]h�lhdZ:

:gZeh]bqgh� ���� 0 0
0 0

1
( ) cos cos .

2 2

I U
P t U qω ϕ ϕ= = � Ba� \_dlhjghc� ^bZ]jZffu� RU =

0 0cos ,U I Rϕ= = �ihwlhfm�
2

20( ) ,
2 ^

I R
P t I R= = �]^_� 0

2
^

I
I =  – ̂ _ckl\mxs__��wnn_dlb\gh_��agZ-

q_gb_�kbeu�lhdZ��lh�_klv�agZq_gb_�kbeu�ihklhyggh]h�lhdZ��^ey�dhlhjh]h�\�p_ib�\u^_ey_lky�lZ

`_�fhsghklv���:gZeh]bqgh�\\h^blky�^_ckl\mxs__�agZq_gb_�gZijy`_gby 0 .
2

^

U
U = �<ujZ`_-

gby�^ey�^_ckl\mxsbo�agZq_gbc�kbeu�lhdZ�b�gZijy`_gby��hq_\b^gh��g_�aZ\bkyl�hl�nhjfu�p_-
ib�b�hij_^_eyxlky�oZjZdl_jhf�dhe_[Zgbc�gZijy`_gby�

��� DeZkkbq_kdh_� ^bnn_j_gpbZevgh_� \hegh\h_� mjZ\g_gb_�� MjZ\g_gb_� iehkdhc� b

kn_jbq_kdhc�]Zjfhgbq_kdbo�\heg��Ijh^hevgu_�b�ihi_j_qgu_�\hegu��<hegh\hc�\_dlhj�

Mqzl�aZlmoZgby�\hegu��Mijm]b_�]Zjfhgbq_kdb_�\hegu��Iehlghklv�wg_j]bb��i_j_ghkb-
fhc�mijm]hc�\heghc�

1) DeZkkbq_kdh_�^bnn_j_gpbZevgh_�\hegh\h_�mjZ\g_gb_:
<hegZ�±�jZkijhkljZgyxs__ky�\�kj_^_�\hafms_gb_�

Ijhkl_cr_c�fh^_evx�\hegu� y\ey_lky� kbkl_fZ�[hevrh]h� qbkeZ� k\yaZgguo� hkpbeeylh-
jh\��Imklv�fZkku�\k_o�hkpbeeylhjh\�h^bgZdh\u�b�jZ\gu�m��\k_�hgb�k\yaZgu�h^bgZdh\ufb
ijm`bgZfb�`zkldhklb�k��Z�jZkklhygb_�f_`^m�khk_^gbfb�hkpbeeylhjZfb�\�iheh`_gbb�jZ\gh-
\_kby� jZ\gh� l. Lh]^Z� ^ey� ex[h]h� hkpbeeylhjZ� fh`gh� aZibkZlv� \lhjhc� aZdhg� GvxlhgZ�

( ) ( )1 1 .n n n n nm k kξ ξ ξ ξ ξ+ −= − − −
<<

�I_j_oh^y�d�g_ij_ju\ghc�kj_^_��mklj_fbf�qbkeh�hkpbeeylhjh\
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d�[_kdhg_qghklb��Z�l ±�d�gmex�b�ihemqbf�]eZ^dmx�nmgdpbx�ξ(x, t). Imklv�x – dhhj^bgZlZ�n-]h
hkpbeeylhjZ��lh]^Z��jZaeh`b\�ξ�\�jy^�L_cehjZ��Z�lZd`_�kqblZy��qlh�\�ijhp_kk_�dhe_[Zgbc�jZk-
klhygb_� f_`^m� khk_^gbfb� hkpbeeylhjZfb� baf_gy_lky� fZeh�� ihemqbf�� ( )1 ,n x l tξ ξ+ ≈ + ≈

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2

12 2
, ( , ) , ;  , , , , .

2 2n

l l
x t l x t x t x l t x t l x t x t

x x x x

ξ ξ ξ ξξ ξ ξ ξ−

∂ ∂ ∂ ∂≈ + ⋅ + ≈ − ≈ − ⋅ +
∂ ∂ ∂ ∂

� Ih^klZ-

\bf� ^Zggu_� \ujZ`_gby� \� ^bnn_j_gpbZevgh_� mjZ\g_gb_� \lhjh]h� aZdhgZ� GvxlhgZ�
2 2 2 2 2

2

2 2 2 2
,  lh�_klv�

kl
v

t m x t x

ξ ξ ξ ξ∂ ∂ ∂ ∂= =
∂ ∂ ∂ ∂

 – deZkkbq_kdh_� ^bnn_j_gpbZevgh_� \hegh\h_� mjZ\g_gb_

^ey�h^ghf_jgh]h�kemqZy��]^_�v� ±�dhwnnbpb_gl��bf_xsbc�jZaf_jghklv�kdhjhklb��Imklv�V –
kdhjhklv� jZkijhkljZg_gby� \hegu� �lh� _klv� kdhjhklv� jZkijhkljZg_gby� \hafms_gbc��� lh]^Z�

kqblZy�dhe_[Zgby�\�gZqZe_�dhhj^bgZl�]Zjfhgbq_kdbfb�[_a�gZqZevghc�nZau�� ( )0, cos ,t A tξ ω=

ihemqbf��qlh� ( ) ( )( ) ( ), cos cos ,x t A t A t kxξ ω τ ω= − = − �]^_�τ�±�\j_fy�jZkijhkljZg_gby�\hegu

\�lhqdm�k�dhhj^bgZlhc�x; k – \hegh\h_�qbkeh: 
2 2

,  ;
x

k
V V TV

ω π πτ
λ

= = = =  λ – ̂ ebgZ�\hegu��jZk-

klhygb_��gZ�dhlhjh_�jZkijhkljZgy_lky�\hegZ�aZ�h^bg�i_jbh^�dhe_[Zgbc��Ih^klZ\b\�nmgdpbx

ξ�\�\hegh\h_�mjZ\g_gb_��fh`gh�m[_^blvky��qlh�hgZ�m^h\e_l\hjy_l�wlhfm�mjZ\g_gbx��ijbqzf
dhgklZglZ� v = V��LZdbf� h[jZahf�� dhgklZglZ� \� \hegh\hf� mjZ\g_gbb� bf__l� kfuke� kdhjhklb
jZkijhkljZg_gby�\hegu��gZau\Z_fhc�nZah\hc�kdhjhklvx.

Mkeh\by�ijbf_gbfhklb�deZkkbq_kdh]h�\hegh\h]h�mjZ\g_gby��fZeu_�\hafms_gby�kj_^u�

kj_^Z� y\ey_lky� g_^bki_j]bjmxs_c� �lh� _klv� kdhjhklb� jZkijhkljZg_gby� \heg� jZaguo� qZklhl

h^bgZdh\u���<lhjh_�lj_[h\Zgb_�k\yaZgh�k�l_f��qlh�mjZ\g_gbx��hq_\b^gh��^he`gu�m^h\e_l\h-
jylv�]Zjfhgbq_kdb_�nmgdpbb�jZaguo�qZklhl��Z�wlh��\�k\hx�hq_j_^v��iha\hey_l�jZkijhkljZgblv

mjZ\g_gb_�gZ�ex[u_�i_jbh^bq_kdb_�nmgdpbb�� m^h\e_l\hjyxsb_� mkeh\bx�>bgb�b�ij_^klZ-
\bfu_�\�\b^_�kmffu�k\h_]h�jy^Z�Nmjv_�

>ey� ljzof_jgh]h� kemqZy� \hegh\h_� mjZ\g_gb_� aZibr_lky� dZd�
2

2

2
,V

t

ξ ξ∂ = ⋅ ∆
∂

� ]^_

2 2 2

2 2 2x y z

ξ ξ ξ∂ ∂ ∂∆ = + +
∂ ∂ ∂

�±�hi_jZlhj�EZieZkZ�

2) MjZ\g_gby�iehkdhc�b�kn_jbq_kdhc�\heg:
<hegh\Zy�ih\_joghklv�±�]_hf_ljbq_kdh_�f_klh�lhq_d��dhe_[exsboky�\�h^ghc�nZa_�

Njhgl�\hegu�±�i_j_^gyy�\hegh\Zy�ih\_joghklv�

<hegu�fh`gh�deZkkbnbpbjh\Zlv�ih�\b^m�bo�\hegh\uo�ih\_joghkl_c��iehkdb_��kn_jb-
q_kdb_��pbebg^jbq_kdb_�b�^j�

<hegm�fh`gh�jZkkfZljb\Zlv��dZd�iehkdmx��_keb�jZaf_ju

bklhqgbdZ� fgh]h� [hevr_� jZkklhygby� ^h� g_]h�

( ) ( ), cosx t A t kxξ ω= −  – mjZ\g_gb_�iehkdhc�\hegu��wg_j]by�dh-

e_[exsboky�qZklbp�g_�aZ\bkbl�hl�jZkklhygby�^h�bklhqgbdZ��ih-
kdhevdm� \� dZ`^hc� iehkdhklb� \k_� qZklbpu� dhe_[exlky� kbgnZa-
gh���<hafh`gh�jZkkfhlj_gb_�iehkdhc�\hegu�\�iheyjghc�kbkl_-

f_�dhhj^bgZl�� k
G

 – \hegh\hc�\_dlhj��\_dlhj��i_ji_g^bdmeyjguc
d� njhglm� \hegu� b� gZijZ\e_gguc� \� klhjhgm� _z� jZkijhkljZg_-

gby��� cos ,kx kr krϕ= =
GG

�ihwlhfm�mjZ\g_gb_�fh`gh�aZibkZlv�dZd

( ) ( ), cos .x t A t krξ ω= −
GG

<�kn_jbq_kdhc�\heg_� �\kydmx�\hegm�fh`gh�kqblZlv�kn_jbq_kdhc��_keb�jZkklhygb_�^h

bklhqgbdZ�fgh]h�[hevr_�_]h�jZaf_jh\��wg_j]by�dhe_[exs_cky�qZklbpu�h[jZlgh�ijhihjpbh-
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gZevgZy�iehsZ^b�khhl\_lkl\mxs_c�_c�\hegh\hc�ih\_joghklb��lh�_klv�
2

1
~ ;

r
�wg_j]by�ijhihj-

pbhgZevgZ�d\Z^jZlm�Zfieblm^u��kf��������ihwlhfm� ( ) ( )01
~ . , cos

A
A x t t kr

r r
ξ ω= −  – mjZ\g_gb_

kn_jbq_kdhc�\hegu.

3) Mqzl�aZlmoZgby�\heg:
AZlmoZgb_�\heg�mqblu\Z_lky�k�ihfhsvx�^hihegbl_evgh]h�wdkihg_gpbZevgh]h�fgh`b-

l_ey� �dZd�b�\�kemqZ_� aZlmoZxsbo�dhe_[Zgbc� ±�kf�� ������ ( ) ( )0, cosxx t A e t krηξ ω−= −
GG

�^ey�ieh-

kdhc�\hegu�b� ( ) ( )0, cosrA
x t e t kr

r
ηξ ω−= − �^ey�kn_jbq_kdhc�

4) Mijm]b_�\hegu:
Mijm]Zy�\hegZ� ±�^_nhjfZpbhggu_�\hafms_gby��jZkijhkljZgyxsb_ky�\� mijm]hc� kj_^_

�lh�_klv�kj_^_��^_nhjfZpbb�dhlhjhc�y\eyxlky�mijm]bfb�±�l_eh�\ha\jZsZ_lky�\�ij_`g__�kh-
klhygb_�ijb�kgylbb�\g_rg_]h�\ha^_ckl\by���DeZkkbq_kdh_�\hegh\h_�mjZ\g_gb_�\u\_^_gh�^ey

mijm]bo�\heg��h^gZdh�hgh�\_jgh�b�^ey�^jm]bo�kemqZ_\��gZijbf_j��we_dljhfZ]gblguo�\heg�±

kf������

Mijm]b_�\hegu�fh]ml�[ulv�ijh^hevgufb��kf_s_gb_�qZklbp�iZjZee_evgh�gZijZ\e_gbx

jZkijhkljZg_gby�\hegu��b�ihi_j_qgufb��kf_s_gb_�qZklbp�i_ji_g^bdmeyjgh�d�gZijZ\e_gbx

jZkijhkljZg_gby�\hegu��

JZkkfhljbf�mijm]bc�kl_j`_gv�k�k_q_gb_f�S�b�iehlghklvx�ρ��Ijb�_]h�jZkly`_gbb�gZ�∆l

\hagbdZ_l�kbeZ�mijm]hklb� ,
F FS S

F k l k
l S l l

σ= ∆ ⇒ = = =
∆ ∆ ∆

�]^_�σ – f_oZgbq_kdh_�gZijy`_gb_.

Ih�hij_^_e_gbx�
l

E
l

σ=
∆

 – fh^mev�mijm]hklb��fh^mev�Xg]Z��fZl_jbZeZ�kl_j`gy��Lh]^Z�
2kl

m
=

2
2,

Sl V E
E V

m l m

σ
ρ

∆= = = =
∆

� ihwlhfm� kdhjhklv� ijh^hevghc� �ijb� \u\h^_� jZkkfZljb\Zebkv� ^_-

nhjfZpbb�jZkly`_gby� ±� k`Zlby�� mijm]hc�\hegu� .
E

V
ρ

= �:gZeh]bqgZy�nhjfmeZ�\_jgZ�^ey

ihi_j_qguo�\heg�\�l\zj^hf�l_e_��\�wlhf�kemqZ_�fh^mev�mijm]hklb�aZf_gyxl�gZ�fh^mev�k^\b-

]Z�G �_keb�γ�±�m]he�k^\b]Z��Z� F

S
τ = �±�gZijy`_gb_�k^\b]Z (S ±�iehsZ^v�k^\b]Z_fhc�]jZgb���lh

).G
τ
γ

=

Wg_j]by��i_j_ghkbfZy�mijm]hc�\heghc��kdeZ^u\Z_lky�ba�ihl_gpbZevghc�b�dbg_lbq_kdhc

wg_j]bc�h^ghc�ba�dhe_[exsboky�qZklbp�� ( )
2

2

1;  ,
2 2 n n

m k
T U

t

ξ ξ ξ+

∂ = = − ∂ 
�gh�ba�jZaeh`_gbc

ξ(x, t��\�jy^�L_cehjZ� �kf�� �����
2 22 2

1 .
2 2n n

kl mV
l U

t x x

ξ ξ ξξ ξ+

∂ ∂ ∂   − ≈ ⇒ = =   ∂ ∂ ∂   
�LZdbf�h[jZahf�

wg_j]by�� i_j_ghkbfZy� mijm]hc� \heghc��

2 2

2 ;
2

m
W U T V

t x

ξ ξ ∂ ∂   = + = +     ∂ ∂    
� wlm� aZ\bkbfhklv

fh`gh�jZkijhkljZgblv�gZ�ijhba\hevgmx�kj_^m��aZf_gb\�wg_j]bx�\hegu�iehlghklvx�wg_j]bb
2 2

2 .
2

w V
t x

ρ ξ ξ ∂ ∂   = +     ∂ ∂    
�>ey� iehkdhc� \hegu�� jZkijhkljZgyxs_cky� \^hev� hkb� x, T U= =
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( ) ( ) ( )
2 2

2 2 2 2 2 2sin sin ;  .
2 2
m A

A t kx w A t kx w t
ρ ωω ω ρ ω ω= − ⇒ = − =

����We_dljhfZ]gblgu_�\hegu�\�h^ghjh^ghc�g_ijh\h^ys_c�kj_^_��K\yav�f_`^m�Zf-
ieblm^Zfb�b�nZaZfb�dhe_[Zgbc�\_dlhjh\�gZijy`_gghklb�we_dljbq_kdh]h�b�bg^mdpbb

fZ]gblgh]h� ihe_c� \� we_dljhfZ]gblghc� \heg_�� Wg_j]_lbq_kdb_� oZjZdl_jbklbdb� we_d-
ljhfZ]gblguo� b� mijm]bo� \heg� �iehlghklv� ihlhdZ� wg_j]bb�� bgl_gkb\ghklv�� \_dlhju

Mfh\Z�b�Ihcglbg]Z��

1) MjZ\g_gb_�we_dljhfZ]gblghc�\hegu:
Imklv�E b�<�±�nmgdpbb�lhevdh�dhhj^bgZlu�x

(jZkklhygb_�^h�bklhqgbdZ�agZqbl_evgh�ij_\urZ_l

_]h� jZaf_ju��� <u[_j_f� \� iehkdhklb� XY ijyfh-
m]hevguc� dhglmj� k� h[oh^hf� \� gZijZ\e_gbb� �±�±

�±��� Lh]^Z� ( )2

1
;yEdl E x dx dy= +∫

JGJJG

( )4 3 4

3 2 1
;  yEdl E x dy Edl Edl= − = −∫ ∫ ∫

JGJJG JGJJG JGJJG
� �ih� wlbf� mqZ-

kldZ�h[oh^�kh\_jrZ_lky�\�jZaguo�gZijZ\e_gbyo��

Ihwlhfm� ( ) ( )( )
1234

y yEdl E x dx E x dy= + − ⋅ =∫
JGJJG

v

;yE
dxdy

x

∂
=

∂
 

1234

zBdS B dxdy=∫∫
JGJJG

� �kqblZ_f� dx fZeuf�

ihwlhfm�agZq_gb_�B \�ij_^_eZo�iehsZ^db�fh`gh

kqblZlv� ihklhygguf��� :gZeh]bqgh�� \u[bjZ_f� \� iehkdhklb� XZ dhglmj� �±�±�±��

5678

;  zB
Bdl dxdz

x

∂=
∂∫

JGJJG

v
5678

.yEdS E dxdz= −∫∫
JGJJG

�<hkihevam_fky�mjZ\g_gbyfb�FZdk\_eeZ��
S

BdS
t

∂− =
∂ ∫∫

JGJJG

0 0;  .
l S l

Edl EdS Bdl
t

εε µµ ∂= ⋅ =
∂∫ ∫∫ ∫

JGJJG JGJJG JGJJG

v v �Ih^klZ\eyy�ihemq_ggu_�agZq_gby�ihlhdh\�b�pbjdmeypbc�

ihemqbf� 0 0;  .y yz z
E EB B

x t x t
εε µµ

∂ ∂∂ ∂= − = − ⋅
∂ ∂ ∂ ∂

�Ijh^bnn_j_gpbjm_f�wlb�jZ\_gkl\Z�ih�x�b�baf_-

gbf� ihjy^hd� ^bnn_j_gpbjh\Zgby��

2 2

0 02 2
;  ;y yz z

E EB B

x t x x t x
εε µµ

∂ ∂ ∂ ∂∂ ∂ = − = − ⋅   ∂ ∂ ∂ ∂ ∂ ∂   
� ih^klZ\bf

jZ\_gkl\Z��ihemq_ggu_�ba�mjZ\g_gbc�FZdk\_eeZ��

2 2 2 2
2 2

2 2 2 2
;  .y y z z

E E B B
V V

t x t x

∂ ∂ ∂ ∂= =
∂ ∂ ∂ ∂

�LZdbf�h[-

jZahf��\hafms_gby�we_dljbq_kdh]h�b�fZ]gblgh]h�ihe_c�jZkijhkljZgyxlky�\�ijhkljZgkl\_�k

h^ghc�b�lhc�`_�kdhjhklvx�
0 0

1
,V

εε µµ
= �ijbqzf�\hafms_gb_�we_dljbq_kdh]h�ihey�\uau\Z_l

\hafms_gb_�fZ]gblgh]h��b�gZh[hjhl�

Ijb� \u\h^_� mjZ\g_gby� we_dljhfZ]gblghc� \hegu�[ueb�bkihevah\Zgu� mjZ\g_gby�FZd-
k\_eeZ��aZibkZggu_�\�mkeh\byo�hlkmlkl\by�lhdZ�ijh\h^bfhklb��ihwlhfm�b�ihemq_ggu_�mjZ\-
g_gby�\_jgu�lhevdh�^ey�g_ijh\h^ysbo�kj_^�

Qbkeh� 8

0

1
3 10  f�k

o

c
ε µ

= ≈ ⋅ � y\ey_lky� kdhjhklvx� we_dljhfZ]gblghc� \hegu� \� \Zdmmf_�

n εµ=  –ihdZaZl_ev�ij_ehfe_gby�kj_^u��kdhjhklv�\hegu�\�kj_^_� .
c

V
n

=
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2) K\yav� f_`^m� gZijy`zgghklvx� we_dljbq_kdh]h� ihey� b� bg^mdpb_c� fZ]gblgh]h� \

we_dljhfZ]gblghc�\heg_:
JZkkfhljbf� kemqZc� ]Zjfhgbq_kdhc� we_dljhfZ]gblghc� \hegu�� ( )0 cos ,E E t kxω= −

( )0 cos ;B B t kxω ϕ= − + � ih^klZ\bf� \� mjZ\g_gby� �kf�� i�� ��� 0 0,  :y yz z
E EB B

x t x t
εε µµ

∂ ∂∂ ∂= − = − ⋅
∂ ∂ ∂ ∂

( ) ( ) ( ) ( )0 0 0 0 0 0sin sin ;  sin sin .kE t kx B t kx kB t kx E t kxω ω ω ϕ ω ϕ ω εε µµ ω− = − + − + = − � Wlb� mjZ\-

g_gby� \uihegyxlky� \� kemqZ_� jZ\_gkl\Z� khhl\_lkl\mxsbo� Zfieblm^� b�nZa�� ihwlhfm�ϕ = 0;
2

2 0
0 0

0

,
B

Eεε
µµ

= �Z�ihkdhevdm�nZau�dhe_[Zgbc�E b�<�kh\iZ^Zxl��lh�jZ\_gkl\h�\uihegy_lky�\�ex-

[hc�fhf_gl�\j_f_gb��
2

2

0

0

 .
B E

E B
V

εε
µµ

 = =  
DZd�ke_^m_l�ba������ijb�jZkijhkljZg_gbb�\hegu�\^hev�hkb�x f_gyxlky�lhevdh�khklZ\-

eyxsb_� ?y� b� Bz�� lZdbf� h[jZahf�� \_dlhjZ� ,   b�E B V
JG JG JG

 \aZbfgh� hjlh]hgZevgu�� ijbqzf

V EB ↑↑  
JG JGJG

��nZau�?�b�<�kh\iZ^Zxl��lh�_klv�b�bo�fZdkbfmfu�kh\iZ^Zxl��

AZf_qZgb_��\�]Zjfhgbq_kdhc�we_dljhfZ]gblghc�\heg_�qZklhlu�dhe_[Zgbc�\_dlhjh\�?�b

<�kh\iZ^Zxl��Imklv�qZklhlu�jZaebqgu��ω1�b�ω2���lh]^Z�b�\hegh\u_�qbkeZ�jZaebqgu� ;k
V

ω =  
dZd� m`_� [ueh� ihdZaZgh�� nZau� dhe_[Zgbc� kh\iZ^Zxl�� lh� _klv� ( ) ( )1 2 1 2t k k xω ω ϕ− + − = ⇒

( ) ( ) ( )1 2 1 2 1 2 .
x x

t t
V V

ω ω ω ω ω ω ϕ ⇒ − + − = − + =  
�>Zggh_�khhlghr_gb_�\_jgh�\�ex[hc�fhf_gl

\j_f_gb��ihwlhfm�
x

t
V

 +  
�fh`_l�ijbgbfZlv�ijhba\hevgu_�agZq_gby��lZdbf�h[jZahf��ω1 – ω2

= 0 (ω1 = ω2), ϕ = 0.

3) Wg_j]by�we_dljhfZ]gblghc�\hegu:

Iehlghklb�wg_j]bb�we_dljbq_kdh]h�b�fZ]gblgh]h�ihe_c�jZ\gu��
2 2

0

0

,  .
2 2E B

E B
w w

εε
µµ

= =

Iehlghklv� wg_j]bb� \hegu�
2

2

0

0 0

.E B

B EB
w w w E

V
εε

µµ µµ
= + = = = �LZdbf� h[jZahf�� \� we_dljhfZ]-

gblghc� \heg_� wg_j]by� jZkij_^_ey_lky� ihjh\gm� f_`^m� we_dljbq_kdhc� b� fZ]gblghc� khklZ\-
eyxsbfb�lZd`_��dZd�\�mijm]hc�±�f_`^m�ihl_gpbZevghc�b�dbg_lbq_kdhc��kf�������

4) Wg_j]_lbq_kdb_�oZjZdl_jbklbdb�\heg:
Iehlghklv�ihlhdZ�wg_j]bb�±�dhebq_kl\h�wg_j]bb��i_j_ghkbfhc�\heghc�\�_^bgbpm�\j_-

f_gb�q_j_a�_^bgbqgmx�iehsZ^dm��i_ji_g^bdmeyjgmx�d�gZijZ\e_gbx�jZkijhkljZg_gby�\he-
gu��Qbke_ggh�jZ\gZ�wg_j]bb��aZdexqzgghc�\gmljb�pbebg^jZ�k�_^bgbqguf�hkgh\Zgb_f�b�h[-

jZamxs_c�V: ( ) ( ) .S t w t V= ⋅ �>ey�we_dljhfZ]gblguo�\heg� ( )
0

.
EB

S t
µµ

=

Bgl_gkb\ghklv�±�kj_^g__�ih�\j_f_gb�agZq_gb_�iehlghklb�ihlhdZ�wg_j]bb�� ( )I S t= =

( ) .w t V= ⋅ �>ey�mijm]bo�\heg�
2 2

;
2

A V
I

ρ ω= �^ey�we_dljhfZ]gblguo� 0 0

0

.
2

E B
I

µµ
=

<_dlhj�Mfh\Z� ±� \_dlhj�� gZijZ\e_gguc� \^hev� gZijZ\e_gby� jZkijhkljZg_gby� \hegu� b

jZ\guc�ih�fh^mex�iehlghklb�ihlhdZ� wg_j]bb�� ( ) ( ) .S t w t V= ⋅
JG JG

�>ey� we_dljhfZ]gblguo� \heg
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fh`gh�\\_klb�ZgZeh]bqgmx�\_ebqbgm��gZa\Zggmx�\_dlhjhf�Ihcglbg]Z: ( )
0

.
EB

S t
µµ

  =

JGJG
JG

<_dlhjgZy�bgl_gkb\ghklv�\hegu�±�kj_^g__�ih�\j_f_gb�agZq_gb_�\_dlhjZ�Mfh\Z��Ihcg-

lbg]Z��� ( ) ( ) .S t w t V= ⋅
JG JG

� >ey� mijm]bo� \heg� ( )
2 2

,
2

A V
S t

ρ ω=
JG

JG
� ^ey� we_dljhfZ]gblguo

( ) 0 0

0

.
2

E B
S t

µµ

  =

JJGJJG
JG

Ihlhd� wg_j]bb�\hegu� ±�ihlhd�\_dlhjh\�Mfh\Z� �Ihcglbg]Z��� ( ) ( ) .
S

t S t dSΦ = ∫∫
JG JJG

�Fh`gh

lZd`_�\uqbkeblv�kj_^g__�ih�\j_f_gb�agZq_gb_�ihlhdZ�� ( ) ( ) .
S

t S t dSΦ = ∫∫
JG JJG

����GZeh`_gb_�\heg��Dh]_j_glgu_�\hegu��Bgl_jn_j_gpby�\heg�hl�^\mo�lhq_qguo

bklhqgbdh\��hiul�Xg]Z��Jhev�g_fhghojhfZlbqghklb�bklhqgbdh\�b�bo�dhg_qguo�jZa-
f_jh\��<j_fy�b�^ebgZ�dh]_j_glghklb��qbkeh�dh]_j_glguo�dhe_[Zgbc��jZ^bmk�b�m]he�dh-
]_j_glghklb��h[tzf�dh]_j_glghklb�

1) GZeh`_gb_�\heg:
;m^_f� kqblZlv�� qlh� \uihegy_lky� ijbgpbi� kmi_jihabpbb�� j_amevlbjmxsbc� wnn_dl� hl

gZeh`_gby�^\mo�\heg�_klv�kmffZ�wnn_dlh\�hl�dZ`^hc�ba�\heg��\hegu�g_�\ebyxl�^jm]�gZ�^jm-
]Z���JZkkfhljbf�gZeh`_gb_�^\mo�\heg��\uau\Zxsbo�dhe_[Zgby�qZklbp�\�h^ghf�b�lhf�`_�gZ-
ijZ\e_gbb��imklv�h[_�\hegu�y\eyxlky�fhghojhfZlbq_kdbfb��\�dZ`^hc�ba�\heg�bf_xlky�dh-
e_[Zgby� lhevdh� h^ghc� qZklhlu���Lh]^Z� g_h[oh^bfh� keh`blv� ^\Z� dhe_[Zgby�� gZijZ\e_ggu_

\^hev� h^ghc� ijyfhc,� ±� wlhl� kemqZc� jZkkfhlj_g� \� ����� 2 2 2 2

1 2 1 22 cos ;  A A A A A Aϕ= + + ∆ =

2 2 2

1 2 1 2

0

1
2 cos .

T

A dt A A A A
T

ϕ= = + + ∆∫ � Bgl_gkb\ghklv� ijhihjpbhgZevgZ� d\Z^jZlm� Zfieblm^u

�kf������� �������ihwlhfm�j_amevlbjmxsZy�bgl_gkb\ghklv� 1 2 1 2,  2 cos .I I I I I I I ϕ= + + ∆ ∆ = ∆

?keb�dhe_[Zgby�g_dh]_j_glgu��lh� 1 2cos 0 0;  I I I Iϕ∆ = ⇒ ∆ = = + ��^Z`_�\�wlhf�kemqZ_�kj_^-

g__�agZq_gb_�cos∆ϕ�aZ�fZeuc�ijhf_`mlhd�\j_f_gb�τ�hlebqgh�hl�gmey��gh�lZdh]h�\j_f_gb�τ
g_^hklZlhqgh�^ey�nbdkZpbb�bgl_jn_j_gpbhgghc�dZjlbgu�hilbq_kdbf�ijb[hjhf���?keb�dhe_-
[Zgby� dh]_j_glgu�� lh� j_amevlbjmxsZy� bgl_gkb\ghklv� fh`_l� hdZaZlv� [hevr_� beb� f_gvr_

kmffu�bgl_gkb\ghkl_c�gZeZ]Zxsboky�\heg�±�ijhbkoh^bl�i_j_jZkij_^_e_gb_�wg_j]bb�\�ijh-
kljZgkl\_��\�wlhf�kemqZ_�gZeh`_gb_�\heg�gZau\Zxl�bgl_jn_j_gpb_c�

Bgl_jn_j_gpby�±�i_j_jZkij_^_e_gb_�wg_j]bb�ijb�gZeh`_gbb�^\mo�\heg��khojZgyxs__-
ky�\�l_q_gb_�^hklZlhqgh�^ebggh]h�\j_f_gb�

Imklv� gZdeZ^u\Zxlky� ^\_� \hegu�� jZkijhkljZgyxsb_ky� \^hev� h^ghc� ijyfhc�

( ) ( )1 1 1 1 2 2 2 2cos ,  cos ;A t k r A t k rξ ω ξ ω ϕ= + = + + � lh]^Z� jZaghklv� nZa� khklZ\ey_l� ϕ∆ =

( )1 2 1 1 2 2 .t k r k rω ω ϕ− + − − �>ey�dh]_j_glghklb�\heg� �ihklhygkl\Z�bo�jZaghklb�nZa�� lj_[m_lky�

hq_\b^gh��jZ\_gkl\h�qZklhl�dhe_[Zgbc�ω1 = ω2�b�ihklhygkl\h�\_ebqbgu�(k1r1 – k2r2); k ij_^-

klZ\eyxl�\�\b^_�
0

2 2
,

n
k

V c n

π ω ω π
λ λ

= = = = �bkihevamy�nhjfmem�
2

;
V

VT
πλ
ω

= =  λ0�±�^ebgZ�k\_-

lh\hc�\heu�\�\Zdmmf_��LZdbf�h[jZahf�� 1 1 2 2
0

2
,  ]^_� n r n r

πϕ ϕ
λ

∆ = ∆ + ∆ = −  – hilbq_kdZy�jZaghklv
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oh^Z (∆ = nr – hilbq_kdbc� imlv� emqZ��� Ijb� ϕ = 0 mkeh\b_� fbgbfmfZ – 2 mϕ π π∆ = + ⇒

0

1
;

2
m λ ∆ = +  

 mkeh\b_�fZdkbfmfZ – 02 .m mϕ π λ∆ = ⇒ ∆ =

2) Bgl_jn_j_gpby�\heg�hl�^\mo�lhq_qguo�bklhqgbdh\��hiul�Xg]Z:
Imklv� bf_xlky� ^\Z� lhq_qguo� dh]_j_glguo� lh-

q_qguo�bklhqgbdZ�� lh]^Z� iheh`_gby� � bgl_jn_j_gpb-
hgguo�fZdkbfmfh\�b�fbgbfmfh\�[m^ml�hij_^_eylvky

ihklhygkl\hf�\_ebqbgu� r1 – r2, ]^_� r1 b� r2 – jZkklhy-
gby�^h�bklhqgbdh\��=_hf_ljbq_kdh_�f_klh�ih^h[guo

lhq_d� ±� ]bi_j[hehb^u�\jZs_gby��\�nhdmkZo�dhlhjuo

gZoh^ylky�bklhqgbdb�

JZkkfhljbf� bgl_jn_j_gpbhggmx� dZjlbgm� hl

^\mo�lhq_qguo�bklhqgbdh\��gZ[ex^Z_fmx�gZ�m^Zezg-
ghf�iehkdhf�wdjZg_��Bklhqgbdb�gZoh^ylky�\�lhqdZo�:

b� <; :< = d.� Ih� l_hj_f_� IbnZ]hjZ
2

2 2 2 2
1 2,  

2

d
r l y r l = + + = +  

2
2 2

1 22

d
y r r

 − ⇒ − =  

( )1 2 2 .r r r dy= + ∆ = � ?keb� ,d l� � lh� 1 2,  ;r r l≈  .
l r

l r dy y
d

∆⋅ ∆ ≈ ⇒ ≈ � LZdbf� h[jZahf�� mkeh\b_

fZdkbfmfZ max ;
m l

r m y
d

λλ∆ = ⇒ =

mkeh\b_�fbgbfmfZ 
1

2
r m λ ∆ = + ⇒  

min

1
2

.
m l

y
d

λ +  ⇒ =

<�hiul_�Xg]Z�emqb�hl�h^gh]h�b

lh]h� `_� bklhqgbdZ� ijhoh^yl� q_j_a

jZagu_� hl\_jklby� \� wdjZg_�� ihwlhfm

j_Zebam_lky�ko_fZ�bgl_jn_j_gpbb�hl

^\mo�lhq_qguo�bklhqgbdh\� Bgl_jn_jbjmxsb_�emqb�bf_xl�h^gm�b�lm�`_�Zfieblm^m��ihwlhfm

\� dZ`^hc� lhqdb� ©kdeZ^u\Zxlkyª� ^\Z� emqZ�� ( )1 0 1cos ,E E t krω= −

( )2 0 2 1 2cos . E E t kr E E Eω= − = + = ( )0 1 22 cos cos ,
2 2

k k
E r t r rω   ∆ ⋅ − +      

� lh� _klv� Zfieblm^Z� j_-

amevlbjmxsbo�dhe_[Zgbc�aZ\bkbl�hl�∆r. Ihwlhfm�bgl_gkb\ghklv�emq_c��ihiZ^Zxsbo�gZ�wd-

jZg� ( ) 2 2
0 0 04 cos 4 cos 4 cos .

2 2

k kyd yd
I y I r I I

l l

π
λ

= ∆ = =

3) Jhev�g_fhghojhfZlbqghklb�bklhqgbdh\:
<j_fy�dh]_j_glghklb�±�\j_fy��\�l_q_gb_�dhlhjh]h�fh`gh�gZ[ex^Zlv�bgl_jn_j_gpbhg-

gmx�dZjlbgm�

Imklv�^\Z�bklhqgbdZ�bkimkdZxl�\hegu�qZklhl�ω1�b�ω2��Lh]^Z�\j_fy��\�l_q_gb_�dhlhjh]h

fh`gh�gZ[ex^Zlv�bgl_jn_j_gpbhggmx�dZjlbgm��jZ\gh�\j_f_gb��aZ�dhlhjh_�jZaghklv�nZa�dh-

e_[Zgbc� baf_gy_lky� gZ� π�� ihwlhfm� 1 2
1 2

.k kt t
πω ω π

ω ω
− = ⇒ =

−
� ?keb� bklhqgbd� bkimkdZ_l

g_ij_ju\guc�ki_dlj�\heg��qZklhlu�dhlhjuo�baf_gyxlky�hl�ω�^h�∆ω��lh�ihegh_�baf_g_gb_
bgl_jn_j_gpbhgghc�dZjlbgu�ijhbahc^zl�ijb�jZaghklb�nZa�f_`^m�khk_^gbfb�\hegZfb�\� �π
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�^ey�dZ`^hc�\hegu�k�qZklhlhc�hl�ω�^h��ω + ∆ω/2)�gZc^zlky�\hegZ�k�qZklhlhc�hl��ω + ∆ω/���^h
(ω + ∆ω���bf_xsZy�k�g_c�k^\b]�nZa�π��\�dhg_qghf�kqzl_�\k_�\hegu�©g_cljZebamxlª�^jm]�^jm-

]Z���LZdbf�h[jZahf��^ey�wlh]h�kemqZy�
2

.kt
π
ω

=
∆

Qbkeh� dh]_j_glguo� dhe_[Zgbc: 
2

.k
k

t
N

T T

π ω λ
ω ω λ

= = = ≈
⋅ ∆ ∆ ∆

� Wlh� qbkeh� jZ\gh� fZdkb-

fZevghfm�ihjy^dm�bgl_jn_j_gpbb��dhlhjuc�fh`gh�gZ[ex^Zlv�ijb�^Zgghc�g_fhghojhfZlbq-
ghklb�bklhqgbdZ�\hegZ�

<hegh\hc�pm]� ±�k_jby�dhe_[Zgbc��bkimkdZ_fuo�Zlhfhf� aZ�\j_fy�\uk\_qb\Zgby� �τ��� lh
_klv�aZ�\j_fy�i_j_oh^Z�ba�\ha[m`^zggh]h�khklhygby�\�g_\ha[m`^zggh_��τ ~ 10–8 c).

>ebgZ� dh]_j_glghklb� ±� ^ebgZ� pm]Z� \heg�� gZ� dhlhjhc� khojZgy_lky� dh]_j_glghklv�
2 2

. .k k
k k k k

t l
l Vt N t

T V V

λ λ λλ
λ λ

= = = ≈ = ≈
∆ ⋅ ∆

4) Jhev�jZaf_jh\�bklhqgbdZ:
M]he�dh]_j_glghklb�±�l_e_kguc�m]he��\�dhlhjhf�emqb��bkimkdZ_fu_�bklhqgbdhf��fh`gh

kqblZlv�dh]_j_glgufb�

JZ^bmk� dh]_j_glghklb� ±� ebg_cguc� jZaf_j� mqZkldZ� kn_jbq_kdhc� ih\_joghklb�� hdjm-
`Zxs_c�bklhqgbd��gZ�dhlhjhf�emqb�fh`gh�kqblZlv�dh]_j_glgufb�

<uqbkebf� mdZaZggu_� iZjZf_lju� ^ey

kemqZy�gZ[ex^_gby�bgl_jn_j_gpbhgghc�dZj-
lbgu� \� hiul_�Xg]Z�� bklhqgbd� ij_^klZ\ey_l

kh[hc� kl_j`_gv� ^ebgu� D. Lh]^Z�� hq_\b^gh�
bgl_jn_j_gpbhggu_�dZjlbgu�hl�lhq_d�A b�<
[m^ml� k^\bgmlu� gZ� m]he� β�� Ijb

 .
2

D
L D tg

L
β β≈ =� �Lh]^Z�bgl_jn_j_gpbhg-

gZy�dZjlbgZ�[m^_l�gZ[ex^Zlvky�ijb�β < α��]^_
α� ±�m]eh\Zy�ihemrbjbgZ�i_j\h]h�fbgbfmfZ�

1
min

2

y

l d

λα = = � �kf�� �������
D

L d

λβ α< ⇒ < ⇒

.k

L
d r

D

λ⇒ < =  k
k

r

L D

λϕ = = = ,
L

λ
β

� ]^_� �β –

m]eh\hc�jZaf_j�bklhqgbdZ�

H[tzf�dh]_j_glghklb�±�h[tzf�h[eZklb�ijhkljZgkl\Z��\�dhlhjhc�emqb��bkimkdZ_fu_�ijh-
ly`zgguf�g_fhghojhfZlbq_kdbf�bklhqgbdhf��fh`gh�kqblZlv�dh]_j_glgufb��

2 .k k kV r lπ=

����Bgl_jn_j_gpby�\heg��hljZ`zgguo�hl�h^ghc�ih\_joghklb��klhyqb_�\hegu���NZ-
aZ�hljZ`zgghc�\hegu� ±�mijm]hc�b� we_dljhfZ]gblghc��Bgl_jn_j_gpby�\heg��hljZ`zg-
guo� hl� ^\mo�ih\_joghkl_c��Ihehku�jZ\ghc�rbjbgu�b� jZ\gh]h� gZdehgZ��IjhkljZgkl-
\_ggZy�ehdZebaZpby�bgl_jn_j_gpbhgghc�dZjlbgu��NhjfmeZ�<mevnZ�;jw]]Z�

1) Bgl_jn_j_gpby�\heg��hljZ`zgguo�hl�h^ghc�ih\_joghklb:
Imklv� mjZ\g_gby� iZ^Zxs_c� b� hljZ`zgghc� \heg�� jZkijhkljZgyxsboky� \^hev� h^ghc� b

lhc� `_� ijyfhc�� bf_xl� \b^�� ( ) ( )1 0 2 0 0cos ,  cos .A t kx A t kxξ ω ξ ω ϕ= + = − −  1 2ξ ξ ξ= + =

0 0
02 cos cos .

2 2
A kx t

ϕ ϕω   = + −      
�LZdbf�h[jZahf��Zfieblm^Z�dhe_[Zgbc�g_�aZ\bkbl�hl�\j_f_-

gb��\hagbdZ_l� lZd�gZau\Z_fZy� ©klhyqZyª� \hegZ��FZdkbfmfZf� �imqghklyf�� Zfieblm^u� khhl-
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\_lkl\mxl� 0 ;
2

kx m
ϕ π+ = �fbgbfmfZf��maeZf��Zfieblm^u�khhl\_lkl\mxl� 0 1

.
2 2

kx m
ϕ π + = +  

Hij_^_ebf�jZaghklv�nZa�iZ^Zxs_c�b�hljZ`zgghc�\hegu��_keb�gZ�]jZgbp_�gZ[ex^Z_lky

imqghklv��hljZ`_gb_�hl�f_g__�iehlghc�kj_^u�±�kdhjhklv�\�lZdhc�kj_^_�\ur_���lh�ijb�x = 0
(]jZgbpZ�jZa^_eZ�nZa��ϕ0 = 2πm��qlh�wd\b\Ze_glgh�hlkmlkl\bx�jZaghklb�nZa��?keb�gZ�]jZgbp_
gZ[ex^Z_lky�ma_e��hljZ`_gb_�hl�[he__�iehlghc�kj_^u���lh�ijb�x = 0 ϕ0 = π + 2πm ±�jZaghklv
nZa�π��©ihl_jy�ihe�\heguª�

:gZeh]bqgZy�dZjlbgZ�gZ[ex^Z_lky�\�kemqZ_� we_dljhfZ]gblguo�\heg� ±� a^_kv�gZb[he__

\Z`gu�dhe_[Zgby�\_dlhjZ�?��bf_ggh�hgb�h[mkeh\eb\Zxl�\hkijbylb_�we_dljhfZ]gblguo�\heg

hilbq_kdbfb�ijb[hjZfb���Imqghklv�\hagbdZ_l�ijb�hljZ`_gbb�hl�hilbq_kdb�f_g__�iehlghc

kj_^u��kj_^u�k�f_gvrbf�ε��lh�_klv�k�f_gvrbf�n��±�k^\b]�nZa�hlkmlkl\m_l��ma_e�±�ijb�hljZ`_-
gbb�hl�ih\_joghklb�hilbq_kdb�[he__�iehlghc�kj_^u��kj_^u�k�[hevrbf�n��±�k^\b]�nZa�π.

<�we_dljhfZ]gblghc�\heg_�ijb�baf_g_gbb�gZijZ\e_gby�kdhjhklb��hljZ`_gbb�hl�]jZgb-
pu�jZa^_eZ�nZa��fh`_l�baf_gblvky�gZijZ\e_gbb�lhevdh�h^gh]h�\_dlhjZ�±�eb[h�?��eb[h�<��ih-

kdhevdm� .V EB ↑↑  
JG JGJG

�Ihwlhfm�\�©klhyq_cª�\heg_�ijhbkoh^bl�k^\b]�nZa�f_`^m�dhe_[Zgbyfb�?

b�<� ±�imqghklyf�?� khhl\_lkl\mxl� maeu�<��fZdkbfmfu� we_dljbq_kdhc�b�fZ]gblghc� khklZ\-
eyxs_c� wg_j]bb�jZa^_e_gu�ijhkljZgkl\_ggh��:gZeh]bqgh_�y\e_gb_�gZ[ex^Z_lky�^ey� mijm-
]bo�\heg�±�fZdkbfmfu�dbg_lbq_kdhc�wg_j]bb�gZoh^ylky�\�f_klZo�imqghkl_c��fZdkbfmfu�ih-
l_gpbZevghc�±\�maeZo�

2) Bgl_jn_j_gpby�\heg��hljZ`zgguo�hl�^\mo�ih\_joghkl_c:
Imklv� ljb� jZaebqgu_� kj_^u� jZa^_e_gu

iehkdbfb� ]jZgbpZfb�� Emq� k\_lZ� iZ^Z_l� gZ

]jZgbpm�kj_^���b� ��ih^�m]ehf�α��qZklv�wg_j-
]bb�iZ^Zxs_]h�emqZ�i_j_oh^bl�\�hljZ`zgguc

emq��Z�^jm]Zy�qZklv�±�\�ij_ehfezgguc�\�kj_^m

�� ih^� m]ehf�β��:gZeh]bqgh_� y\e_gb_� ijhbk-
oh^bl�gZ� ]jZgbp_�jZa^_eZ� kj_^� ��b� �� ±�hljZ-
`zgguc� a^_kv� emq� II \gh\v� ij_ehfey_lky� gZ
i_j\hc�]jZgbp_�b�\uoh^bl�\�kj_^m� ��ih^�m]-
ehf�α��<�j_amevlZl_�iZjZee_evgu_�emqb�I b�II
bgl_jn_jbjmxl�

Himklbf�ba�lhq_d�K�b�F�i_ji_g^bdmey-
ju� gZ� emqb� I b� III: 1 2AH MH= =

1 1 2sin ;  sin ;AM AD D D AMβ α= = ==

2
2 1 1 1

1

sin
,

sin

n
n AH n AD

n

α
β

= ⇒ = � lh� _klv� hilbq_-

kdb_� imlb� gZ� mqZkldZo� AH1 + CH2 b� AD2 kh\iZ^Zxl�� LZdbf� h[jZahf�

( )2 1 2 22 cos .n BH BH dn β∆ = + = �?keb�gZ�dZ`^hc�ba�]jZgbp�hljZ`_gb_�ijhbkoh^bl�hl�hilbq_-

kdb�[he__�iehlghc�kj_^u��lh�dZ`^uc�ba�emq_c�©l_jy_lª�λ/���ihwlhfm�k^\b]�nZa�f_`^m�bgl_j-

n_jbjmxsbfb� emqZfb� 2 .ϕ π
λ
∆=  Mkeh\b_�fZdkbfmfh\: 2 02 cos ;dn mβ λ=  mkeh\b_�fbgbfm-

fh\: 2 0

1
2 cos .

2
dn mβ λ = +  

�?keb�kj_^Z���b^_glbqgZ�kj_^_����lh�emq� I�l_jy_l�λ/2, Z�emq� II –

g_l��Mkeh\b_�fZdkbfmfh\: 2 0

1
2 cos ;

2
dn mβ λ = +  

 mkeh\b_�fbgbfmfh\: 2 02 cos .dn mβ λ=

<�jZkkfhlj_gghf�kemqZ_�bgl_jn_j_gpbhggZy�dZjlbgZ�ehdZebah\ZgZ�gZ�[_kdhg_qghklb�

ihwlhfm�^ey�_z�gZ[ex^_gby�gm`gh�mklZgh\blv�gZ�imlb�emq_c�kh[bjZxsmx�ebgam��ihf_klb\



22

wdjZg�\�nhdZevghc�iehkdhklb�

<Z`gh_�ijbf_g_gb_�bgl_jn_j_gpbb�\heg��hljZ`zgguo�hl�^\mo�iZjZee_evguo�iehkdh-
kl_c��k\yaZgh�k�lZd�gZau\Z_fuf�©ijhk\_le_gb_fª�hilbdb��GZ�ih\_joghklv�ebga�hilbq_kdbo

ijb[hjh\� gZghkyl� lhgdb_� iezgdb� lZdhc� lhesbgu�� qlh� bgl_jn_j_gpby� ©]Zkblª� hljZ`zggu_

emqb��\�j_amevlZl_�g_�ijhbkoh^bl�ihl_jv�wg_j]bb�ba�aZ�hljZ`_gby�

3) Bgl_jn_j_gpbhggu_�wnn_dlu:
���P\_lZ�lhgdbo�iezghd��ijb�gZ[ex^_gbb�lhgdbo�iezghd�\�[_ehf�k\_l_�hgb�hdjZrb\Z-

xlky�\�p\_lZ��^ey�dhlhjuo�^ebgu�\heg�m^h\e_l\hjyxl�mkeh\bx�fZdkbfmfh\� �kf���������Bg-
l_jn_j_gpbhggZy�dZjlbgZ�ehdZebah\ZgZ�gZ�[_kdhg_qghklb�

���Ihehku�jZ\ghc�rbjbgu��ijb�hk-
\_s_gbb�[_euf� k\_lhf�iezgdb�i_j_f_g-
ghc� lhesbgu� mqZkldb� jZaghc� lhesbgu

[m^ml�hdjZr_gu�\�jZagu_�p\_lZ��khhl\_l-
kl\mxsb_� p\_lZf� lhgdbo� iezghd� wlhc

lhesbgu��� Ih^h[gmx� bgl_jn_j_gpbhg-
gmx� dZjlbgm� fh`gh� gZ[ex^Zlv�� gZijb-
f_j��ijb�bgl_jn_j_gpbb�k\_lZ��hljZ`zg-
gh]h� hl� lhgdh]h� debgZ��Hij_^_ebf� ijh-
kljZgkl\_ggmx� ehdZebaZpbx� bgl_jn_-
j_gpbhgghc�dZjlbgu��imklv�emqb�iZ^Zxl

gZ�debg�ih^�m]ehf�α��lh]^Z�m]he�ij_ehf-
e_gby�β�h^bgZdh\�^ey�\k_o�emq_c��Z�\k_�hklZevgu_�m]eu�±�nmgdpbb�β, θ��m]he�ijb�j_[j_�deb-
gZ��b�n��LZdbf�h[jZahf��emqb��\uoh^ysb_�ba�debgZ��lZd`_�iZjZee_evgu��Imklv�M b�N – lhqdb
i_j_k_q_gby�khhl\_lkl\mxsbo�hljZ`zggh]h�b�ij_ehfezggh]h�emq_c��dhlhju_��\hafh`gh��g_

e_`Zl�gZ�h^ghc�ijyfhc�k�lhqdhc�H��Ba�ih^h[by�lj_m]hevgbdh\�OC2D b�OA2<, OC1D b�OA1<

ihemqbf��qlh� 2 1

2 1

,
OC OCOD

OA OB OA
= = �ihwlhfm�b� 1 2 1

1 2 1

.
C C OC

A A OA
= �Ba�iZjZee_evghklb�emq_c�lj_m]hev-

gbdb� K1K2N b� A1A2M ih^h[gu�� ihwlhfm� 1 1 2 1

1 1 2 1

;
C N C C OC

A M A A OA
= = � ke_^h\Zl_evgh�� lj_m]hevgbdb

OC1N b� OA1M ih^h[gu� ih� ^\mf� klhjhgZf� b� m]em
f_`^m�gbfb��lh�_klv�m]eu�NOC1 b�MOA1 jZ\gu��Z�wlh
hagZqZ_l�� qlh� ijyfu_�OM b�ON kh\iZ^Zxl�� LZdbf
h[jZahf��bgl_jn_j_gpbhggZy�dZjlbgZ�jZkiheZ]Z_lky

\� iehkdhklb�� ijhoh^ys_c� q_j_a� j_[jh� debgZ�� ?keb

k\_l� iZ^Z_l� gZ� ihehkdm� i_j_f_gghc� lhesbgu�� lh�

hq_\b^gh�� bgl_jn_j_gpbhggZy� dZjlbgZ� g_� [m^_l

iehkdhc�� h^gZdh� hgZ� \kz� jZ\gh� g_�fh`_l� hdZaZlvky

ehdZebah\Zgghc�gZ�[_kdhg_qghklb�

>jm]hc�ijbf_j�ihehk�jZ\ghc�rbjbgu�±�dhevpZ

GvxlhgZ��\hagbdZxsb_�\hdjm]�lhqdb�khijbdhkgh\_-
gby�^\mo�ebga��beb�ebgau�b�ieZklbgdb���Ijb�gZ[ex-
^_gbb�gZ�hljZ`_gb_�emq�qZklbqgh�hljZ`Z_lky�hl�ih-
\_joghklb�h^ghc�ba�ebga��Z�qZklbqgh�±�ij_ehfey_l-
ky��Ij_ehfezgguc� emq� qZklbqgh� hljZ`Z_lky� hl� ih-
\_joghklb� \lhjhc� ebgau� b� \gh\v� ij_ehfey_lky� gZ

i_j\hc�ebga_��?keb�ijhkljZgkl\h�f_`^m�\uimdeufb

ebgaZfb� aZiheg_gh� \ha^mohf�� lh

( ) 0
1 2 .

2
n h h

λ∆ = + +
1 1

tg ,
2 2

r r

R R

ϕϕ ϕ ψ≈ = ⇒ ≈ ≈
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1 tgh r ψ= ≈
2

1

;
2

r

R
�ZgZeh]bqgh�

2

2
22

r
h

R
= ⇒  ∆ = 2 0

1 2

1 1
.

2
r

R R

λ 
= + + 

 
�H[jZah\Zgb_�lzfguo�dhe_p

±�bgl_jn_j_gpbhgguc�fbgbfmf� 0

1

2
m λ ∆ = + ⇒  

 1 2
0

1 2
m

R R
r m

R R
λ=

+
 – jZ^bmk�m-]h�lzfgh]h

dhevpZ�GvxlhgZ��Bgl_jn_j_gpbhggZy�dZjlbgZ�ehdZebah\ZgZ�gZ�[_kdhg_qghklb�

���Ihehku�jZ\gh]h�gZdehgZ��_keb�gZ�iezgdm�h^bgZdh\hc�lhesbgu�ih^�jZagufb�m]eZfb

iZ^Zxl�emqb�k\_lZ��lh�h[jZamxlky�ihehku�jZ\gh]h�gZdehgZ�±�^ey�jZaguo�m]eh\�iZ^_gby� �lh

_klv�jZaguo�β��fh]ml�j_Zebah\u\Zlvky�mkeh\by�fbgbfmfZ�beb�fZdkbfmfZ��Bgl_jn_j_gpbhg-
gZy�dZjlbgZ�ehdZebah\ZgZ�gZ�[_kdhg_qghklb�

���NhjfmeZ�;jw]]Z�<mevnZ:
Ijb�iZ^_gbb� emq_c�gZ� ^\mf_jgmx� maeh\mx� k_ldm� �fh^_ev� djbklZeebq_kdhc� j_rzldb�

gZ[ex^Z_lky� dZjlbgZ�� ZgZeh]bqgZy� bgl_jn_-
j_gpbb�emq_c��hljZ`zgguo�hl�^\mo�iZjZee_ev-
guo�ih\_joghkl_c�±�\�wlhf�kemqZ_�kj_^Z�\_a^_

h^gZ�b�lZ�`_��ihwlhfm�mkeh\b_�fZdkbfmfh\�aZ-
ibr_lky� dZd� 2 cos ,  .d m mα λ += ∈] � <� j_gl]_-

gh]jZnbb� h[uqgh� baf_jyxl� g_� m]he� iZ^_gby

emqZ�� Z� lZd� gZau\Z_fuc� m]he� kdhev`_gby

,
2

πθ α= − �ihwlhfm�mkeh\b_�fZdkbfmfh\� aZib-

r_lky� dZd� 2 sind mθ λ= � ±� nhjfmeZ� ;jw]]Z�

<mevnZ�� hkgh\gh_� khhlghr_gb_� j_gl]_ghkl-
jmdlmjgh]h�ZgZebaZ�

����Bgl_jn_j_gpbhggu_�dhfiZjZlhju��J_njZdlhf_lju�b�ki_dljZevgu_�ijb[hju�

J_njZdlhj� @Zf_gZ�� Ki_dljZevguc� ZiiZjZl� NZ[jb�I_jh�� Ijbgpbiu� Nmjv_�

ki_dljhkdhibb��Ij_^klZ\e_gb_�h�]heh]jZnbb�

1) Bgl_jn_j_gpbhggu_�f_lh^u�bkke_^h\Zgby��bgl_jn_j_gpbhggu_�dhfiZjZlhju:
Bgl_jn_j_gpbhggZy�dZjlbgZ�hij_^_ey_lky�lj_fy�iZjZf_ljZfb��λ, n�b�∆r��Ihwlhfm��agZy

^\Z�ba�ljzo�iZjZf_ljh\��fh`gh�hij_^_eblv�g_^hklZxsbc�±�gZ�wlhf�hkgh\Zgu�bgl_jn_j_gpb-
hggu_�f_lh^u�bkke_^h\Zgby.

K� ihfhsvx� bgl_jn_j_gpbhgguo� dhfiZjZlhjh\� hij_^_eyxl� ebg_cgu_� jZaf_ju� lh]h

beb�bgh]h�h[t_dlZ�ijb�ba\_klguo�λ�b�n��>ey�hij_^_e_gby�^ebgu�h[t_dlZ�_]h�ihf_sZxl�f_`-
^m�^\mfy�iehkdhiZjZee_evgufb�ieZklbgdZfb��dhlhju_�g_iZjZee_evgu�f_`^m�kh[hc�^ey�kha-
^Zgby�ihehk�jZ\ghc�lhesbgu��AZl_f�ih�k^\b]m�bgl_jn_j_gpbhgguo�ihehk�ih�kjZ\g_gbx� k

imklhc�h[eZklvx�beb�h[eZklvx��aZgylhc�wlZehghf��jZkkqblu\Zxl�^ebgm�h[t_dlZ�\�khhl\_lkl-
\mxs_f�baf_j_gbb��<�dZq_kl\_�wlZehgZ�[_jml�lsZl_evgh�hlrebnh\Zggu_�iehkdhiZjZee_ev-
gu_� ieZklbgdb��<hafh`gh� lZd`_� bkihevah\Zgb_�bgl_jn_jhf_ljZ�FZcd_evkhgZ� �kf�� ������ \

dZq_kl\_�bgl_jn_j_gpbhggh]h�dhfiZjZlhjZ� ±�h^gh�ba�[hdh\uo� a_jdZe� aZdj_iey_lky� �gZ�bk-
ke_^m_fhf�h[t_dl_�

2) J_njZdlhf_lj�@Zf_gZ:
J_njZdlhf_lj�±�bgl_jn_j_gpbhgguc�ijb[hj��iha\heyxsbc�ih�ba\_klguf�^ebg_�\hegu

b�jZaghklb�oh^Z�emq_c�hij_^_eblv�ihdZaZl_ev�ij_ehfe_gby�kj_^u�

<�j_njZdlhf_lj_�@Zf_gZ�emq�iZ^Z_l�gZ�iehkdhiZjZee_evgmx�kl_deyggmx�ieZklbgdm�b

jZa^_ey_lky�gZ�^\Z�emqZ��dhlhju_�ijhoh^yl�q_j_a�dx\_lu���b���k�jZagufb�\_s_kl\Zfb��AZl_f

emqb� \gh\v� ihiZ^Zxl� gZ� iehkdhiZjZee_evgmx� ieZklbgdm�� jZkiheh`_ggmx� ih^� g_dhlhjuf

m]ehf�d�i_j\hc��gZdeZ^u\Zxlky�b�bgl_jn_jbjmxl��h[jZamy�ihehku�jZ\ghc�lhesbgu��K^\b]
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wlbo�ihehk�ijb�aZiheg_gbb�h^ghc�ba�dx\_l�bk-
ke_^m_fuf� \_s_kl\hf� iha\hey_l� hij_^_eblv

ihdZaZl_ev� ij_ehfe_gby� ih� mjZ\g_gbx

( )2 1 ,n n l m λ∆ = − = ∆ ⋅ �]^_�l�±�^ebgZ�dx\_lu��∆m

±�qbkeh�ihehk��gZ�dhlhjh_�k^\bgmeZkv�bgl_jn_-
j_gpbhggZy�dZjlbgZ�

Hp_gbf�lhqghklv�j_njZdlhf_ljZ�@Zf_gZ�

_keb� ^ebgZ� dx\_l� l�  � �� kf�� ^ebgZ� \hegu� bk-
ihevam_fh]h�k\_lZ�λ� �����gf��Z�j_]bkljbjmx-

sbc�ijb[hj�nbdkbjm_l�k^\b]�gZ�∆m > 0.1 ihehku��lh� 610 ;
m

n
l

λ −∆ ⋅∆ = = �lhqghklv�fh`_l�[ulv

ih\ur_gZ�k�ihfhsvx�m^ebg_gby�dx\_l�beb�ih\ur_gby�qm\kl\bl_evghklb�j_]bkljbjmxs_]h

ijb[hjZ�

J_njZdlhf_ljbq_kdb_� bkke_^h\Zgby� iha\heyxl� hij_^_eylv�fhe_dmeyjgmx� j_njZdpbx

\_s_kl\Z�� jZkkqblu\Z_fmx� ih� nhjfme_�
2

2

1
;

2M

n M
R

n ρ
−=
+

� ih� nhjfme_� Ehj_gp�Ehj_gpZ

4
,

3M AR N
π α= �]^_�NA – qbkeh�iheyjbam_fuo�qZklbp�\�_^bgbp_�h[tzfZ��α�±�kh^_j`Zgb_�dhf-

ihg_glZ��F� ±�fheyjgZy�fZkkZ�� LZdbf� h[jZahf�� fhe_dmeyjgZy� j_njZdpby� ijhihjpbhgZevgZ

we_dljhgghc�iheyjbam_fhklb��Z�ihkdhevdm�we_dljhggZy�iheyjbam_fhklv�h[eZ^Z_l�k\hckl\hf

Z^^blb\ghklb��lh�b�fhe_dmeyjgZy�j_njZdpby�h[eZ^Z_l�l_f�`_�k\hckl\hf�

3) Ki_dljZevguc�ZiiZjZl�NZ[jb�I_jh:
Ki_dljZevguc� ZiiZjZl� NZ[jb�I_jh� khklhbl� ba

^\mo� iZjZee_evguo� kl_deygguo� �beb� d\Zjp_\uo�� ieZ-
klbg��\gmlj_ggb_�ih\_joghklb�dhlhjuo�ihdjulu�hljZ-
`Zxsbf�keh_f�k�dhwnnbpb_glhf�hljZ`_gby� r��<oh^y-
sbc� emq� [m^_l� fgh]hdjZlgh� hljZ`Zlvky� hl� ih\_jogh-
kl_c�ieZklbg��ihkl_i_ggh� l_jyy� wg_j]bx�ba�aZ� qZklbq-
gh]h� ijhoh`^_gby��Ijhoh^ysb_� emqb� bgl_jn_jbjmxl�

h[jZamy�bgl_jn_j_gpbhggmx�dZjlbgm��ehdZebah\Zggmx

gZ�[_kdhg_qghklb��Bgl_jn_j_gpbhggu_�fZdkbfmfu�^ey

\heg� jZaguo� ^ebg� [m^ml� jZa^_e_gu� ijhkljZgkl\_ggh�

ijbqzf�ba�aZ�[hevrh]h�dhebq_kl\Z�emq_c�jZaj_rZxsZy

kihkh[ghklv�hdZ`_lky�\ukhdhc�

Hp_gbf� jZaj_rZxsmx� kihkh[ghklv� ZiiZjZlZ

NZ[jb�I_jh�� bkihevamy� nhjfmem� ^ey� ^bnjZdpbhgghc

j_rzldb��kf���������R = mN. <�^Zgghf�kemqZ_�N�±�qbkeh�emq_c��\ur_^rbo�ba�ZiiZjZlZ��bgl_g-

kb\ghklv�N-]h�emqZ�\� r–2N jZa�f_gvr_�i_j\h]h��ihwlhfm� 1
ln

;
2 ln

NI
I

N
r

= �kqblZy�hlghr_gb_�bg-

l_gkb\ghkl_c�jZ\guf���
–2
��Z�r ~ 0.8 – 0.9��ihemqbf��qlh�N ~ 10 – 100. 

0

:m
λ
∆= �jZaghklv�oh^Z�±

wlh�m^\h_ggh_�jZkklhygb_�f_`^m�ieZklbgZfb� �~ 10 kf���ihwlhfm�m ~ 105 – 106. LZdbf�h[jZ-
ahf��

6 810 10 .R ≈ − �K\h[h^gmx�ki_dljZevgmx�h[eZklv�fh`gh�lZd`_�hp_gblv�ih�nhjfme_�^ey

j_rzldb�� ,
m

λλ∆ = � lh� _klv�\k_]h�
5 610 10  ,λ− −− �ihwlhfm�^Zgguc�ijb[hj�bkihevamxl�^ey�bk-

ke_^h\Zgby�lhgdhc�kljmdlmju�ki_dljh\�

4) Ij_^klZ\e_gb_�h�Nmjv_�ki_dljhkdhibb:
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Hkgh\ghc�qZklvx�Nmjv_�ki_dljhf_ljZ�y\ey_lky�bgl_jn_jhf_lj�FZcd_evkhgZ��emq�ih-
iZ^Z_l�gZ�kl_deyggmx�ieZklbgdm����qZklbqgh�hljZ`Zxsbc�k\_l�gZ�a_jdZeh����Z�qZklbqgh�ij_-
ehfeyxsbc�_]h�gZ� a_jdZeh� ���hljZ`zggu_�hl� a_jdZe�emqb�\gh\v�ihiZ^Zxl�gZ�ieZklbgdm� ��

hljZ`Zxlky�b�ihiZ^Zxl�\�j_]bkljbjmxs__�mkljhckl\h����Wlb�emqb�bf_xl�jZagu_�nZau�b�bg-
l_jn_jbjmxl��Imklv�bkoh^gh_�fhghojhfZlbq_kdh_�baemq_gb_��qZklhlu�ω��jZa^_ey_lky�gZ�^\_

h^bgZdh\u_� ih� wg_j]bb� khklZ\eyxsb_��
( )0 .
2

I ω
� Lh]^Z� j_]bkljbjm_fZy� bgl_gkb\ghklv� emqZ

( ) ( )( )0 1 cosI Iω ω ϕ= + ∆ � �kf�� ������� ?keb� \� gZqZev-

guc�fhf_gl�mklZgh\blv�a_jdZeZ���b���lZd��qlh�∆ϕ =
��� lh� ijb� ihklmiZl_evghf� i_j_f_s_gbb� h^gh]h� ba

a_jdZe� kh� kdhjhklvx� v ( ) ( )
4

r t
tϕ π

λ
∆

∆ = =

4 2
,

v t
vt

V

π ω
λ

=  ]^_�V�±�nZah\Zy�kdhjhklv�\hegu��fgh-

`bl_ev� �� h[mkeh\e_g� l_f�� qlh� jZaghklv� oh^Z� \� ^\Z

jZaZ� [hevr_� i_j_f_s_gby� a_jdZeZ���Ihwlhfm� j_]b-
kljbjmxs__� mkljhckl\h� aZnbdkbjm_l�gZebqb_�i_j_-

f_gghc� khklZ\eyxs_c� bgl_gkb\ghklb� ( )I t =�

( )0

2
cos ,  ]^_� �

v
I t

V
ω ωτ τ =

Ijb�ih^Zq_�gZ�bgl_jn_jhf_lj�\heg�g_kdhevdbo�qZklhl�bo�i_j_f_ggu_� khklZ\eyxsb_

bgl_gkb\ghklb�[m^ml�kdeZ^u\Zlvky��ihwlhfm�^ey�g_ij_ju\gh]h�ki_dljZ�fh`_l�[ulv�aZibkZg

kb]gZe� ( ) ( )
0

cosF I dτ ω ωτ ω
∞

= ∫ �±�h[jZlgh_�ij_h[jZah\Zgb_�Nmjv_�bkoh^gh]h�ki_dljZ��Ki_d-

ljZevguc�khklZ\�iZ^Zxs_]h�baemq_gby�fh`_l�[ulv�gZc^_g�k�ihfhsvx�ijyfh]h�ij_h[jZah-

\Zgby� Nmjv_�� ( ) ( )cos .I k F dω τ ωτ τ
+∞

−∞

= ∫ � Hkgh\gh_� ij_bfms_kl\h Nmjv_�ki_dljhf_ljh\� ±

\hafh`ghklv�h^gh\j_f_gghc�nbdkZpbb�\k_]h�ki_dljZ�p_ebdhf��Z�g_�hl^_evguo�qZkl_c�ki_d-
ljZ�dZd�\�h[uqguo�ki_dljZevguo�ijb[hjZo�

5) Ij_^klZ\e_gb_�h�]heh]jZnbb:
=heh]jZnby� ±�kihkh[�nbdkZpbb�h[tzfgh]h�bah[jZ`_-

gby�ij_^f_lZ��hkgh\Zgguc�gZ�y\e_gbb�bgl_jn_j_gpbb�\heg�

<� wlhf�f_lh^_�nbdkbjmxlky�dZd�Zfieblm^��qZklhlu�� lZd�b

jZaghklb�nZa�\heg��jZkk_ygguo�ij_^f_lhf��Ijb�ktzfd_�]h-
eh]jZffu�nbdkbjmxl�bgl_jn_j_gpbhggmx�dZjlbgm�f_`^m

emqZfb�bklhqgbdZ��hihjghc�\heghc��b�emqZfb��jZkk_yggufb

ij_^f_lhf� �kb]gZevghc� \heghc). =heh]jZffZ� ij_^klZ\ey_l
kh[hc�ieZklbgdm��ihdjulmx�nhlhwfmevkb_c��wfmevkbhgguc

kehc� iha\hey_l�nbdkbjh\Zlv�fbgbfmfu� b�fZdkbfmfu� bg-
l_jn_j_gpbhgghc�dZjlbgu��>ey� \hkklZgh\e_gby�bah[jZ`_-
gby�� aZnbdkbjh\Zggh]h� gZ� ]heh]jZff_�� _z� h[emqZxl� hihj-
ghc� \heghc�� khojZgyy� hjb_glZpbx� ieZklbgdb� ih� hlghr_-
gbx�d�imqdm��<hegu�^bnjZ]bjmxl�gZ�aZnbdkbjh\Zgghc�bg-
l_jn_j_gpbhgghc� dZjlbg_�� h[jZamy� ^\Z� bah[jZ`_gby� ±

fgbfh_��gZ�f_kl_�h[t_dlZ�ktzfdb��b�^_ckl\bl_evgh_�

Hkh[_gghklvx� ]heh]jZnbb� y\ey_lky� khojZg_gb_� ihe-
gh]h� bah[jZ`_gby� ex[uf� mqZkldhf� ]heh]jZffu�� ijb� \hk-
klZgh\e_gbb� bah[jZ`_gby� ih� qZklb� bkoh^ghc� ]heh]jZffu
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mf_gvrZ_lky�jZaj_r_gb_��gh�\hkijhba\h^blky�\_kv�kgyluc

h[t_dl�

<� ]heh]jZnbb�^ey� kha^Zgby�bgl_jn_j_gpbhgghc�dZj-
lbgu�lj_[mxlky�bklhqgbdb��baemq_gb_�dhlhjuo�bf__l�^hk-
lZlhqgh� [hevrb_� \j_fy� b� ^ebgm� dh]_j_glghklb�� Ihwlhfm

^ey� ihemq_gby� ]heh]jZff� bkihevamxl� eZa_ju�� h^gZdh� \

wlhf�kemqZ_�bah[jZ`_gb_�ihemqZ_lky�h^ghp\_lguf��Kms_-
kl\mxl�^\Z�imlb�ihemq_gby�p\_lguo�]heh]jZff��\h�i_j\uo�

bkihevah\Zgb_� eZa_jh\� k� baemq_gb_f� jZaguo� p\_lhf� �gZ-
ijbf_j��djZkgh]h��kbg_]h�b�a_ezgh]h���<h�\lhjuo��ktzfdZ�b

\hkklZgh\e_gb_�]heh]jZffu�\�[_ehf�p\_l_�±�\�wlhf�kemqZ_

ijbf_gyxl� lheklhkehcgu_�nhlhwfmevkbb�� ihwlhfm� bgl_j-
n_j_gpbhggu_�fZdkbfmfu�jZaguo�p\_lh\�ihiZ^Zxl�gZ�jZa-
gu_� ]em[bgu� wfmevkbb��H[jZam_lky� lZd� gZau\Z_fZy�ljzo-
f_jgZy�]heh]jZffZ�\�hlebqb_�hl�^\mf_jguo�]heh]jZff��ih-
emqZ_fuo�k�ihfhsvx�eZa_jh\�

����>bnjZdpby�\heg��Ijbgpbi�=xc]_gkZ�Nj_g_ey��F_lh^� ahg�Nj_g_ey��>bnjZd-
pby�\heg�gZ�djm]ehf�hl\_jklbb�b�djm]ehc�ij_]jZ^_��:fieblm^gZy�b�nZah\Zy� ahggu_

ieZklbgdb��>bnjZdpby�NjZmg]hn_jZ�gZ�s_eb��Mkeh\by�fZdkbfmfh\�b�fbgbfmfh\�^b-
njZdpbhgghc�dZjlbgu�

1) F_lh^�ahg�Nj_g_ey:
>bnjZdpby� \heg� ±� y\e_gb_� h]b[Zgby� \hegZfb� ij_iylkl\bc�� beb�� \� [he__� rbjhdhf

kfuke_��ex[h_�hldehg_gb_�hl�aZdhgh\�]_hf_ljbq_kdhc�hilbdb��kf��������

Ijbgpbi�=xc]_gkZ�Nj_g_ey�����ex[Zy�lhqdZ�gZ�\hegh\hc�ih\_joghklb�fh`_l�jZkkfZl-
jb\Zlvky� dZd� kZfhklhyl_evguc� bklhqgbd� kn_jbq_kdbo� \heg� �bo�gZau\Zxl� \lhjbqgufb); 2)
Zfieblm^Z�dhe_[Zgbc�\�ex[hc�lhqd_�ijhkljZgkl\Z�fh`_l�[ulv�gZc^_gZ�dZd�j_amevlZl�bgl_j-
n_j_gpbb�\lhjbqguo�\heg�

F_lh^� ahg�Nj_g_ey� khklhbl� \� \u^_-
e_gbb�gZ� \hegh\hc�ih\_joghklb� lZdbo� h[-
eZkl_c�� qlh� jZaghklv� oh^Z� emq_c�� baemqZ_-
fuo� khk_^gbfb� ahgZfb�� khklZ\ey_l� λ/2.
JZkkfhljbf� kemqZc� iZ^_gby� iehkdhc� \he-
gu�gZ�wdjZg��Ijh\_^zf�hdjm`ghklv�jZ^bm-
kZ�H:�k�p_gljhf�\�lhqd_�:; <�±�lhqdZ�i_j_-
k_q_gby�wlhc�hdjm`ghklb�b�ijyfhc�:K. AD
±� i_ji_g^bdmeyj� d� ohj^_�BO�� Lh]^Z� m]eu
OAD b� BOC� jZ\gu�� ihwlhfm� �OC OA� )

.
OD BC

OA OC
≈  OC = rm, OA = l, ;

2 2
mrOC

OD ≈ ≈

BC = Z�±�jZaghklv�oh^Z�emq_c��ijboh^ysbo�\�lhqdm�:�ba�H�b�K (:< = :H���LZdbf�h[jZahf�

2 ;
2

r a
r al

l r
≈ ⇒ ≈ � lhqdZ� K� ±� \g_rgyy� ]jZgbpZ� m-hc� ahgu� Nj_g_ey�� ihwlhfm

.
2 m

m
a r m l

λ λ= ⇒ =

>Ze__�jZkkfhljbf�kemqZc�^bnjZdpbb�gZ� lhf�`_� wdjZg_�\hegu��bkimkdZ_fhc�bklhqgb-
dhf��gZoh^ysbfky�gZ�ijyfhc�H:��JZaghklv�oh^Z��gZ[bjZ_fZy�emqZfb��ijboh^ysbfb�\�lhqdm

K��^h�wdjZgZ�fh`_l�[ulv�\uqbke_gZ�ZgZeh]bqgh�ij_^u^ms_fm�kemqZx��
2

,
2

mrr
L

∆ = �]^_�L�±�jZk-
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klhygb_�hl�bklhqgbdZ�^h�wdjZgZ��Lh]^Z�
2

* *1 1
,  ]^_� �

2 2
m

m

r m lL
r m l l

l L l L

λ λ + = ⇒ = =  + 
IehsZ^v m�hc� ahgu�Nj_g_ey� ( )2 2 *

1m m mS r r lπ πλ−= − = � ±�g_� aZ\bkbl� hl�ghf_jZ� ahgu�� lh

_klv�\k_�ahgu�Nj_g_ey�bf_xl�h^bgZdh\u_�iehsZ^b�

AZf_qZgb_��jZ^bmku�ahgu�Nj_g_ey�gZc^_gu�[_ahlghkbl_evgh�d�iheh`_gbx�hl\_jklby�b

aZ\bkyl�lhevdh�hl�iheh`_gby�lhqdb�gZ�wdjZg_��p_glj�ahg�Nj_g_ey�\k_]^Z�gZoh^blky�©gZijh-
lb\ª�lhc�lhqdb��^ey�dhlhjhc�wlb�ahgu�ihkljh_gu��khhl\_lkl\_ggh��ijb�i_j_f_s_gbb�ba�h^ghc

lhqdb�wdjZgZ�\�^jm]mx�ahgu�Nj_g_ey�k^\bgmlky�\�lhf�`_�gZijZ\e_gbb�

2) >bnjZdpby�\heg�gZ�djm]ehf�hl\_jklbb�b�djm]ehc�ij_]jZ^_:
Ijb� kha^Zgbb�\� wdjZg_�djm]eh]h�hl\_jklby�^ey� lhq_d��jZkih-

eh`_gguo�\^hev�hkb�hl\_jklby��©hldjuluª�dZdb_�lh�ahgu�Nj_g_ey�

Bgl_gkb\ghklv� k\_lZ� \� lZdbo� lhqdZo�fh`_l� [ulv� gZc^_gZ� k� ihfh-
svx�f_lh^Z�\_dlhjguo�^bZ]jZff��jZah[tzf�dZ`^mx� ahgm�Nj_g_ey

gZ�fZeu_�dhevpZ��lh]^Z�\_dlhj�?�hl�dZ`^h]h�ba�lZdbo�dhe_p�[m^_l

ihkl_i_ggh� ih\hjZqb\Zlvky� �m\_ebqb\Z_lky� jZaghklv� oh^Z��� ©ih-
ke_^gbcª�\_dlhj�i_j\hc�ahgu�Nj_g_ey�[m^_l�bf_lv�jZaghklv�nZa�π�k
i_j\uf��ihwlhfm�j_amevlbjmxsZy�Zfieblm^Z�hl�i_j\hc�ahgu�Nj_-
g_ey�khklZ\bl��?��]^_�?�±�jZ^bmk�hdjm`ghklb.�Ijb�ZgZeh]bqghf�ih-
kljh_gbb� ^ey� \lhjhc� ahgu�Nj_g_ey� ©ihke_^gbcª� \_dlhj� ijb^zl� \

lhqdm�� e_`Zsmx� qmlv� gb`_� gZqZevghc�� ihkdhevdm� bgl_gkb\ghklv

ihkl_i_ggh� mf_gvrZ_lky� �bgl_gkb\ghklv� baemq_gby� lhq_qgh]h� bk-

lhqgbdZ�ijhihjpbhgZevgZ� 2

1
).

r
�J_amevlbjmxsZy�bgl_gkb\ghklv�hl

i_j\hc�b�\lhjhc�ahg�Nj_g_ey�hdZ`_lky�[ebadhc�d�gmex��Ijh\h^y�lZdb_�`_�ihkljh_gby�^ey

ke_^mxsbo�ahg�Nj_g_ey��fh`gh�ihemqblv��qlh�ijb�hldjulbb�g_qzlgh]h�qbkeZ�ahg�Nj_g_ey�\

p_glj_�bkke_^m_fhc�dZjlbgu�[m^_l�gZ[ex^Zlvky�k\_leh_�iylgh��Z�ijb�hldjulbb�qzlgh]h�qbk-
eZ�ahg�±�lzfgh_��Ijb�hldjulbb�\k_o�ahg�Nj_g_ey�kibjZev�ihkl_i_ggh�khc^zlky�d�k\hzfm�p_g-
ljm�� j_amevlbjmxsZy� Zfieblm^Z� khklZ\bl� E, Z� bgl_gkb\ghklv� ±� I; ijb� wlhf� j_Zebam_lky
h[uqgh_�ijhoh`^_gb_� k\_lZ�� lh� _klv� I = I 0. Ihwlhfm� ijb� hldjulbb� g_[hevrh]h�g_qzlgh]h

qbkeZ�ahg�Nj_g_ey�ijhbahc^zl�mkbe_gb_�k\_lZ�\�p_glj_�^bnjZdpbhgghc�dZjlbgu�±�bgl_gkb\-
ghklv�khklZ\bl��I0.

>ey�lhq_d��g_�e_`Zsbo�gZ�hkb�hl\_jklby��[m^ml�hldjulu�g_�\ky�i_j\Zy��gh�aZlh�qZklb

^jm]bo�ahg�Nj_g_ey��ihwlhfm�\hdjm]�p_gljZevgh]h�iylgZ��k\_leh]h�beb�lzfgh]h��[m^ml�\ha-
gbdZlv�dhevpZ��Ijb�^bnjZdpbb�[_eh]h�k\_lZ�dZjlbgZ�klZg_l�p\_lghc��ihkdhevdm�jZ^bmku�ahg

Nj_g_ey�jZaebqgu�^ey�jZaguo�^ebg�\heg�

Y\e_gb_�^bnjZdpbb�Nj_g_ey�gZ�djm]ehf�hl\_jklbb�bkihevamxl�^ey� kha^Zgby� ahgguo

ieZklbghd��<� Zfieblm^guo� ahgguo� ieZklbgdZo� qzlgu_� ahgu�Nj_g_ey� aZl_fg_gu�� ihwlhfm

bgl_gkb\ghklv� \� p_glj_� ^bnjZdpbhgghc� dZjlbgu� \h�fgh]h� jZa� [hevr_� bgl_gkb\ghklb� iZ-
^Zxs_]h�k\_lZ��<�nZah\hc�ahgghc�ieZklbgd_�gZ�f_kl_�qzlguo�ahg�Nj_g_ey�\uj_aZgu�ihehku

lZd��qlh�ijhoh^ysbc�q_j_a�gbo�k\_l�gZ[bjZ_l�^hihegbl_evgmx�jZaghklv�oh^y�λ/2 ih�kjZ\g_-
gbx� k� emqZfb��ijhr_^rbfb� q_j_a�g_qzlgu_� ahgu��<� wlhf� kemqZ_� \_kv� k\_l�� iZ^Zxsbc� gZ

ieZklbgdm�� kh[bjZ_lky� \� p_glj_� ^bnjZdpbhgghc� dZjlbgu�� ahggu_� ieZklbgdb� jZ[hlZxl� dZd

kh[bjZxsb_�ebgau��Hkgh\guf�g_^hklZldhf�lZdbo�ebga�y\ey_lky�ojhfZlbq_kdZy�Z[_jjZpby –
ieZklbgdZ�kh[bjZ_l�lhevdh�fhghojhfZlbq_kdbc�k\_l�k�hij_^_ezgghc�^ebghc�\hegu�b�g_ijb-
]h^gZ�^ey�nhdmkbjh\Zgby�[_eh]h�k\_lZ�

Ijb�^bnjZdpbb�gZ�djm]ehf�ij_iylkl\bb�i_j\u_�ahgu�Nj_g_ey�hdZau\Zxlky�aZdjulu-
fb��Z�\�p_glj_�^bnjZdpbhgghc�dZjlbgu�\k_]^Z�bf__lky�k\_leh_�iylgh��iylgh�ImZkkhgZ���ih-
kdhevdm�lm^Z�ijboh^bl�k\_l�hl�\k_o�g_aZdjuluo�ahg�Nj_g_ey��kha^Z\Zy��ijb�fZeuo�jZaf_jZo

ij_iylkl\by��bgl_gkb\ghklv�~ I0.�<hdjm]�iylgZ�ImZkkhgZ�h[jZamxlky�lzfgu_�b�k\_leu_�dhev-
pZ�±�dZd�b�ijb�^bnjZdpbb�gZ�djm]ehf�hl\_jklbb�
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3) >bnjZdpby�NjZmg]hn_jZ�gZ�s_eb:
>bnjZdpby�NjZmg]hn_jZ�±�^bnjZdpby�

gZ[ex^Z_fZy�\�iZjZee_evguo�emqZo�

Imklv�gZ�s_ev�rbjbgu�b iZ^Z_l�fhgh-
ojhfZlbq_kdbc� k\_l� k� bgl_gkb\ghklvx� I0,
khhl\_lkl\mxs_c� Zfieblm^_� dhe_[Zgbc�E0.
Lh]^Z�gZ�mqZklhd�s_eb�^ebghc�dx ijboh^bl-

ky� Zfieblm^Z� 0 .
E

E dx
b

= �GZc^zf� mjZ\g_gb_

dhe_[Zgbc�\heg��jZkk_ygguo�ih^�m]ehf�ϕ��hl

mqZkldZ� s_eb� ( )0 cos sin
E

E dx t kx
bϕ ω ϕ= − ,

hl� \k_c�s_eb� ( )0

0

cos sin
b E

E t kx dx
b

ω ϕ= − =∫

( )( )0 sin sin sin
sin

E
t kb t

bk
ω ϕ ω

ϕ
−= − − =

02 sin sin
sin cos

sin 2 2

E kb kb
t

kb

ϕ ϕω
ϕ

 = − =  
 ( )0 sin cos ,

E
tα ω α

α
= − � ]^_�

sin sin
.

2

kb bϕ π ϕα
λ

= =

LZdbf�h[jZahf��bgl_gkb\ghklv�emq_c��kh[bjZ_fuo�ebgahc�gZ�wdjZg� ( )
2

0 2

sin
.I I

αϕ
α

=

Fbgbfmfu� ^hklb]Zxlky� ijb� ( ) minsin 0  0 sin ,  .
m

m m m
b

λα α π ϕ= ⇒ = ≠ ⇒ = ∈]  FZd-

kbfmfu�^hklb]Zxlky�ijb�sin 1α = ⇒  
( )

max

2 1
 ( 1,0) sin .

2 2

m
m m

b

λπα π ϕ
+

= + ≠ − ⇒ = �Ijb�α = 0

�lh� _klv� ϕ�  � ��� j_Zebam_lky� p_gljZevguc� �gme_\hc�� fZdkbfmf�� \� wlhf� kemqZ_

0
0cos cos ,

E
E t dx E E t

bϕ ω ω= ⋅ ⇒ = 0.I I=

AZf_qZgby�� ��� ijb� bkke_^h\Zgbb� ^b-
njZdpbb� NjZmg]hn_jZ� bkihevah\Zehkv

k\hckl\h�lZmlhojhgbafZ�ebgau� �ebgaZ�g_

\ghkbl�^hihegbl_evghc�jZaghklb�oh^Z�^ey

ijhoh^ysbo� q_j_a� g_z� emq_c��� ��� ^bnjZd-
pbhggZy� dZjlbgZ� hij_^_ey_lky� lhevdh� m]-
ehf�ϕ��ihwlhfm�gZ�g_z�g_� \eby_l�iheh`_-
gb_�ebgau�

���� DeZkkbnbdZpby� \hegh\uo� y\e_gbc� �^bnjZdpby�Nj_g_ey� beb�NjZmg]hn_jZ�

]_hf_ljbq_kdZy� hilbdZ���Jhev� ^bnjZdpbb� \�nhjfbjh\Zgbb� hilbq_kdbo� bah[jZ`_gbc�

Mkeh\by�jZaj_r_gby�[ebadbo�h[t_dlh\�hilbq_kdbfb�ijb[hjZfb�

1) DeZkkbnbdZpby�\hegh\uo�y\e_gbc:
JZkkfhljbf�ijhoh`^_gb_�k\_lZ�q_j_a�s_ev�rbjbgu�b�\�wdjZg_��<�lhqdm�k�dhhj^bgZlhc

x0 ihiZ^Zxl��\�qZklghklb��emqb�hl�djZz\�s_eb�� 0
1tg ,

x b

l
ϕ +=  0

2tg .
x

l
ϕ = �?keb�^bnjZdpby�gZ-

[ex^Z_lky� \� iZjZee_evguo� emqZo� �^bnjZdpby� NjZmg]hn_jZ��� lh� 1 2,ϕ ϕ≈ � ihwlhfm� 0 .x b�
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>Zggh_� mkeh\b_� ^he`gh� \uihegylvky� ^ey

iheh`_gby� i_j\h]h� fbgbfmfZ�

min minsin ,
l

x l
b

λϕ≈ = � ]^_� l – jZkklhygb_� ^h

wdjZgZ�� LZdbf� h[jZahf�� g_h[oh^bfuf� b

^hklZlhqguf� mkeh\b_f� gZ[ex^_gby� ^b-
njZdpbb� NjZmg]hn_jZ� y\ey_lky� mkeh\b_

2
1.

l

b

λ
� � Ba� wlh]h� mkeh\by� ke_^m_l�� qlh

,b lλ� �lh�_klv�hldjulZ�g_[hevrZy�qZklv

i_j\hc�ahgu�Nj_g_ey�

>ey�gZ[ex^_gby�^bnjZdpbb�\�kdj_sb\Zxsboky�emqZo��gZau\Z_fhc�^bnjZdpb_c�Nj_g_-

ey�� lj_[m_lky�� qlh[u�ϕ1�ϕ2�� lh� _klv�
2

0 1;
l

x b
b

λ∞ ⇒ ∞ � \� wlhf� kemqZ_� hldjulu� g_kdhevdh� ahg

Nj_g_ey��?keb�`_�i_j\uc�fbgbfmf�gZoh^blky�\[ebab�p_gljZ�wdjZgZ�
2

0 1 ,
l

x b
b

λ 
⇒ 

 
� � �lh

^bnjZdpbhggZy� dZjlbgZ� g_� gZ[ex^Z_lky� ±� j_Zebam_lky� kemqZc� ]_hf_ljbq_kdhc� hilbdb,
ij_^iheZ]Zxs_c�ijyfhebg_cgh_�jZkijhkljZg_gb_�k\_lZ�±�hldjulh�hq_gv�fgh]h�ahg�Nj_g_ey�

2) JZaj_r_gb_�[ebadbo�h[t_dlh\�hilbq_kdbfb�ijb[hjZfb:
Ih� aZdhgZf�]_hf_ljbq_kdhc�hilbdb�ijb�ihiZ^Zgbb�emq_c�gZ�h[t_dlb\� �\�ijhkl_cr_f

kemqZ_�hg�ij_^klZ\ey_l�kh[hc�s_ev�b�klhysmx�aZ�g_c�ebgam��hilbq_kdh]h�ijb[hjZ�\k_�ijh-
oh^ysb_�emqb�iZjZee_evgu�b�kh[bjZxlky�\�lhqdm�gZ�wdjZg_��hdmeyj_��nhlhiezgd_���<�j_Zev-
ghklb�\k_]^Z�ijhbkoh^bl�^bnjZdpby�emq_c�gZ�s_eb��ihwlhfm�bah[jZ`_gb_f�bklhqgbdZ�y\ey-

_lky�iylgh�m]eh\hc�ihemrbjbgu� ,
d

λϕ = �]^_�d�±�rbjbgZ�h[t_dlb\Z��Ke_^h\Zl_evgh��^\Z�h[t-

_dlZ��gZoh^ysb_ky�gZ�jZkklhygbb�D�^jm]�hl�^jm]Z�b�L�hl�ijb[hjZ��[m^ml�jZaj_r_gu��_keb�m]-
eh\h_� jZkklhygb_� f_`^m� gbfb� ij_\ukbl� m]eh\mx� rbjbgm� bah[jZ`_gbc� h[t_dlh\�

.
D

L d

λβ ϕ≈ > = �Ihwlhfm�mkeh\b_�jZaj_r_gby�^\mo�h[t_dlh\��gZoh^ysboky�gZ�jZkklhygbb�L

hl�ijb[hjZ�� .
L

D
d

λ> �>Zggh_�mkeh\b_�hagZqZ_l�ihl_jx�dh]_j_glghklb�emqZfb�hl�^\mo�h[t_d-

lh\��kf�������� ,k

L
d r

D

λ> = �qlh�aZdhghf_jgh��ihkdhevdm�dh]_j_glgu_�emqb�hl�^\mo�bklhqgbdh\

bgl_jn_jbjmxl�b�g_�fh]ml�[ulv�jZaj_r_gu�

Mkeh\b_� i_j\h]h� fbgbfmfZ� ijb� ^bnjZdpbb� NjZmg]hn_jZ� gZ� djm]ehf� hl\_jklbb

1.22 , ihwlhfm�mkeh\b_�jZaj_r_gby�� ���� �
L

D
d d

λ λϕ ≈ >

���� >bnjZdpbhggZy� j_rzldZ�� =eZ\gu_� b� ^hihegbl_evgu_� fZdkbfmfu� b

fbgbfmfu� ^bnjZdpbhgghc� dZjlbgu�� OZjZdl_jbklbdb� ^bnjZdpbhgghc� j_rzldb� dZd

ki_dljZevgh]h�ZiiZjZlZ��k\h[h^gZy�ki_dljZevgZy�h[eZklv��m]eh\Zy�b�ebg_cgZy�^bki_j-
kbb�� jZaj_rZxsZy� kihkh[ghklv�� Djbl_jbc� Jwe_y� jZaj_r_gby� ^\mo� [ebadbo

ki_dljZevguo�ebgbc�

1) >bnjZdpby�k\_lZ�gZ�h^ghf_jghc�j_rzld_:
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JZkkfhljbf�^bnjZdpbx�k\_lZ�gZ�kbkl_f_�iZjZee_evguo�s_e_c��jZkklhygby�f_`^m�dh-
lhjufb� h^bgZdh\u� �h^ghf_jgZy� ^bnjZdpbhggZy� j_rzldZ���RbjbgZ�s_e_c� jZ\gZ�b�� Z� gZb-
f_gvrbc�i_jbh^�ih\lhjy_fhklb��i_jbh^�j_rzldb) – d. GZ�j_rzldm�ghjfZevgh�iZ^Z_l�iZjZe-
e_evguc�imqhd�k\_lZ�� lh]^Z�gZ�dZ`^hc�s_eb�ijhbkoh-
^bl� ^bnjZdpby� \� iZjZee_evguo� emqZo� �kf�� ������� >b-
njZdpbhggZy�dZjlbgZ�±�j_amevlZl�keh`_gby�dhe_[Zgbc�

ijboh^ysbo� hl� dZ`^hc� ba� s_e_c� �jZaghklv� oh^Z� ^ey

emq_c� hl� khk_^gbo�s_e_c�dsinϕ). Ihwlhfm� aZ^ZqZ� k\h-
^blky�d�keh`_gbx N (h[s__�qbkeh�s_e_c��dhe_[Zgbc�k

h^bgZdh\ufb� Zfieblm^Zfb� b� jZagufb� nZaZfb�� <hk-
ihevam_fky�f_lh^hf� \_dlhjguo�^bZ]jZff�� dhgpu� \_d-
lhjh\�E1, …, EN e_`Zl�gZ�h^ghc�hdjm`ghklb��ihwlhfm

1 .
2sin

2

E
OA OB ϕ= = ∆  α = 2π – N⋅∆ϕ, ihwlhfm

1

sin
22 sin .

2 sin
2

N

E OA E

ϕ
α

ϕ

∆

= = ∆ �Ba������
2

1 0 2

sin
,E E

α
α

= �ih-

wlhfm�\�blh]_� 0

sin sin
sin sin

;
sin sin

sin

b Nd

E E
b d

π ϕ π ϕ
λ λ

π ϕ π ϕ
λ λ

=  

2 2

0 2
2

sin sin
sin sin

.
sinsin sin

b Nd

I I
db

π ϕ π ϕ
λ λ

π ϕπ ϕ
λλ

=
 
  

Hij_^_ebf� iheh`_gby� ^bnjZdpbhgguo� fZdkbfmfh\� b� fbgbfmfh\�� ijb� \uiheg_gbb

mkeh\by� fbgbfmfZ� ^ey� dZ`^hc� ba�s_e_c� \hagbdZxl� lZd� gZau\Z_fu_� ]eZ\gu_� fbgbfmfu:

{ }sin
sin ,  \ 0 .

b m
m m

b

π ϕ λπ ϕ
λ

= ⇒ = ∈]  =eZ\gu_� ^bnjZdpbhggu_� fZdkbfmfu� \hagbdZxl� \

kemqZ_�k^\b]Z�nZa�πn�^ey�khk_^gbo�s_e_c�� sin sin ,  
n

d n n
d

λϕ λ ϕ= ⇒ = ∈] ��wlh�mkeh\b_�khhl-

\_lkl\m_l�jZ\_gkl\m�gmex�qbkebl_ey�b�agZf_gZl_ey�\h�\lhjhc�^jh[b�\ujZ`_gby�^ey�I��ij_^_e

nmgdpbb�I(ϕ)�hij_^_ey_l�bgl_gkb\ghklv�]eZ\guo�fZdkbfmfh\: 
2

2
0 sin ).n

Nd nb
I I

nb d

π
π

 =   
�Qbk-

eh�n gZau\Z_lky�ihjy^dhf�]eZ\gh]h�fZdkbfmfZ��<�p_glj_�^bnjZdpbhgghc�dZjlbgu�gZoh^blky
fZdkbfmf�gme_\h]h�ihjy^dZ��i_j_oh^y�d�ij_^_em�\�\ujZ`_gbb�^ey�I, ihemqbf��qlh�bgl_gkb\-
ghklv�]eZ\gh]h�fZdkbfmfZ�

2
0.I N I= �Hq_\b^gh��qlh�ijb�kh\iZ^_gbb�iheh`_gbc�]eZ\guo�fb-

gbfmfh\�b�fZdkbfmfh\� �wlh�\hafh`gh�� _keb�hlghr_gb_�i_jbh^Z�j_rzldb�b�rbjbgu�s_eb

_klv�jZpbhgZevgZy�^jh[v��\hagbdZ_l�fbgbfmf�

Mkeh\b_� fZdkbfmfZ� beb� fbgbfmfZ� ^ey

sin
sin

Ndπ ϕ
λ

� hij_^_ey_l� \hagbdgh\_gb_� ^hihegb-

l_evguo� fbgbfmfh\� b� fZdkbfmfh\�� fbgbfmfu� ijb

sin ,  ; , ;
p

p mN m p
Nd

λϕ = ≠ ∈] � fZdkbfmfu� ijb

( )1
2sin .

p

Nd

λ
ϕ

+
= �LZdbf� h[jZahf��f_`^m� khk_^gbfb

]eZ\gufb� fZdkbfmfZfb� \hagbdZ_l� �N� ±� ��� ^hihegb-
l_evguo�fbgbfmfh\�b��N�±����^hihegbl_evguo�fZdkbfmfh\��Wlh�iha\hey_l�\uqbkeblv�m]eh-
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\mx�rbjbgm�]eZ\guo�fZdkbfmfh\: 
2

.
cosn

nNd

λϕ
ϕ

∆ ≈

GZdehggh_�iZ^_gb_�emq_c�gZ�^bnjZdpbhggmx�j_rzldm� �ih^� m]ehf�θ��fh`gh�ij_^klZ-
\blv�dZd�ghjfZevgh_�iZ^_gb_�gZ�gZdehggmx�^bnjZdpbhggmx�j_rzldm�k�i_jbh^hf�dcosθ; ^b-
njZdpbhggZy�dZjlbgZ�\�wlhf�kemqZ_�ZgZeh]bqgZ�dZjlbg_��\hagbdZxs_c�ijb�ghjfZevghf�iZ-
^_gbb�emq_c�

2) OZjZdl_jbklbdb�^bnjZdpbhgghc�j_rzldb�dZd�ki_dljZevgh]h�ZiiZjZlZ:
Iheh`_gby�fZdkbfmfh\� ^bnjZdpbhgghc� dZjlbgu� gZ� h^ghf_jghc� j_rzld_� aZ\bkyl� hl

^ebgu�\hegu��ihwlhfm�ijb�iZ^_gbb�gZ�j_rzldm�[_eh]h�k\_lZ�lhevdh�p_gljZevguc�fZdkbfmf

y\ey_lky�[_euf�� Z�\k_�hklZevgu_�hdjZr_gu� ±�j_rzldZ�fh`_l�[ulv�bkihevah\ZgZ�dZd� ki_d-
ljZevguc�ZiiZjZl.

K\h[h^gZy�ki_dljZevgZy�h[eZklv�ki_dljZ�m-]h�ihjy^dZ�±�h[eZklv�ki_dljZ�m-]h�ihjy^dZ�
g_�gZdeZ^u\ZxsZyky�gZ�ki_dlju�^jm]bo�ihjy^dh\��Imklv�gZ�j_rzldm�iZ^Zxl�\hegu�k�^ebgZ-
fb�hl�λ�^h�λ + ∆λ��lh]^Z�mkeh\b_�©g_gZeh`_gbyª�ki_dljh\�m-]h��(m – 1)-]h�b�(m + 1)-]h�ih-

jy^dh\�� ( )( ) ( ) ( )1 ;  1 ,m m m m
m

λλ λ λ λ λ λ λ− + ∆ < + ∆ < + ⇒ ∆ < �ihwlhfm�k\h[h^gZy�ki_dljZev-

gZy�h[eZklv�ki_dljZ�m-]h�ihjy^dZ� ;c m

λλ∆ = �^ey�ki_dljZ�gme_\h]h�ihjy^dZ��m = 0) .cλ∆ = ∞

M]eh\Zy�^bki_jkby�±�m]eh\h_�jZkklhygb_�f_`^m�ki_dljZevgufb�ebgbyfb��^ebgu�\heg

^ey� dhlhjuo� jZaebqZxlky� gZ� �� Å. .
d

D
dϕ

ϕ
λ

= �Ijh^bnn_j_gpbjm_f� mkeh\b_� \hagbdgh\_gby

]eZ\gh]h�fZdkbfmfZ�m-]h� ihjy^dZ� sin cos .
cos

m
d m d d md D

dϕϕ λ ϕ ϕ λ
ϕ

= ⇒ = ⇒ = �Ijb�fZ-

euo�m]eZo�ϕ�bkihevamxl�ijb[eb`zggmx�nhjfmem� .
m

D
dϕ ≈

Ebg_cgZy� ^bki_jkby� ±� ebg_cgh_� jZkklhygb_� f_`^m� ki_dljZevgufb� ebgbyfb�� ^ebgu

\heg�^ey�dhlhjuo�jZaebqZxlky�gZ���Å. .x

dx
D

dλ
= �Ijb�fZeuo�m]eZo� ,dx Fdϕ≈ �]^_�F�±�nhdmk-

gh_�jZkklhygb_�kh[bjZxs_c�ebgau��ihwlhfm� .xD FDϕ≈
JZaj_rZxsZy�kihkh[ghklv�±�hlghr_gb_�baf_jy_fhc�^ebgu�\hegu�d�fbgbfZevghc�jZa-

gbp_�^ebg�\heg��jZaj_rZ_fhc�^Zgguf�ijb[hjhf��Kh]eZkgh�djbl_jbx�Jwe_y�^\_�\hegu��^eb-
gu�dhlhjuo�jZaebqZxlky�gZ�δλ�fh]ml�[ulv�jZaj_r_gu�\�kemqZ_��_keb�fZdkbfmf�^ey�h^ghc�ba

gbo�kh\iZ^Z_l�k�fbgbfmfhf�^ey�^jm]hc��lh�_klv� ( )min min

1
,m m

N mN

λλ δλ λ δλ + = + ⇒ =  
�ih-

wlhfm�jZaj_rZxsZy�kihkh[ghklv�^bnjZdpbhgghc�j_rzldb�\�ki_dlj_�m�]h�ihjy^dZ� .R mN=
LZdbf�h[jZahf��jZaj_rZxsZy�kihkh[ghklv�j_rzldb�m\_ebqb\Z_lky�k�m\_ebq_gb_f�qbkeZ�s_-
e_c��h^gZdh�g_h]jZgbq_ggh_�m\_ebq_gb_�qbkeZ�s_e_c�g_\hafh`gh�ba�aZ�ihl_jb�dh]_j_glgh-
klb�^bnjZ]bjh\Z\rbo�emq_c�

����IheyjbaZpby�\heg��Ijhoh`^_gb_�_kl_kl\_ggh]h�b�iehkdh�iheyjbah\Zggh]h�k\_-
lZ�q_j_a�b^_Zevguc�b�g_b^_Zevguc�iheyjhb^u��AZdhg�FZexkZ��Kl_i_gv�iheyjbaZpbb

\heg�� IheyjbaZpby� \heg� ijb� ba[bjZl_evghf� ih]ehs_gbb�� AZdhg� ;m]_jZ�EZf[_jlZ�

;_jZ�

1) IheyjbaZpby�\heg:
IheyjbaZpby�\hegu�±�gZjmr_gb_�kbff_ljbb�jZkij_^_e_gby�\hafms_gbc�hlghkbl_evgh

gZijZ\e_gby�jZkijhkljZg_gby�\hegu��Hq_\b^gh��qlh�iheyjbaZpby�\hafh`gZ� lhevdh�^ey�ih-
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i_j_qguo�\heg� �kf��������we_dljhfZ]gblgu_�\hegu�©ZgZeh]bqguª�ihi_j_qguf� �gZijZ\e_gb_

dhe_[Zgbc�i_ji_g^bdmeyjgh� d� kdhjhklb��� ihwlhfm� hgb� lZd`_�fh]ml� [ulv� iheyjbah\Zgu��<

\hegZo��bkimkdZ_fuo�bklhqgbdZfb�k\_lZ��gZijZ\e_gb_�dhe_[Zgbc�\_dlhjZ�?�g_mihjy^hq_ggh�

lZdhc� ±�g_iheyjbah\Zgguc� ±�k\_l�gZau\Z_lky�_kl_kl\_gguf��Ijhkl_crbf�ijbf_jhf�ihey-
jbaZpbb�y\ey_lky�ijhoh`^_gb_� mijm]bo�ihi_j_qguo�\heg� �dhe_[Zgbc�\_jz\db�beb� kljmgu�

q_j_a�madmx�s_ev��

<u^_eyxl� weebilbq_kdmx� iheyjbaZpbx� \hegu� �dhg_p� \_dlhjZ�?� hibku\Z_l� weebik� \

iehkdhklb��i_ji_g^bdmeyjghc�d�gZijZ\e_gbx�jZkijhkljZg_gby�\hegu��b�_z�qZklgu_�kemqZb�±

pbjdmeyjgmx� iheyjbaZpbx� �weebik� \ujh`^Z_lky� \� djm]�� b� ebg_cgmx� �iehkdmx�� iheyjbaZ-
pbx��weebik�\ujh`^Z_lky�\�ijyfmx���<�ihke_^g_f�kemqZ_�iehkdhklv��ijhoh^ysZy�q_j_a�\_d-
lhj�?�b�gZijZ\e_gb_�jZkijhkljZg_gby�emqZ�gZau\Z_lky�iehkdhklvx�iheyjbaZpbb.

Dhebq_kl\_gghc� oZjZdl_jbklbdhc� iheyjbaZpbb� \heg� kem`bl� kl_i_gv� iheyjbaZpbb:

max min

max min

,
I I

P
I I

−=
+

�]^_�Imax b�Imin – fZdkbfZevgZy�b�fbgbfZevgZy�bgl_gkb\ghklb��j_]bkljbjm_fu_

ijb�ih\hjhl_�j_]bkljbjmxs_]h�ijb[hjZ�\hdjm]�hkb�jZkijhkljZg_gby�k\_lZ��>ey�_kl_kl\_g-
gh]h�k\_lZ�J� ����^ey�iehkdh iheyjbah\Zggh]h�J = 1.

2) Ih]ehs_gb_�k\_lZ:
Ih]ehs_gb_� ±� y\e_gb_� mf_gvr_gby� wg_j]bb� \hegu�� ijhoh^ys_c� q_j_a� \_s_kl\h�� aZ

kqzl�_z�i_j_oh^Z�\h�\gmlj_ggxx�wg_j]bx�\_s_kl\Z��KqblZy��qlh�kl_i_gv�ih]ehs_gby�g_�aZ-

\bkbl� hl� bgl_gkb\ghklb� ijhoh^ys_c� \hegu�� ihemqbf� ,
dI

dx
I

κ= � lh� _klv� 0 ,xI I e κ−= � ]^_� x –

lhesbgZ�kehy�\_s_kl\Z��Wlh�khhlghr_gb_�gZau\Z_lky�aZdhghf�;m]_jZ�EZf[_jlZ��Dhwnnbpb-
_gl�κ – gZlmjZevguc�ihdZaZl_ev�ih]ehs_gby��aZ\bkbfhklv�κ�hl�λ – ki_dlj�ih]ehs_gby�\_s_-
kl\Z.

?keb�ih]ehsZxs__�\_s_kl\h�jZkl\hj_gh�\�g_ih]ehsZxs_f�jZkl\hjbl_e_�� lh�ijb�fZ-
euo�dhgp_gljZpbyo�\uihegy_lky� aZdhg�;_jZ: κ = α0k�� ]^_� k� ±� dhgp_gljZpby� jZkl\hjzggh]h

\_s_kl\Z��α0�±�dhwnnbpb_gl��g_�aZ\bkysbc�hl�dhgp_gljZpbb��<�dhgp_gljbjh\Zgguo�jZkl\h-
jZo�aZdhg�;_jZ�g_�\uihegy_lky�ba�aZ�\aZbfh^_ckl\by�f_`^m�ih]ehsZxsbfb�qZklbpZfb�

Kh\hdmighklv�^Zgguo�khhlghr_gbc�gZau\Zxl�aZdhghf�;m]_jZ�EZf[_jlZ�;_jZ��ijb�gZ-
ebqbb�g_� lhevdh�ih]ehs_gby��gh�b�jZkk_ygby� �kf�� ������g_h[oh^bfh�\\_^_gb_�ihijZ\db�gZ

wdklbgdpbx��jZkk_ygb_��κ’: ( )'
0 .xI I e κ κ− −=

3) IheyjbaZpby�\heg�ijb�ba[bjZl_evghf�ih]ehs_gbb:
?keb�\�kbem�hkh[_gghkl_c�kljh_gby�\_s_kl\h�kbevg__�ih]ehsZ_l�k\_l�\�h^gbo�gZijZ\-

e_gbyo�b�keZ[__�±�\�^jm]bo��Zgbahljhiby�ih]ehs_gby���lh�ijhbkoh^bl�qZklbqgZy�iheyjbaZpby

k\_lZ��gZijZ\e_gb_�iheyjbaZpbb�khhl\_lkl\m_l�gZijZ\e_gbx�gZbf_gvr_]h�ih]ehs_gby�

IheyjbaZlhju (iheyjhb^u��±�\_s_kl\Z��ijb�ijhoh`^_gbb�q_j_a�dhlhju_�k\_l�qZklbqgh

iheyjbam_lky��Ijbf_jhf�iheyjhb^h\�y\eyxlky�\_s_kl\Z��ba[bjZl_evgh�ih]ehsZxsb_�k\_l�\

dZdhf�eb[h�gZijZ\e_gbb��– djbklZeeu�lmjfZebgZ�b�iezgdb�iheb\bgbeh\h]h�kibjlZ�beb�ih-
ebijhibe_gZ��Iehkdhklv��\�dhlhjhc�iheyjbaZlhj�emqr_�ijhimkdZ_l�k\_l��gZau\Z_lky�]eZ\ghc

iehkdhklvx�iheyjhb^Z.
Iheyjhb^� kqblZ_lky�b^_Zevguf�� _keb� hg� iheghklvx� �[_a� ihl_jb� wg_j]bb��ijhimkdZ_l

emqb��\_dlhj�?�\�dhlhjuo�dhe_[e_lky�\�]eZ\ghc�iehkdhklb��b�g_�ijhimkdZ_l�emqb��\�dhlhjuo

\_dlhj�?�i_ji_g^bdmeyj_g�d�wlhc�iehkdhklb��Ihke_�ijhoh`^_gby�iZjZee_evgh]h�imqdZ�_kl_-
kl\_ggh]h�k\_lZ�q_j_a�b^_Zevguc�iheyjbaZlhj�k\_l�klZgh\blky�ebg_cgh�iheyjbah\Zgguf��J_-
Zevgu_�iheyjbaZlhju�g_�y\eyxlky�b^_Zevgufb�b�gZ�\uoh^_�^Zxl�ebrv�qZklbqgh�iheyjbah-
\Zgguc�k\_l��Ijb�iZ^_gbb�gZ�b^_Zevguc�iheyjbaZlhj�iehkdh�iheyjbah\Zggh]h�k\_lZ�Zfieb-
lm^Z�dhe_[Zgbc�\_dlhjZ�?�ihke_�ijhoh`^_gby�q_j_a�iheyjhb^� 0 cos ,E E ϕ= �]^_�?0�±�Zfieblm-

^Z� dhe_[Zgbc� ^h� ijhoh`^_gby�� ϕ� ±� m]he� f_`^m� iehkdhklvx� iheyjbaZpbb� k\_lZ� b� ]eZ\ghc
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iehkdhklvx�iheyjhb^Z��Lh]^Z�
2

0 cosI I ϕ=  – aZdhg�FZexkZ��\uihegy_lky�lhevdh�^ey�b^_Zev-

guo�iheyjbaZlhjh\��

Iheyjhb^u�bkihevam_l�g_�lhevdh�^ey�iheyjbaZpbb�_kl_kl\_ggh]h�k\_lZ��gh�b�^ey�ZgZeb-
aZ�k\_lZ�iheyjbah\Zggh]h��gZijbf_j��^ey�hij_^_e_gby�kl_i_gb�iheyjbaZpbb���<�wlhf�kemqZ_

bo�gZau\Zxl�ZgZebaZlhjZfb.

����AZdhghf_jghklb�baemq_gby�^bihey��IheyjbaZpby�k\_lZ�ijb�hljZ`_gbb�hl�ih-
\_joghklb� ^bwe_dljbdZ�� M]he� ;jxkl_jZ�� IheyjbaZpby� jZkk_yggh]h� k\_lZ�� JZkk_ygb_

fmlgufb�kj_^Zfb�b�fhe_dmeyjgh_�jZkk_ygb_��AZdhg�Jwe_y��Ij_^klZ\e_gb_�h�jZkk_ygbb

Fb�

1) Baemq_gb_�^bihey:
Dhe_[Zgby� we_dljhgh\� \� ZlhfZo� m^h[gh� ij_^klZ\eylv� dZd� dhe_[Zgby� ^bihe_c�� y^jh� ±

g_ih^\b`guc�iheh`bl_evguc�aZjy^��Z�we_dljhgu�i_j_f_sZxlky�\hdjm]�y^jZ��<�ijhkl_cr_f

kemqZ_�hljbpZl_evguc�aZjy^�^\b`_lky�\^hev�h^ghc�ijyfhc�lZd��qlh�^bihevguc�fhf_gl�baf_-

gy_lky� ih� ]Zjfhgbq_kdhfm� aZdhgm�� 0 cos .p p tω=
JG JJG

� Lh]^Z� baemq_gb_� ^bihey� _klv� baemq_gb_

^\b`ms_]hky�aZjy^Z�

<kydbc�^\b`msbcky� aZjy^�fh`gh�kqblZlv�we_f_glhf�lhdZ��ijb�wlhf�
.

.i ξ= �Ih� aZdhgm

;bh�KZ\ZjZ�EZieZkZ� fZ]gblgZy� bg^mdpby� \hagbdZxs_]h� ihey� 0
3 , ;

4
d B idl r

r

µµ
π

 =  
JG JJG G

� \_dlhj� <

baf_gy_lky� ih� aZdhgm� ( )
. .

0~ ~ sin ,B t p r ξ ξ θ  
JG JJGG

� ]^_� θ� ±� m]he�f_`^m� gZijZ\e_gb_f� ^\b`_gby
aZjy^Z� b� gZijZ\e_gb_f� gZ� lhqdm� gZ[ex^_gby�

2.. ..
2 4 2~ ~ sin ~ sin ~ sin .

dB
E I

dt
ξ θ ξ θ ω θ⇒ �LZdbf�h[jZahf�

^bihev�baemqZ_l�fZdkbfZevgmx�wg_j]bx�\�gZijZ\e_gbyo�

i_ji_g^bdmeyjguo�d� k\h_c�hkb�b�g_�baemqZ_l� \^hev� hkb�

IjhkljZgkl\_ggZy� dZjlbgZ� gZau\Z_lky� ^bZ]jZffhc� gZ-
ijZ\e_gghklb�baemq_gby�^bihey��fh`_l�[ulv�ihemq_gZ�\jZs_gb_f�iehkdhc�dZjlbgu��ij_^-
klZ\e_gghc�gZ�jbkmgd_��b�ij_^klZ\ey_l�kh[hc�^_nhjfbjh\Zgguc�lhjhb^�

Ba� aZdhgZ� ;bh�KZ\ZjZ�EZieZkZ� ke_^m_l�� qlh� \_dlhj� <� i_ji_g^bdmeyj_g� d� iehkdhklb�

ijhoh^ys_c�q_j_a�hkv�^bihey�b�gZijZ\e_gb_�gZ�lhqdm�gZ[ex^_gby��wlh�hagZqZ_l��qlh�baemq_-
gb_�^bihey�iehkdhiheyjbah\Zggh��ijbqzf�iehkdhklv�iheyjbaZpbb�±�iehkdhklv��ijhoh^ysZy

q_j_a�hkv�^bihey�b�gZijZ\e_gb_�baemqZ_fuo�\heg�

2) IheyjbaZpby�k\_lZ�ijb�hljZ`_gbb:
Iehkdhklv�iZ^_gby�±iehkdhklv��ijhoh^ysZy�q_j_a�iZ^Zxsbc�emq�b�ghjfZev�d�ih\_jo-

ghklb�\�lhqd_�iZ^_gby��?keb�emq��iehkdhklv�iheyjbaZpbb�dhlhjh]h�kh\iZ^Z_l�k�iehkdhklvx

iZ^_gby��iZ^Z_l�gZ�]jZgbpm�jZa^_eZ�^\mo�^bwe_dljbq_kdbo�nZa��lh�\h�\lhjhc�nZa_�\ha[m`^Z-
xlky�dhe_[Zgby�^bihe_c��kh\iZ^Zxsb_�ih�gZijZ\e_gbx�k�hkvx�dhe_[Zgbc�\_dlhjZ�?��HljZ-
`zggmx�b�ij_ehfezggmx�\hegu�fh`gh�kqblZlv�j_amevlZlhf�bgl_jn_j_gpbb�\heg��baemqZ_-
fuo�dhe_[exsbfbky�^biheyfb��Ih�aZdhgZf�]_hf_ljbq_kdhc�hilbdb�m]he�iZ^_gby�jZ\_g�m]em

hljZ`_gby��h^gZdh�ijb�hij_^_ezgghf�m]e_�iZ^_gby�gZijZ\e_gb_�hljZ`zggh]h�emqZ�hdZ`_lky

i_ji_g^bdmeyjguf� d�gZijZ\e_gbx� dhe_[Zgbc�^bihey��Ihwlhfm� hljZ`_gb_�ijhbkoh^blv�g_

[m^_l��LZdhc�m]he�gZau\Z_lky�m]ehf�;jxkl_jZ α;.
Imklv�β;� ±� m]he�ij_ehfe_gby�� khhl\_lkl\mxsbc� m]em�;jxkl_jZ�� lh]^Z�ba� aZdhgZ�ij_-

ehfe_gby� 2

1

sin
,

sin
;

;

n

n

α
β

= � Z� ba� mkeh\by� hlkmlkl\by� hljZ`_gby� sin cos ;
2; ; ; ;

πα β β α+ = ⇒ =



34

2

1

tg .
;

n

n
α = �Y\e_gb_� hlkmlkl\by� hljZ`_gby� ijb� iZ^_gbb� iehkdhiheyjbah\Zggh]h� k\_lZ� ih^

m]ehf�;jxkl_jZ�bkihevam_lky�\�eZa_jZo�±�ijb�fgh]hdjZlghf�ijhoh`^_gbb�emqZ�q_j_a�ljm[dm

k� Zdlb\guf� \_s_kl\hf� lj_[m_lky� hlkmlkl\b_� hljZ`_gby� gZ� ih\_joghklb� ljm[db�� ^ey� wlh]h

hdgZ��q_j_a�dhlhju_�ijhoh^yl�emqb��jZkiheZ]Zxl�ih�hlghr_gbx�d�gbf�gZdehggh�±ih^�m]ehf

;jxkl_jZ�

?keb�iehkdhklv�iZ^_gby�i_ji_g^bdmeyjgZ�d�iehkdhklb�iheyjbaZpbb��lh�^biheb� lZd`_

[m^ml�dhe_[Zlvky�\�wlhc�iehkdhklb�±�ijhbahc^zl�bgl_jn_j_gpby�baemqZ_fuo�\heg�k�h[jZah-
\Zgb_f�hljZ`zggh]h�b�ij_ehfezggh]h�emq_c�±�gb�lhl��gb�^jm]hc�g_�hdZ`_lky�ih]Zr_gguf�

gh�h[Z�[m^ml�iheyjbah\Zgu�lZd`_��dZd�b�iZ^Zxsbc�imqhd��LZdbf�h[jZahf��ijb�iZ^_gbb�gZ

]jZgbpm�jZa^_eZ�nZa�_kl_kl\_ggh]h�k\_lZ�ih^�m]ehf�;jxkl_jZ�ijhbkoh^bl�iheyjbaZpby�hljZ-
`zggh]h�k\_lZ�\�iehkdhklb��i_ji_g^bdmeyjghc�d�iehkdhklb�iZ^_gby�b�qZklbqgZy�iheyjbaZpby

ij_ehfezgguo�emq_c�

3) JZkk_ygb_�k\_lZ:
JZkk_ygb_� k\_lZ� ±� ij_h[jZah\Zgb_� k\_lZ� \_s_kl\hf�� khijh\h`^Zxs__ky� baf_g_gb_f

gZijZ\e_gby�b��\hafh`gh��qZklhlu�k\_lZ��ijhy\eyxs__ky�dZd�g_kh[kl\_ggh_�k\_q_gb_�\_s_-
kl\Z�� JZkk_ygb_� ±� j_amevlZl� bgl_jn_j_gpbb� \heg�� baemqZ_fuo� dhe_[exsbfbky� ^biheyfb�

ihwlhfm�jZkk_ygb_�gZ[ex^Z_lky�g_�\h�\k_o�kemqZyo��<�^hklZlhqgh�iehlghc��jZkklhygb_�f_`-
^m�khk_^gbfb�qZklbpZfb�fgh]h�f_gvr_�^ebgu�\hegu��hilbq_kdb�h^ghjh^ghc�kj_^_�dZ`^hfm

baemqZl_ex�khhl\_lkl\m_l�^jm]hc�±�hlklhysbc�hl�i_j\h]h�gZ�λ/2. Khhl\_lkl\_ggh��wlb�^bih-
eb� ©]Zkylª�^jm]�^jm]Z� ±�jZkk_ygb_�g_�ijhbkoh^bl��>ey�gZ[ex^_gby�jZkk_ygby�g_h[oh^bfu

eb[h�g_h^ghjh^gZy��eb[h�kbevgh�jZaj_`_ggZy�kj_^Z��<�i_j\hf�kemqZ_�gZ[ex^Z_lky�jZkk_ygb_

fmlgufb�kj_^Zfb��\h�\lhjhf�±�fhe_dmeyjgh_�jZkk_ygb_.
Ijb�ihiZ^Zgbb�emqZ�_kl_kl\_ggh]h�k\_lZ�gZ�jZkk_b\Zxsmx�kj_^m�\ha[m`^Zxlky�dhe_-

[Zgby�^bihe_c��ba�aZ�g_iheyjbah\Zgghklb�bkoh^gh]h�imqdZ�^biheb� dhe_[exlky� \^hev� \k_o

gZijZ\e_gbc��e_`Zsbo�\�iehkdhklb��i_ji_g^bdmeyjghc�d�gZijZ\e_gbx�jZkijhkljZg_gby�em-
qZ��Baemq_gby�^bihe_c��dhe_[exsboky�\^hev�iZjZee_evguo�ijyfuo��iehkdh�iheyjbah\Zgu�

ihwlhfm�jZkk_ygguc�k\_l�[m^_l�qZklbqgh�iheyjbah\Zg��Z�jZkk_ygguc�ih^�m]ehf�π/2�d�\_dlhjm
kdhjhklb�±�iehkdh�iheyjbah\Zg��Ijb�iZ^_gbb�gZ�jZkk_b\Zxsmx�kj_^m�iehkdhiheyjbah\Zggh-
]h�emqZ�\k_�^biheb�\_s_kl\Z�[m^ml�dhe_[Zlvky�\^hev�h^gh]h�gZijZ\e_gby��ihwlhfm�jZkk_yg-
guc�k\_l�[m^_l�lZd`_�iehkdh�iheyjbah\Zg�

Ijb�fhe_dmeyjghf�jZkk_ygbb�j_amevlbjmxsbc�emq�fh`gh�jZkkfZljb\Zlv�dZd�j_amevlZl

bgl_jn_j_gpbb�baemq_gbc�^bihe_c��ihwlhfm�
4 4~ ~jI ω λ −  – aZdhg�Jwe_y. Ijbf_ju�fhe_dm-

eyjgh]h�jZkk_ygby� ±�ijhoh`^_gb_� emq_c�KhegpZ� q_j_a� Zlfhkn_jm� A_feb�� dhjhldh\hegh\h_

baemq_gb_� kbevg__� jZkk_b\Z_lky�� \uau\Zy� ]hem[hc� p\_l� g_[Z�� Z� ^ebggh\hegh\h_� baemq_gb_

ij_bfms_kl\_ggh�ijhoh^bl�kd\hav�Zlfhkn_jm��h[mkeh\eb\Zy�djZkguc�p\_lZ�\hkoh^ys_]h�b

aZoh^ys_]h�KhegpZ�

<�fmlguo�kj_^Zo��^ufZo��Zwjhaheyo��kmki_gabyo��wfmevkbyo���khklhysbo�ba�g_[hevrbo

qZklbp�
1

,
15

d λ ≤  
�lZd`_�\uihegy_lky�aZdhg�Jwe_y��jZkk_ygb_�ghkbl�gZa\Zgb_�y\e_gby�Lbg-

^Zey��Ijb�[hevrbo�jZaf_jZo�qZklbp�jZkk_yggh_�baemq_gb_�\kz�kbevg__� ©]Zkblkyª�bgl_jn_-
j_gpb_c��_]h�bgl_gkb\ghklv�ihqlb�g_� aZ\bkbl�hl�qZklhlu��LZdh_�jZkk_ygb_�gZau\Z_lky�jZk-
k_ygb_f�Fb.

<hafh`gh�lZd`_�jZkk_ygb_�k�baf_g_gb_f�qZklhlu�k\_lZ�±�lZd�gZau\Z_fh_�dhf[bgZlhj-
gh_�jZkk_ygb_��baf_g_gb_�qZklhlu�k\yaZgh�k�fh^meypb_c�dhe_[Zgbc�we_dljhgh\�jZkk_ygguf

baemq_gb_f��Ijbf_jhf�dhf[bgZlhjgh]h�jZkk_ygby�kem`bl�dhfilhgh\kdh_�jZkk_ygb_�j_gl]_-
gh\kdbo�emq_c�gZ�ez]dbo�ZlhfZo�
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����Ijhoh`^_gb_�k\_lh\h]h�emqZ�q_j_a�Zgbahljhigh_�h^ghhkgh_�\_s_kl\h��=eZ\gZy

hilbq_kdZy�hkv��H[udgh\_gguc�b�g_h[udgh\_gguc�emqb��<hegh\u_�ih\_joghklb�^ey

h[udgh\_gguo�b�g_h[udgh\_gguo�\heg�\�Zgbahljhighf�\_s_kl\_��Ihemq_gb_�b�ZgZeba

weebilbq_kdb� b� pbjdmeyjgh� iheyjbah\Zggh]h� k\_lZ�� E_\Zy� b� ijZ\Zy� iheyjbaZpbb�

DjbklZeebq_kdb_�ieZklbgdb�λ/2 b�λ/4.

1) >\hcgh_�emq_ij_ehfe_gb_:
Fgh]b_�djbklZeeu�h[eZ^Zxl�k\hckl\hf�hilbq_kdhc�Zgbahljhibb��lh�_klv�ih�jZaghfm

ijhimkdZxl�k\_l�\^hev�jZaguo�gZijZ\e_gbc��Ijbqbghc�wlh]h�wnn_dlZ�y\ey_lky�jZaebqb_�i_-
jbh^h\�j_rzldb�djbklZeeZ�\^hev�jZaguo�hk_c��JZkkfhljbf� lhevdh� lZd�gZau\Z_fu_�h^ghhk-
gu_�djbklZeeu��\�dhlhjuo�bf__lky�h^gh�\u^_e_ggh_�gZijZ\e_gb_�� Z�\k_�gZijZ\e_gby��i_j-
i_g^bdmeyjgu_�d�\u^_e_gghfm��wd\b\Ze_glgu��<u^_e_ggh_�gZijZ\e_gb_�gZau\Z_lky�hilbq_-
kdhc� hkvx� djbklZeeZ�� IheyjbaZpby� h^ghhkgh]h� djbklZeeZ� [m^_l� ijhbkoh^blv� ih�jZaghfm

\^hev�jZaguo�gZijZ\e_gbc��ihwlhfm�^bwe_dljbq_kdZy�ijhgbpZ_fhklv� �b��agZqbl��ihdZaZl_ev

ij_ehfe_gby��[m^_l�aZ\bk_lv�hl�gZijZ\e_gby��IhdZaZl_ev�ij_ehfe_gby�\^hev�hilbq_kdhc�hkb

(Z)�h[hagZqZ_lky�dZd�ne��Z�\�i_ji_g^bdmeyjguo�gZijZ\e_gbyo�±�no. IjhkljZgkl\_ggZy�aZ\bkb-
fhklv�ihdZaZl_ey�ij_ehfe_gby�djbklZeeZ�hl�gZijZ\e_gby�dhe_[Zgbc�?�bf__l�\b^�weebikhb^Z

\jZs_gby� k�ihemhkyfb�ne b�no.�?keb� ,e on n< � lh� djbklZee� gZau\Z_lky� hljbpZl_evguf�� _keb

e on n>  – iheh`bl_evguf.

=eZ\gZy�hilbq_kdZy�iehkdhklv�±�iehkdhklv��ijhoh^ysZy�q_j_a�hkv�djbklZeeZ�b�emq�iZ-
^Zxs_]h�k\_lZ��Imklv�gZ�djbklZee�iZ^Z_l�iehkdhiheyjbah\Zgguc�k\_l��lh]^Z�_keb�iehkdhklv

iheyjbaZpbb�i_ji_g^bdmeyjgZ�d�]eZ\ghc�hilbq_kdhc�iehkdhklb��lh�emq�[m^_l�ij_ehfeylvky�k

ihdZaZl_e_f�no��LZdhc�emq�gZau\Zxl�h[udgh\_gguf��?keb�`_�iehkdhklv�iheyjbaZpbb�iZjZe-
e_evgZ�]eZ\ghc�hilbq_kdhc�iehkdhklb�� lh�emq�gZau\Zxl�g_h[udgh\_gguf��IhdZaZl_ev�ij_-
ehfe_gby�^ey� wlh]h� emqZ� aZ\bkbl� hl� gZijZ\e_gby� jZkijhkljZg_gby� ±� ijb� jZkijhkljZg_gbb

\^hev�hilbq_kdhc�hkb�djbklZeeZ� ±�no; ijb�jZkijhkljZg_gbb�\�i_ji_g^bdmeyjghf�gZijZ\e_-
gbb�±�ne. Ijb�ijhba\hevghc�hjb_glZpbb�iehkdhklb�iheyjbaZpbb�iZ^Zxs_]h�emqZ�\�djbklZee_

[m^ml�\ha[m`^_gu�dhe_[Zgby�dZd�\�]eZ\ghc�hilbq_kdhc�iehkdhklb��lZd�b�i_ji_g^bdmeyjgh�d

g_c��<�j_amevlZl_�iZ^Zxsbc�emq�jZa^_eblky�gZ�h[udgh\_gguc�b�g_h[udgh\_gguc�emqb��ih-
eyjbah\Zggu_� \h� \aZbfgh�i_ji_g^bdmeyjguo�gZijZ\e_gbyo��Lhl�`_� wnn_dl�fh`gh�gZ[ex-
^Zlv�ijb�iZ^_gbb�gZ� djbklZee� _kl_kl\_ggh]h� k\_lZ� �aZ�bkdexq_gb_f� kemqZy�iZ^_gby� \^hev

hilbq_kdhc� hkb� ±� a^_kv�g_� ijhbkoh^bl� jZa^_e_gb_� emqZ� gZ� h[udgh\_gguc� b�g_h[udgh\_g-
guc���Wnn_dl�jZa^_e_gby�emqZ�ijb�ihiZ^Zgbb�gZ�hilbq_kdb�Zgbahljhiguc�djbklZee�gZau\Z-
xl�^\hcguf�emq_ij_ehfe_gb_f.

H[udgh\_gguc� emq� h^bgZdh\h� jZkijhkljZgy_lky� \h� \k_o

ljzo� gZijZ\e_gbyo�� ihwlhfm� _]h� \hegh\u_� ih\_joghklb� bf_xl

kn_jbq_kdmx� nhjfm�� G_h[udgh\_gguc� emq� jZkijhkljZgy_lky� \

h^ghf�ba�gZijZ\e_gbc�f_^e_gg__� �^ey�iheh`bl_evguo��beb�[u-
klj__��^ey�hljbpZl_evguo�djbklZeeh\���ihwlhfm�\hegh\u_�ih\_jo-
ghklb� bf_xl� nhjfm� weebikhb^h\� \jZs_gby� �gZ� jbkmgd_� ij_^-
klZ\e_gu�\hegh\u_�ih\_joghklb�^ey�iheh`bl_evgh]h�djbklZeeZ�

Z�±�hilbq_kdZy�hkv��
>ey� hij_^_e_gby� oh^Z� h[udgh\_ggh]h� b� g_h[udgh\_ggh]h

emq_c�\�djbklZee_�\hkihevam_fky�ijbgpbihf�=xc]_gkZ��kf��������

emq�ghjfZevgh�iZ^Z_l�gZ�ih\_joghklv�djbklZeeZ��Z�hilbq_kdZy�hkv�ijhoh^bl�ih^�m]ehf�d�wlhc

ghjfZeb��<hegh\u_�ih\_joghklb�h[udgh\_ggh]h�emqZ�±�kn_ju��ihwlhfm�hg�ijhoh^bl��g_�ij_-
ehfeyykv��<hegh\u_�ih\_joghklb�g_h[udgh\_ggh]h�emqZ�±�weebikhb^u��\ulygmlu_�\^hev�hi-
lbq_kdhc�hkb��jZkkfZljb\Z_f�kemqZc�iheh`bl_evgh]h�djbklZeeZ���lh]^Z�njhgl�g_h[udgh\_g-
ghc�\hegu�ijhoh^bl�ih^�m]ehf�d�ghjfZeb��lh�_klv�g_h[udgh\_gguc�emq�ij_ehfey_lky�ijb

ghjfZevghf�iZ^_gbb��?keb�`_�hilbq_kdZy�hkv�i_ji_g^bdmeyjgZ�d�ghjfZeb��lh�g_h[udgh\_g-
guc�emq�lZd`_�ijhoh^bl��g_�ij_ehfeyykv��gh�ij_h^he_\Z_l�djbklZee�k�f_gvr_c�kdhjhklvx

ba�aZ�[hevr_]h�ihdZaZl_ey�ij_ehfe_gby��Ijb�gZdehgghf�iZ^_gbb�emqZ�gZ�ih\_joghklv�djb-
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klZeeZ�h[udgh\_gguc�emq�ij_ehfey_lky�\� khhl\_lkl-
\bb�k�aZdhghf�ij_ehfe_gby��Z�ij_ehfezgguc�g_h[ud-
gh\_gguc� emq� g_� e_`bl� \� iehkdhklb� iZ^_gby�� qlh�

hq_\b^gh�� ijhlb\hj_qbl�� aZdhgm� ij_ehfe_gby��GZjm-
r_gb_� aZdhgZ�ij_ehfe_gby�^ey�g_h[udgh\_ggh]h�em-
qZ�h[mkeh\eb\Z_l�_]h�gZa\Zgb_�

2) Ihemq_gb_�b�ZgZeba�pbjdmeyjgh�b�weebilbq_-
kdb�iheyjbah\Zggh]h�k\_lZ:

DZd�[ueh�ihdZaZgh�\������ijb�ghjfZevghf�iZ^_-
gbb�iehkdh�iheyjbah\Zggh]h�k\_lZ�gZ�djbklZee��]jZgv�dhlhjh]h�\uj_aZgZ�\^hev�hilbq_kdhc

hkb��ijhbkoh^bl�jZa^_e_gb_�k\_lZ�gZ�h[udgh\_gguc�b�g_h[udgh\_gguc�emqb��iheyjbah\Zg-
gu_�\h�\aZbfgh�i_ji_g^bdmeyjguo�gZijZ\e_gbyo��Ijb�wlhf�emqb�©gZ[_jmlª�hilbq_kdmx�jZa-

ghklv�oh^Z� ,e od n n∆ = − �hij_^_eyxsmx�jZaghklv�nZa�
0

2πϕ
λ

∆ = ∆ � ±� kf�� ����� �d� ±� lhesbgZ

djbklZeebq_kdhc�ieZklbgdb���GZeh`_gb_�\aZbfgh�i_ji_g^bdmeyjguo�dhe_[Zgbc�jZkkfhlj_-
gh�\�����±�ijb�ijhba\hevghc�jZaghklb�nZa�\uoh^ysbc�k\_l�[m^_l�weebilbq_kdb�iheyjbah\Zg;

ijb� mϕ π∆ = � k\_l� [m^_l� ebg_cgh� iheyjbah\Zg�� Z� ijb�
2 1

2

mϕ π+∆ = � b� jZ\_gkl\_� Zfieblm^

h[udgh\_ggh]h�b�g_h[udgh\_ggh]h�emq_c�±�pbjdmeyjgh�iheyjbah\Zg��IheyjbaZpby��weebilb-
q_kdZy�beb�pbjdmeyjgZy��gZau\Z_lky�e_\hc��_keb�gZijZ\e_gby�\jZs_gby�b�jZkijhkljZg_gby

khhl\_lkl\mxl�ijZ\bem�ijZ\h]h�[mjZ\qbdZ��\�ijhlb\ghf�kemqZ_�iheyjbaZpby�gZau\Z_lky�ijZ-
\hc.

>ey�ihemq_gby�b� ZgZebaZ�iheyjbah\Zggh]h� k\_lZ�bkihevamxl� ki_pbZevgh� ba]hlh\e_g-

gu_�djbklZeebq_kdb_�ieZklbgdb��?keb�ieZklbgdZ�kha^Z_l�jZaghklv�oh^Z�emq_c� 0

1

2
m λ ∆ = +  

(ieZklbgdZ�\�©ihe\heguª���lh�\�iehkdh�iheyjbah\Zgghf�k\_l_��ihiZ\r_f�gZ�lZdmx�ieZklbg-
dm��baf_gy_lky�gZijZ\e_gb_�iheyjbaZpbb��ijb�m]e_�f_`^m�]eZ\ghc�hilbq_kdhc�iehkdhklvx�b

iehkdhklvx�iheyjbaZpbb�α�ijhbkoh^bl�kbff_ljbqguc�ih\hjhl�hlghkbl_evgh�]eZ\ghc�hilb-
q_kdhc�iehkdhklb�gZ��α� �\kydbc�iehkdh�iheyjbah\Zgguc�k\_l�fh`gh�jZkkfZljb\Zlv�dZd�j_-
amevlZl�gZeh`_gby�\aZbfgh�i_ji_g^bdmeyjguo�dhe_[Zgbc�±�^ey�h^gh]h�ba�emq_c�\hagbdg_l

jZaghklv�nZa�π� �baf_gblky�gZijZ\e_gb_���ihwlhfm�ih\hjhl�iehkdhklb�iheyjbaZpbb�khklZ\bl

2α). IeZklbgdb� \� ©q_l\_jlv\heguª� kha^Zxl� jZaghklv� oh^Z� 0

1

4
m λ ∆ = +  

� b� ij_h[jZamxl

iehkdh� iheyjbah\Zgguc� k\_l� \� weebilbq_kdb� iheyjbah\Zgguc�� hkb� dhlhjh]h� gZijZ\e_gu

\^hev�hilbq_kdhc�hkb�b�i_ji_g^bdmeyjgh�d�g_c��Ijb�ihiZ^Zgbb�gZ�lZdmx�ieZklbgdm�weebi-
lbq_kdb�iheyjbah\Zggh]h�k\_lZ�lZd��qlh�h^gZ�ba�hk_c�iheyjbaZpbb�gZijZ\e_gZ�\^hev�hilbq_-
kdhc�hkb� �lh�_klv��ih�kmlb��^\mo�emq_c��iehkdh�iheyjbah\Zgguo�\h�\aZbfgh�i_ji_g^bdmeyj-
guo�iehkdhklyo�� ihemqZ_lky� iehkdh� iheyjbah\Zgguc� k\_l��Ijb� iZ^_gbb� gZ� lZdmx�`_� ieZ-
klbgdm�_kl_kl\_ggh]h�k\_lZ�dZ`^uc�ba�khklZ\eyxsbo�wlhl�k\_l�emq_c�iheyjbam_lky�weebilb-
q_kdb��<�j_amevlZl_�iheyjbaZpby�emqZ�\�p_ehf�ih�ij_`g_fm�hlkmlkl\m_l��gh�dhgpu�\k_o�\_d-
lhjh\�?�kh\_jrZxl�weebilbq_kdb_�dhe_[Zgby�

?keb�gZ� djbklZeebq_kdmx� ieZklbgdm� iZ^Z_l� g_fhghojhfZlbq_kdbc� k\_l� �kh^_j`Zsbc

\hegu�k�^ebgZfb��\�\Zdmmf_��hl�λ0�^h��λ0 + ∆λ0����lh�^ey�weebilbq_kdhc�iheyjbaZpbb�lj_[m-

_lky�dh]_j_glghklv��
2 2
0 0

0

.k
k

l
l d

n n

λ λ
λ λ

∆ < = ⇒ < =
∆ ∆ ∆ ⋅∆

>ey� ZgZebaZ� iheyjbaZpbb� k\_lZ� bkihevamxl� iheyjhb^u� �kf�� ������ b� djbklZeebq_kdb_

ieZklbgdb�\� ©q_l\_jlv\heguª��Iehkdh�iheyjbah\Zgguc�k\_l�ijb�hij_^_ezgghc�hjb_glZpbb

g_�ijhoh^bl�q_j_a�h^bg�iheyjhb^��aZlh�qZklbqgh�iehkdh�iheyjbah\Zgguc�k\_l��dZd�b�weebi-
lbq_kdb� iheyjbah\Zgguc�� \k_]^Z� ijhoh^bl� q_j_a� iheyjhb^� k� h[jZah\Zgb_f� fZdkbfmfh\� b
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fbgbfmfh\�bgl_gkb\ghklb�ijb�ih\hjhl_��>ey�hij_^_e_gby�lZdbo�\heg�bkihevamxl�ieZklbg-
db�\�©q_l\_jlv\heguª��hjb_glbjh\Zggu_�\^hev�hkb�iheyjhb^Z��^ey�dhlhjhc�ihemq_g�fZdkb-
fmf��beb�fbgbfmf��bgl_gkb\ghklb�k�h^gbf�iheyjhb^hf��ihke_�ijhoh`^_gby�lZdhc�ieZklbg-
db�weebilbq_kdb�iheyjbah\Zgguc�k\_l�klZgh\blky�iehkdh�iheyjbah\Zgguf��Z�qZklbqgh�iehk-
dh�iheyjbah\Zgguc�±�weebilbq_kdb�iheyjbah\Zgguf��<�i_j\hf�kemqZ_�k\_l�g_�\k_]^Z�ijhoh-
^bl�q_j_a�\lhjhc�iheyjhb^��\h�\lhjhf�±�ijhoh^bl�\k_]^Z��:gZeh]bqgh�jZaebqZxl�pbjdmeyjgh

iheyjbah\Zgguc�k\_l�b�_kl_kl\_gguc�

����Bgl_jn_j_gpby�iheyjbah\Zgguo�emq_c��Mkeh\by�gZ[ex^_gby�bgl_jn_j_gpbb�

P\_lZ�djbklZeebq_kdbo�ieZklbghd��Dhghkdhiby��Bkdmkkl\_ggZy�hilbq_kdZy�Zgbahljh-
iby��nhlhmijm]hklv��we_dljh��b�fZ]gblhhilbq_kdb_�wnn_dlu� �Ihdd_evkZ��D_jjZ��Dhl-
lhgZ�FmlhgZ��

1) Bgl_jn_j_gpby�iheyjbah\Zgguo�emq_c:
Imklv�iehkdh�iheyjbah\Zgguc�k\_l�iZ^Z_l�gZ�]jZgv�h^ghhkgh]h�hilbq_kdb�Zgbahljhi-

gh]h�djbklZeeZ��\uj_aZggmx�\^hev�hilbq_kdhc�hkb��Lh]^Z�gZ�\uoh^_�ihemqbf�h[udgh\_gguc

b� g_h[udgh\_gguc� emqb�� iheyjbah\Zggu_� \h� \aZbfgh� i_ji_g^bdmeyjguo� iehkdhklyo� �kf�

�������Wlb�emqb�bf_xl�hij_^_ezggmx�jZaghklv�oh^Z��gh�g_�bgl_jn_jbjmxl��wg_j]by�g_�i_j_-

jZkij_^_ey_lky� \� ijhkljZgkl\_� �_keb� 2 2 2 2 2 2 2
0 0 0cos cosy z y zE E E I E t E tω ω= + ⇒ = + =

2 2
0 0 ,

2
y zE E+

= � lh� ( )
2 2
0 02 2 2 2

0 0 0cos cos ).
2

y z
o e y z

E E
I I I E t E t Iω ω ϕ

+
= + = + + ∆ = = �>ey� gZ[ex^_-

gby�bgl_jn_j_gpbb�iheyjbah\Zgguo�emq_c�g_h[oh^bfh�ijhimklblv�bo�q_j_a�iheyjhb^��jZk-
iheh`_gguc�gZdehggh�d�]eZ\ghc�hilbq_kdhc�iehkdhklb��Wlhl�iheyjhb^�\u^_ebl�khklZ\eyx-
sb_�h[udgh\_ggh]h�b�g_h[udgh\_ggh]h�emq_c��iheyjbah\Zggu_�\�h^ghc�b�lhc�`_�iehkdhklb�

lh]^Z� oZjZdl_j� bgl_jn_j_gpbhgghc� dZjlbgu� hij_^_eblky� jZaghklvx� oh^Z� wlbo� emq_c�

.e on n d∆ = −
<u^_eyxl�^\Z�bgl_jn_j_gpbhgguo�wnn_dlZ�^ey�iheyjbah\Zgguo�emq_c�

1. P\_lZ�lhgdbo�iezghd��_keb�gZ�djbklZeebq_kdmx�ieZklbgdm�iZ^Z_l�imqhd�iehkdh�ih-
eyjbah\Zggh]h�[_eh]h�k\_lZ��lh�^ey�jZaguo�^ebg�\heg�nhjfu�b�hjb_glZpbb�weebikh\�iheyjb-
aZpbb�hdZ`mlky�jZaebqgu��ihwlhfm�b�^hey�emq_c�jZaguo�p\_lh\�ihke_�ijhoh`^_gby�iheyjhb-
^Z�jZaebqgZ��<�j_amevlZl_��ijb�gZ[ex^_gbb�djbklZeebq_kdhc�ieZklbgdb�q_j_a�iheyjhb^�hgZ

[m^_l� ij_bfms_kl\_ggh� hdjZr_gZ� \� dZdhc�eb[h� p\_l� �h[mkeh\e_gghc� \heghc� k� ^ebghc� λ).
Ijb�ih\hjhl_�iheyjhb^Z�gZ�m]he�π/2�wlhl�p\_l�baf_gblky�gZ�^hihegbl_evguc��ihkdhevdm�ih-
eyjhb^�ihqlb�g_�[m^_l�ijhimkdZlv�\hegu�^ebgu�λ��?keb�ieZklbgdZ�bf__l�i_j_f_ggmx�lhe-
sbgm��lh�h[eZklb�jZaghc�lhesbgu�hdZ`mlky�hdjZr_ggufb�\�jZagu_�p\_lZ�±�\hagbdZxl�iheh-
ku�jZ\ghc�lhesbgu.

2. Ihehku�jZ\gh]h�gZdehgZ��_keb�gZ�djbklZeebq_kdmx�ieZklbgdm��\uj_aZggmx�i_ji_g-
^bdmeyjgh�d�hilbq_kdhc�hkb��iZ^Z_l�koh^ysbcky�imqhd�iehkdh�iheyjbah\Zggh]h�k\_lZ��lh�^ey

g_dhlhjuo�α�[m^ml�j_Zebah\u\Zlvky�mkeh\by�fZdkbfmfZ�±�ijb�gZ[ex^_gbb�q_j_a�iheyjhb^
gZ�ieZklbgd_�[m^ml�\b^gu�k\_leu_�b�lzfgu_�dhevpZ��Z�\�p_glj_�±�[_eh_�iylgh��p_gljZevguc

emq�imqdZ�jZkijhkljZgy_lky�\^hev�hilbq_kdhc�hkb��ihwlhfm�hg�g_�bkiulu\Z_l�^\hcgh]h�em-
q_ij_ehfe_gby���Ihkdhevdm�\k_�emqb��iehkdhklv�dhe_[Zgbc�dhlhjuo�iZjZee_evgZ� �beb�i_j-
i_g^bdmeyjgZ��hilbq_kdhc�hkb�djbklZeeZ��gZ�\uoh^_�©^Zxlª�lhevdh�g_h[udgh\_ggu_��h[ud-
gh\_ggu_�� emqb� b� g_� bgl_jn_jbjmxl�� bgl_jn_j_gpbhggZy� dZjlbgZ� i_j_k_q_gZ� [_euf� dj_-
klhf��;he__�m^h[gh�gZ[ex^_gb_� wlhc�dZjlbgu�\�kdj_s_gguo�iheyjhb^Zo� �dj_kl� ±� lzfguc�

beb�\�k\_l_�eZa_jZ��Ih�bgl_jn_j_gpbhgghfm�dj_klm�fh`gh�ijZ\bevgh�mklZgh\blv�djbklZee�

qlh�bkihevam_lky�\�f_lh^_�dhghkdhibb.

2) Bkdmkkl\_ggZy�hilbq_kdZy�Zgbahljhiby:
Bkdmkkl\_ggZy�hilbq_kdZy�Zgbahljhiby�fh`_l�\hagbdgmlv�ijb�dZdhf�eb[h�jZamihjy^h-
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q_gbb�kljmdlmju�bahljhigh]h�\_s_kl\Z��gZijbf_j�

1. Iv_ahwe_dljbq_kdbc�wnn_dl (nhlhmijm]hklv���ijb�ijbeh`_gbb�d�bahljhighfm�l\zj-
^hfm� l_em�f_oZgbq_kdh]h� gZijy`_gby� ihy\ey_lky� hilbq_kdZy� Zgbahljhiby� ±� wlh� k\yaZgh� k

bkdZ`_gb_f� �jZkly`_gb_f�beb�k`Zlb_f��djbklZeebq_kdhc�j_rzldb��\_^ms_f�d�\hagbdgh\_-
gbx�hilbq_kdbo�hk_c��Wnn_dl�ebg__g�ih�gZijy`_gbx�� 1 ,e on n kσ− = �]^_�k1 – mijm]hhilbq_-

kdZy�ihklhyggZy� �ihklhyggZy�;jxkl_jZ���^ey� klzdhe� 11 12 2
1 10 10  f �+�k − −≈ − �Ebg_cgZy� aZ\b-

kbfhklv�\uihegy_lky� lhevdh�ijb�g_�hq_gv�[hevrbo�gZijy`_gbyo��Wnn_dl�bkihevamxl�^ey

bamq_gby�jZkij_^_e_gby�f_oZgbq_kdbo�gZijy`_gbc�\�l\zj^uo�l_eZo�

2. We_dljhhilbq_kdb_�wnn_dlu��ijb�ihf_s_gbb�bahljhigh]h�\_s_kl\Z�\�we_dljbq_kdh_

ihe_�fh`_l� \hagbdgmlv� hilbq_kdZy� Zgbahljhiby��Kms_kl\m_l� ^\Z� lbiZ� we_dljhhilbq_kdbo

wnn_dlh\��wnn_dl�Ihdd_evkZ��ebg_cguc��b�wnn_dl�D_jjZ��d\Z^jZlbqguc��

Wnn_dl�Ihdd_evkZ�gZ[ex^Z_lky�lhevdh�\�iv_ahwe_dljbq_kdbo�djbklZeeZo��lh�_klv�djb-
klZeeZo�� ]^_� k`Zlb_�beb�jZkly`_gb_�\^hev� hij_^_ezgguo�gZijZ\e_gbc� \uau\Z_l�iheyjbaZ-
pbx��ijyfhc�iv_ahwnn_dl��beb�we_dljbq_kdh_�ihe_�\uau\Z_l�k`Zlb_�beb�jZkly`_gb_�ih�hi-
j_^_ezgguf�gZijZ\e_gbyf� �h[jZlguc�iv_ahwnn_dl���>ey�wnn_dlZ�Ihdd_evkZ� 2 ,e on n k E− =
]^_�k2 – ihklhyggZy�Ihdd_evkZ��Wlhl�wnn_dl�gZ[ex^Z_lky�\�lZdbo�\_s_kl\Zo��dZd�LiNbO3 (k2

= 3.7·10–10�f�<���KH2PO4, NH4H2PO4.
Wnn_dl�D_jjZ�gZ[ex^Z_lky�\�`b^dhklyo��klzdeZo�b�djbklZeebq_kdbo�\_s_kl\Zo��g_�iv_-

ahwe_dljbdZo���Ijb� ijbeh`_gbb� \g_rg_]h� ihey� ihy\ey_lky� hilbq_kdZy� hkv�� gZijZ\e_ggZy

\^hev�ihey�� 2
3 ,e on n k E− = �]^_�k3 – ihklhyggZy�D_jjZ��^ey�gbljh[_gaheZ�k3 = 10–18 f2/<2

���Nb-

abq_kdZy�ijbqbgZ� wnn_dlZ�D_jjZ� khklhbl� \� hjb_glZpbb�fhe_dme� �beb� ^jm]bo� kljmdlmjguo

we_f_glh\� \_s_kl\Z��b�bkdZ`_gbb� we_dljhgguo� h[hehq_d� \� we_dljbq_kdhf� ihe_��<� i_j\hf

kemqZ_�gZ[ex^Z_lky�hjb_glZpbhgguc�wnn_dl�D_jjZ� �ijhy\ey_lky�^ey�\_s_kl\�� khklhysbo

ba�iheyjguo�qZklbp���\h�\lhjhf�±�iheyjbaZpbhgguc��^ey�\_s_kl\��khklhysbo�ba�g_iheyjguo�

gh�e_]dh�iheyjbam_fuo�fhe_dme���Wnn_dl�D_jjZ�fh`gh�gZ[ex^Zlv��ijhimkdZy�emq�k\_lZ�q_-
j_a�\_s_kl\h��h[emqZ_fh_�eZa_jhf�±�\�wlhf�kemqZ_�emq�eZa_jZ�\eby_l�gZ�jZkijhkljZg_gb_�em-
qZ�h[uqgh]h�k\_lZ��lh�_klv�gZjmrZ_lky�ijbgpbi�kmi_jihabpbb�

We_dljhhilbq_kdbc�wnn_dl�bkihevam_lky�^ey�ba]hlh\e_gby�hilbq_kdbo�aZl\hjh\�±�k\_l

ijhimkdZxl�q_j_a�kdj_s_ggu_�iheyjbaZlhju��f_`^m�dhlhjufb�jZkiheh`_gZ�ieZklbgdZ�hi-
lbq_kdb�bahljhigh]h�\_s_kl\Z��<�hlkmlkl\bb�\g_rg_]h�we_dljbq_kdh]h�ihey�k\_l�g_�ijhoh-
^bl��ijb�gZeh`_gbb�ihey�hij_^_ezgghc�gZijy`zgghklb�ieZklbgdZ�ij_\jZsZ_lky�\�ieZklbgdm

\�©ihe\heguª�b�kbkl_fZ�ijhimkdZ_l�k\_l��LZdb_�mkljhckl\Z�fh`gh�bkihevah\Zlv�^ey�fh^mey-
pbb�k\_lh\h]h�ihlhdZ��g_h[oh^bfhc�\�hilbq_kdhc�i_j_^Zq_�bgnhjfZpbb��±�^ey�wlh]h�[hevr_

ih^oh^yl�iv_ahwe_dljbdb��lZd�dZd�wnn_dl�ebg__g��Z�\j_fy�j_eZdkZpbb�hq_gv�fZeh�ih�kjZ\g_-
gbx�k�j_eZdkZpb_c�hjb_glbjh\Zgguo�fhe_dme� �\hafh`gZ�fh^meypby�kb]gZeh\�\ukhdbo�qZk-
lhl��

3. FZ]gblhhilbq_kdbc�wnn_dl (wnn_dl�DhllhgZ�FmlhgZ):
>Zgguc�wnn_dl�iheghklvx�ZgZeh]bq_g�wnn_dlm�D_jjZ��

2
4 ,e on n k B− = �]^_�k4 – ihklhyg-

gZy�DhllhgZ�FmlhgZ��gZb[hevrb_�\_ebqbgu�k4 = 10–6–10–7 Le–2
�^ey�dheehb^guo�jZkl\hjh\

b�`b^dbo�djbklZeeh\���FZeu_�agZq_gby�ihklhygghc�g_�iha\heyxl�ijZdlbq_kdb�bkihevah\Zlv

^Zgguc�wnn_dl�

AZf_qZgb_��ihklhyggu_�;jxkl_jZ��Ihdd_evkZ��D_jjZ�b�DhllhgZ�FmlhgZ�fh]ml�[ulv�dZd

iheh`bl_evgufb��lZd�b�hljbpZl_evgufb�b�aZ\bkyl�hl�^ebgu�\hegu�k\_lZ�

����Hilbq_kdZy�Zdlb\ghklv�djbklZeeh\�b�fhe_dme��Hilbq_kdb_�Zglbih^u�b�bah-
f_ju�� Iheh`bl_evgu_� b� hljbpZl_evgu_� hilbq_kdb� Zdlb\gu_� \_s_kl\Z�� AZdhg� ;bh�

=bihl_aZ�Nj_g_ey��Bkdmkkl\_ggZy�hilbq_kdZy�Zdlb\ghklv��wnn_dl�NZjZ^_y��

1) <b^u�hilbq_kdhc�Zdlb\ghklb:
Hilbq_kdZy�Zdlb\ghklv�±�y\e_gb_�ih\hjhlZ�iehkdhklb�iheyjbaZpbb�ebg_cgh�iheyjbah-



39

\Zggh]h�k\_lZ�ijb�ijhoh`^_gbb�q_j_a�\_s_kl\h�

Kms_kl\m_l�^\Z�\b^Z�hilbq_kdhc�Zdlb\ghklb�±�h^gb�\_s_kl\Z�hilbq_kdb�Zdlb\gu�\�ex-
[hf�Z]j_]Zlghf�khklhygbb��hgb�h[jZah\Zgu�objZevgufb��lh�_klv�hilbq_kdb�Zdlb\gufb�fhe_-
dmeZfb�±�gZijbf_j��fhehqgZy�dbkehlZ���^jm]b_�±�lhevdh�\�djbklZeebq_kdhf��<�i_j\hf�kemqZ_

hilbq_kdZy�Zdlb\ghklv�k\yaZgZ�k�hlkmlkl\b_f�p_gljZ�bg\_jkbb�m�fhe_dme��\h�\lhjhf�±�k�hl-
kmlkl\b_f�p_gljZ�bg\_jkbb�\�djbklZeebq_kdhc�kljmdlmj_� �ijb� wlhf�\_s_kl\h�fh`_l�bf_lv

g_fhe_dmeyjgh_�kljh_gb_��gZijbf_j��d\Zjp��

Hilbq_kdb� Zdlb\gu_� fhe_dmeu� fh]ml� kms_kl\h\Zlv� \� \b^_� ^\mo� nhjf� ±� hilbq_kdbo

bahf_jh\��Hilbq_kdb_�bahf_ju�±�wlh�g_kh\f_klbfu_�^jm]�k�^jm]hf�a_jdZevgu_�bah[jZ`_gby�

hgb� fh]ml� \klj_qZlvky� ihjhagv�� h[mkeh\eb\Zy� hilbq_kdmx� Zdlb\ghklv�`b^dhklb�� ]ZaZ� beb

l\zj^h]h�l_eZ��Z�fh]ml�\�jZ\guo�dhebq_kl\Zo�gZoh^blvky�\�kf_kb��h[jZamy�jZp_fZl��>ey�jZa-
^_e_gby�hilbq_kdbo�bahf_jh\�bkihevamxl�j_Zdpbb�k�hilbq_kdb�Zdlb\gufb�j_Z]_glZfb�beb

[bhobfbq_kdb_� kihkh[u��?keb�hilbq_kdZy� Zdlb\ghklv�h[mkeh\e_gZ�djbklZeebq_kdhc� kljmd-
lmjhc�\_s_kl\Z��lh�khhl\_lkl\mxsb_�fh^bnbdZpbb�gZau\Zxl�hilbq_kdbfb�Zglbih^Zfb.

Hilbq_kdbc� bahf_j� �beb� Zglbih^�� gZau\Zxl� iheh`bl_evguf�� _keb� hg� \jZsZ_l� iehk-
dhklv�iheyjbaZpbb�\ijZ\h� �^ey�gZ[ex^Zl_ey��kfhljys_]h�gZ\klj_qm�emqm���e_\h\jZsZxsb_

bahf_ju�gZau\Zxl�hljbpZl_evgufb.

2) Dhebq_kl\_ggu_�oZjZdl_jbklbdb�hilbq_kdhc�Zdlb\ghklb:
?keb�hilbq_kdZy�Zdlb\ghklv�h[mkeh\e_gZ�kljh_gb_f�fhe_dmeu��lh�\_s_kl\h�khojZgy_l

k\hx�hilbq_kdmx�Zdlb\ghklv�ijb�jZkl\hj_gbb�\�g_Zdlb\ghf�jZkl\hjbl_e_��ijb�wlhf�m]he�ih-
\hjhlZ�hij_^_ey_lky�khhlghr_gb_f��aZdhg�;bh): [ ] ,lcα α= �]^_�>α] – m^_evgZy�hilbq_kdZy�Zd-

lb\ghklv� �m^_evgh_� \jZs_gb_��� l� ±� imlv�� ijhc^_gguc� emqhf� \� jZkl\hj_�� k� ±� dhgp_gljZpby�
M^_evgZy�hilbq_kdZy� Zdlb\ghklv� aZ\bkbl�hl�^ebgu�\hegu� k\_lZ�b�h[uqgh� mdZau\Z_lky�^ey

`zelhc�ebgbb�gZljby��h[hagZqZ_lky�[α]D)��Baf_j_gby�hilbq_kdhc�Zdlb\ghklb�bkihevamxl�^ey
hij_^_e_gby�kljh_gby�hilbq_kdb�Zdlb\guo�fhe_dme��f_lh^�iheyjbf_ljbb).

>ey�djbklZeebq_kdbo�\_s_kl\�aZdhg�;bh�ijbgbfZ_l�nhjfm� [ ] .lα α= �<_ebqbgZ�m^_ev-

ghc�hilbq_kdhc�Zdlb\ghklb�aZ\bkbl�hl�jZaguo�nZdlhjh\�±�l_fi_jZlmju��^Z\e_gby��jZkl\hjb-
l_ey�

3) H[tykg_gb_�hilbq_kdhc�Zdlb\ghklb:
>ey�h[tykg_gby�hilbq_kdhc�Zdlb\ghklb�ij_^eh`_gZ�]bihl_aZ�Nj_g_ey��ij_^iheZ]Zxl�

qlh�\�hilbq_kdb�Zdlb\guo�\_s_kl\Zo�ijZ\uc�b�e_\uc�pbjdmeyjgh�iheyjbah\Zgguc�k\_l�jZk-
ijhkljZgyxlky�k�jZagufb�kdhjhklyfb��qlh�\iheg_�h[tykgbfh��gZijbf_j��^ey�d\ZjpZ��]^_�hi-
lbq_kdZy� Zdlb\ghklv� h[mkeh\e_gZ� gZebqb_f� hk_c� �1� beb� �2�� [uklj__� jZkijhkljZgy_lky� lhl

k\_l��\�dhlhjhf�gZijZ\e_gb_�\jZs_gby�kh\iZ^Z_l�k�gZijZ\e_gb_f�aZdjmqb\Zgby�hkb�kbff_l-
jbb���Iehkdh� iheyjbah\Zggmx� \hegm� fh`gh� jZkkfZljb\Zlv� dZd� j_amevlZl� gZeh`_gby� ^\mo

\heg��pbjdmeyjgh�iheyjbah\Zgguo�\�ijhlb\hiheh`guo�gZijZ\e_gbyo��Zfieblm^Z�dZ`^hc�ba

lZdbo�\heg�jZ\gZ�iheh\bg_�Zfieblm^u�j_amevlbjmxs_c�\hegu��Ijb�ihiZ^Zgbb�\�hilbq_kdb

Zdlb\gh_�\_s_kl\h�^\_�khklZ\eyxsb_�\hegu�[m^ml�i_j_f_sZlvky�k�jZagufb�kdhjhklyfb��ih-
wlhfm�d�fhf_glm�\uoh^Z�ba�\_s_kl\Z�ih\hjhl�\_dlhjZ�?�\�h^ghc�ba�khklZ\eyxsbo�hdZ`_lky

[hevr_� gZ� ( )2
,  .d n n

πϕ
λ + −∆ = ∆ ∆ = − �<� j_amevlZl_� kmffZjguc� \_dlhj� ih\_jgzlky� gZ� m]he

.
2

ϕ πα
λ

∆ ∆= = �Iheh`bl_evgu_� agZq_gby�α� khhl\_lkl\mxl� ijZ\h\jZsZxs_fm� \_s_kl\m�� hl-

jbpZl_evgu_�±�e_\h\jZsZxs_fm�

LZdbf�h[jZahf��hilbq_kdZy�Zdlb\ghklv�y\ey_lky�ijbf_jhf�hilbq_kdhc�Zgbahljhibb�b

fh`_l�[ulv�\ua\ZgZ�bkdmkkl\_ggh� ±�\�fZ]gblghf�ihe_��LZdhc� wnn_dl�gZau\Zxl� wnn_dlhf

NZjZ^_y�±�^ey�ih\hjhlZ�iehkdhklb�iheyjbaZpbb�g_h[oh^bfh�gZijZ\blv�emq�\^hev�gZijZ\e_-
gby�fZ]gblgh]h�ihey�� 5 ,n n k lB+ −− = �]^_� l – imlv��ijhc^_gguc�\�\_s_kl\_��k5 – ihklhyggZy

<_j^_� �aZ\bkbl�hl�^ebgu�\hegu�k\_lZ�b�l_fi_jZlmju���<hagbdgh\_gb_�hilbq_kdhc�Zdlb\gh-
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klb� \�fZ]gblghf� ihe_� oZjZdl_jgh� ^ey� \k_o� \_s_kl\�� h^gZdh� h[uqgh� \hagbdZxsbc� wnn_dl

qj_a\uqZcgh�fZe��ohjhrbc�j_amevlZl�fh`_l�[ulv�ihemq_g�\�n_jjhfZ]g_lbdZo��\gmljb�dhlh-
juo�ihe_�^hihegbl_evgh�mkbeb\Z_lky�

Bkdmkkl\_ggh_� \hagbdgh\_gb_� hilbq_kdhc� Zdlb\ghklb� h[mkeh\e_gh� bg^mpbjh\Zgb_f

djm]h\h]h�^\b`_gby�we_dljhgh\�\�fZ]gblghf�ihe_��<�lZdhf�\_s_kl\_�[uklj__�jZkijhkljZgy-
_lky�k\_l��pbjdmeyjgh�iheyjbah\Zgguc�\�gZijZ\e_gbb�^\b`_gby�we_dljhgh\��lh�_klv�gZijZ\-
e_gbb�\jZs_gby�we_dljbq_kdh]h�ihey���Wlh�gZijZ\e_gb_�hij_^_ey_lky�gZijZ\e_gb_f�fZ]gbl-
gh]h�ihey��ihwlhfm� agZd�m]eZ�\jZs_gby�iehkdhklb�iheyjbaZpbb�g_� aZ\bkbl�hl�gZijZ\e_gby

jZkijhkljZg_gby� emqZ�� lh� _klv� ^ey� ih\hjhlZ� iehkdhklb� iheyjbaZpbb� fh`gh� bkihevah\Zlv

fgh]hdjZlgh_�hljZ`_gb_�k\_lZ�hl�fZ]gblZ�


