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Mamemamuueckuii ananu3
I xype Il cemecmp
bunem 1. Heonpeodenennwiii unmezpan u e2o ceouicmaa.
Tabmuya neonpedenennvix unmezpanos (cmp. 1 uz 9)

bunetr 1.HeonpeaenréHHbIE MHTErpaA U ero ceoKcrTea. Tabanua
HeOornpeAeAéHHbIX UHTErPanoB

1.1. OcHOBHOE onpepeneHue

Iycts f (X) orpeseseHa B npomexyTtke X . @ynkuusa F (X) Ha3bIBACTCS NEPEOOOPA3HOI
gyuxyuei ona f (X) €CJH IS TF000TO0 X € X BBITIOTHICTCS PAaBEHCTBO: F’(X): f (X)

1.2. OcHoOBHas AeMMa MHTErPaAbHOrO CYUCAEHUSA

Ecnu B HeKoTopom npomexytke X (KOHEUHOM miu OeckoHeuyHoM) pyHkums F (X) SIBIISICTCS
nepBooOpasHoit st f (X), TO 1 Mrobas Gynkuus F (X)+ C - Toxe sBISIETCS IEPBOOOPA3HON JIJIst
f (x). O6paro, st moGoii pyrximu G(x)= F(x)+C.

» Nokazarenbero Ouesuano, (F (x)+ Cj =F'(x)+0= f (x) 1 nepsas 4acTb TcOpPeMBI
nokasasa. [Tycts d)(x) - Kakas-m6o nepBoobpasHas mni f (x) . Paccmotpum pasHocTsb
d)(x)— F(X). [MpowusBoaHas 3TOU PYHKIIUH (CD(X)— F(X))’ = CD’(X)— F’(X)z f (X)— f (X)= 0.Ilo
cresicTBHIO M3 TeopeMsl Jlarparska momyuum, uto ®(x)= F(x)+C, uto u TpeGoBamock 10ka3aTs.

<

MHoxecTBO mepBoobpa3HbIx amst GyHkimn | (X) Ha 33J]aHHOM TIPOMEXYTKE Ha3bIBaeTCA €€

HeoIpeAeIEHHBIM HHTETPAJIOM U 0003HaYaeTCs TaK: J. f(x)dx .

[To noka3aHHOM JeMMe, OHO UMEET CIEAYIOIIYIO CTPYKTYPY: J. f (X)jx = {F (X)+ C }, rne F (X) -

MPOM3BOJIbHAS TIEpBOOOpa3Hast, a C - mpou3BOJIbHAS MOCTOsIHHASA. OOBIYHO HCIIOB3YETCsI
0003HaueHNe

If(x]dx=F(x]+C,

B KOTOPOM IepBasi 4aCTh PaBEHCTBa 0003HAYaeT HE OJHY U3 (PYHKIIH, a BcE ceMeHCcTBO PyHKITHIA,
00pa3yIomuX HHTETPaJL.

1.3. TabAuLbl OCHOBHbIX MHTEIPAAOB

Kaxnas popmyna F'(X): f (X) Cpa3y MPHUBOAMT K COOTBETCTBYIOILEH (popmyIe

If(x)dx= F(x)+C.

[TosTomy, ucnons3ys GopMyIIbl IS MPOU3BOIBHBIX IEMEHTAPHBIX (PYHKIMN TOTydUM
CJIe IyIOL1YIO TaOIHuILy:

1, jo-dx=c
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2. Il-dx=x+C
u+l

3. jx“dx:x +C, u#-1.
u+1

4 %: Inx+C,, ecmu x>0,

In(-x)+C,, ecu x<O0.

Omu popmynvl uacmo coeouHsom 6 00Hy : In|x| + C. Ilpu smom ciedyem umemsw 8 6udy,

1
4Umo MHOIHCECmB0, Ha Komopom onpedenena Qynxyus f (X): =, cocmoum u3 08yx
X

NPOMEINCYMKOB, 3a0a6aeMblX HepaseHCcmeamu X > Ou x< 0, coomeemcmeeno. Ha
Kasicoom u3 3mux NPOMEINCYMKOB NOCMOAHHYIO MOJICHO 6bz6upamb Hezaesucumo, 4mo u

ompadsiceno 6 popmyne 4. Tax umo opmyny In|x| +C He credyem nonumame max, umo K

dyuxyuu In|x| npubasnsiemcs 00Ha u ma xce nocmoannas C max e kax u npu X >0, max

u npu X <0. Ewe paz noemopum — mounviti CMblc OAH pAGEHCMEOM 4.
Omo dnce 3ameuanue moxcro coenams 0 popmyavt 3) npu pu <0 u maxom, umo X*

onpedenena kak npu X >0, max u npu X <0.

dx
5. J'1+ 2 =arctgx +C,

6. jizarcsinx+c,
NG
7. IaXdXZa—+C,BqaCTHOCTH, e'dx=e*+C
Ina
8. Isinxdx=—cosx+C,
9. jcosxdx:sin Xx+C,

dx
10. J' ——=—Ctgx + C,
SIn” X
mounee 2080psl, MaK Kaxk QyHKyus onpeoenena Ha OecKkoOHeuHOM MHOJCeCHEe
npomescymros < X < r(n +1), N e Z, 0 kaxcoo2o N ciedyem ebloupamsv 8010

nocmosnuyio C, .

11.] ox =tgx+C,
cos? X
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pasyMeeTeCd, 3aMCUaHnC, aHAJIOTUIHOC CACJTIAaHHOMY B H.IO, CIIPaBCAJINBO U 3]ICCh.
1.4. [TlpaBuAa MHTErPUpPOBaAHUSA

1. Ecom a#0, 1o

J'af (x)dx = aJ' f (x)dx.
2. IU(@igOth=If&hxijg&hx.

3. Ecmu J. f (t)dt =F (t)+ C,rme f (t) - HenpepbIBHas (pyHKIUS, TO 17t 000U (QyHKITUU

t= qo(x), Takou qo(x) u qo’(x) - HeTIpepbIBHBIC GYHKIUH U TaKOi, 4To f (qo(XD - OIpeJiesIeHa,
HUMEET MECTO PABEHCTBO

[ £ 0" ()dx = F(p(x))+C.

D70 mpaBUIIO Cpasy cielyeT U3 TEOPEMbI O MPOU3BOIHON CIOKHON (YHKITUH.

4. Ilyctp U = f(X) uV = g(X) - HeTIpephIBHbIC (PYHKIMH U IYCTh f’(X): U',Vv'= g’(X) -
TOYE HEMpPEpbIBHBIC ()yHKIIHUH.

Torna J'UdV —Uv —deu .

®opmyna BeITeKaeT U3 GOpMyIIbI 171 TPOU3BOIHON MPOU3BEICHNS.

1.5. Tlpocreniune npémbl MHTEIPUPOBAHUSA

Vka3zaHHas BbIIE TaOJNWIAa HEONpPEAETCHHBIX HHTErPaloB JaeT BO3MOXKHOCTh BBIUYUCIUTD
MHTETrpasbl BeChbMa HeMHOTHX (QyHKIMH. Tak, Hanpumep, HaXOAUM

—2+1

B [xd=2ic =c -, i-12.
X -2+1 X

Ha npoMexyTkax X >0 u X <0, COOTBETCTBEHHO.

I[J'IH pacmmp€Hud Kijiacca q)yHKHI/II/I, HUHTCrpaJiIbl KOTOPBIX MOTYT OBITh Haﬁ[LeHbI,
pPacCMOTPUM CJICAYIOUIUC ITpaBrUJia UHTCTPUPOBAHUS.

HepBoe N3 TaKuX MPaBUII OTHOCUTCA K BBIYUCJICHHUIO UHTCTpAIa OT anre6pa1/1qec1<0171 CYMMBbI
HECKOJIBKHUX q)yHKIII/Iﬁ OKaSBIBaeTCH, KaK " B CJIy4dac JpYyTux onepaunﬁ, HUHTCrpajl OT CYMMBbI paBCH
CYMMC UHTCI'PAJIOB:

JU, U, £U Jdx = [U,dx+ [Udx + [U,dx.
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JIns IpOBEPKH 3TOr0 PAaBEHCTBA JIOCTATOYHO INMOKA3aTh, YTO MPOM3BOJHAS MPABON YaCTU paBHA
HOJBIHTETPANBHON (YHKINM, CTOSIIEH B JICBOH 4YacTH pAaBEHCTBA; T.e., IpaBas 4YacTb —
nepBooOpasHas oT pynkuuu U, +U, +U,.

JlefiCTBUTEIBHO,

(J'Uldxij'uzdxij'u3dxj :(J'Uldxj i(juzdxji(ju3dxj =U,tU,+U,.

COBepHIeHHO TaK K€ NPOBCPACTCA U APYTO€ NpaBUIJIO, COCTOAILIESC B TOM, YTO HCHYHCBOﬁ
ITOCTOSTHHBIA MHOXKUTEIb MOXKET OBITh BEIHECEH 3a 3HAK HUHTCTpaJa: T.C.

jwdx =1jde. *)

3ameuanue. Ilpu 1 =0 gopmyna (*) ne éepna no 06ym npuyunam. Bo-nepevix, modxcem e
cywecmsosams UHmMeSpan 6 Npagou ee Yacmu, 6 mo epems KAK UHmMezpan 6 Jlesoll ee 4acmu
cywecmsgyem 0as moboul pyukyuu U u pasen npou3eonvbHoti nocmosanHou. Bo-emopuwix, 6 ciyuae
Cywecmsosanus unmezpad _,r Udx npaeas vacmo ¢ popmyne (*) paéna 0 u onamo ne coenadaem c
ee J1e6oll 4acmuvlio.

C nomouipio 3TUX MpaBUiI U (HOpMya M3 TAONUIBI HEOMPEAETICHHBIX MHTETPAJIOB MOYKHO
BBIYUCIUTh WHTErPAbl BCEX LENbIX PAlMOHAIBHBIX (YHKIHUH M HEKOTOPBIX IPYTruX (yHKIIHH,
MpEeACTaBUMBIX B JOpME CYMMBI TeX (PYHKIMA, HHTETpasibl KOTOPHIX MOT'YT ObITh HallICHBI.

Hampumep, nmeem

Xk+1

3 axkdx:n a, | x“dx = 3 a +C,
[ axdx=daio=2a

,[ dx Isin2x+c032xdxzj dx +,f dx

sin? xcos? x cos?x “sin?x

— = =tgx—ctgx+C.
sin® xcos® X

® i o [ % 2% ,3,:,6%
J'(\/;+1) dx_J'x 2dx+3'fxdx+3'|'x 2dx+'|'dx_gx 2+§X2+§X 2+x+C.

1.6. WHTerpupoBaHuMe No 4actam

OILHaKO OpeapiAymue mpaBujia HE HOAkOT yKaSaHI/Iﬁ Ha CIOCOOBI BEIYHCIIEHUS HUHTCIrpajioB,

Harpumep, ot ¢yHkumit X“Inx, x"e*. Jlng Toro, 4TOOBI MPOABHHYTHCS NAJIBIIE, PACCMOTPUM
IIPUEM HUHTETPUPOBAHMA, 00paTHBIN mpuemy aAnddepeHIInpOoBaHUs POU3BEACHUS IBYX (DYHKIIUI.

W3 paBeHcTBa

d(UV )=UdV +VdU

Crnenyer, 4To
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J.d(UV)zj.UdV +deu .
Otcrona
fudv =[dUV)-[vdu.

Ho unrerpan ot nuddepenunana GyHKIUH COBMANaeT ¢ 3TOH (yHKIMEH WK OTIMYaeTcs OT
Hee Ha MOCTOSHHYIO BEJIUYMHY; T.€., J.d v )= UV . Y4uteiBas 310, HOJIy4UM

IUdV:UV—IVdU.

3ILCCB MbI HE€ IIHCAJIU HpOHSBOJ’IBHOﬁ MOCTOSIHHO M NepBOro HMHTCrpaja MnoTomMy, 4TO TakKas
MNOCTOsAAHHAsE HMMECTCA BO BTOPOM HHTCEIpPAJIC (CyMMa ABYX TIIPOU3BOJIbHBIX TIMOCTOAHHBIX —
MMPOU3BOJIbHAA HOCTOHHH&H).

[Tocnenusst popmynna Ha3piBaeTCs HOPMyYI0H HHTETPUPOBAHUS 110 YACTAM.

PaccMoTpuM nmpuMepbl IPUMEHEHUS 3TOH (GOPMYIIbL:

1. Ix“lnxdx, a*-1.

ITonaras
X a +1
Uzinx, du =% avoxeax,V = ——
X a +1
Haxoaum
a+l oc+1 a+l a+l a+l
'fx”‘ Inxdx_ X Inx 'f _X Inx—L X¥dx = —— X
a+1 X a+1 a+1 a+1 (a+1)2

B uacTtHOCTH, J.In xdx=xInx—x+C.

2. Ixexdx.

B nepBoM mpumepe y Hac He MOTJIO OBITh IByX MHEHHIA IO MOBOJY BbIOOpa MHOXUTeNeH U u
dV . Tam Mbl He MoriH mosiokuTh dV = InXdX, mMOTOMyY YTO B 3TOM cilyyae Mbl HE 3HaJIU Obl, yeMy
paBHO V (mepBooOpa3Has oT jorapudmMuueckoit GyHKIUM HaM Obljla HEM3BECTHA). MHOXHUTEIH X
U € B 3TOM CMBICIIC KaKYTCS OTUHAKOBO ya00HBIMU. OJTHAKO TPH ONpe/IeiiCHUH MHOKUTene U u
dV HyXHO PYKOBOJICTBOBATHCS TE€M, YTO B HUTOre MPUMEHEHUs (HOPMYIIBI WHTCTPUPOBAHHS IO
yacTsM JIOJDKEH TIONy4YuThCsl Oosiee TpocToil  wmHTerpan. VHBIMH CJIOBaMH, BBIPOKEHUE
VdU =V -Udx momkHo ObiTh mpormie Beipakenus UdV =U -Vdx. 3uauut, 3a U Oepem TOT U3
MHOXKUTEJIeH, POU3BOAHAS KOTOPOro OoJiblIe yrnpoiaercs. Tak Kak Mpou3BOJHAs OT € He MpoIle
camoii ()YHKIIMH, a POU3BOIHAS OT X MOCTOSIHHA M TO3TOMY MPOIIEe X, TO IMOJaracm:
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U =x, dU =dx, dV =e’dx, V =e*.

IIpu 3TO0M
J'xexdx =xe* —J'exdx =xe*-e*+C.
3. Ixzexdx.
IMonaras U = x?, dU =2xdx, dV =e*dx, V =e*, Haxoqum
Ixzexdx= x’e* —ZIxede = x’e* —ijd (eX]= x’e* —2xe* +2J.exdx = x’e* —2xe* +2e* +C.

JlBa mocieaHUX MPUMEpPa MO3BOJIIOT CAEJIaTh BBIBOJ, YTO WHTErpaj OT (QYHKIUU P(x)eX

( P(X) - MHOTOYJICH) TIPEICTABIISICTCS B TaKoM e (opme; T.€.,
n n
IeXZakxkdx =e*Y Ax“+C.
k=0 k=0

Hns ompepeneHus kospduuueHtoB A, ciaeayeT mnpoaudepeHIpoBaTh 00€ UYacTu

paBeHCTBA M MPHUPaBHATH KOI(PUIMEHTH TNpu MOJOOHBIX ciaraeMblx. Takoil mpuem
MHTETPUPOBAHMS BCTPETUTCS U B IPYTUX CIIydasX.

3/1eCh MBI PACCMOTPHM TOJILKO OJIMH TIPUMEP TAKOTO POJIA.
4, J.eX(ZX2 +X +1)jx :
[Tumem
J.(sz + x+1}:xdx =e*(A, + Ax+ A2x2]+C :
Huddepenuupys 00e yacTh paBeHCTBA, HAXOIUM
e*(2x% +x +1]: e* (A, + AX+ AX2 ]+ e*(A +2Ax)=¢" [(AO + A )+ (A +2A, X+ AX? }
Tak kak e* #0, TO
22+ x+1=(A, + A )+ (A +2A, )X+ A X%,
CpaBHI/IBaH KOBq)(l)I/HII/IeHTBI IIpHU OAMHAKOBBIX CTCIICHAX X, UMEEeM
A =2, A+2A,=1 A=-3, A, +A =1 A =4.
OKOHYATEIBHO,

J.ex(sz +x+1)jx :ex(4—3x+2x2]+C.
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5. Iex sin xdx.

B sTom npumepe npousBogHble GyHKIUHA € M SiN X He ympomaioTcs. 3Ha4uT, B kadecTse U
MOXET OBITh MPUHAT JT1000i1 U3 HTUX MHOXUTeeH. [Tomaras

U =¢e*, dU =e*dx, dV =sin xdx, V = —cosX.
HaxXoauMm,

Iex sin xdx = —e”* cosx+'|.eX COS XdXx.

[Tocnenuuii MHTETpaa OKa3ajcsl TaKOW e CIIOKHOCTH, YTO U MCXOAHBIA. OmHAaKO M30paHHBIN
HaMM IyTh HE KakeTcs Oe3HaJeKHBIM, €CIM Mbl MPUMEHHM K IOCIEIHEMY HHTErpaiy eme pas
bopmyiy HHTErprupoBaHUs 1o YacTsaM. [lomoxus

U =e", dU =e’dx, dU =e*dx, v=sinXx,
HaxoJIum
Iex cos xdx = e” sin x —Iex sin xdx.
HOILCTS.BJIHH B paHEC HaﬁILCHHOC PAaBCHCTBO 3HAYCHUEC 3TOTO UHTCTpPaJIa, NOJTYIUM
Iex sinxdx = —e* cosx +e* sin x —Iex sin xdx .
HepeHoc;I HUHTCrpal U3 npaBoﬁ YaCTHU PaBCHCTBA B JICBYHO, YUTCM, YTO B JIEBOM YacTH YK€ €CTh

MMPOU3BOJIbHAA IMOCTOSIHHAA. Ee, CJICA0BATCIIbHO, HAJJIC)KHUT OCTABUTh U B npaBoﬁ 4aCTHU paBCHCTBA.
HpI/I OTOM IMOJIyYUM:

Zjexsin xdx = e (sinx — cosx)+ C, J'exsin xdx :%ex(sin X —C0s X )+C.

(HOJIOBI/IHa HpOHSBOJ’IBHOﬁ MOCTOSIHHOM — MMPpOU3BOJIbHAA HOCTOHHH&H).

1.7. 3ameHa nepeMeHHOW UHTErpMpoBaHus

[lepexomuM K  W3y4eHHI0O  TpUeMa  HMHTETPUPOBAaHUs,  OOpaTHOro  MpHUeMy
nuddepeHnpoBaHus CIOKHON QYHKITUH.

[Tpeamnonoxxum, 4TO (QYHKIHS F(X) - OJHa W3 NepBOOOpa3HBIX (GYHKUUH At QyHKIMU
f (X), F’(X)z f (X) u J. f (x)dx = F(X)+ C . Borunciaum uHTErpa

J ()" ()px.

ITockonbKy U3 paBeHCTBA

[F ()] = F () 0'(x)= T ()’ (x)
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crenyer, uto ¢pyukims F XD nepBooGpasnas 1 pyaxmun T ( X))go X) TO

[ £ ()’ (Jax = Fp(x))+C.

Bce 310 naeT Ham npaBoO NHUCAaThb paBCHCTBA

[ @00k ()dx = [ flp()He(x)=[ fUU = FU)+C = Flp(x)+C,

COTJIACHO KOTOPBIM BBIYHCIIEHHE MEPBOTO U3 ITUX HHTETPAIOB C MIOMOIIBIO 3aMEHBI IIEPEMEHHOM
U= qo(X) CBEJICHO K BBIYHCICHHUIO TOCJEIHETO HHTerpana (MpU BBINOJHEHWH BCEX YCJIOBHH
TeopeMbl 0 TUPPepeHINPOBAHUN CIOKHON PYHKIMH).

HpI/I 9TOM BBIYHUCJIICHUC TIOCJCAHCI'O HUHTCTpala CBOAUTCA C MOMOIIbBIO TO ’Ke 3aMEHBI
NEPEMCHHOT'O K BBIYHCJICHUIO nepBoro HUHTETpala, €CJIn q)YHKIII/IH

U :(D(X) YIOBIIETBOPSET BCEM YCIOBHSIM TEOPEMBI O CYIIECTBOBAaHMM M U PEepeHIUPYyEeMOCTH

O6p8,THOI>i q)YHKIII/II/I, MOCKOJIBKY B 3TOM BTOPOM CJIydac MOCJIC BBIYUCJICHUS ICPBOTO MHTETPAJIa MbI
JOJI>KHBI 6yILeM BMCCTO BCIIMYMHBI X IMOJACTABUTH €€ 3HAYCHHEC, KOTOPOC MOXKECT OBITE HaﬁILCHO u3

ypaBHenust U :(D(X), U pEIICHHWEM ITOTO YpaBHEHUS OyJaeT (QYHKIHS X :l//(U), oOpaTtHast s
U zqo(x).

Takxum oOpazom,
J. U)u = J. (X))’ (x)dx = d(x)+C = d(w (U ))+C,

rae ®( X) nepBooOpasHas pyukims Gpynxmmn T ( X))go )

[Mocnennee  BhIpaXeHHWE  COACPKUT  (AKTUUYECKH OECKOHEYHO MHOTO  PaBEHCTB,
MOJTYYAIOLITUXCS IS TeX WU MHBIX pyHkmui U = qo(X). 3agada 3aMeHbl IEPEMEHHOTO U COCTOUT B
TOM, YTOOBI M3 BCEX 3aMEH MEPEMEHHOT0 BBHIOPATh TaKyI0, KOTOpasl YMpoOIIaeT MOJBIHTETPaIbHOE
BbIpa)keHHUE. 3aa4a 3Ta CJI0KHas BCIEACTBUE OOJBIIOT0 MHOIO00pa3ysi BO3MOXKHBIX 3aMeH. B aTom
OTHOUIEHUU METOJ MHTEIPUPOBAHUS MO YaCTAM mpouie. TaM UMeeTcsl KOHEUHOE YUCIIO Pa3IUYHbIX
BapuanTtoB. Kpome TOro, taM MOXHO OBUIO YKa3aTh NPHHIHUI, MPHUAEPKUBASICH KOTOPOTO
WHTETPUPOBAHMS TIO YaCTSIM JOBOJMJIOCH JIO KOHIIA BCAKUH pa3, KOTJa Takoe JOBEJCHHE ObLIO
BO3MO>KHO.

PaCCMOTpHM HCCKOJIBKO TIIpUMEPOB, B KOTOPBIX MTPUMCHACTCA 3aMCHaA HepeMeHHOﬁ K
BBIYUCJICHUIO UHTCT'PAJIOB.

@' (x)dx
L oy

[Monoxus U = qo(x), du = qo’(x)jx, HaiieM

'fq) (cx _ 'deU:In|U|+C =Injp(x}+C.

o(x)
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3TO paBEHCTBO MOJIC3HO 3aIOMHUTb.
2. Ilpennonoxkum, uto pyHKuus F (X) - mepBoobOpasHast mist f (X)
Brruncium nHTETpa

If(ax+b)dx, abeR,a=0.
IMonaras U =ax+b, dU =adx, dx =%dU , HAXO UM

1 1 1
'ff(ax+b):lx=g'ff(u):lu =EF(U)+C =EF(ax+b)+C.

HOJ'IBSyHCB 9TUM, MMOJIYYUM

(ax+b)™"
[x+bY dx ="~ D) +C, a=-1,

J‘ dx 1 J‘ dx iz

ik 5

rctg5+C =1arctg5+C, a>0,
a a a

. X
arcsm =arcsin—+C, a>0.

j\/ﬁ \/7 % a



Mamemamuueckuii ananu3z
I xypc I cemecmp
Bunem 2. Hnmezpuposanue payuonanvhvlx ¢yurxyuti (cmp. 1 uz 11)

bunetr 2.HTErpUpOBaHUE paLMOHAAbHbIX QYHKLUMN

2.1. Anrebpanueckoe BBepeHUE
PaCCMOT‘pI/IM HCEKOTOPBIC HY>KHBIC HAM B ILaJ'IBHeﬁHIeM CBCIACHUA anre6panqec1<0ro XapakTepa.

X
Bcesikast panpionanbHast GyHKITUS MOKET OBITh TIPEACTABIICHA B BUJIE IPOOH WX; ,tae P(X) u Q(X)

— MHOT'OYJICHBI C ILCfICTBHTCJ'IBHBIMH KOB(l)(l)I/IHI/ICHTaMI/I; T.C.

X+bm,by %0

_h yMm m-1
P(x)—box +b1x +..+Db O

m-1
Q(x) = an” +alx”_l ot a  X+by;

He napymast 0GIIHOCTH, MOKHO CUHMTATh, 4TO 8y = 1.

Takyro 1poOb Ha3bIBAIOT OOBIYHO PaAUUOHANbHOU Opodbio. Ecin M<n, To panroHalIbHAs APOOk

P(x)

Q(x)

SABJISICTCSA HeraBHHBHOﬁ, TO ACJIICHUECM YHUCIIUTCIA HA 3HAMCHATCJIb OHA MOXCET OBITE npeacTaBjiCHa
P(x) R(X)

o) =S(x)+@, 1)

B KoTOpoit S(X) (4acTHOE) — MHOTOWICH ¢ moka3atenem crerneHu K (k=m-n) u R(X) (octarok) —
TOXE MHOTOYICH, TOKa3aTesIb CTEIEHH KOTOPOTO HUXe MoKa3aresis cTerneHu N MHorowieHa Q(X).
Takum 00pa3om, HenpaBIIbHAs PAMOHATIBHAS IPOOb MOXKET BCeTa ObITh MIPECTABIICHA B BH/IC
CYMMBI MHOTOYJICHA U TIPABUJILHOW PAIMOHATBHON IPOOH.

5

HaSBIBaeTCH*npaeuﬂbHOﬁ; €Cliv )Xe M=>n — Henpaeuﬂbﬂoﬁ. Eciu pallOHaJIbHAasA Ilp06b

B BUJI€ CYMMBbI

3.,,2
+3X° + X =x2+l— 2x+1

x3+2x+l x3+2x+l

X

Ilpumep I:

B BeICHIEl anreOpe 10Ka3bIBaeTCs, UTO 6CAKAA NPAGUILHAA PAUUOHATLHAA OPOOL
npeocmaguma 6 6ude CymMmul HEKOMOPO20 KOIUYECHm A MAK HA3bI6AEMbIX RPOCMBIX Opobeil
ce0yrouux Yemuipex munoe.

A

X—a
A

n —— (x=234..),

X a)® (a )

Mx+ N

X2+ pX+q’
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v, Mx+ N 7 (B=234..).

(x2 + pX+0Q)

p2 p?

I'ne A, M, N, &, p, q — moCTOSIHHBIC ICHCTBUTEIIbHBIC YUCTIA U 7 (<0 (mm q-— T>O); T.C.

TpexuwieH X~ + PX+ ( He pacKiaabIBaeTCs HA MHOKUTEIH.

PaCCMOTpI/IM OTy TCOPEMY B HACTHBIX ClIydasX.

1. Ecmu ypaBuenne Q(X)=x"+a;x"'+...+a,=0 HMeeT TOIBKO MPOCTHIC JEHCTBHTEIbHBIC

R(x)
KOpHH a,b,... (MX Bcero N), To NpaBUIBHYIO PALMOHATIBHYIO IPO0h ———~ MOXKHO

Q(x)

NpeaACTaBUTb B BUAC CYMMBbI MIPOCTBIX sz06eI71

R(X) _ R(X) A B
Q(x) _ (x=a)(x-b).. x-a x=b 0
Mpumep: 2x+1  _ 2x+1 1 N 2

" x249x—3 (X=D(x+3) x-1 x+3

-1

2. Tycts ypaBuenne Q(X)=X"+a;x" +...+a,=0 onaTh 061aJaeT TOILKO
JNeHCTBUTEILHBIMY KOPHAMH, HO CPEIU ITUX KOPHEH UMEIOTCS KpaTHbIE, HAlpUMeD, KOPEHb
a KpaTHOCTH 0, KOpeHb b kpatHocTu B, ¥ T.1. (B YACTHOCTHU BCE KOPHH MOTYT OBITh

R(X)
Q(x)

KpaTHBIMU). TOr/1a NpaBIILHYIO PallHOHAIBHYIO IPO0h

MOKHO IPpEACTABUTH B BUJC

CYMMBI IPOCTHIX Jpo0eit

RX)_ RO A A A B
Q) (x—a)*(x-b)f .. (x-a)* (x-a)*~1 x-a (x-p)f

®p-1 N By
(X—b)'B_l X—Db

rZie B HEJIOMTUCAHHOM YaCTH MOTYT OBITh WICHBI, COOTBETCTBYIOIINE MPOCTHIM KOPHSIM
ypaBueHust Q(X)=0.

+

+... 3)

3. Jlerko mpoBepsietcs, uto ecyu ypaBaeHue Q(X)=0 uMeeT KOMIUICKCHBIN KOPEHb
a=u+iv (v=0) (r.e. Q(a)=0), To 0HO 00513aHO UMETh TAKIKE KOMIUICKCHO COMPSIKCHHBIH €My
KopeHb a =Uu-iv (T.e. Q(a )=0). [leiicTBUTEIBHO, HA OCHOBAHUH CBONCTB KOMILICKCHOTO
CONPSKEHUs M YCIOBHS BENIECTBEHHOCTH K03 duimenToB MHorodnena Q(X)=x"+a;x"™

Lt .. +ansacmouaenm, uto Q(a)=Q(aA), u tax xaxQ(a)=0=0, ro Q(a)=0.

B sToM cityuae
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Q(X) = (X—8)(X—a)... = (X —U = IV)(X—U +1V)...= [(x—u)z +v2}...

MHOXUTEIb [(X - U) 2 + VZ} MOXKHO, OUYE€BUIHO, IIPEACTABUTEL B BUJIE X2 + PX+(, Tak 4ro

YpaBHEHHE X2 + PX+ Q=0 umeeT TOIBKO KOMILICKCHBIE KOPHU U £ IV; T.€., TPEXUICH

2

X© + PX+ (He packiuaabIBacTCs Ha IEHCTBUTEIILHBIE KOPHH.

[Tyctb cpenu kopHeii ypaBHeHus1 Q(X)=0 UMEIOTCS KOMILIEKCHBIE KOPHHU, KOTOPHIE BCE
ABISAIOTCA MPOCThIMU. COTTIaCHO CKa3aHHOMY BBIIIE, COBOKYITHOCTH 3TUX KOpHEH OyayT

COOTBETCTBOBATH MHOXHUTEIH ( X2 + PX+Q), ( X2 +IX+S),... pasnoxenust MEOorouwieHa Q(X)

(t.e., Q(X)=( X2 + PX+q)( X2 +IX+S)...). [Ipu 5TOM MpaBHIBHYO PAllMOHAIBHYIO IPO0h

R(x) .
—— v MOXHO INPEACTaBUTHL B BUJC CYMMBI IIPOCTHIX [[pO6eI/I
Q(x)

+

Q(X)_(X2+ px+q)(x2+rx+s)... X2y PX + X2 +rX+5

+... 4)
['e B HETOTIMCAHHOW YacTH MOTYT OBITh YWICHBI, COOTBETCTBYIOIINE IEUCTBUTEIbHBIM KOPHSIM
ypaBHenust Q(X)=0 (cMOTpeTh MpebIAYIIUE 1BA CIy4asi).

1 1 1

_ X _3 '3, 3
X+l (X =x+D(x+1) x*-x+1 x+1

Ilpumep:
4. Cpenu kopHeii ypaBHeHus: Q(X)=0 UMEIOTCS KpaTHbIE KOMIUIEKCHBIC KOPHH,
Hanpumep, KopeHb U+iV KpaTHOCTh — 3, KOPeHb Uy +iVy KpaTHOCTH G, U T. 1.
Coenacno cxazannomy gviuie, 5Mum KOpHAM 0YOYmM cOOMBEMCME08aMb MHOMCUMENU
( X2 + pPX+q Y, ( X2 +IX+S)’, ... paznoxcenue muocounena Q(X), m.e., Q(X)= (X2 + pX+(Q Y
(x2 +IX+5S)’...

R(X)
Q(x)

Ilpu >mom npasunvbHylo payuoHanbLHylo O0poodb MOJACHO Npeocmasums 6 6uoe CyMMmbl

npocmulx opodeti
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R(X) _ R(X) _ MgxtNs
QM) (x2+ px+q)P (X2 +rx+8)T ... (x2+px+q)P
.\ M5—1X+N5—l - M1X+Nl .\ Vs X+ 0 .\ Vs 1 Xto_ 4 .\
(x2+rx+s)'B_l X2+ px+q (x2+rx+s)®  (x2+rx+s)° 1L
U X+ @
..+%+... (5)
X +IX+S

rIe B HEIONMHCAHHOW YacTH MOTYT OBITh YJICHBI, COOTBETCTBYIOIIHE MPOCTHIM KOMIUJIEKCHBIM
KOPHSIM M JICUCTBUTEIBHBIM KOPHsIM ypaBHeHus: Q(X)=0 (cM. peapIayiue Tpu cirydast).

PaccMOoTpeHHblE HaMU 4YeTbIpe Ciydas TIOJHOCTBIO PpEIIAIOT BOIPOC O 603MONMCHOCHU
NpeCTaBICHUS] BCAKON MpPaBUIBHOM palMOHANBHOW IpoOM B BHJE CYMMBI IPOCTBIX JIpOOei.
Tenepb BcTaéT BOMpOC: KaK B TOM WM HMHOM CIIydae MpPAKmMu4yecKu HAXOAATCS TMOCTOSHHbBIC
K03(pPUIIMEHTHI B YHUCIUTENSIX MPOCTBHIX ApoOeil COOTBETCTBYIOIIETO pasiokeHus? JTo aenaeTcs
OOBIYHO C MOMOUIBIO TAaK HA3bIBAEMOTO MemoO0d HEOnpeoenéHHbuIX Kodgduyuenmos, KOTOPLIH
COCTOUT B CIIEAYIOLIEM.

B mepByro ouepenp onpenessior, mo Kakoi uz gopmyn (2)-(5) caeayeT nmpeacTaBUTh JTaHHYIO
NpPaBWIbHYIO JIpoOb. 3aTeM 3alHUChIBAIOT COOTBETCTBYIOLEE pAa3j0oKEHHE C OYK6eHHbIMU
Kod(ppuyuenmamu. Jlanee npuBoaaT Bce ApoOHU K 00LIeMy 3HaMEHATEI0, KOTOPhIM, ECTECTBEHHO,

oyner Q(X).

OtOpaceiBast ciieBa U crpaBa 3TOT 3HaMEHATeNb, MPUXOJIAT K PaBEHCTBY ABYX MHOIOYJICHOB,
TOX/JIECTBEHHOMY OTHOCHUTEJIBHO X: CIpaBa C OYKBEHHBIMH KOX(pQHUIMEHTaMHU, CJeBa — C
KOHKpeTHBIMHM 4uciamu. CpaBHuBas KOS((UIIMEHTH NPU OJMHAKOBBIX CTEHEHAX X, MPHUXOAAT K
CUCTEME ypaBHEHHUH, M3 KOTOpPOHl ¥ HaxomdT 3HAa4eHUS OYKBEHHBIX K03((PUIIMEHTOB.
CooTBeTCTBYIOIME MPUMEPHI PACCMOTPUM B ITyHKTE 1.3.

2.2. HeonpeaenéHHbIM MHTErPAA OT paLuMOHaAbHOW GYHKUMUK

Teopema 2.1. HeonpeneJéHHbIH MHTErpaj OT BCSKOH panMoOHAIbHONH (YHKIHM Bceraa
BBIpakaeTcsi B KOHEYHOM BHJAe 4epe3 aaredpamveckue, Jorapupmuyeckue M oOpaTHbIe
TPUIOHOMETPHYECKHE (KPYroBble) (PyHKIHH; T. €., B KOHI¢ KOHLOB, Yepe3 JJIeMeHTapHbIe
(pyHkuun.

P JlokasatenbctBo C momompio gopmyn (1)-(5) (mynkr 2.1) BCAKyI0 palUMOHATBEHYIO

P(x
(1)yHKIlI/II-O % MOXHO HpeILCTaBI/ITB B BUJC CyMMBI MHOT'OYJICHA CTCIICHU k , €CJIN IIOKa3aTcCJib
X

crenenn umcimrens P(X) ma Kemumun Beime mokasarens crenenu 3uamenarens Q(X), u
pOCTHIX apooeit Tumos I-1V.

TOFILa HaXOXKIACHUC UHTCIpaJla OT ILaHHOﬁ paHHOHaHBHOﬁ q)yHKHI/II/I NpUBCACT K HAXOKIACHUIO
HUHTCIpaJIoOB OT MHOIOYWJIICHA W OT HPOCThIX Ilp06eﬁ. PaCCMOTpI/IM BC€ BO3MOJXKHBIC Cilydau
HUHTCTPHUPOBAHUA.
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WuTterpan oT MHOrowIeHa cTeeHu K ecTh MHorousieH cteneHu K +1. JlelicTBUTenbHO,

k-+1 K
1. [(C xK e xk1y 4c )dx = COX +C1X +...+C, X+C (anre6panueckas
. 0 1 -+ ] K SR p
yHKIHS).
Wurerpansl npocteix apobeit | u |l TumoB BeIpaxaroTcs depe3 JorapupMuYecKue u
anreOpanydeckue GyHKIHMHU:
2. [ A% = Alnjx—af+C
| Adxa —_ A +C (@=2.3,4,..)
(x—a) (a0 -D(x—a)*~
Wurterpansl mpocteix apoder Il m IV TumoB BelpaxaroTcss uepe3 anreOpandeckue,
Jorapu(pMHIECKUE U 00paTHBIE TPUTOHOMETPHUYECKHE (PYHKIIHH.
2Mx+N dx=| Mx+ N > dx
X= 4+ pX+
PEA ke B2 @-P)
2 4
p Mp
ycTs X+§= z, torma dx=dz wu Mx+N=Mz+(N —T) O603HaUYUM
2 2
q _P_ a2 (T. k. P >0). [Toryuaem
4 4
P
Mx+ N Mz +(N - 2 )
Z—dx = 5> dz =
X%+ pxX+(q Z° +a
M
j 220'22 F(N- p)j ; dz > =22 +a?)+ L(N-—Pyarctg 2 +.C.
z¢+a 2% +a> 2 a 2 a

BosBpariasch kK mepeMEHHOW X ¥ MOJCTABIIsIsl BMECTO a €€ 3HaYeHHe, ToJTydacM

Mx + N 2N—Mp 2x+p
4. [—m———dx= ZIn(x + PX+() +———arcty —— -
rperq 2 Vag-p?  4q-p?

OcTanock yka3aTh TOJIBKO CIIOCOO BBIYHCIICHHS HHTETpasla

[ MX+N_ 4x 5-2.3.4..).

(x2 + pX+ q)5
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CILCJ'IaB npe06pa3OBaHHe 1 TOACTAHOBKY TakK K€, KaK U B IPCAbLAYIIEM CJIydac, Mojrydacm

M
p
Mx+N dx:jMer(N_Z)dz:M 22d2
(x2+px+q)5 (22+a2)5 2 (22+a2)5
M dz
+HN-—P)
2 J(ZZJraZ)5

TlepBblii U3 STUX HHTErPaNoB HAXOAMM TIOJCTAHOBKOH V = 2° +a°, T.e.,

2zdz =jdV=— 1 1 e 1 1 e
(z2+a2)0 O o-10-1 6-1 (721 42)0-1
. dz .
Bropoii unTerpan j2—25HaXOILI/IM C TIOMOIIBIO PEKYPPEHTHON (OPMYJIBI
(z=+a“)

1 27°dz

dz 1 (z° +a*—a%)dz
| = - S - 2 _
’ J.(zz +a® )(S Zg(z2 +a? )(S " J.(zz +a? )5+1 Zg(z2 +a? )(S " '[

@ +a?)"

1
= Zgﬁ+25|é —26a2|5+1,
(°+a%)

OTKyJa

—(25_1)|5+ z

= ,6=012,...
288 28a’(z®+a%)’

dz

HpI/IMeHHH 3Ty q)OpMyJ'Iyé —1p8,3, MBI HpI/IXOILI/IM K BBIYHUCJICHUIO I/IHTCI‘paJ'Ia I—Z 21 HO
Z +a
dz 1 Z
jﬁz—arctg—ﬂz
7¢+a a

Bo Bcex MNOJIYYCHHBIX TaKUM 06p8,30M pe3yiibTarax 3aMCHsICM Z4€pe3 X. Ha ocHOBaHuM 3THX

Mx+ N
(x2 + px+ q)5
npeocmaenaem  co00u  evlpajriceHue,  cooepircauiee  anzedpauyecKyl) u - 0OpamHy o
MpU2OHOMEMPUUECKYI0 PYHKUUIO

dx, xomopoe

PE3yJIbTAaTOB  BBIIIUCBIBACM, HAKOHCL, BbIPAXKCHUC  IJIA

W3 pe3ynabTaTOB HMHTETPUPOBAaHUS TNpeAcTaBleHHbIX (opmymamu 1, 2, 3, 4, 5 BbITEeKaeT
CIpaBeTMBOCTh TeopeMbl. 4
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1.3. MeToA MHTErPUPOBaHUSA pPaLMOHAABHbBIX GYHKLMK

JlokazanHas B MyHKTe 2.2 TeopeMa TO03BOJIET CHOpMYyTUpOBaTh CIEAYIOUMNH Memoo
UHMEe2PUPOSAHUA PAYUOHATLHBIX QYHKUUIL.

P(x)
Q(x)

nciiasd 4aCTb CTCIICHU k , €CJIM MIOKAa3aTCJib CTCIICHHU YMCIIMTCIIA P(X) BBIIIC IIOKA3aTCJIA CTCIICHU

B nanHoii panmonansHON apoOu BBIIEIIAETCS B KAUECTBE CJIaraeMoro MHorousaeHa S(X)

sHameHarenss Q(X) Ha K emmHumm; T. e. BhiuchiBaetcs (opmyna (1). 3arem pasmaraercs
3HameHatesnb  Q(X) Ha JCHCTBUTENbHBIC JIMHEHHBIE W KB3JpaTHbIC MHOXHTENH, TaK 4YTO

R(x)
Q(x)
dopmynsl (1) mpeacraBnsieTcss B BUAE CYMMBI IPOCTBIX JIpo0Oei cornacHo dopmynam (2)-(5); npu
3TOM KOX(PQUIIUECHTHI PA3JIOKEHUS ONPEACISIFOTCS METOJOM HEOIPENeIEHHBIX KOA(PPHUIUCHTOB.
P(x)
Q(x)

HCOHpeILCHeHHBIﬁ HUHTCrpall, KOTOpBIﬁ onpeacEIeTCA ILOKaSaHHOﬁ B ITYHKTC 1.2 TeopeMoﬁ.

Q(X)=...-(X—a)-...-(X2+ px+q)5-.... Jlanee TpaBUIbHAs palUOHANBHAS IPOObL

HaxoguTcs eé

ITocne Bcex HTUX NpeoOpa3oBaHMl [JaHHOM palMOHAIBHOW ApoOH

PaCCMOTpI/IM NPpUMCEPLI Ha IPUMEHCHUEC U3JIOKCHHOT'O MCTOJd UHTCTPUPOBAHUA.

5,.4
1. Haiitu JX+_X_8

dx
x3 —4x

Pewenue. B HOILBIHTeraHBHOﬁ q)YHKHI/II/I BBIACIACTCA MHOI'OYJICH BTOpOﬁ CTCIICHU ACJIICHUCM
YHUCIINTCIIL Ha 3HAMCHATCIIb:

5, .4 2 _
XY + X 8=x2+x+4+4x +16x—8

x3—4x x3—4x

U]

Pa3noxum 3HaMeHaTe b ILaHHOﬁ ILpO6I/I Ha IPOCTHIC MHOKUTCIIA
XS —4x = X(X+2)(x-2).

[TpaBuIbHYIO panMoHANBHYIO po0b hopmyisl (7) mpenctasisieM o Gopmyse (2)

4x*+16x-8_A B _ C
X3 _ Ax X X+2 Xx-2
OCBO60>K}.I3HCB OT 3HAMCHATECJIA, MMOJIydacM:
Ax°+16x-8=A(X*-4) + BX(x-2) + Cx(x+2) (8)

[TpupaBHuBas K03(GUIHEHTH! IPH 0AUNHAKOBBIX CTEHEHAX X 00€HX 4acTAX paBEHCTBA
(TOkKIecTBa), MOJYyYaeM CUCTEMY TPEX YpaBHEHUN
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A+B+C=4
—-2B+2C=16
-44=-8

Pemas sty cuctemy, Haxonum A=2, B=-3, C=5. [loaTtomy

4x°+16x-8_2_ 3 5

9
x3—4x X x+2 x-2 ®)

[Ipunss Bo BuuManue (7) u (9), Haxoaum

5 4
jf—iﬁ—j%x:ju2+x+4+g— 8 O )dx
x3—4x X x+2 x-2
x3 2
:?;+7?+4X+ZMM—SMV+J+SMV—J+C

3ameuanue. Yacmo npu HaxoxicoeHuU K03 hhuyuenmos pasioxHceHuss nPUMeHsIom opy2ou
npuem, KOmopbulii CBOOUMCS K MOMY, YUMo 8 modcoecmae, NoJy4eHHOM nocie 0mopacbl8anus
06we20 3HameHamens 8 0beux e2o 4acmsax NOCMAGIAIOM 6MeCno X HEKOMOPble «8bl20OHbIEY
YUCNI0Bble 3HAUEHUS U TNEeM CAMBIM NOIYYAION ONAMb-MAKU YPAGHEHUs, CyHcayue 015 OMblCKAHUS
HeUu38eCMHbIX K0P PuyueHmos npocmuix opooel.

Omom npuem 0cobeHHO 68b1200€H 6 Clyuae npoCcmvlX KOpHell, m.e., K020d UCNONb3Yemcs
Gopmyna (2).

3
Tak, 6 paccmompeHHoM npumepe umeem modxcoecmso (8). Ypasnenue x -4x=0 umeem xopHu
x1=0, x,=-2, x3=2. B moowcoecmee (8) noocmasnsiem emecmo x nociedo8amenbHo 3HA4eHUsl, pagHble
IMUM KOPHAM. DMOo cpa3y daem

x=0:-8=-44,
x=-2:-24=8B,
x=2:40=8C

Omxkyoa A=2, B=-3, C=5 (npeoicnuii pe3yromam)

Takum 06pa30M, 6 9mom ciaydae He npuxodumcg peuwams CHOHCHYIO CUCMEM)Y MHO2UX
ypaeﬂeﬂuﬁ CO MHOCUMU HEU3ZBECMHbIMU.

x2dx
2

2. Haiitu

x3+5x +8x+4

Pewenue. TlonpHTerpansHas GyHKIMA ecTh NpaBHiIbHaA ApoOb. Pa3naraem 3HaMeHaTeNb ATOM
o3 c2 _ 2
JIpoOH HA MPOCTHIE MHOKUTENH: X +5X+8x+4= (x+2)“(x+1). [Ipeacrasisiem nanHyo apooOb Mo

dopmyune (3)
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x2 _ A2 N Al N
2 2 +2 x+1
(x+2)“(x+1) (x+2) X

OCBO60>KIL8.5[CB oT O6HICFO 3HAMCHATCJIA, MMOJIy1acM
X2 = A, (x+1) + A(x+2)(x+1) + B(x+2)

[TpupaBHuBas K0O3PPUIHEHTHI IPHU OJAUHAKOBBIX CTEIICHSX X, ITOJIy4aeM CUCTEMY TPeX
YpaBHEHHI

Al+81=1,
A2 +3A1+431=0,.

A2+2A1+481=0

Pemas 3ty cuctemy, Haxo UM A2 =4, Al =0, Bl =1 . CnenoBarensHO

S S
(x+2)2(x+1)  (x+2)2 *+1
ITosTomy
x2dx 4 1 4
=[(- +—)dx = +Inx+1+C
(x+2)2(x+1) ~ (x+2)2 X+l x+2
4dx
3. Haiitn
Ix3+4x

Pewenue. meem X3 +4x = X(X2 +4)
ITonaraem

4 A Mx+N
_ A MATIN

S (o dopmyne (3)).
x(x2+4) X x244

ITocne 0CB060>KILCHI/IH OT 3HaMeHaTeleH nojrydyacm
4= A(x2 +4)+x(Mx+N) =(A+ M)x2 +Nx+4A

[TpupaBHuBas KO3PPUIIHEHTHI TP OJAUHAKOBBIX CTEIICHSIX X, ITOJIy4aeM CUCTEMY TPeX
YpaBHEHHI



Mamemamuueckuii ananu3z
I xypc I cemecmp
Bunem 2. Hnmezpuposanue payuonaibhvix gyuxyuii (cmp. 10 uz 11)

A+M =0,
N =0, , oTkyaa A=1, M=-1, N=0, Tak 4uto
4A =4,

4 1 X

x(x2+4) X 244

Crie10BaTeIEHO j;i = ax _ ;dX — |n‘ Cx ‘
X°+4x X Tx44+4 ‘ x2+4‘
4. Hatitu J 5 dx 5
(X +x)(x= +2)
Pewenue. Ilonaraem
L A + B + Mx+N (mo popmyne(4)), oTkyna

A2 +1) ¥ x+1l (2.9

1=A(X+1)(x*+1)+ Bx(x*+1)+(Mx+N)x(x+1) (10)
[Tonaras B (10) x=0,monyunm A=1, npu x=—1 umeem BZ—%. [Tonaras B (10) x=1 ¢ yuyactuem

. . 1
HalJIeHHBIX 3HaYeHUH, noaydyum M+N=—1, npu x=-2 umeem —2M+N= > U CIIEZI0BATEIIBHO,

:_% , N= 1 . IToaToMy

1 111 1ax41
x(x+D)(x2+1) x 2x+l 2,244

u

dx dx 1.dx 1, x+1 1 1 2
=[—-= -= dx =In|x|—=Injx+1—-=In(x“ +1) -
J(x2+x)(x2+l) alca 2Jx2+l M3 s 4
—%arctgx+C
5. HaﬁTHI 2xax 57
@+x)@1+x2)

Pewenue.



Mamemamuueckuii ananu3z
I xypc I cemecmp
Bunem 2. Hnmezpuposanue payuonabhvix gyuxyuii (cmp. 11 uz 11)

2% _ A +|\/|2X+N2+|\/|1X+N
(x+D)(x2+)2 X+l 2.2 x241

1 (mo popmyne(5)), oTkyna

2x=A(X2+1)2+(Max+No) (x+1)+(Mx+Ny) (x+1) (x*+1) nnu
2x= (A+ Mo)x*+( M+Np)X>+Q2A+ Mo+ My+Np)x*+( Mo+ No+ Mg+ Np)x+(A+ Ny +Ny)

[MpupaBHuBas K03 PUIIHEHTHI IPH OAUHAKOBBIX CTEIICHX X, ITOJIy4aeM CUCTEMY TS TH
YpaBHEHUH

A+M, =0,

M, +N, =0,
2A+M,+M,; +N, =0,
M,+N,+M, +N, =2,
A+N,+N, =0.

Otrcrona A=-? , My=1, N,=1, M;=? , N;=-? .

CrnemoBaTebHO
2xd2x ; =—£J dx i ;(+l de+

(X+1)(x% +1) 2°x+1 T (x2 47)
EI x-1 dx=—£|n|x+1|+lj 2xdx N dx +E 2xdx _l dx _
2" %% 41 2 2 (x2+1)2 (x2+1)2 4 (x2+1)2 2 (x2+1)2
1 1 9 1

——Injx+Y4+ —In(x" +1) - —

et 2 (x2 +1)

—éarctgx+£{ 2X +] SX }z—éln|x+]4+éln(x2+l)+—X2_l +C
2 2x2+1 "x%+1] 2 2 2(x% +1)

(em. pexyppenmuyio gpopmyy)



Mamemamuueckuii ananuz
I xypc I cemecmp
Bunem 3. Tpumonexynapuas peakyus (cmp. 1 uz 2)

bunet 3. ToUMOAEKYASApHAA peaKUUS.

IIpuMep mnpHUMEHEHHS HEOINPEACICHHBIX WHTEIPAJIOB B MCCIECIOBAHUM MaTEMaTUYECKHUX
MOJIENIEN XUMHUYECKUX PEAKLIUMN.

3aKOH JCHCTBYIOIIUX Macc JUIsl TPUMOJIEKYISPHON pPEakidu TJIACHT: CKOPOCTh XMMHYCCKOMN
pPC€akiu NpOoIoOpHHUOHATIbHA KOHICHTpAUHAM Y4YaCTBYIOIIHUX B Hell pC€arcHTOB,— MU BBIPAKACTCA
cienyromei GopMyIoi:

% =k(@a-x)-(b-x)-(c—x),

rae X - KOHIEHTpAanusa IMPOAYKTa;
a, - HayaJlbHbI€ KOHIEHTPALUH PEarcHTOB.
b, c
HGPGHI/IHIGM 9TO paBeHCTBO B BUJC

dx

@606

(3.1)

Hpencrapum npu a=b, a#C, b#C ¢pynkuuro (a_ X) (b ! X) (C B X) B BUJEC

1 A, B _C
@@-x)-(b-x)-Cc-x) (@-x) b-x) €-x)
JI71s 5TOr0 MOKHO IIPUBECTH MIPABYIO YaCTh 3TOTO PABEHCTBA K OOIEMY 3HAMEHATEIO:

A B C  Ab-x)(c-x)+Bl@-x)-(c-x)+Cla-x)-(b-x)

(a- x) b- x) C-x) @@-x)-(b-x)(c-x) -

(3.2)

_(A+B+C)* —(Alb+c)+B(a+c)+C(a+h)x+ Abc+ Bac+Cab

(@-x)-(b-x)c-x)

1 1 1
Omyas A= ) ea)  © (@-b)b-c) °  (b-c)C-a)

Cornacuo (3.1) u (3.2),

I(a x)(b x)(c x) (a- b)(c a)'[a x (a- b) (b- C)I



Mamemamuueckuii ananuz
I xypc I cemecmp
Bunem 3. Tpumonexynapnas peakyus (cmp. 2 uz 2)

dx

B 1 J _ 1
(b-c)-(c-a)'c—x (a-b)-(c-a)

1
"oy (c-a)

In (a-x)+ In (b—x)+

1
(a-b)-(b-c)

In (C - X)+ C, u, Tak xax J.kdt =kt+C,, monyuaem

In(a—x)+ In(b—x)+

1
(@-b)b-c)

In (c—x)=kt +const.

1
(@a-b)(-a)
N 1

(b-c)(c-a)




Mamemamuueckuii ananus
I kypc Il cemecmp
bunem 4. Unmeepuposarnue HeKomopvix GbIPANiCEHU, COOEPACAWUX PAOUKATIDL.

3 ax+pf
Humezpupoeanue svipasicenuti R| X,ml——— | (cmp. Luz 7)
yX+0

Bunetr 4. UHTerpupoBaHne HEKOTOPbLIX BblPaXeHUN, COAEpPXalLUX

o axX+
paAuKanbl. MHTerpupoBaHue BbipaxeHui R X,m/—g
Y X+

Ilpumepoi. Bpillie Mbl HAYYUIUCh HUHTETPUPOBATH B KOHEUHOM BH/JIE PALlUOHAIIBHBIE
middepennnansl. B nanpHeiieM 0CHOBHBIM MPHEMOM MHTETPUPOBAHUS TE€X WM UM JPYTUX
KJaccoB AU depeHIInaNbHBIX BRIPAKEHUH OyIeT pa3bICKUBAaHHE TaKUX MOJCTAaHOBOK t = a)(X),
KOTOPBIE MPUBENHN ObI MOIBIHTEr PATbHOE BBIPAKEHHUE K PAIlMOHAIEHOMY BUY M JTAJTU ObI
BO3MOJKHOCTB MPEJICTABUTh HHTETPAJ B KOHEYHOM Bue B pyHkuuu ot t . Eciiu mpu sToM cama
byHKIms a)(X), KOTOPYIO HAJUIEKUT MOJICTABUTh BMECTO 1, BBIPAXKAETCS YEPE3 DIEMEHTapHbIE
(GyHKIMH, TO HHTETPpAJI IPEACTABUTCS B KOHEUHOM BUJIEC U B QYHKIUH OT X .

Ha3OBeM 3TOT HpI/IGM METOI0M paIII/IOHaJH)HOFO HOZ[BIHTGFpaJII)HOFO BBIpa)KeHI/ISI.
B xagecTBe nepBoro npumepa ero NpUMEHEHHUs! paCCMOTPUM UHTETrpall BUJA
ax+
J. R| X,m ﬂ dx ,
X+0
I'me R o3Havaet panmoHanbHy0 QYHKIMIO OT ABYX apryMEHTOB, M - HATypaJlbHOE YHCIIO, a
a, B,y,0 - IOCTOSIHHBIE.

Tlomoxxum

t = a)(x): . M m _ax+ B x:(p(t):&m_ﬂ
[04

X+ T s o

WNHterpain nepenger B

[Rlp@®) ) ()t

3nech muddepeHan IMeeT y)Ke pallioHaIbHBIN BHI, TaK Kak R, ¢, @' - paroHanbHbie
GbyHKIMU. BRIYUCINB 3TOT HHTErpaI MO MPAaBUITY MPEAbLAYIIEro naparpada, K cTapon
[IEPEMEHHOM BEpHEMCH, ITOACTABUB t = a)(X)

K unTerpany Buaa (1) cBogsrces u Oonee o0mIMe HHTETPAIBI

_[R x,(aXJrﬂ]r,(aXJrﬁ]S,... dx,
X+0 X+0

FZ[G BC€ IMoKazarenu I, S,... palluOHAJIbHBI, CTOUT JIMIIb IIPUBECTH 3THU MMOKA3ATCIIN K O6III€My

3HaMEeHATe 0 M, 9TOOBI MMOJT 3HAKOM MHTETpaja MOJYYUTh PAMOHATBHYIO QYHKIUIO X OT

pamukana m x+fp .
X+0




Mamemamuueckuii ananus
I kypc Il cemecmp
bunem 4. Unmeepuposarnue HeKomopvix GbIPANiCEHU, COOEPACAWUX PAOUKATIDL.

§ axX+pf
Humezpupoeanue svipasicenuti R| X,ml——— | (cmp. 2uz 7)
yX+0
Ilpumepoi

‘[ \/ﬁ+2

(x+1)% —/x+1

ax—+

3neck ApoOHO-ITMHEHHAs () YHKITHS , B YaCTHOCTH, CBeJIach MPOCTO K JMHEHHOM

¢ynkumu. [Tomaraem t =~/X+1, dx = 2tdt ; Torna

C

2
I «/x2+1+2 dx— IHZdt—I( 2 22t+2 ]dtzl (-1 2 arctg 2714
(x+1)% —/x+1 t—1 t?+t+1 t?2 +t+1 \ff J3

T'JIe OCTaeTcs JIMIIL II0CTaBUThL t = m .

x+l dx

J.S«/ X — lXx+l I x-1 x+1
2
ITosaraem t =3 x+1 , X:t3 +l, dX:—Gt—dt;Torna
I x—1 t3 -1 (t3_17
X+1 —3dt 1 t+2 l t+t+l
I\/ ~1x+1 It3—1 I( t—l+t2+t+lj ( (t-1¢ +Baretg ® (

—— X+1
x-1

4.1. NHTerpupoBaHue BUHOMUHAAbHbIX AMbdEPEHLManoB. Mpumepbl.
BunomuHanbHBIM Ha3biBaeTcs AuddepeHiuan BI/IZ[a'

X (a+bx P dx,

rae a, b — mro6BIe TOKaA3aTENN m, N, p — paMoHaJIbHBIC YMCJIA. Briacaum ClIy4au, KOrja 3Th
BBIPAXKCHUSI UHTETPUPYIOTCSI B KOHESYHOM BHJIC.

OpauH Takoi ciyuyail ICEH HETOCPEICTBEHHO: €CIIN P — YUCIIO 1enoe (TI0J0XKUTEIbHOE, HYIb
WIM OTPHULATEIBHOE), TO PacCMaTPUBAEMOE BBIPAKEHHE OTHOCHUTCS K THUIY, W3yYEHHOMY B

npensyrymem N°. VimenHo, ecnu uepes A 0003HAYMTH HAaWMMeEHbIee OOIIee KpaTHOE
Al
3HaMEHaTeJe IpoOeli M U N, TO MBI UMEEM 3/IeCh BBIpOKEHUE BUIA R({/; }jx , TaK 4TO ISt

paloHaIN3allu €ro 10CTaTOYHa MOICTaHOBKA t = ix.
[TpeoOpasyeM Tenephb JaHHOE BBIPAKEHHE MOJCTAHOBKOM Z = X"

Tornma

m+1

"(@+bx" ¥ dx :%(a+bz)pzn

H, TIOJIOKHB U1 KPATKOCTU

— 1= q’
n



Mamemamuueckuii ananus
I kypc Il cemecmp
bunem 4. Unmeepuposarnue HeKomopvix GbIPANiCEHU, COOEPACAWUX PAOUKATIDL.

axX+pf

Humezpuposanue svipasicenuii R| X, m —5 (cmp. 3uz )

Y X+

OyaeM UMeTh

Ixm(a+bx”]pdx:%I(a+bz)pzqdz.

Ecmu q' YuCJI0 0»Oejlo€, TO Mbl CHOBa MHNPUXOJWMM K BBIPAXKCHUIO H3YYCHHOI'O THIIA.
JleiicTBUTENBEHO, €clii 00O03HAYUTH 4Yepe3 V 3HaMEHaTeNlnb ApoOW P, TO MpeoOpa3oBaHHOE

Al
BBIPAKEHUE UMEET BH]I R(z,K/a +bz . Pannonanusanuu rnouMHTErPAILHOTO BHIPOKEHHUS MOXKHO
JOCTUTHYTh U Cpa3y — NOJACTAHOBKOM

t=Xa+bz =%a+bx".

Hakonen, nepenuiiieM BTOpoi U3 UHTETPaJIoB (2) Tak:

p
I(a+b2] s
VA

Jlerko yBuaeTh, 4TO mNpH P+ ULEIOM Mbl TaKXKe HMEEM UW3Y4YCHHBIM CIIydaid:

/a+bz
npeoOpa3oBaHHOE BBIpAXKEHHE HMeeT BUA R| Z,v . IIpouHTerpaNbHOE BBIPAKEHHUE B
VA
JAHHOM MHTErpaje palroOHAIU3UPYETCs U cpa3y MOJACTaHOBKOM

a+bz
t =
Z

OKa3bIBACTCA LCJIBIM OJHO M3 YHUCCII

P.q.p+q

WK (YTO-TO XKE) OJTHO U3 YUCET

=+vax"+b o06a wunTerpama (2) BBHIpAKAIOTCA B KOHEYHOM BHJE, €CIH

m+1 m+1

n n

OTH ciydad HHTETPUPYEMOCTH, 10 CYIIECTBY, M3BECTHHI OblTH emé HproroHy. OHAKO JHIITB
B cepeaune npouutoro crojetus [1.JI. UeOsimeB ycTaHOBHI 3aMeyaTeNbHBIN (aKT, 4TO IPYrux
Clly4aeB MHTETPUPYEMOCTH B KOHEUHOM BH/I€ JIJIs1 OMHOMUHAIIBHBIX TU(PPEPEHIINATOB HET.

PaccmotpuM nipumepsr:

11

1. I;d“l:;;/;x :_[xi(l+ x4)3dx.

1 1 1
3aech M=——, N=—, p=—; TaK KaK
2 4 3




Mamemamuueckuii ananus
I kypc Il cemecmp
bunem 4. Unmeepuposarnue HeKomopvix GbIPANiCEHU, COOEPACAWUX PAOUKATIDL.

3 ax+pf
Humezpupoeanue svipasicenuti R| X,ml——— | (cmp. 4uz 7)
yX+0

TO UMEEeM BTOPOH CiIydail MHTETpHPYEMOCTH. 3aMETHB, YTO v =3, MOJOXHUM (M0 00ImeMy
IIpaBUILY)

t=31+4x, x=(¢ —1}4, dx =122 (3 —1}3dt;

TOTrJa
js—”lj_‘{/;dx =12[€° -t* it =$t4(4t3 ~7THCnra
X
2) I%:Ix°@+x4ﬁdx.

4.2. UHTerpupoBaHue BbipaXeHU BUAA R(x,\/ax2 +bx+c . NoacTaHOBKM Anaepa.

HGPGXOZ[I/IM K paCCMOTPCHUIO OUYCHb BAXKHOT'O KJIaCCa MHTCIPAJIOB

R(x,\/ax2+bx+c:dx. (1)

[IpeanonaraeM, KOHEYHO, YTO KBAJIpaTHBIM TPEXWJIEH HE MMEET PAaBHBIX KOPHEH, TaKk 4TO
KOPEHb U3 HETO MOXET OBITh 3aMEHEH pPaIlMOHATBHBIM BBIpKEHUEM. MBI U3Y4HM I10JICTAHOBKY,
Ha3bIBaeMYyI0 Mo icTaHoBKoM Ditnepa (L. Euler), ¢ moMoIibo KOTOpoi MOKHO JTOCTUTHYTD 3/1€Ch
palMoHAIN3alUH TTOJUHTErPATLHOTO BBIPAKECHHUS.

IosicTanoBKa MpUMeHHMa B ciTydae, eciu a > 0. Toraa momaraior vax’ +bx+c¢ =t - Jax.
Bo03B0/I 9TO PABEHCTBO B KBAJPaT, HAHAEM (10 YHHUTOXKEHHMH UIEHOB aX’ B 00EMX 4aCTAX)
bx+c=t? —2\/atx, TaK 4To

2
. Jax? +bx+c_\/at +bt+c\/§1
2\/_t+b 2 /at +b

\/_t+bt+c\/_
@at+b)

Bcé octpoymme »inepoBOM IMOJCTAHOBKM MMEHHO B TOM, YTO JJIS ONPEACICHHS X
MOJIy4acTCs YPaBHCHUC HepBOfI CTCIICHU , TAK YTO X, a OJHOBPCMECHHO C HUM TAKKC U paJrKajl

vax® +bx+C BblpaxkaroTcs pauuoHaibHO depe3 t. B pesynbTare, Bo3Bpamasch K X, HYKHO

6yner monokuth t =+/ax? +bx + ¢ +/ax

4.3. UHTErpupoBaHmne BbiPaXeHWin, COAEPXKALLUX TPUTOHOMETPUUECKYHO U
NnoKasaTeAbHY GYHKLMUMU.

WUHTerpuposaHue andpdepeHumnanos R(sin x,cos x] dx.

Juddepenuumansr 3Toro BHIAa BCETAa MOTYT OBITh pallMOHAIM3UPOBAHBI TOJICTAHOBKOM

X
t=1g E(_ T<X< 7[) JIeNCTBUTENBHO,



Mamemamuueckuii ananus
I kypc Il cemecmp
bunem 4. Unmeepuposarnue HeKomopvix GbIPANiCEHU, COOEPACAWUX PAOUKATIDL.

3 ax+pf
Humezpupoeanue svipasicenuti R| X,ml——— | (cmp. 5u3 7)
yX+0

X , X
. 295 o =975 1y 20t
sin x = vy COSX = X =112 X = 2arctgt , dx:l 5
TakK 4ToO
. 2t 1-t*) 2dt
R(sin x,cosx dx =R , .
¢ H (l+t2 l+t2]l+t2

Taxum 06pa3oM, HHTETrpaJIbl TUTIA J. R(sin x,cos x)jx

Bcerna 6epyTcs B KOHEUHOM BHJIE; [UIS UX BBIPa)KE€HHS, KpoMe (DYHKIUi, BCTPEUAIOIUXCS
IIPU UHTETPUPOBAHUN PALUOHAIBHBIX AU((HEPEHINANIOB, HYKHbI JIUIIL €€ TPUTOHOMETPUUECKUE
byHKIHIH.

YnomsHyTas N0JICTaHOBKA, SIBJISIIOIIAsACS YHUBEPCAIbHOMN /Ui HHTerpana tuna (1), mpuBoauT
I/IHOI\/JI pa3 K CJIO’)KHBIM BBIKJIAJIKaAM. HI/DKG y1(a3aHBI cnyan/I, Koraa 1Iejib MOXET 6BITI) Z[OCTI/IFHYTa
C TMOMOIIpI0 0oJiee MPOCTBIX TOJCTAHOBOK. I[IpeaBapUTENbHO CHENaeM  CIIEAyIOIne
JJIEMEHTapHbBIC 3aMEUYaHUs U3 00JIACTH AJIreOpHI.

Ecnu nemnast unm apoGHast paroHanbHast GyHKIuS R(u,u) HE MEHSIET CBOETO 3HAUYCHHUS MPHU
M3MEHEHHUH 3HaKa OJJHOTO U3 apryMEHTOB, HapuMep, U, T.e. eciau

R(-u,0)=R(u,v)

TO OHA MO’KET OBITh MPUBECHA K BUIY

R(u,v)= Rl(uz,u),
ConepikaliieMy JIMIIb YETHBIE CTETICHH U .

Ecmu xe, Ha000pOT, IpU M3MEHEHUH 3HAaKa U (QYyHKIUS R(u,u) TaK)Ke MEHsET 3Hak, T.C.
ecim

R(-u,0)=-R(u,v)

TO OHA NPUBOJUTCA K BULY

R(U,U)ZRZ(UZ,U)J;

R(u,v
3TO cpa3y BBITEKAET U3 MPEIBIAYIIET0 3aMEYaHus, €CIIH €ro MPUMEHUTH K (QYHKITHH (—) .
u

. Ilycts Tenepn R(u,u) MEHSIET 3HaK [P U3MEHEHUM 3HaKa U ;
Torma
R(sin x,cosx)dx = R, (sin 2 x, cos x]sin xdx = —R, {L— cos? x, cos x]d COSX,
U palMoOHAIM3aIUs JOCTUIaeTCs MOJACTAHOBKOM t = COSX.



Mamemamuueckuii ananus
I kypc Il cemecmp
bunem 4. Unmeepuposarnue HeKomopvix GbIPANiCEHU, COOEPACAWUX PAOUKATIDL.

3 ax+pf
Humezpupoeanue svipasicenuii R| X,ml——— | (cmp. 6 uz 7)
yX+0

Il.  Anamoruyno, eciau R(u,u) MEHSIET 3HAaK IPpU M3MEHEHHMM 3HakKa U, TO
R(sin x,cosx)dx:R:(sin X,C0s’ x]cosxdx:—R:(sin x,l—sinzx)dsin X, TaK YTO 3JI€Ch

1enecooopa3Ha moJICTaHoBKa t = Sin X .

I1l.  IIpenmonoxum HaKOHEN, 4YTO (YHKIUSA R(u,u) HE MEHSET CBOEro 3HA4YCHUS IpHU
OJIHOBPEMEHHOM M3MEHEHUH 3HAKOB U U L

R(—u,—u): R(u,u).

u u « U
B sTom cnygae, 3amensist U Ha —u , Oy/ieM UMETh R(u,u): R[—u,u] =R [—,u] .
L L L

. u
[To cBoiicTBy (yHKIIMU R, ecim m3MeHUTHh 3HakU U ¥ U (OTHOIICHHE — IPHU 3TOM HE
v
U3MEHUTCH),
«( U = U
Rl——-v|=R|—,0],
v v
a Toraga, Kak Mbl 3HacM,
« U = U
R|—v|=R =02
v v
ITosTomy
R(sin x,cosx)= R"gx, cos x )= Rf(tgx,

1
1+tg°x )’

T.€. TIOIPOCTY

R(sin x,cos x)= R(tgx).

4 T
3/1ech OCTUTAET 1IeJId MOACTaHOBKa t = tgx[— EY <X< E] , 100

R(sin x,cos x)= Ii'(t)i W T

1+t2

3ameuanue. Hyswcno ckazams, 4mo Kakogo Obl HU ObLIO PAYUOHANLHOE 8bIPAICEHUE R(u,u),

€20 6ce20a MONCHO NpeoCmasumv 8 6UOe CYMMbl MPEX GbIPANCEHUL PACCMOMPEHHBIX Gblle
yacmuulx munos. Hanpumep moorcno 0603nauume

R@U,v)= R(u,u)—ZR(—u,u)+ R(—u,u)—ZR(—u,—u)Jr R(—u,—ug+ R(u,v)

H€p60€ uz smux 6bldefC€Hu12 MEHsem 3HAaK npu U3MeHeHuu 3naka U, emopoe MeHsem 3HaK
npu u3mMeHeHuu 3Haka L, a mpenve CoxpaHsiaem 3HA4YeHue npu 00H06p€M€HHOM U3MEHEHUU
suaxka U u v. Pazous 6blpAdiCeHUe R(Sin X, C0S X) Ha coomeemcmeyroujue ciazaemvple, MONCHO K



Mamemamuueckuii ananus
I kypc Il cemecmp
bunem 4. Unmeepuposarnue HeKomopvix GbIPANiCEHU, COOEPACAWUX PAOUKATIDL.

3 ax+pf
Humezpupoeanue svipasicenuti R| X,ml——— | (cmp. Tuz 7)
yX+0

nepeomy u3 HuUX npumeHumv noocmanosky t=CoSX, ko emopomy noocmanogky - t=sin x u,
Hakouey, K mpemvemy — noocmanosky t=19X muna. Taxum obpaszom, 011 6bIYUCIEHUs
unmezpanos muna (1) oocmamouno smux mpéx nooCmaHoBox.

HJISI BBIYUCIICHUSA I/IHTGFpaJIOB.
J'sin axcoshxdx, J'sin axsin bxdx, J'cos ax cosbxdx

WCTIOJIB3YIOTCST (POPMYIIBI

e sinaxcosbx = %(sin (@a+bx+sin(a-b)),
e sinaxsinbx= %(cos(a —b X —cos(@a+bx),

o COsaxcoshx = %(cos(a —b X+ cos(a +b ).



Mamemamuueckuii ananuz
I kypc Il cemecmp
Bunem 5. [Tnowaow niockoti gpueyper (cmp. 1 uz 5)

Buaet 5. lNaowaab N1AOCKON GUTypbI

3amagya 0 BRIYMCICHUHN TUIOIIAIN TUIOCKOH (UTyphI, OrpaHUYEHHON KPUBBIMH JTHHUSMH,
SIBJISIETCS. BECbMA aKTyaJIbHOM.

B sTOM Omitete MBI TaiuM OTIpeieNIeHHe OHATHUS «IUTOIab (PUTYphI».

OTnpaBHOM TOUKOI CUMTAETCS MMOHATHUE IJIOIIAlb TPEYTOJIbHUKA. DTO MOHATHE CUUTAETCS
W3BECTHBIM. /{7151 TOTO, YTOOBI OTIPEICITUTH TUIOIIA[hb MHOTOYTOJIBHHKA, Pa300bEM ero Ha
TPCYrOJIbHHUKH, BBIYUCIIUM IJIOIIAaAN 3TUX TPCYTOJIbHUKOB U IPOCYMMUPYEM HUX. Cnez[yeT
JI0Ka3aTh KOPPEKTHOCTH 3TOTO ONPEACICHUs. JTO 03HAYAET, YTO €CIIM pa3OHuTh
MHOTOYTOJIbHUK Ha TPEYrOJIBHUKH JPYTHM CIIOCOOOM, TO €ro IJIOMIAh OT 3TOTr0 He
U3MEHHUThCA. [JokaxkeM 3To.

Bo3zbMeMm 2 pazOueHnss MHOTOYTOJIbHUKA Ha
TPEYrOJbHUKHU:

[Toctpoum oOrmiee pazOuenue:

[Tpu pa3OueHnn MoTy4aroTCs

MHOT'OYI'OJIbHUKHU, KOTOPBIC MOKHO

«IOPa30UTE) 10 TPEYTOJILHUKOB.
VT

Torna nnomaay yacteit kak 1-ro, Tak ¥ 2-ro pa30MEHUs TOIY4al0TCsl, KaK CyMMBI TUIOIIAIeH
MaJICHBKUX TPEYTOJILHUKOB M3 Pe3yIbTUpYIOIIero pazouenus. [loatomy cymmsl yacteii 1-ro u 2-
ro pa3OMeHHs OTIIMYAIOTCS APYT OT APYyra TOIBKO MOPSIIKOM M UX BEITHUUHBI OJMHAKOBEI.

CpoiicTBa IO MHOTOYTOJIbBHUKOB!

1. Ilnomaas Mo6Or0 MHOTOYrONBHUKA HEOTPUIATENBHA;
2. Ecmu A, B- muoroyromeruxu, to . (AUB) =11 (A) + 1. (B) - . (ANB), B
gactHocTH, ecy L. (A7 B) = 0 o mn. (AUB) =nn. (A) + . (B). D10 cBoiicto

Ha3BIBACTCS aJUIMTHBHOCTHIO TLIommam. M3 uero cnenyet, uto ecmt A B, to mn. (A) <
wi. (B).



Mamemamuueckuii ananuz
I kypc Il cemecmp
Bunem 5. [Tnowaow niockoti ghueyper (cmp. 2 uz 5)

[ycts Teneps P - orpanuuennas miockas durypa. Paccmorpum MuokecTBO { A}
MHOTOYTONBEHUKOB TakuX, uto Ac P u MHO)ectBO { B} MHOrOyronsnukos Taxux, uro P < B.
MHosxecTBo miomanaeit {mi. (A )}mHoroyronsHukoB A C P orpaHnyeHo cBepXy IUIOMIAIBI0
moboro MHoroyronkHuka B Takoro, uto P < B. [TosToMy cylecTByeT ToyHas BEpXHss IPaHb

3TOTO YUCIIOBOTO MHOKECTBA, SAU E{I’UZ.(A)} .
()

AHanornyHo, 11 MEOXecTBa mwiomasnei {mr. ( B )}muoroyromsuuxos B , P B,

CYIIECTBYET TOYHAs HUKHSIS TPAHb ipnfé{nﬂ. (B)}.

Onpedenenue 5.1 Tnockas purypa P HazbIBaeTCs umeroweii niiouiads (Keaopupyemvim
MHOMCECHBOM), SCIIN:

sup{r.(A)} = inf{n.(B)},

AcB

IIPU ATOM 001Iee 3HAUCHHUE ITUX BEJTMUMH Ha3bIBaeTcs e€ niaougadsvio mi.(P).
HerpynHo 3ameTuts, 4ro:

1. Tnomans moboi KBagpupyeMoil ¢purypsl P HeoTpuiarenbHa, T.K., 0 ONPeIeICHUIO
nn.(P) = inf{n.(B)},a see mr. (B) = 0.

2. AIMTHBHOCTH IUIONIA/IH, T.€. PABEHCTBO
UL (Fi N Pz) = m(}z) + m(Pz) —m(ﬁ ﬁPZ), TaKKe UMEET MECTO IS

KBaJpUpYeMbIX HUryp P,P,.
P JlocTaTOYHO JJOKa3aTh 3TO PaBEHCTBO B Clly4yae, Korja Iul. (Pl M P2) =0.

[Tycts & > 0. Boibepem muoroyronsuuku A, B;,1=1,2, Tak, 4To0bI
A c P c B, ni(R)—nu(4) <%,nﬂ.(Bi)—nﬂ.(R) <%. Torna A UA cPUP,cB UB, u
ANA cBnP, orkyna nr.(4, NA4,) <ni(P,NP)=0, t.e.m.(ANA)=0.

CnenoBaTeibHO,

nn(4, U 4,) = nn.(4) +nn.(4,) > nn.(P,) + nr.(P,) —%—% = n.(B) +n1.(B) ‘%'

nn.(B, U B,) < nu.(B,) +ni(B,) < nﬂ.(g)+nﬂ.(g)+§+% = nﬂ.(Pl)+nﬂ.(Pz)+§.
[Toatomy:
ni.(B)+ni.(P,) —% <nn.(A4, 9 A4,) <nn(B, U B,) <nn(B)+nr(B,) <ni(B)+

&
+na1.(P)+—.
nﬂ(z) 5



Mamemamuueckuii ananuz
I kypc Il cemecmp
Bunem 5. [Tnowaow niockoti ghueyper (cmp. 3 uz 5)

Beuay npounssonsHocTH uncia € > 0, 310 o3Hauaer, uTo P, U P, umeer mnomans, u

ni.(B U PR,) =nn(P)+nr(F), 910 1 TpeOOBAIOCH JOKa3aTh. 4

I/IHOFZ[a OKa3bIBACTCA IMOJIC3HBIM TAKOC YTBCPKIACHUC.

Teopema 5.1. ITycrs P- miockas purypa, {R}- MHOKeCTBO KBAJIpHPYeMbIX GHUrYp
R,R < P,{Q}- mnoxkecrBo kBagpupyembix ¢puryp Q,P < Q.

Ecmu sup{n.(R)}= lijn!‘?{nﬂ.(Q)}, To P- xBagpupyemas ¢purypa, mpuuem e€ romaabr paBHa
RcP <
o0IIeMy 3HAYCHHIO ITUX BEIIMYUH.

P {7151 ToKa3aTensCTBa JOCTATOYHO JUIS MTPOU3BOJILHOTO & > 0 BBHIOpaTh CHadaa

kBagpupyembie purypsl R, Q Tak, utoobr R < P < Q unn(Q)—nu.(R) <% . 3arem BeIOepeM
MHOTOYroIbHUKH AuB, A R < P Q c B Tak, ut0o nia.(R)—nn.(A4) < % ,ni.(B)—na.(Q) < %,

& & ¢
Torma ni(B)—ni(A)<—+—+—=c¢.
na  nn(B)—nu(4) 2515

Taxum o6pazom, amst urypsl P MokHO BEIOpaTh MHOTOYTOJIBHUKU A 1 B Tak, uto
A< P < B ummomanu A u B ctons yromHo 01u3KH, 9TO ¥ 03HAYAET KBAIPHPYyeMOCTh P. «

5.1. OnpeaeneHue uHTerpana

Jiis nanbHennero norpedyercs MOHATHE pa3OueHHS OTpe3Ka.

Onpedenenue 5.2. Toukn X, =a <X, <...< X, ; <X, =D 3a71a10T pazéuenue oTpe3xa [a;b].

Jlnst kpaTtkocTr OyzneM o003HavaTh pazouenue OykBou T .
O6o3Haunm AX; = X;,, —X;,1=01,...,n-1.

Onpeoenenue 5.3. Hanbonwiee U3 uncen
AX,i=01,...,n—-1 Ha3bBaeTcI Ouamempom

£, X Lo
— 1 i el — pas6uenus T u o6o3nauaercs d(T).
a=x, L=h
Onpedenenue 5.4. Eciu 1npou3BOJIbHBIM

oGpasom BeIOpats Toukn (;,C, €[X;X,}i=01..,n=1, To momyuurcs pazéuenue T c

ommeuennvimu moukamu &,,i=01,..n-1.

Wuorna, amst kpaTkocTH, OyaeM o0o3HadaTh Habop Touek &,,¢ ..., ; CUMBOJIOM (.

IIepeiieM K OCHOBHBIM OIIPEICIICHUSM.

Onpeodenenue 5.5. Ilycts pynkius f(X) omnpeneneHa Ha OTpe3ke [a;b], U MyCTh 3a/1aHO

pasOuenne T 3TOro oTpe3Ka ¢ OTMEUCHHBIMU TOUKaMU (. MHmMezpanbHOu cyMMoll Ha3bIBACTCS

BEIMYMHA z:ol f(£)AX, .



Mamemamuueckuii ananuz
I kypc Il cemecmp
Bunem 5. [Tnowaow niockoti ghueyper (cmp. 4 uz 5)

Jlnst 0603HaUEHUST UHTETPAbHOM CyMMBbI OyzaeM mcrnoisibzoBath cuMBos o (f(x),T,4), wim

poCTO O .
A Jlns  HeorpuniatenbHou  ¢GyHkimu T (X)
MHTETpaJbHas cymma o(f(x),T ,E)
@S npejcTaBuseTr  coboi  IPOCTO  IIOIIAMb
CTYIIEHYATOTO MHOTOYTOJIbHHKA,

COCTaBJIEHHOTO M3  NPSAMOYTOJBHUKOB  C
OCHOBaHMUAMHU AX;, IMEIOIIHUX BBICOTBI, PABHBIC

F(&).

Onpedenenue 5.6. Ilycte cymiecTByeT
gyucino | € R rtakoe, uro mist mroboro ¢ >0
cymectByer uucio O(g) >0 Ttakoe, uro s

o

nar00oro pazoueHus T oTpe3ka [a;b], ynosierBopsitoriero ycinosuto d(T) <, u ans moboro
n-1

> H(E)A - |

i=0

BBIOOpPA TOUEK { BBIMOJHACTCS HEPABEHCTBO <é&.

Torma ¢ynkmus f(X) HaswsiBaeTCs ummezpupyemoii Ha OTpe3Ke [a;b], a uucno |
b
HA3bIBACTCS €€ UHMEZPAIOM TIO OTPE3KY [a; b]. WuTerpan 0603Ha4aeTCsi CHMBOJIOM J f (x)dx.

a

WNHTterpanm — OAHO M3 BaXHEUIIMX IOHATUM MaTEeMaTUYECKOTO AaHAJIW3a, HMEIOIIee
MHOT'OYHUCJICHHBIC ITPUJIOKCHUA K IPAKTUYCCKHUM 3aladaM.

VIMEHHO ¢ TOMOIIBIO ATOTO MOHATHS YAACTCS PEIIUTh 3aJady O IUIOMAAu (HUTYPHI,
Ol"p&HH‘-IGHHOfI KPHUBBIMHA JIMHUAMMH.

5.2. Heobxoanmoe yCAOBUE CYLLECTBOBAHUA MHTEIPAAA

Teopema 5.2. Eciiu ¢pynkims f(X) uHTerpupyema Ha otpeske [a;b], To oHa orpanudeHa Ha
[a;b].

» Bo3bMeM B OmpenieneHnu MHTerpayia € = 1 M pacCMOTPUM COOTBETCTBYIOIIEE €My O .
ITycte T — moboe pazduenue, ymomierBopsiomiee yciaoBuo d(T)< . dusg Toro, 9rToObI

yOemuThCcs B CIPABEMIMBOCTH TEOPEMBI, JOCTATOYHO JIOKAa3aTh, 4YTO TPU BCEX |, ] =
0,1,...,n-1 ¢ynxkums f(x) orpamnuena ma otpeske [X;;X;,], Te. |f(X)|£Mj.

, TK. X

HeiictBurensHo, Toraa it M =max(M,,...,M ;) umeem npu X € [a;b] : |f(X) <M

BXOJIUT B HEKOTOPBIA OTPE30K [X;;X;,,] n, 3Ha4uT || f (X)| <M; <M.

Beibepem nro6oe j, j = 0,1,...,n—1 u mpeacraBum uHTErpansHyto cymmy o(f,T, ‘g} B
j-1 n-1
Buge Y. f(E)AX + F(E)AX; + D f(&)Ax, (1)
i=0

i=j+1

3adpukcupyem npousBoNbHBIM oOpasom umena  &y,...,& 4,8, ,--, &, BbHIOpaHHBIE B

COOTBETCTBYIOLIUX MPOMEKYyTKax. [Ipu 3TOM mepBoe M TpeThe ciaraeMbic B paBeHcTBe (1)

4



Mamemamuueckuii ananuz
I kypc Il cemecmp
Bunem 5. [Tnowaow niockoti ghueyper (cmp. 5 uz 5)

MPUMYT ompeseiieHHoe GukcupoBanHoe 3HaueHHe. O003HAYMM CYMMY 3THX CJIaraeéMbIX OyKBOM
J . Takum o6pasom, npu o6om &; € [X;;X; ]

o(f,T,€)=3+1(£)Ax
(2)

Mo ycnoBuro, GyHKIMs nHTErpUpyema, 3Hauut |o(f,T, ‘g } -1 <1, Te.

-1<o(f,T, {ﬁ_}—l <1, wmm | -1<o(f,T, ‘g} <1 +1.0tkyma,  yuutbiBas  (2),
I -1<J+f(&;)Ax; <1 +1, I =J-1<f(§)Ax; <1 -J+1,
l-J-1 I -J+1
—< (&) <—— 3
() < ©

i i

JleBast 1 mpaBast 4acTU HEpaBEHCTB (3) MPENCTaBISAIOT COOON BETMYUHBI, HE 3aBUCSIIHE OT

&, .llooTomy HepaeHCTBa (3) 03HAYAKOT, YTO ‘f (¢; )‘ < maxuI _A;](,-_lH ! _A;](,-+ lU =M,;. <«



Mamemamuueckuii ananuz
I kypc Il cemecmp
Bunem 6. Cymmut J{ap6y u ux ceoiicmea (cmp. 1 uz 4)

Bunretr 6.Cymmbl Aapby n nux ceomncTBa.

IMpu ucciaemoBaHWKM BOMPOCA O CYIIECTBOBAHHUH HHTErpaja BaXHYIO POJIb HUIPAIOT  CYMMBbI
Hapoy (I'. lapoy (1842-1917)).

Io nokasanHoit B nyuxkme 2 6unema 5 teopeme f(X) orpanuuena ma [a; b] W, CJICOBATEIBHO,

JuIst O6OTO pasbuenus | OTpe3Ka OHA OTPaHMYEHA HA BCEX OTPE3KAX [Xi ) XM] (T.e. MHOXECTBO
& 3HaYCHMI Ha 3TOM OTPEe3Ke OrPaHUYeHO CBEpXy M cHu3Y). O6o3HaunM M — Tounyio BepxHIOIO

rpanb, a M — TOYHYIO HMKHIOIO TPaHb MHOXKECTBA 3HAa4eHHMH (QyHKIMH f(X) Ha [Xi, XM],
i=0, 1,..., n-1.

n-1 n-1
Onpeoenenue 6.1, Uucma S(T)=Y MAX u S(T)=> MAX  naswmatorcs,
i=0 i=0

COOTBETCTBEHHO, 6epxneii u Huxchei cymmamu apoy dysxmuu f(X) mna pasomenns T ma
OTpe3Ke [a;b].

Teopema 6.1. Bepxusisi cymma Jlapoy S(T) npeacrasisier co6oii TOUHYI0 BepXHIOIO rpaHb,

a mmwxasas cymma Jap6y S(T) — TouHyl0 HMKHIOIO TIpaHb MHOKECTBA 3HAYEHHI

HHTErpaJiIbHbIX CYMM IIPHU 3aIaHHOM pa36nemzm T U BC€BO3MOKHBIX BblﬁOan TOYECK % }

» Ilposenem ero mist BepxHeid cymmbl apOy. s HUKHEW CyMMBI pacCyKICHHS BIIOJIHE
AHAJIOTUYHBIE.

Bo-miepBeix, mis mob6oro | u i 1r000# TOYKK fi € [Xi ,XM] MMEET MECTO HEPABEHCTBO

f(£ )<M, (no ompenenenmro M ). 3naunr,
f( )AX <M Ax, i=0,1,..,n-1 1)
Cymmupys HepaBenctBa (1) mo Bcem 1 =0, 1, ..., n—1, monyuaem
. n-1 n-1
aolf, T, % }) =Y f(E)AX <D M AX =S(T). To ects S(T) — Bepxnss rpaHb MHOXKECTBA
i=0 i=0
UOfT,{f_ }) 0 BCEBO3MOKHBIM BBIOOpAM {;? }

Ocranocsk jokazath, 4to S(T) — mounas BepxHss TpaHb. JI1s 3TOr0 BO3bMEM MPOM3BOJILHOE

& >0. IMockomsxy M . — TO4YHas BEPXHAA IPaHb MHOKECTBA 3HAYECHUM f(X) Ha OTpe3Ke [Xi ,XM],
i=0,1, ..., n—-1 cymecrByer TouKka ¢, € [Xi ,XM]TaKaSI, uro (& ) > Mi—r:, i=0,1,
.,nh=-1 mu
f(éi)Axi>MiAxi—ZA_);, i=0,1, .., n1 @)
Cymmupys HepaBeHctBa (2) mo 1=0,1, ..., n—1, momydaem, 4TO



Mamemamuueckuii ananuz
I kypc Il cemecmp
Bunem 6. Cymmut J{ap6y u ux ceoiicmea (cmp. 2 uz 4)

eAX

a@T,{f}):Z f(& A X >2MiAxi—z

o b—a b-ais

& n-1
=S(T) - Y AX =S(T)-¢e, 1k
n-1
Z:AXi =b-a (cymMMmapHasi IMHa OTPE3KOB, COCTABISIOIMIMX OTPE30K [b —a], paBHa JUIMHE
i=0
3TOTO OTpE3Ka).

Urak, nokazaxo, uro mist modoro € >0 wmoxso Tak BBIOpath TOUKM C ,...,& , 9TO
of, T, {i_,?}) > S(T)—¢&, uro kak pa3, u osmaugaer, uro S(T) = Sup %Of,T, {i_,?})}, 1€ BEPXHSS
rpaHb B35Ta 10 BCCBO3MOXHBIM BBIOOpaM ToUeK ¢ ..., & . Teopema pokasaHa.

3ameuanue. Ouesuonvt nepasencmsa: S(T)<o(f,T, {i_,? }) < S(T).

Yi
a&x & X%& Xn2  Enz Xn-1 éna b =X
3amemum, — uwmo  Hudcman — cymma  Jlapby, — coomeemcmeylowas — pazouenuio

a=X, <X <..<X , <X = b, npeocmasnsem coboii nrowaos mmozoyeonvhuxa, eepxuss

cparuya Komopoco Ha pUuCyHKe eCmb HUMNCHAA U3 3 JIOMAHBLX, OmmedeHa JfCI/lpHOZZ JUHUE.

Bepxusas cymma [dapby — smo niowadb MHO20Y2ONbHUKA, BEPXHAA SPAHUYA KOMOPO2O —
BEPXHSAA U3 3 JOMAHBIX JUHUL, OmMeyeHa ewje 0oee HCUPHOU JUHUEl.

Haxkoney, unmezpanvhasi cymma, coomeemcmsyiowas evioopy mouex & ,...,&  — amo

nﬂou;a()b MHO2O0Y2O0IbHUKA, 6EPXHASA ZcpaHUya KoOmopoco HA pPUCYHKE 3AKII0YeHa MleC'ay
ONUCAHHbIMU 6bluie JTUHRUAMU U u306pa9fceHa I’lpOCI’HOZZ JAUHUEL.

Onpedenenue 6.2. Pasduerne T, orpeska [a,b] Ha3bIBACTCs MPOOOdIcenuem pasoueHus |

(MM u3MenbueHueM), ECITH OHO MOJTYYEHO [PUCOCAMHEHHEM K || HOBBIX TOYEK JCJICHUSL.



Mamemamuueckuii ananuz
I kypc Il cemecmp
Bunem 6. Cymmut J{ap6y u ux ceoiicmea (cmp. 3 uz 4)

= 1

(prrJII)IMI/I TOYKaMH OTMCYCHBI HOBBIC TOYKH Z[GJIGHI/ISI).

Teopema 6.2.
1. Ecnu T, npooonncaem T, mo S(T )<s(T ), S(T,)=S(T,). (3)

2. Ina  mwobwix  pasouenuin 1. u T, umeem mecmo nepasencmeo:

s(T,)<S(T,). 4)

» Cuauana JokaxeM HepaBeHCTBa (3) B ciydae, KOraa |, IOJIY4eHO NPHCOCAMHEHHEM K |,

onHO¥M HOBOW Touku. IlycTh 3Ta TOuka, 00O3HAUMM e& X', momana B uaTepBar X < X' < X ..
PaccmoTpum cymmer J[apOy, COOTBETCTBYIOIINE CTApOMYy Pa30MCHHIO W HOBOMY pa30HEHHIO.

[TockoyibKy — OCTalmbHBIE OTPE3KH CTAporo  pa3OMEHUs OCTAIUCh 0e3  M3MEHEHUs,
COOTBETCTBYIOIIME UM ciaraemble cymm JlapOy He u3mensarcs. llostomy pasnuume crapoil u
HOBOH cymMMbl [lapOy TOJNBKO B TOM, 4YTO:

- mis BepxHeill cymmbl JlapOy cnaraemoe M i A X. 3aMEHJAETCS Ha CyMMYy
M ;(X'— X )+M (X —X'), rtne M — TouHas BepxHsis rpaHh MHOXKECTBA 3HAUCHHIT

fx) ma [x,x] M" — ma [x'x ]

- s HuokHeH cymmbl JlapOy cilaraemoe M, AX, 3aMeHseTcs CyMMOM
m (X=X )+m (x

i+l

—X'), rre M, M — COOTBETCTBYIOIIME TOYHBIE HWKHUE

I'paHu.

Ouesuansl Hepaseuctea: M <M, M <M, m >m, m >mMm (tounas BepxHsisi rpaHb
MHOKecTBa 3Hauenuit f(X) Ha yacTu oTpeska He IPEBOCXOAMT TOUHOM BEpXHEH rpaHH MHOXKECTBA
snauennit f(X) ma Bcem oTpeske, a Tounas HwKHAS rpanb MHOkecTBa 3Hauenuit f(X) ma wacTm

OTpe3Ka He MeHbIIIe, UeM TOYHAs HIDKHSS IpaHb MHOXecTBa 3Hauenuii f(X) Ha Bcem oTpeske).

Mostomy S(T,)—S(T,)=M AX-M (X=X )-M (x ,—x)=

=M (X=X )+, ,—X)-M (x=x )-M(x,

i+l

_X’):

=M =M )X'-x)+(M -—M")(x_—x)>0,

!

, X > X,

i+l

T.K. Mi>Mi" |\/|i>|\/|i", X' > X

Ananormuano, S(T,)—s(T,)=m (X=X )+m (x ,—Xx)-m,(x ,—X )=

i+l

i+1
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=m (X'—x )+m (X —Xx)—m((x - x)+(X-x ) =

i+l +1

= (M —m )X~ X, )+(m —m )X, ~x) 20,

Tx. M >m, m>m, X'>x, X >Xx.

i+l

Utak, mepBoe YTBEpPXKICHHE TEOPEMBbl [OKA3aHO B CIydae, Korga |, MOIy4eHO u3 |

1

n00aBJIEHUEM OJIHOM HOBOM TOYKHU.

Ecnm ke TakuX HOBBIX TOUEK — HECKOJIbKO, TO MBI MOKEM paCCMaTpuBaTh T2 KaK pe3yJjibTaT

IIOCJIEI0BATENIBHOTO MPUCOEAUHEHUS 110 OAHOW Touke. [Ipu 3TOM, 1O NOKa3aHHOMY BBILIE, IIPU
KaX/JIOM TaKOM TIPUCOCAMHEHUH TOYKH BepxHss cymma JlapOy He yBenuuuBaercs. 3HAUUT,

S(T,) < S(T,) u B 06weM crydae. AHATOTUYHOE PACCY)KIEHHE CIPABEIMBO M U HHJKHHX
CYMM.

[TosToMy mepBoe YTBEpP)KIECHHE TEOPEMBI JIOKa3aHO.
JlokaxxeM yTBepXKIeHue 2.

HepaBenctBo (4) nerko cieayer U3 MEpBOM YacTH TeOpeMbl. JIeHCTBUTENBHO, pacCMOTPUM
pasOuenne |, KOTOpOE MOJIy4aeTcsi, KOra Mbl GepeM BCE TOUKH, BXOSIIHUE B |

Bxomsme B 1. Torma T, — nponomkenne T u T,. Ho torma S(T, ) < S(T, ) < S(T, )< S(T, ).

IlepBoe u mocieHee HEPABEHCTBA CIEAYIOT U3 JOKa3aHHOM IIEpBOM 4YacTH TEOPEMBI, CpeHEe
HEPABEHCTBO OYEBUJHO. 4

U BCE TOYKH,



Mamemamuueckuii ananus
I kype Il cemecmp
Bunem 7. Kpumepuii unmegpupyemocmu (cmp. 1 u3z 5)

bunetr 7. Kputepuu MHTErPUPYEMOCTH.

Teopema 7.1.: Jlas Toro, uro6nl pynxmus f(X) 6bu1a nnrerpupyema na orpeske [a;b]
HEOGXOTMMO U T0CTATOYHO, 4TGB! st ioGoro & > 0 cymectrosano uncno 6(g) >0 Takoe,

uro muasi Beex pasomenmii |, ynosiaersopsiomux ycaosuio 0 (T) <O, Bemoansaocs
HEPaBEHCTBO

S(M)-s(M)<e (1)

» Heooxooumocme.

Jlns uncna % BoIGepeM O Tak, utooer VT , d(T) <o V%J ‘G(f,T,%}— |‘<%, uTO

MOXKHO cJeJIaTh BBUY UHTETPUPYEMOCTHU f (X) Ha [a; b]. Toraga — % <o ( f,T, % } -1< % )
1
& & 12 -
I A <o(f,T ,%} < A + | nns moGoro BeIGOpa %J‘ 3HauMT, YKUCIIO A + | - Bepxnss

. 1
rpadb MHOXKCECTBA 3HAYCHHU { G( f ,T y %} } IpHu BCEBO3MOKHBIX BBI60an %J

Buaunt, S(T) < % + |, mockomnbky mo mokaszannoit Teopeme 5.1, S(T) - Tounas Bepxmss
rpaHb 5TOr0 MHOKECTBA, & TOUHAS BEPXHSS IPaHb SBJSETCS HAMMEHbIIEH U3 BEDXHHUX IpaHeil U He

MOXET  MPEBOCXOAWTH  YHCIA % + 1. Amamormuno  S(T)>1— % . Tlostomy
2
SM)-s(T)<1+¢4—-(1 -¢4,)=—¢& <¢. Hepasenctno (1) nokazano.
(T)=s(T) < 1+54-(1-54) = p (1)

Hocmamounocme.

Hockonbky st mo6bix T,, T, Boimonasiercs vepasencrso S(T,) <s(T,)  (2),
wrokecteo  {S(T)} 3mauenmii S(T) mpu BceBo3MOXHBIX paséuenmax T oOTpeska [a;b]

orpanuyeno ceepxy (mo6bM uncioM Buga S(T)). AHaTOrMYHO MHOXECTBO {S (T)} OrPaHUYEHO
causy. ITostomy cymectsytor |, = sup{s(T)}, |- =inf {S (T)} U3 mepaseHcTsa (2) cpasy

cnenyer,uto |°—1,>0.

IMokaxeMm cHauana, uto u3 (1) cnenyer, uro |° =1_. Jleiicteutensuo, S(T)>1°,5(T) <, u

I°—1,<S(T)-s(T)<e&. 3uaumr, BBUmy mupomsBomsroctn &, |°=1,. OGosmauum
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Nanee, s(T) = S(T) <o (f,T,EJ—1 <S(T)=s(T), nm
‘G(f T, %} — |‘ <S(T)—s(T) < & cornacro (1). ostomy f (X) - nurerpupyema na [a;b].
Teopema 10Ka3aHa.

3ameuanue 1. Yacto ucnomnssyercst obosHadenne @, =M, —M,. BenuunHy @, Ha3bIBalOT

koneGarmem T (X) ma otpeske [X;X., |
n-1
Hepasenctso (1) MOKHO nepenucats B BUE Zi:o W, AX; < €.

L]
3ameuanue 2. B nokasatenscTBe TeopeMbl yeTaHoBneHsl pasencta | = 1° =1, oznauaromue,

b
41O SUP; {S(T)}z inf; {S (T)}: j f(x)dx, Tme TOYHAsS HWXKHAA W BEPXHAS TpaHU B3ATHl CO

a

BCEBO3MOYKHBIMHU PasOMEHHsIMH | OTpeska [a;b].

3ameuanue 3. JloxaxeM, 4TO CYHIECTBYeT HEHHTETpHpyEMble OrpaHHWYeHHble (yHKIUU. B
KauecTBe MpHMepa pacCMOTPUM @yrkyuto Jupuxie

D(x) 1, ecau x— payuonanvnoeuucno,
X) =
0, ecnu x —uppayuonanvroeuucio

Hnst 00010 pasouecHHs T OTpe3Ka [a; b] BBINIOTIHSIOTCSA paBeHCTBA:
S(T) =2 Mt =3 1-A% =b - a,
s(T)=>" mAx =>" 0-Ax =0,

nostomy mans Bcex pasoumenuit 1 umeem S(T)—S(T)=b—a wu tpebopanue xpurepus
UHTETPUPYEMOCTH HE BBIIIOJIHAETCS.

HpOCTBIM CJICACTBUECM JJOKA3aHHOT'O KPUTCPUA SABIICTCSI MOHOTOHHOCTD q)yHKIII/II/I

Bepuémcst k moctaBieHHON B OuJieTe 5 331a4e HaX0KACHUS MJIOMAAN (pUTYphI, OTpaHUYEHHOM
KPUBBIMM JIMHUAMH.

Teopema 7.4. Ilycts P — ¢urypa, orpanndennasi CHU3Y 0CbI0 X , 10 60KaM — OTPe3KaMH
BEPTHKAJIBHLIX IPAMBIX X=ad U X = b, (a < b), a cBepxy — rpa(¢ukom HenpepbIBHOH HA

oTpesKe [a; b] dynkunu f(X) (em. puc.1). Torna P umeer nnomans, npuuem mi. (P) =

i f(x)dx.
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Bunem 7. Kpumepuii unmegpupyemocmu (cmp. 3 us 5)

yi yi
f(x)

<y

Puc. 1. Puc. 2.

» JlokasaTeabCTBO i IPOM3BONIBHOTO pasOouenus | OTpeska [a;b] HIDKHSS cymma JlapOy
S(T) mpencraensier coboii momans Muoroyronshuka A, AC P, a Bepxuss cymma Jlapby —

mwiomans Muoroyronsiuka B, B D P (puc. 2). Tak xak f(X) menpepriBHa nHa [a;b], oHa

MHTETpUpyeMa Ha 3ToM oTpeske u s moboro & >0 cymectsyer 0 >0 Takoe, uto ;s Beex
pasouennii T ¢ guametpom 0(T) <0 umeer mecto mepasencteo S(T)—S(T) < &. 3uauur, nus

moboro & >0 cymecrsytor muoroyronsauku A C P < B Takue, uto n1.(B)—ni.(A)<e. D10

o3HauaeT kBanpupyemocts P . Hakomen, mmomans P pasma SUp {HJI.(A)}z inf {HJI.(B)} u
AcP PcB

b
inf S(T) =Sup S(T) = I f(X) dX. DTu paBeHcTBa 03HaUAKOT, 4TO
T T a

wi(P) = jl f(x)dx. «

Cneocmeue. Iycts f (X) u f (X) — nenpepwisnvie na [a; b] QyHKWuU, IpUYEM JUISL BCEX
Xe [a, b] BBIIIOJIHAETCS HEPABEHCTBO fl(X) < f2 (X). Torna niowads kpusonuneiinoii
mpaneyuu, orpaHIYeHHO# cBepxy rpapuxom Gpyrkimn Y = f (X), cuusy — rpaduxom pyskuum

y = f,(X), a no Gokam — oTpe3kamu BepTHKAIbHBIX NPsMbIX X =& 1 X =D (puc. 3) pasna

i [f.(0 - £ (0)]dx.
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A fz (X)
\-/

AN

v

\ /

f.(0

Puc.

» /lokasarejabcTBO T .K. fl(X) u fZ(X) HEeNpEepbIBHBI Ha [a;b], OHM OIPAaHUYEHBI Ha HTOM

otpeske. [Toaromy cymectsyer uncio M rakoe, uto M+ f (x) > 0.

4 Torma niomane paccMaTpuBaeMoOn

¢urypel ecTb pa3HOCTb IUIOIIAAEH

\_/ M+ fz(X) KPUBOJMHENHBIX Tpaneuui, 1 OHa €CTh
T+ £.00Tdx —[[M+ 00T =

o M+ f (X) = I [£,00— £, Jox,

4TO U TpeOOBAJIOCH J0Ka3aTh. 4

VYcioBue HempepbIBHOCTH (YHKIMU SBISIETCS JOCTAaTOYHBIM, HO HE HEOOXOIHMMBIM s eé
UHTErpUpyeMOCTH. B yacTHOCTH, MMEeT MecTo

Teopema 7.5. Ecau ¢ynxmus f(X) orpammuena ma orpeske [a;b] M MMeeT Ha HeM
KOHEYHOE YHCJIO TOUEK Pa3pbiBa, TO OHA HHTErPUpPYeMa Ha 3TOM OTpe3Ke.

OrpaHnunMcst CXeMOMH J0Ka3aTeIbCTBa.

» /lokazareanbcTBO 15 1I000TO pa3dueHus T OTpe3Ka [a; b] II0JIy4€HHBIE OTPE3KHU [Xi ; XM]

0o coliepKaT TOUKY pas3pbiBa, MO0 He coxaepkaT. KonndecTBO OTPEe3KOB, Ky/la MOXKET BXOAUTH
TOYKA pa3pbiBa, HE PEBOCXOAUT YIBOCHHOTO YKCIIa TOYCK Pa3phbiBa, TAK KaK TOUKA Pa3pbiBa MOXKET
MpUHAAJIEKaTh OTHOMY OTpe3Ky (KOTJa OHa He COBMAJaeT C TOUKOM JeeHus ), 100 AByM OTpe3KaM

(KorJa oHa COBMAuaeT ¢ TO4KOW menenus). 1o ycnosuto, Gpynkuus f(X) orpamnuena, mosromy

CYIICCTBYIOT TOYHAsA HWXXHAS T'pPAHb M u To4yHagd BCPXHAA I'PaHb M MHOKECTBa €€ 3HAUCHMUIA.
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Criei0BaTeNbHO, KoNebaHne (0, Ha JH000M OTPE3Ke, COAEPKAIIEM TOUKY PaspbiBa, HE IPEBOCXOUT
M-m.
Takum o6pasom, mii moGoro & >0 wmoxno Beiopate d(T) cTonb MambiM, 4TOGBI CymMma

&
BCIIMYHNH O)IA XI AJI1 OTPE3KOB, COACPKAIUX TOYKH pa3pbiBa, CTaJla MCHBIIC — .

Tak ’xe, Kak NpH JOKa3aTelbCTBE TEOPEMBbl 00 HMHTEIPUPYEMOCTH HENpephIBHOHM (yHKIMH,
MOXHO JI0Ka3aTh, YTO CyMMa BeIMYMH (A X JUIS OTpEe3KOB, He COMACPXAIIMX TOYEK Pa3phIBa,

&
MCHBIIC, YEM E , IpU JOCTATOYHO MAJIBIX 3HAYCHUAX d(T) .

Ho 510 03Hauaer, uto npu gocrarouno maisix d(T) Bes cymma
n-1
Do AX <¢ u

i=0

TeOpEMa JJ0Ka3aHa. <



Mamemamuueckuii ananuz
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bBunem 8. Kpumepuii unmezpupyemocmu (cmp. 1 uz 2)

bunet 8. UHTEerpupyemMocTb MOHOTOHHOU QYHKLUN. MHTErPUPYEMOCTb
HenpepbiIBHOU QYHKLMH.

Teopema 8.1. Ecaim T (X) ne yowiBaer (ne Bozpacraer) Ha [a; b], TO OHA MHTErpHpyeMa
Ha [a;b].

» okasateancrso [Tycts T (X) ne yoniBaer. Toraa Ha oTpeske [XI e +1] BBITIOJIHAIOTCS
pasencta: M. = f(x.), M. = f(X,,). Ecu f (D)= f(a), 1o f(X) - mocrosmnas u ee
unrerpupyemocts ouesuana (S(T) =S(T)). Ecm f(b) > f(Q), To nonoxum

_ &
IIORHC

Torga ecmn AX. <&, 10

S <6-3 M -m =531 (4.~ 109 =5(F ()~ T () =51 O~ T @) == <

()

W3 KpUTEpHs HHTETPUPYEMOCTH CIIETyeT
Teopema 8.2. Eciim f(X) € C[a; b], 10 f(X) — unTerpupyema na [a; b].
» lokasaTeabcrso [To Teopeme Kantopa, f(X) paBHOoMepHO HenmpepsiBHa Ha [a; b], T.€

Ve>036>0V x,x": (D).

&
2(b —a)

PaccMotpum pasbuenme | oTpeska [a;b] C IMAMETPOM MEHBIIMM, Y€M BBIOpaHHOE O .

Torma Ha KaKIOM OTpe3Ke [Xi ,XM] MMEET MECTO HEPABEHCTBO:

M-m <
(2).

— ’
JIeficTBUTENBHO, TOCTATOYHO MOJA00paTh TOUKY X Tak, 4TO

b-a

f(x)<4(b_ 2) (3)

u Touky X" Tak, uro6er f(X")—m <

&
o (4).
4(b-a)
(D10 MOXHO caenars, T.. yncaa M, M — mounsie rpasn MHOXeECTBA 3HAYCHMIT).

Torma Beuay (1), (3), (@) M —m =M — f(x")+ f(x")— f(X")+ f(X")—m, un
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€ € € €

Mi—miS|Mi—f(x)|+|f(x)—f(x”)|+|f(x”)—mi|<4(b —a)+2(b —a)+4(b b

Hepasencto (2) nokazano. Toraa
e

1
AX, = ©
b -a4g b-a

S(T)—s(T):riMi AX, —rimi AX, :ri(Mi—mi)Axi < (b-a)=c¢.

To ecTh KpUTEpHUIl HHTETPUPYEMOCTH BBINIOJIHSAETCS. 4
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Bunem 9.Csoticmea onpederénnozo unmezpana (cmp. 1 u3 6)

Buner 9.CBovicTtBa OnNpeAeAEHHOro MHTerpaaia.

PacnpocTpanum onpeneneHre HHTErpala Ha ciydail a <b.

Onpeodenenue 9.1. Ecnu a <b, To mo omnpezaeneHuto,

b a

[ £00dx == f ()dx, 1)
a b

ectu f (X) unrerpupyema na orpeske [a;b].

Tax:ke 1o onpeAeNICHUIO TI0JI0XKUM

a

[ f(x)dx=0 2)
a

3ameTuM, uyTO paBeHCTBO (1) cripaBeAMBO U B ciiydae a > b, Tak Kak Toraa
a b

J. f(x)dx = —J. f (X)dX, uto paBHOCHIBHO paBeHcTBY (1).

b a

D710 3aMeyaHue, BMECTE C OMNpeieTIeHUuEeM (2), 03HaYaeT, YTO paBeHCTBO (1) BBIMOIHSAETCS U
Beex au b.

Teopema 9.1. Iycrs pynkuus f (X) unrerpupyema na orpeske [a; b], a<b.Torma f(X)
HHTErpupyeMa Ha [c; d]c [a;b].

» /loka3aTeibcTBO PaccMOTpHUM Mpon3BOJIbHOE pa3OHMeHNE OTpe3Ka [C; d ] U TIPOBEZIEM

pa3OueHNe OCTaBIINXCS YacTe OTpeska [a;b].

B urore 6yneT nosiyueHo pa3buenne | oTpeska [a; b], npudem Touku C u O BoilayT B umcio
TOYEK AEJIEHUs ATOT0 pa3OUeHHUs.
n-1 .
Paccmotpum cymmy Zizo @,AX; , COOTBETCTBYIOIIYIO Pa30HEHUIO T orpeska [a,b] 51
BBIJICJIUM YaCTh 9TO CYMMBI Z @, AX; , COOTBETCTBYIOIIYIO TEM OTPE3KaM pa3OHeHHs, KOTOphIe

BXOJST B [C; d ]

' n-1
Tak kak @, =20, AX, >0, acymma Z @, AX; SIBISICTCS 4aCTBIO CyMMBI Zi:oa)iAXi :

' n-1
OYEeBH/IHO HEPABEHCTBO Z W, AX; < Zi—o o, AX; .

n-1
HOCKOJ‘IBKy 3a CUcT BBI60pa AnaMeTpa paS6I/IeHI/IH BCJIIMUYNHY Zi—o a)i AXi MOXHO CAcJIaTh

MeHbIneii moboro 3agannoro & > 0, To ke BepHO M A Z @, AX; , 4T0 03HaYaeT

unrerpupyemocts f (X) na [C;d].4
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Teopema 9.2. Mycrs T (X) unTerpupyema na orpeskax [a; C] u [C;b] a<c<b.Torna
C b b
ona mnTerpHpyema u na otpeske [a;b |, npuaem J. f (x)dx + J. f (x)dx = J. f (x)dx 3)
a C a

» loka3zarenncTBo [1o yenosuro ais moGoro € > 0 cymectsyer takoe 6 > 0, uro mns
pa3OueHNs OTPE3KOB [a; C] 51 [C; b] C IMaMETPOM MEHBIIUM O , BBINOJIHSIIOTCS HEPABEHCTBA

& &
Zwi AX, < § Zwi AX: < —. PaccMOTpuM Tenepb MPOM3BONIbHOE pazdueHue | OTpeska [a; b].
[aic] [c:b]

Ecau Touka Cmomnajia B YMCJIO TOUYEK ACJICHUsA, TO CyMMa

Z:a)iAxi =D 0, AX, + Y oA < L % <&
[aic] [cb]

Ecnn e C He Momana B 4MCIIO TOUeK JeNenus, To pu Hekotopom J, 0< j<n—1,
Ce lXj ;Xj+1_. Tornma

S onx =Y oA + oA + Y oA 4)

i=j+l 1

O0e cyMMBI CTOSIIIHE B TIPaBO 4acTH (4), He MPEBOCXOIAT, COOTBETCTBEHHO, ZwiAXi u
[aic]
Zwi AX; .
[c:b]

Taxk kak gpynxunus T (X) orpanuuena na [a; C] u [C; b] OHa OTPaHMYEHa M Ha BCEM OTPE3KE

[a;b]. IIycte M u M cooTBeTcTBEHHO, TOYHAS HIKHAS U TOYHAs
BepXHsis rpaHu e€ 3HadeHus. [loatomy

o . < m?*M

CrnenosarenpHO, Tpu poctatouno maioM d(T) Bce Tpu BeIMYHHBI [Z:]a)iAXi ,Z:a)iAxi u
a,C [c'b]

&
COJ-AXi MCHBIIC, YEM E , 4 C HUMH M BCJINYHHA

Z:ja}iAXi <g
Takum o0pazom, f(X) uaTerpupyema Ha [a, b].

PaBeHcTBO (3) cpasy cienyer U3 paBeHCTBa Z f(&)AX + Z f(&)AX = Z f(&)Ax (5),

[a,c] [c,b] [a,b]

B KOTOPOM B JICBOH YacTH CTOST MHTETPAIbHBIC CYMMBI, COOTBETCTBYIOIIHE MPOU3BOJIBHBIM
pa30OueHusM oTpe3koB [a,C] u [C,b], a B mpaBoii yacTu — WHTErpaIbHAs CyMMa, COOTBETCTBYFOIIASI
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pasbueHuro otpeska [a,b], cpean Touek neneHMs KOTOporo ecth Touka c. [lpu crpemnennn k 0

JMaMeTpa BBINICYIIOMSHYTOrO pa3OueHus oTpe3ka [a,b] o0e cymMmbl, cTosilMe B JIEBOM 4YacTH
b

C
paBEHCTBA, CTPEMSITCS, COOTBETCTBEHHO, K HWHTErpajam jf(x)dx u jf(x)dx, a TaKk Kak Mbl

a c
b b

JI0Ka3aJId CYIIECTBOBAHUE j f (x)dx, To u mpaBast 4acTh paBeHCTBA (5) CTPEMUTHCS K j f(x)dx «

a a

PaBencTBo (3) BBIpa)kaeT CBOMCTBO @00UmMUGHOCMU uHMe2PAd TIO OTPE3KY. 3aMETHM, YTO 3TO
CBOMCTBO, BBHY (1) ocTaHEeTCsI BEpHBIM MPH JIFOOOM B3aUMHOM PAaCIIOJIOKESHHUH a,b,C.

Csoiicmeo 9.1. Ecniu f (X) unterpupyema Ha [a,b], To mns mo6oro uncna K ¢pynakmus kf (x)

b b
uHTerpupyema Ha [a,b] u jkf (x)dx = kj f (x)dx
a a (6)

Csoticmeo 9.2. Eciu  f(X),g(x) - wunTerpupyemsr Ha [a,b], To ¢ynkuus f(x)+g(x) -

uHTerpupyema Ha [a,0] u j‘( f(x)+g(x))dx = j‘ f(x)dx + j‘ g(x)dx
a a a (7)

[Moxazamenvcmeo ceoiicme 9.1. u 9.2.

P lokasareascrBo O6o3uaanm S (T),S,(T),s,(T),s,(T) cymmsr Hdapby s f(x)u g(x).
IMockomeky sup{kf (x)} =k sup{f(x)}

inf &f (x) }=kinf{f ()3,
S, (T)=s,(T) < % uro Bemonnsiercs npy d(T) < & BBHLY HHTerpupyeMoct f (X) .
Hanee, sup{f (x) + g(x)} < sup{f (x)}+sup{g(x)}, inf{ f (x) + g(x)} = inf{ f (x)}+inf{g(x)}.
Tostomy, mpu S, (T) —s, (T) < % /S, (T)=s,(T) <% HMeeM:

£
2

=¢.

SHQ(T)—ng(T)ssf(r)—sf(r)+sg(r)—sg(r)<§+

Wrak, uaterpupyemocts B cBoiicTBax 1 u 2 noka3zana. PaBencta (6) u (7) cieayroT Tenepb u3

o4yeBHIHBIX paBeHCTR: o (kf ,T,{g?}) =ko(f ,T,{g?}) uo(f+ g,T,{E}) =o(f ,T,{E}+G(Q,T,{§_})
JUIst UHTETpabHBIX cyMM Tipu cTpemiiennu d(T)k 0. <

Csoiicmeo 9.3. Ecm f(X) > 0 na [a;b] (a < b), u f(X) — unterpupyema Ha [a;b], To

.t[)f(x)dxz 0.
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» [lo ycioBuro pa3ouenus T u Beioopa Touek &, o(f, T, {£}) > 0. [Tostomy S(T) >0, S(T) > 0 u,
T. K. S(T) < 1 < S(T), Toxe 1 > 0.«

Cesoiicmeo 9.4. Eciu f(X), g(X) unterpupyemsl Ha [a;h] (& < b) u nnsa Bcex x € [a;b] umeer

MmecTo HepaBeHCTBO f(X) < g(X), TO if(x)dx < ig(x)dx (8)

» Jloka3zaTeabeTBo 1o cBoiictBam 9.2. u 9.3. pynkums f(X) - g(X) unrerpupyema. 1o cBoicTBY

9.3, j(g(x) — f(x))dx > 0. (9)

b b b
Buoss 1o csoficream 92. u 9.3, [(g(x) - f(x))dx = [g(x)dx— [ f (x)dx > 0 Mootomy u3 (9)
cienyert (8). «

Csoiicmeo 9.5. Ilycts f(X) — unrerpupyema Ha [a;b] u a < b. Torna | f(x) | - UHTErpUpyemMa Ha

[asb] m |  F(X)dx < [I £(x)] dx. (10)

» U3BecTHO, uTO 1i1s BeceX A, B |A-B|2| | A| -|B|| . 3Haunrt, V x', X"’
||f x") | -|f (x) || < |f x") - f ) |. U3 s1or0 CIIEIyET, YTO j - KojeOaHue QyHKIHH

f(X) | Ha oTpeske [X: X\+1] HEe MpeBOCXOAUT KojeOanus ; GyHKuuu f(X) Ha [Xi Xi+1]. SHAUYUT,
n-1

-1
z ®i'Ax; < z o AXi < & npu pocrarouHo ManoMm 0(T). DTo HOKa3pIBacT MHTETPHPYEMOCTh
- _

by | £ ().

Havoners |3 /(6 )ax1< 31 72) 4%

(11) - a
(T. k. |Ao+ ...+ Ana| < | Aglt...+| An.1| uist Tr00BIX uncen Ag, ..., An1).
U3 (11) mpu d(T)—0 caenyer (10). €

3ameuanue 9.1. Uz mozo, umo | /(X)/ unmezpupyema na [a;b] we cnedyvem, umo f(X) —
unmezpupyema na [a;b].

1, ecu x — payuonanvHoe wucio
Ipumep. AX) =
-1, ecu X — UpPUYUOHATILHOE HUCIO

Tozoa S(T)-s(T) = 2(b-a)>0, a | AX)| =1 — ouesuono, unmeepupyemas gpynryus.



Mamemamuyeckuii ananus
I xypc I cemecmp
Bunem 9.Csoiicmea onpederénnozo unmezpana (cmp. 5 us 6)

Csoiicmeo 9.6. [Tycts f(X) — unTerpupyema Ha [a;b], a < b u mpu x € [a;b] m < f(X) < M. Torna

m(b-a) < j)f(x)dx < M(b-a).

b
3t0 cpasy cienyert u3 cBoiictBa 9.5. v TOrO, UTO JJIsl MOCTOSTHHOM C jcdx = c(b-a).

a

Teopema 9.3. (Teopema o cpennem 3uauenun). [lycrs f(X) — uHTerpUpyema Ha [a;b], a<b
U NIpH

b
x € [a;b] m < f(x) < M. Toraa cymecrByer 1, m < u < M Takoe, 4T0 jf(x)dx = n(b-a).

Ecsm, kpome Toro, f(X)e C([a;b]), To cymecryer § € [a;b] : p = f(E), 1. e. If(x)dx = f(&) (b-

a).
» /loxazareancTBo [lepBoe yTBepkKIEHUE cpa3y claeayeT u3 cBoicTaa 9.7.
b b
J 1(x)dx [ 7(xax
Hevictutennpho M < 22— < M. OOo3HauuB | = &———  mosydyaeM TpeOyemoe
(b—-a) (b—-a)
YTBEPKICHUE.

Ecmu ke f(X) — HempepbiBHA, TO OHA MPUHUMAET BCE CBOM MPOMEKYTOUHBIC 3HAUCHUSI MEXKIY
HAMMEHBIIIUM My U HaubobIM Mg 3HaueHUsIME Ha oTpe3ke [a;h].

b b
I[Tpu aToM Mg(b-a) < jf(x)dx < Mo(b-a) u jf(x)dx = p(b-a), rme mo < pu < My.

Beuay nenpepsiBHocTH f(X) Ha [a;h], kak oTMeueHo Boiie, | = f( &), & € [a;b]. «

Teopema 9.4. (OGo0ueHHasi TeopeMa 0 cpeaHeM 3HaYeHuH). [TycrTs:

1. g(x), g(x)- f(X) — uaTerpupyemsoi Ha [a;b];

2. m<f(x) < M;

3. 0(x) He MeHsieT 3HAK Ha [a;b].

Toraa cymecrByer g, m < u < M Takoe, 4To jlf(x)g(x)dx =pu jlg(x)dx . Eciu, nipu 310M,

a

f(X) — nenpepniBHa Ha [a;D], To cymecTByer & € [a;b] : u = f(&).

» loka3arebeTBo [lycTh, st onpenenenHocty, g(x) > 0 Ha [a;b], a< b.
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Torma mg(x) < f(X)g(x) <Mg(x)u m'[g(x)dx s'ff(x)g(x)dx < M'fg(x)dx :
1)

b b
ITo ceoiictBy 9.4. Ig(x)dx > 0. Ecnu oxasanock, 4To Ig(x)dx =0, To u3 (1) caenyer, 4TO

a a

b
j f(x)g(x)dx =0 u Teopema cripaBeJIMBa NPH 110H0M 3HAUCHUH |L. €

a
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Bunem 10. Onpedenennviii unmezpan ¢ nepemenHvim gepxnum npeoeiom (cmp. 1 uz 2)

Buaetr 10. OnpeaeAeHHbIH MHTErpaA ¢ NepeMeHHbIM BEPXHUM MpPeseAOM.

[Mycte f(x) uaTerpupyema Ha [a;b]. Torna, no cBoiictBy 1 mpeapinymiero naparpada, f(x)
uHTerpupyema Ha [a; X] mpu modom X € [a;b].

Paccmotpum dpynkmmio ®(x) = _[ f (t)dt

Teopema 10.1. Ecan f(X) — uaTerpupyema na [a;x] npu modom X € [a;b], To @(x) € C([a; b])

» JToka3aTeabcTBo. JJoCTaTOUHO J10KA3aTh, uTo Ipu AX — 0 D (X + AX)— CD(X) — 0 (mpu 3TOM
npeamnoaraercs, uto X, X+ AX € [a;b]). [To onpenenenuto (1)

X+AX X X+AX
(D(X + AX)— (D(X): _[ f(t) —_[ f(t)dt = _[ f (t)dt = pAX, cormacHo TeopeMe o cpeaHeM (TIpH TOM

m<u<M,roe m= [im;]{f (X))}, M =sup{f(x)}). lIpu Ax — 0 oueBuaHO, uAX — 0 u Teopema
& [a:b]

nokazaHa. <«

Teopema 10.2. [yctp f(X) uHTerpupyema Ha [a;0]u HenpepriBHA B Touke X €[a;b]. Torna

®(X) uMeeT MPON3BOAHYIO B TOUKE X , MPHYEM CD'(X) =f (X)

» /loxa3aTejibCTBO.

X+AX

f d _ f f B f X+AX ~
|<D(X+Ax)—d>(x)_f(x): ! (Ot = 00X _ !( (1)~ £ ()X ) !“(t) f (x)[dx

AX AX AX AX

X+AX

ITo ycnoswuio, f(X) HempepbiBHA B TOUKE X, CJIEIOBATEIBHO,

|t—X| <d.Ho |t—X| < AX . 3Hayurt, ipu AX < 6 ICD(X"'AAX:—(D(X)

f@)—f (X)| < &, KaK TOJIBKO

EAX

- f(X)‘<—:8,‘{TOKaKpa3I/I
AX

o3mauaet, uto O'(x)= f(x). <

Onpedenenue 10.1. Ecm nns Beex X € (a; b) CTIPaBEJIMBO PABEHCTBO CD'(X) =f (X) TO CD(X)

Ha3bIBACTCS TIEPBOOOPA3HOM IS f(X) Ha (a;b).

MoHO paccMaTpuBaTh MEPBOOOPA3HYIO U Ha OTpe3ke [a;h], Toraa B TOuke & MOJKHO BBITIOJHATCS
pasencrso @' (a)= f(a), a B Touke b — pasencrso @', (b)= f(b).

Cneocmeue. Ecu f(x) e C([a; b]) CD'(X) =f (X) " (I)(X) — nepsooopasnas nius | (X)

1t= X
3ameuanue. Ipumep f(t)= {0’ tt ;t%’ D(x)= I f (t)dt noxasvieaem, umo ®'(0)= f(0) (m. x.

-1
CD(X) =0), m.e. CD'(X) # T (X) =1, noosmomy 6 cayuae mouxu paspvlea meopema Moxcem oKa3amvcsi
HeBepHOU.
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Teopema 10.3. (Popmyaa Hulotona-Jleiiouuna). Ecin f (x) e C((a; b]), TO 1J1s1 JII000ii
b
nepBoodpa3Hoii F(X) mMeeT MecTO paBeHCTBO _[ f(x)dx =F(b)-F(a).

a

» Jloka3zaTesbCcTBO, [0 T0Ka3aHHOMY CJeICTBHIO, IepBooOpasHas @ (X) cymecrByer. Ecmm F(X) —
mo0ast Ipyras mepBoooOpasHasi, To cymectByer C = CONst Takasi, 4To

d(x)-F(x)=C, 1.e. D(x)=F(x)+C. Torna

j f (x)dx = d(b) — d(a) = (F(b) + C)-(F(a) + C )= F(b) — F(a), uto 1 TpeGoBanoch J0Ka3aTh. 4



Mamemamuyeckuii ananus
I xypc I cemecmp
Bunem 11. Ipuémot eviuucienus onpederénnvix unmezpanos (cmp.l uz 1)

bunet 11. lNpnémbl BbIYUCAEHUS ONPEAEAEHHBLIX UHTETPAAOB.

3nech ciaemyer chopMyIUpOBaTh U Joka3aTh TeopeMy Hprorona-JleiOnuma (cm. o6mi. 10)

Teopema. (3amena nepemennoii) 11.1. IMycre  f(X) € C( [a, b]) u X=¢(t), rue:

1. ¢(t) onpenenena m menpepbiBHa Ha o, B];

2. 3mavenns ¢(t) mpu tela, B] me BIxOxAT 32 mpenesnnr otpeska [a,b];
3. ¢(a)=a, ¢(f)=b;

4. ¢'(t)eC(le, £

Torna if(x)dx - ff(¢(t))¢'(t)dt |
) '

» okasateancrso. Ilycts F(X) — neppoo6pasnas s f (X). Torna

!/

[F( A(t ))] =F'(x)-¢'(t)=F'(¢(t))p'(t). HosroMy BeIMONHSAIOTCSA paBeHCTBA:
[ f(x)dx=F(b)-F(a), [ f(g(t))¢'(t)dt =F(4(b))-F(4(a))=F(b)-F(a)u

Tpebyemoe paBeHCTBO (1) ycraHoBieHO. €

Teopema. (MuTerpupoBanue no yactam) 11.2. Tiyers U(X), v(X), u'(x), v'(x)

HenpepbiBHbI Ha [a,b]. Toraa j‘u(x)v’(x)dx = u(X)v(X)|:l —j‘u’(x)v(x)dx.

a a

» Nokazateancrso. (U( X )v( X)) =u'( x)v(X)+u(x)v'(x). Hockomsxy U'( X (X)
— mHenpepbIBHas (yHKIHA, TO cymiecTByeT eé mepBooOpasHas ¥ (X), T.e.

u'(xv(x)=%'(x). Torma u(xv'(x)=(u(x)v(x)) =u'(x)v(x)=

= (UOOVCY =#1(x) 1 JuCa)v 0= @OOVOY —# 00X =u(x () -

~(x). = u(xw(x) - fsv'(x)dx = u(x)v(x)

b
Z — Iu'(X)v(X)dX.TeopeMa

nokaszaHa. 4



Mamemamuueckuii ananuz
I xypc I cemecmp
Bunem 12. Ipunoscenus unmezpana: oowém meaa (cmp. 1 usz 2)

Bunaetr 12. MpnroxeHuss HTerpara. o6bLEM Tera

Omnpenenenne 06beMa MOXKHO JaTh BIIOJHE aHAJIOTUYHBIM OIPEIENICHHUIO IUIOMAAU 00pa3oM.
ViMeHHO, cunTasi M3BECTHBIM MOHIATHE 00beMa MHOTOIPaHHHUKA, PACCMOTPETh MHOXKECTBO 0OBEMOB
COJIepKAIUXCS B JAaHHOM TeJle MHOTOTPAaHHUKOB X MHOXECTBO 0OBEMOB COJIEPIKAIINX JAHHOE TEJIO
MHOTI'OTpaHHUKOB. Eciu TOYHas BEpXHsS rpaHb NEPBOTO U3 PACCMATPUBAEMBIX MHOXECTB PAaBHO
TOYHOW HIKHEH TpaHH BTOPOTO, TO TEJO HA3bIBACTCS Kyoupyemwvim, WIH UMEIOIIUM 00BEM,
paBHBIN 00IIEMy 3HAUEHHUIO STHUX TOYHBIX T'paHEH.

Teopema 12.1. Ecain T mpexacrasasier co6oii npsimoii uusunap Beicotol H , B ocHoBanuu

KOTOpPOro JieskuT kBaapupyemasi purypa P ¢ miomamsio S(P), o T — kybupyema,

npugem V(T )=S(P)-H.
» okazarenbcrno. Ilycts & >0 . Paccmorpum muoroyronsaukn A C P < B rtakue, uto

&
S(B)-S(A)<

o Iloctpoum  cojepxkammiica B |
7 j' i cofepxamuii | MHOrorpaHHukH BbicoTod H |
|

B OCHOBAHHMHU KOTOPBIX JIEKAT, COOTBETCTBEHHO,
A u B. Torga 06beMbl 5TUX MHOTOMPaHHUKOB
OTJIMYAIOTCS Ha

H(S(B)—S(A))<H-%:g. Bauty

npoussonsHoctu € >0, Teopema noxazana. <«

15

Teopema 12.2. Ilycrh | — npocTpaHCTBEHHOE TeJIO, 2 OCH PACIOJOMKEHbI TAK, YTO
J0oe ceyeHHe, TMeEPHEHAUKYJsAPHOe ocu X  3TOro Teja, NMpeacTaBiisieT co00M
kBajapupyemylo ¢urypy ¢ miomaabio S(X), a< X<Dbh, npuuem jaum  J06BIX

Xy X, e[a, b] NpOeKIUsi OJHOr0 u3 cedyeHHih Ha miIockoeth OYZ peaukom

COlEp:KATC B MNpOEKHMH Apyroro cedenus. Torma | — kyGupyemoe Teslo, u

V(T):iS(x)dx.

» Jloka3aTeabcTBo. [[1si TPOU3BONBHOTO pa30MEHHs OTpe3Ka [a, b] cymMmbl  JlapOy

IPEJCTABIAIOT CO00M 0O0BEMBI TEN, COAEPKAIMMXCS BHYTpH | (HmkHAa cymma JlapOy) u
comepxammx 1 (Bepxusas cymma JapOy). Ilockoneky S(X) urTerpupyema, mpu u3MeIbueHHH

pa3OueHus pa3HOCTh MEX/1y BepXxHel U HIbkHel cymmont [lapOy cTpeMuTcst K Hy 110, ITO 03HAYaeT,

b
yto T nmeer 06bem, npuuem V (T )= IS( X)dx. <«




Cneocmeue. O0beM Tena, MOJTY4YeHHOTO BpameHHeM Bokpyr ocu OX rpaduka (yHKIHH

y= f(X)paBeHV(T):ﬂ'i f2(x)dx.

» okasateancrso. [lomans kpyra pamuyca f(X) pasma 7 - f?(X). <«
an/\O)KeHMe MHTEerpana. NnAoWwaAb B MOAAPHBIX KOOPAUHATAX

Teopema 12.3. (Ilnowadv ¢ nonsapuvlx KoopouHamax).

IIycrs ¢urypa npeacrabasier codoi
yacth yria: a<¢<[f, orpaHnyeHHYIO

rpapukom r=r(¢), r(¢) — Henpe-
I‘(¢) pbiBHasE Ha [oc, ﬁ] ¢ynkuusa. Torga

1%,
ni.(P) :Ejr ($)dg.

P Jloka3aTeabcTBO. PaccMoTpuM pa3OHeHue oTpes3ka [Oc, ,B] U COOTBETCTBYIOIIUE EMY

HIDKHIOIO U BEPXHIOI0 cyMMBbI J{apOy [t nnaTerpana u3 GopMyaupoBKH TeopeMbl. [1o u3BecTHOM 13
MIKOJIBHOTO Kypca (opMyse Ui IUIOm[agyd KPYroBOIO CEKTOpa, O3TH CYMMBI HPEACTaBISIOT

coboit wromam ¢uryp A < P < B,.

[Ipu u3menpueHUM pazOMEHUsS STH CYMMBI

n-1 n-1
sz%ﬂ " ZMiZATqbi, rje
i=0 i=0

m =, min r(¢). M, = max r(¢))

Al
CTPEMSTCS K 00LIEMY 3HAYEHHUIO: _[ 2 r’(¢)de,

KOTOpO€ H  pPAaBHO  HMCKOMOW  BEJIMYHUHE
7 /’ mwiomanu, mnockomeky A wmw B —
A, B, KBagpupyembie (Gurypsl. 4




Mamemamuyeckuii ananus
I xypc I cemecmp
bunem 13. Ilpunoocenuss unmeepana: oaiuna 0yzu Kpueoi,
nrowadv nogepxnocmu epaujenus (cmp. 1 us 3)

Bunetr 13. [IpUAOXKEHUSI MHTErPaAa. AAMHA AYTU KPUBOM, MAOLLAAb
MNOBEPXHOCTH BpalLEeHns

[TycTh He3aMKHyTas, HE UMEIOIIAsl TOYSK caMoIlepecedeH sl KPUBasi 3a/1aHa MapaMeTPpUIeCKUM
ypaBHeHHeM X = X(t),y = y(t), T, <t <T,, mpuuem X(t), y(t), X' (t), y'(t) menpepsiBusl Ha [T,,T,].

[Tycte M, wumeer koopmunatel X(t;),y(t;). t, =T, <t <t, <..<t, =T,. Paccmorpum

JJOMAaHBbIC JIMHHH, COCAMHAIONIUC BI)I6paHHI)I€
BBINICYKA3aHHBIM CITOCO OOM TOUKH.

Onpedenenuel3.l. Eciu cymecTByeT mpeent
JUIMHBL ~ JIoMaHoW mpu  ctpemsiennn K 0
MaKCUMaJbHOW JUIMHBI 3B€HA JIOMaHOMW, TO 3TOT
npeAesl Ha3bIBA€TCS JJIUHOM JIyru KpuBOM (a
A=M, KpUBasi Ha3bIBACTCS CHPAMJIAEMOU WIA HMEIoLe
JUINHY).

Teopemal3.l. Ilpu copmyIMPOBAHHBIX BbIlIE YCJIOBHUAX (T. €. €CJIM KPUBasi He3aMKHYTast
u 0e3 ToYeKk camorlnepeceveHHsi, nmpuueMm ee mapamerpusammus X = X(t),y = y(t) 3amaercs

HenpepbiBHO auddepenunpyeMbiMi  QyHKOMAMH 0T () KpuBasg uMeeT JJIUHY

= [V @) + (v @)t

» JlokasaTeabcTBO. PaccMOTpUM BIHCAaHHYIO JIOMaHyl0 M COOTBETCTBYIOLIME €H TOUKH

n-1
nenennst otpeska [T,,T,]. [nuna nomaHoil paBHa Z:\/(X(tm)—x(ti N2 +(y(t.,) - y{))?* (mox

i=0
3HAKOM CYMMBbI CTOHT JUTHHA | -OTO 3BEHA).
[TpumennM k kaxpoit m3 pasHocredt X(f,,)—Xx(t) wm y(t.,,)—y(t,) Tteopemy Jlarpamxka,
cormacHo  kotopoit  X(t.,)—X(t,) = X'(&,)At,,
x(ﬁ_ﬂ); y(t,.) - y(t)=y'(m)At, toe Touku & wm
i nexar Ha wuHTepBane (t;,t.,). Ilosromy mnmua
_}r(fi__H)'l 7 i

BBILIEYIIOMSIHYTON JIOMaHOM €CThb

S N+ A = p.

xit ) vt
) yt,) M
Ora BEJIMYMHA HarmoMHHAaET COOTBETCTBYIOIIYIO HHTETpAIbHYIO CyMMY
n-1
S VX EN +(Y(E)) A =0 )
i=0

(pa3miume ToJIBKO B TOM, 4TO B (1) cTosiT TOukH &;, 7;, B (2) — TONBKO & ).

Tpebyercst noka3arh, 4To MpH cTpeMiieHHH K 0 MaKCHMaJIbHOM JUTMHBI 3B€HA JIOMAaHOW JIMHUHU
Pa3HOCTh BEJIMYMH p U O cTpeMutcs K 0.



Mamemamuyeckuii ananus
I xypc I cemecmp
bunem 13. Ilpunoocenuss unmeepana: oaiuna 0yzu Kpueoi,
naowadb nogepxnocmu epaujenus (cmp. 2 us 3)

MosHO oKa3ath (HO MBI 3TO OCTaBUM 0€3 CTPOroro J0Ka3aTelIbCTBA), YTO cTpemiieHue K 0
MaKCUMaJbHOW JUIMHBI 3B€HAa JIOMAaHOW OSKBHMBAJEHTHO cTpemiieHHMI0O K 0 JguaMerpoB
COOTBETCTBYIOIINX pa3duenuii orpeska [T,,T,].

Urak, Oymem nokaseiBath, 4yro mpu d(T)—0 |p—0|—>0. Jyiss  3TOTO 3aMETHUM, 4TO

S K@)+ )~ @)+ (@)

|p—0'|: <

= Z VG + (' (1) = (X E) + (V' (&)’

At; < ily'(ni)—y'(éi)l-

3)

Ilocnegumit nepexon CcAci1aH Ha OCHOBAaHHUH QJICMCHTApPHOI'O HCpaBCHCTBA

‘\/a2+b2 —\/a2+b12': b? b _ b+b|
Ja? +b? +\/a2 +b2  a?+b? +\/a2 +b?

b—by| <

DS L S P
VaZ +b? +,/a? +b;

,T. K. vVa? +b? 2|b|, Ja? +b? 2|b1|.

ITo ycnoBuro, Gynkus Yy' HempepsBHa Ha [T,,T,], cienoBarensHo, o Teopeme Kanropa, Y'
paBHOMeEpHO HemnpepsiBHa Ha [T,,T,], mostomy Ve >0 35 >0 V paszouenns [T,,T,] c ycinoBuem

max|At| <8 |y'(&) -y ()] < >

&
b_a’ Torna |p—0'|< i:oEAti =c.

Tl
[TockoNbKYy WHTETpajbHbIE CYMMBI CTPEMSTCS K J. \/(X'(t))2 +(y'(t))*dt mpu maX|Ati|—>0,
TO
CYILIECTBYET TpeNesl JUTMHBI JIOMAHBIX, TMPUYEM JTOT TpE/eN PaBeH yKa3aHHOMY HHTErpaty, U
TeopeMa Jjoka3aHa. 4

Cneocmeue 1. Ecnu kpuBas 3aqaHa sBHbIM ypaBHeHueM Y = f(X),xe [a,b], T0 (opmyra

b
npuHAMaeT Bua | = J‘\/l+(f'(x))2dx.

» Jloxa3aTeabcTBo. CBOIUM K MpeabIayIieMy ciydarm: X =X,y = f(X) .«
Cneocmeue 2. Ecnu KkpuBas 3ajJaHa IOJSAPHBIM ypaBHEHHEM I =T (), ¢ [a, Jij ], TO

B
= [3r? @)+ (@) do.

» Jloxa3aTeabcTBo. [Tomoxum X =r(¢)cose¢,y =r(@)sing. Torna X'=r'(¢)cos¢—r(d)sing,

y'=r'(g)sing+r(g)cosg, (x)* +(y')* =(r'(¢)cos¢ —r(g)sin ¢)* +
+(r'(@)sin ¢+ r(g)cosg)” = (r'(9))* cos® ¢ — 2r'(p)r(p) cosgsin ¢ +r*(¢)sin”* ¢ +
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bunem 13. Ilpunoocenuss unmeepana: oaiuna 0yzu Kpueoi,
nrowadv nogepxnocmu epaujenus (cmp. 3 us 3)

+(r'(¢))?sin? ¢ + 2r'(¢)r(¢) cos¢sin ¢ +r?(¢) cos® ¢ = (r'(¢))* + (r(¢))*, 1 MOKHO IPHMEHHUTH

bopmyity U3 toKazaHHOU TeopeMbl. €

Ipumeuanue. B cnyuae mpexmepnoii kpusoti X = X(t),y = y(t),z=1z(t), te [TO,T1 ] 20e X,Y,1

— Henpepwieno ouppepenyupyemvie pynurxyuu, | = _r\/(x(t))z +(y' ()% +(z'(t)>dt .

lAowaab NOBEPXHOCTM BpaLLEHUS

X = X(t)
y=y(t)

ITycth { 1 To <t <7, - nesamkuyras kpusas, X, Y, X, y' - HEMIPEpBIBHBIE (DYHKITHH.

Bpairaem kpuByro BOKpYr ocu Ox . IIpu 3TOM Moy4yaeTcs nOBEpXHOCTh BpaiieHus. He Bxoast
B JICTAJIM OTIPE/ICIICHNUS TUTOIIAAM TOBEPXHOCTHU B O0IIEM cilydae - 3To OyAeT clieaHo B Kypce 4-0ro
CEMECTpa, U CUUTAsI, YTO IJIOMAb IIOBEPXHOCTH BPAIICHHSI CYIIECTBYET U 00JIajaeT CBOHCTBOM
QITITUBHOCTH, YKakKeM (DOpMYIy JUIsS €€ BEIYHCIICHHS:

S = 27TJ. y(t)\/(xl(t))2 + (y'(t))dt . JleCTBUTENBHO, CYUTASI TOBEPXHOCTh

To

BpAILIEHHS MAJIOTO yuacTka kpuBoii Bokpyr oc OX GIm3koif K 4acTH OBEPXHOCTH YCEUEHHOTO

KOHyCa C OCHOBAaHUAMH Y (ti ), Y (ti+1) ¥ JUTHHO# 06pasyromiei \/(X(g. ))2 + (yl(éi))2

(kak 1 B TEOpEME O JJTUHE AYTH), MOIYYHM, YTO

)+ vy(t . .
aS, = 27 Y0 zy( 1) [0V + (Y (€)M Comoys i mepexons x mpesery

npu At; = 0, noJyrydaeM TpedyeMoe.
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bunem 14. Hecobcmeennvie unmezpainsl 1 0000ueHue NOHAMuUs RA0WA0U NIOCKOU Queypol.

["f'?f dx

1
dx
Cxooumocme unmezpanos ,I— (cmp. 1 u3 2)
= 1 xp 5 Xq

Bunretr 14. HecobcTBEHHbIE MHTErPaAbl U 0606ULLEHNE NOHATUA
de jdx

NAOWAAN NAOCKOW Gurypbl. CXOAMMOCTb UHTErPanOB | —, |—
xP e X
1

0

b
[Mpenmomnoxum, uro st Bcex b € [a,+w) cymecrByer F(b) = _[ f (X)dx . Ecnu cymectByet
a

lim F(b) =1, To aToT nipeen Ha3bIBaeTCs HecobcmeeHnbim unmezpaiom f(X)or amo +ou

b—+oo

+00

o0o3Hauaercs J f (x)dx

a

['oBopsr emte, uro unTerpan (1) cxooumeces.

b
AmnanoruyHo, myctb Juis Bcex b € [a;w),® € ReymecrByer F(b) = j f (x)dx . Eciu

a

cymectByer lim F(b) =1, To 3TOT npexnen Ha3bIBaeTCs HECOOCH BEHHBIM UHMEZPATIOM
b—w-0

f (X) or a0 @ u 06o3HaYACTCS J f (x)dx ¥

a

Otmerum, uyto ecau f(X) mpocto
UHTErpupyemMa Ha oTpe3ke [a;w], To BBHIY
HETPEPHIBHOCTH MHTErpaJia C MEPEMEHHBIM
BEPXHUM npeeiom MIOHSITHE
HECOOCTBEHHOTO HHTErpaja COBIAJaeT C
oObryHBIM HHTETpajioM. Ho ObiBaeT M Tak,
4T0 B OOBIYHOM CMBICIEC MHTETpal He
CyIIecTByeT, a B HECOOCTBEHHOM —
CYIIECTBYET.

[TousiTie HECOOCTBEHHOTO MHTETpasia
MO3BOJISIET 000OMIUTE IOHATHE TUTOTIIAIN HA p @ x
ciiy4ail Heozpanuuennvlx guzyp. A ¥
HMCHHO, MOKHO CHUTATh BCIIMUUHY

[0
WHTETpaia _[ f (X)dx miomaneo GuUryps
a
nox rpadukom Yy = f(X), ecnu
paccMaTpUBaeMbIii HHTErPaJl CXOAUTCS.

AHAIOTUYHO, TUIOMIA/h TaKOW (PUTYPBI

MO>KHO BBIPa3UTh HHTETPAJIOM _[ f (x)dx, fix)

a
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bunem 14. Hecobcmeennvie unmezpainsl 1 0000ueHue NOHAMuUs RA0WA0U NIOCKOU Queypol.

o r:i' X
Cxooumocme unmezpanos _ P I (cmp. 2 u3z 2)

€CJIM OH CXOOUTCH.

+00

X
BrIsicHnM, KOTJ1a CXOJIUTCS J 0 a>0
X
a

dx X +C,
N3BecTHO, 4TO J. ;) =<1- p e HoaTOMy npu p>1

Inx+C,p:1

b
lim ax lim Lbl’p —ial’p =—ia1’p, 1. b""— 0 mpu b — +oo. Ilpu p=1
b—>+ooa xP b—+oo| ] — p 1-— p 1-— p

b b
. pdx b dx . 1 . 1
lim | == lim In— =+ wnpn p<1 lim | === lim ———b"P ————a"P? | =+, T. k.
b+ d X b>+o g b—+oo X p b—+oo| ] — p 1-— p

a
b'" — +o0. To ecth unTerpan (3) cxoaures Npu P >1 U PACXOJUTCS MPH OCTATBHBIX

3HAQ4YECHUSX .

© dx

AHAJIOTHYHbBIC PACCYK/ICHHS POBEJIEM [l | —-
X

0
ITpu q <0 370 — 00BIyHEIH HHTErpal. [Ipu q > 0 3TOT MHTErpai HEe MOXKET CYIIECTBOBAThH B
1
COOCTBEHHOM CMBICIIE, TaK Kak —,; He OrpaHHYeHa B OKPECTHOCTH X =0. Hanee mpu q=#1

_tdx 1 g
lim | — = lim
g—>+0‘g x4 £—+0 ]_ q ]_ q

a lumeem lim dx IIm( In 8) 400 .
npu nMeeM — =
l—, g< 1 pu g = e—>+0d X e—>+0

— &

] +00,q>1 1

3HauuT, UHTErpan (4) pacxoaurtes mpu q > 1.
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(cmp. 1 u3z 2)

Buaetr 15. TeopeMbl 0 cpaBHEHUU AAST HECOOCTBEHHbIX UHTErPaAOB OT
HeoTpMLATEAbHbIX QYHKLMI

YacTo ObIBaeT B)KHO YCTAaHOBUTH HE CaMO 3HAYCHHE MHTETpaia, a TOJIBKO CXOJHUTCS OH WIIN
HeT. JIJis 3TOro UCHONB3YIOTCS HpuzHaku cxooumocmu. OcoOEHHO TIPOCTON BUJ OHU HMEIOT
JUI HEOTPHIIATEIbHBIX (QYHKIMA. DTO CBS3aHO C TeM, 4YTO IS HeoTpuuateabHoi f(X)

b
unrerpan F(b) = J f (X)dx ectb Heyovrsaroman Gyuxiws ot b . TloaToMy, UCIIOIB3Ys TEOPEMY
a
BeiiepmTpacca o mpenene MOHOTOHHOW OrpaHMYEHHON (YHKIWHU, TOJy4aeM, YTO CXOAMMOCTD
TAKOTO WHTETrpajia paBHOCHIIbHA orpanuueHHocTH Bcex F (D), b <@ B coBokymHocTH. (316Ch @
UCTIOJNIb3yeTCs Kak sl 0003HaueHuss @ € R, Tak U i 0003Ha4eHUs1 OECKOHEYHO YIAIEHHOU
TOYKH).

D10 cooOpakeHHe MO3BOJISAET JOKA3aTh BaXKHbIE TEOPEMbI CPAaBHEHUSI.

Teopema 15.1. TIycrs f,(X), f,(X) ompenesneHbl 1 MHTErpupyeMbl B 0OBIYHOM CMBIC/IE

Ha Joom [a;b), rie b <o (a w- 1160 GeckoHEYHO yaaleHHast TOYKa, Jub0o o € R). IycTh
npu a<a, <@ BbinojaHsercs HepaBeHcTBo 0< f (X)< f,(X). Torma ecom cxoaurest

_[ f,(x)dx, To cxoauTes U _[ f (x)dx.

[0}
P /loka3zaTeJbCTBO. Bo-TiepBBIX, 3aMeTUM, 4YTO CXOAMMOCTb WHTErpaja Jf(x)dx
a

[0}
pPaBHOCHIJIbBHA CXOJMMOCTH MHTETpaa J. f (X)dX , MOCKOJIbKY 3TH BEMYMHBI OTINYAIOTCS JIHIIH
3y
3y
MIOCTOSIHHBIM CJIaraeéMbIM _[ f (x)dx.

a

b b
Hanee, Vb J. f, (x)dx < J. f,(x)dx, mwm F (b) <F,(b). ITo nokazanHOMY BBIILIE, CXOAUMOCTD
[ 0 0 b
J. f,(X)dx paBHOCHMIBHA oOrpaHWYeHHOCTH BenuuuHbl F, (D) = J. f,(x)dx. 3uaunr, 3IC:VDb

a, El)

F,(b)<C. Ho torma u F(b)<F,(b)<C, 10 ectp F,(b) orpanuuena u, 3nauwr, J. f, (X)dx

cxoaurcd. 4
Ilpumeuanue. dma meopema pasHOCUIbLHA MAKOU. NPU BbINOJHEHUU OCMAILHLIX VCA08UL

meopemvl, eciu j f, (X)dx pacxooumcsa, mo pacxooumcs u j f,(x)dx.

a a
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(cmp. 2 uz 2)

[0 [0
Heticmeumenvho, eciu Ovl j f,(x)dXx cxoounca, mo no meopeme 1, cxoouncs ovl u j f (x)dx.

a a

Teopema 15.2. Iycrb mpu a<x<w f(x)>0, f,(X)>0 u mycrp 3 Iimo%(x)) =k=0
X—>0—| X
2

rae f,(x), f,(X) onpeneneHbl 1 MHTEerpupyeMbl B 0OBIYHOM CMbIC]Ie Ha Ji00om [a;b], rae

b < w. Toraa 1u6o 06a MHTErpaa J f, (x)dx, J f,(x)dx cxomsiTest, 1nGo 06a pacxoasTes.

a a

» Toxa3zateabcTBo. OueBuaHo, uto K >0 (T.x. To uto K >0 crnemyer u3 cBoiicTB npejena,

u kK#0 mo ycmosuro). Torma mis & =5 UCIOJIb3YSl ONpeeNeHue Mpejena, MoJydaeM, uTo

CYICCTBYET OKPCCTHOCTh TOYKHU (W TaKasd, 4TO B Heit HJIn,

f,(x) 2 2 f,(x) 2
3k

tak kak f,(x) >0, g f,(x) < f(x) < > f,(x). danee, ecnu cxoautes _[ f,(x)dx, To, Mo mepBoii

[0} [0}

k [0}
TeopeMe, CXOAUTCS JE f,(x)dx u, 3Hauwr, _[ f,(x)dx. Ecmu cxogurest _[ f,(x)dx, To cxomutcs
a

a a

J% f,(x)dx u, 3HAUHT, J f,(x)dx . Teopema noka3zana. <

a

K .1
Ilpumep. Jloxazatb, 4T0 UHTETPAI j In(1+sin F)dx CXOJIUTCHL.
1

1 .1 1
» loxazarenberBo. 0<— <1, 3naunr, SiIn— >0 wu In(1+ sin —Zj >0. Kpome Toro,

X X X
. A . )
. InQ@+sin(/ x? _sinfL/ x? .
lim L lS/ (21/ 2 = lim %/2) =1. (UcmoaszoBanmu, uyro In(l+t)~t,sint~t mpu
X—>+00 X X—>+0 X

t — 0). ITosToMy mpuMeHnMa 2-s1 TeOpeMa CpaBHEHUS U CXOJUMOCTh JJoKa3aHa. 4
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Bunet 16. ABCOAIOTHO CXOASLLMECH MHTErpaAbl, yCAOBHO CXOASALLUECH
MHTErpansbi.

[lepeiineM Kk HECOOCTBEHHBIM UHTETpaiaM OT (YHKIWH, MEHSIOIINX CBOM 3HAK.

[0
Onpeodenenue 16.1. J f (X)dX Ha3bIBaCTCS AGCOIOMHO CXOOAMUMCSA, ECITA CXOTUTCS
a

0] b
J | f (X)|dx (1, pasymeercsi, eciu J f (X)dx cymectByer mst moboro b < ).

a a
Jlerko BUIETH, YTO aOCOTIOTHO CXOSIIMIACS MHTErPall — CXOJUTCS, YTO CIIEAYET U3

b
kpurtepus Ko cymecrBoBanus npenena GyHkiuu, npumerenHoro Kk F(b) = _[ f(x)dx u

a

b
F(b) = j| f (x)|dx . Vimenno: xano, uto Ve >0 3B(g) >0 Vb,,b, > B(e), by,b, <e

b, b, b,
J.| f (X)|dx <& .Ho torma _[ f (x)dx| < _“ f (X)|dX < & TIO CBOMCTBaM COOCTBEHHOTO MHTETrpaa |,
by by by

b
3HAYUT, BeINOJHEH Kputepuii Ko ms F(b) = _[ f (x)dx.

a

[0 [0
BMmecre ¢ Tem, CyIIEeCTBYIOT CXOASIIUECS HHTETPAITBI _[ f (X)dx takwue, uto _[ | f (X)|dx
a a
pacxoautcs. Takue HHTErpabl HA3bIBAIOTCS YCI06HO cX00aumumucs. [IpumepoM CIyxuT
sin X sin X sin X
J J J ——dx. ITepBoe cimaraemoe — 310 COOCTBEHHBIN HHTErpait. Bropoii

UHTETpaJl, 1o OHpGZ[GJIeHI/IIO, paBeH

b
Jsmx _ smxdx_I (—cosb cosl JOSX ].TaKKaK |im(_COSb)=0,a

b—>+oo 1 X b—>+o0 b 1 b—>-+o0 b

|cos X|

1 K .
< —2 I - CXOOUTCH, TO paCCMATPUBACMbIN UMHTCTPAJI CXOAUTCA.
1

sin X
C npyroii CTOpOHBI, €M OBl CXOTUIICS I | |

1

dx, To 13 HepaBeHcTBa [sin X > sin? X
X

sin’ x ., 1-cos2x
dx - cxomutcs. Ho 3To He Tak, MOCKOJNBKY SIN“ X=——— ©

X 2
]’1 cost .[d_ .[COSZX

1 1 X 1

o0
CI€I0BaI0 OBI, UTO j

dx. IIpudem mepBbIii H3 HHTETPAJIOB PACXOIUTCS, & BTOPOH —

o -
Sin X
CXOOUTCA, YTO MOKHO JOKAa3aTh aHAJIOTUYHO A0KA3aTCIbCTBY CXOAUMOCTHU j—dX

1 X
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Bunem 17. @opmynvl npubausicénnozo unmezpuposanus (cmp. 1 uz 3)

Bunret 17. ®opmyabl MPpUOAUKEHHOTO MHTETPUPOBAHMSA

[ycte f(X) - HempepbiBHAS Ha oTpe3ke [a,b] ¢pynkums. Ecnu ynanocs Haiitu eé
nepBooOpazuyio F(X), To

i f (x)dx = F(b) - F(a).

a

OnHako BO MHOTHX 33/1a4aX OTBICKATh MIEPBOOOPA3HYIO B BUE JIEMEHTAPHON (QYHKIIMH HE
yIaércs.

b
Tem He MeHee, uHTErpan _[ f (X)dx BO MHOTHX Cily4asx JIETKO BBIYUCIHUTB C TpeOyeMoit
a

TOYHOCTBIO, UCTIOJNIB3YS (DOPMYITBI TPHOIMKEHHOTO HHTET PUPOBAHUSI.

[TpocTeiimas popmyrna MoKeT OBITH MoJTydeHa Tak. Pa3o0sém Bcto urypy — nox rpadgukom
f ma otpeske [a,b] - Ha BepTHKaIbHBIC TIOJOCKH PABHOW IIMPHHBI, & 3aTEM 3aMEHUM KaXK/yIO

U3 3THX MOJIOCOK ITPSMOYTOJIEHIKOM, 33 BBICOTY KOTOporo npumeM Bennanny f (&), rae

. b-a
X, <& <X 1=01....,n-1u AX, = ——. IIpu 3TOM HCKOMas IUIOIAIb 3aMEHSIETCS
n

i+l

TUTOIIA/IbI0 HEKOTOPO# COCTOSIIEH U3 TPSMOYTOJILHUKOB cTyreH4YaTon purypsl. UHpIMU
CIIOBAMH, HETIOJTHBIM MHTETPAJl 3aMEHSETCS €0 MHTErPAIbHOM CyMMOi1. DTa MpUOIIKEeHHAS
(dbopMyIia HOCHT Ha3BaHUE hopmy bl

npamoyzonvnukos. B Heii 00b14HO OepyT

X, + X
& =—1—"1 4 0603HAYAIOT ITy BEIUUUHY X ,, & N
i+=
2
—
T T
flx , |=Yy ,.Hrak popmymna npsMOYroIbHUKOB . ’ SRR P~ !
) L]
(cm. puc. 1) | AERERREENE
AR
N ]
p b-a AN =
J.f(X)dXz y}/+yy+...+y 1 1) 0 = ex g oS 0
a n 22 " Fuc.1
['eomeTrpuueckue cooOpakeHus — 3aMeHa 9
o A
MPSIMOYTOJIbHUKA Tparenuen (cM. puc. 2) —
pAMOyT rparenueit (M. puc. 2) T
NPUBOJIAT K JIPYTrO¥ 4acTo UCTOIB3yeMOi (popMyIie,
dopmyne mpaneyui. B neii rpapux f(X)
3aMEHSIETCSI JIOMAHOM C BEPIIMHAMH B TOYKAX
(x;,y;),rme y;, = f(x;), 1=0,...,n; momamm
o b-a(y,+V, 2
MOJTYYAIOIIUXCS TPATCIHiA PaBHBl —— ] N— o -
" PUC 2

b—a(yﬁyz] N b—a(ynﬁyn

e . Cno>xuB 3t
n 2 n 2 ]
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Yo+ ¥n

b
UTOIIA/IN, TOTYYUM (OPMYITY TPareIuii. _[ f(x)dx ~ b;na( +Y, et ynlj (2)

KakoBa TounocTb 3101 opmysbi? bes nokazarenbcrBa coobuum, uto ecinu f (X) oOmamaer

BTOpO#t pousBoaHoii f"(X) Ha [a,b], uecmu M, = max| f"(x)|, To abCOMFOTHAS TOTPEITHOCTh

xela,b]

R, ¢opmynsl (2) y1oBIETBOPSET HEPABEHCTBY

_ 3
R, <M, 0=
12n

Ecnu BMecTo mpubnmxkeHus rpaduka GyHKIIMA JTOMAHBIMU JIMHUSMU UCTIONB30BATh
npuOIKeHHs mapadoyiaMu, TO, Il Ye€THOTO YKciaa N moxyduM Gopmyiry

b

1000 =S +7,) + 40+ b Yo 4200+ +oct ¥y ®)

a

Ha3bIBaeMyI0 ¢popmynoit Cumncona (vua napadonudeckoi popmyoit).

TouHOCTH 3T0H hopMyIIBI, IpK ycioBuH cymectBoBanus 1 ' (X), X €[a,b], onenusaercs
TaK:

(b-a)° _
" ggont e e M T

£V (X)‘

Wnmoctpanyu k GpopMysaM npsiMOyroJibHUKOB (puc. 1) u Tpanenwii (puc. 2).
[TorpoOyem Temnephb pemuTh TE K€ CaMble 3aJauu, IPUBJIEKas BEPOSTHOCTHBIE COOOpaKEHUSI.

1
Jl1st 5TOT0 CHOBA BEpHEMCS K OJTHOKPATHOMY MHTETPAITy _[ f (X)dx u BcrmioMHMM, YTO
0
TeOMETPUYECKH OH MPECTABIIAET COOOH MIIOIaab 00acTH A, OrpaHUYEHHOHN rpaduKoM

¢byukiuu f(x) (puc.3).

QO . Puc. 3 1 s



Mamemamuyeckuii ananus
I xypc I cemecmp
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[TpoBeaém OMBIT, 3aKITIOYAIOIIHICS B OPOCAaHUH CITydaifHBIM 00pa3oM (T.€. B COOTBETCTBHUH C
MPUHIMIIOM T€OMETPUUECKOI BEPOSTHOCTH) ABYX To4ek Ha otpe3ok [0,1]. O6o3Haunm

KOOpAMHATY OJHOW M3 HUX 4epe3 &, a IPYroi — yepe3 77 ¥ OTIOXKUM & U 1) 1O OcsiM abciuce u
OpJMHAT COOTBETCTBEHHO (cM. puc.1). [IpoBepum BrimoHeHUe HepaBeHeTBa 1 < f(£) .
CnpaBeIMBOCTB 9TOTO HEPABEHCTBA O3HAYAET, 4To Touka (&,77) momana B ob6macts A. Ho B
COOTBETCTBUU C TIPUHIIUIIOM F€OMETPUYECKOM BEPOSITHOCTH BeposiTHOCTh P(A) momnamaHus
touku (£,17) B oOmacte A ecTh OTHOIIEHHE IO A K IDIOIIAAN SIMHUYHOTO KBaJIpara, T.¢.

P(A) :j f (x)dx.

[ToBTOpHM OITUCAHHBIH BBIIIE ONBIT N pa3 U MO pe3yJIbTaTaM HaOIOJICHUIT OTIpeIeTUM
n
gactoty f = % nosiBJieHus coObiTHs A, T.e. momaganus Touku (£,77) B obmacts A.

[Mockoueky 10 Teopeme beprymnu yactora f ¢ poctom n crpemutcs k BepostHocTu P(A), To,
MOJICTaBJISISE BMECTO BeposTHOcTH P(A) ee 3HaueHHe, MojgydaeM MpUOIMKEHHOE PABEHCTBO

1
n
f(x)dx~ f =—2,
J Fo0dxs £ =2

0
KOTOPO€ M CIYXKUT Ul OLIEHKU UHTETpaja 0 pe3ysbTaTaM CIIy4alHbIX UCIIBITAHUH.

OnucaHHBIA METOT TIPUOIMIKEHHOTO BEIYMCIICHUS ONIPEICIICHHOTO HHTErpaia HOCHT
Ha3BaHHUE METOJA CTATUCTHUECKUX UCIBbITAaHUN WK MeTo1a MonTe-Kapio (ropon Monte-Kapio
— MECTO COCpPEJOTOUYEHUSI BCEMUPHO U3BECTHBIX UTOPHBIX T0MOB). HazBanue «meton MonTe-
Kapo» cBsizaHo ¢ TeM, 4TO MPOBOUMBIC UCTIBITAHUS OUYEHb HATIOMUHAIOT TI0I0OPACHIBAHHE
MOHETBI, OpOCcaHNe UTPATBHON KOCTH WM UTPY B PYJIETKY.

Nmeetcs CyleCTBEHHOE Ka4eCTBEHHOE pa3jInuue MEXAy NOTPEIIHOCTSIMYU, BOZHUKAIOIUMHU
IIpY IPUMEHEHUN METOJ0B YMCIEHHOIO UHTErpUpoBaHus u Meroaa Monre-Kapno. B nepsom
CJIy4ae IPH BBIIOJHEHUU COOTBETCTBYIOIIMUX YCIOBHUM MOYKHO 1aTh FapaHTUPOBAHHYIO OLICHKY
TOYHOCTH, T.€. yKa3aTh JOCTOBEPHBIE IPAHUIIBI, B KOTOPBIX 0053aTENBHO Oy/IET 3aKIII0UEHO
VMCTUHHOE 3HAYECHUE BBIYUCIISIEMOr0 UHTETpaja. Bo BTOpOM cilydae rapaHTUPOBAHHYIO OLICHKY
HEJIb3s 1aTh B IIPUHIIMIIE, 3 MOKHO CKa3aTh TOJIBKO, YTO OTKJIOHEHUE 3HAYECHHs HHTETpaa,
BBIYUCIIEHHOTO MeTO1I0M MoHTe-Kapiio, OT HCTHHHOTO 3HAYEHHUs 3TOTO ke UHTErpaia He
IIPEBOCXOIUT HEKOTOPOM BEIIMYUHBI C OIIPEIEIIEHHON BEPOSITHOCTHIO.



Mamemamuueckuii ananuz
I xypc I cemecmp
Bunem 18. IIpocmpancmeo R", mnosicecmea 6 nem (cmp. 1 uz 3)

bunaet 18. lpocTpaHCcTBO R", MHOXECTBa B HEM.

HanomuuM, 4to apugmemuueckoe N-mepnoe npocmpancmeo R" npencrapuser coboi
MHOKECTBO TOUEK X = (X X, ), % € R T =1..,n
DTO BEKTOPHOE MIPOCTPAHCTBO C ONEPALUAMU CyMMBI X + Y M IPOU3BEIEHMUS HA YUCIO A ,
OIPEIENIAEMBIMH TaK

XY = (X Yy X + Yo ) ¥ = (Yareen Va)-
AX = (AXgyeon AX,)

Bouee TOro 310 — €BKIMIOBO MPOCTPAHCTBO CO CKAISPHBIM IPOU3BEICHUECM
(X-y) =Xy, +...+X,Y, . CaenoBareisHo, OIIpe/ic/iCHa HOPMA 6eKMOPA X , paBHAs

| — n —_— p—
‘X‘ = }fo U PacCTOSIHUE MEKIY X U Y ,337aHHOe POpMYIoi
i=1

PO Y) ==y = >0 - ) (16.)

ITIpu N =2 u n =3 sta hopMysna CTAHOBUTCS OYEBUTHON (POPMYIIOH sl paCCTOSIHUI Ha
TUTIOCKOCTHU M B IPOCTPAHCTBE, MOATOMY 0011yto Gpopmyiy (16.1) amst paccTOSHHUSI MOKHO
paccMaTpuBaTh Kak ecmecmeennoe o000IIeHne H3BECTHRIX (OPMYIT Ha caydaid N-MEepHOTO
HPOCTPAHCTBA.

B kypce nunHeitHO#M anreOpsl OO0 T0Ka3aHO:

1. v§,§ p(;,y) >0, mpuuem p(;,y) =0 X =§;

2. VXY p(x.y)=p(y.%);

3. VX.V.Z p(x2) < p(xy) +p(y.2).

CBOWCTBO 3 HA3BIBACTCS HEPABGCHCHIEOM MPEY20IbHUKA.

Onpeoenenue 18.1. MHOXXeCTBO, Ha KOTOPOM oTpesiesieHa PyHKIUsS p , o0aanaromas

cBoMcTBaMHM 1-3, Ha3bIBACTCS MEMPUYECKUM RPOCMPAHCHIBOM,
a p - mempukou (WIA paccmoanuem) a STOM IPOCTPAHCTBE.

Urak, R"- meTprueckoe npoctpancTso ¢ paccrosauem (18.1.).



Mamemamuueckuii ananuz
I xypc I cemecmp
Bunem 18. IIpocmpancmeo R", mnosicecmea 6 nem (cmp. 2 uz 3)

OKpeCcTHOCTb
TOYKM B 72~

H=

-

Onpeoenenue 18.2. ¢ - okpecmnocmoio T0uku a € R" Ha3bIBacTCs MHOKECTBO TOUEK
X, € R" takux, uro p(X,a) < ¢ . O603Haunm ee U (a)

Onpedenenue 18.3. Ilycts ac€ Ac R". Toraa a Ha3bIBAETCS 6HYMIPEHHEN MOUKOI STOTO

N
MHO>KecTBa, ecnu & >0:U, (5)c A.

i

@‘ U(a)

Onpeoenenue 18.4. E — R" - omkpbimoe MHOKECTBO, €CIIU BCE €10 TOUKH — BHYTPEHHUE.

IIpumepor: vaTEpBai, Kpyr 6€3 rpaHUIbL.

() )

7 7




Mamemamuueckuii ananuz
I xypc I cemecmp
Bunem 18. IIpocmpancmeo R", mnosicecmea 6 nem (cmp. 3 uz 3)

Onpedenenue 18.5 Iycts A R". Touxa a € R" Ha3bIBaeTCs npedensHoii mouKoii
3\
muoxcecmea A, ecmu Ve >0 Ug(ajm AxQ.

Onpeodenenue 18.6. F — R" HasbIBaeTCA 3aMKHYMbIM MHOYKECTBOM, ECIIA OHO COJIEPIKHT BCE
CBOU NPCACIbHBIC TOUKH.

ITpumepsl: OTpe30K, KpyT ¢ TpaHULEH.

3ameuanue. Yacmo emecmo «Kpyenvix» OKpecmHocme paccmampuearom

«NPAMOY20TbHBLEY, M. €. %Z:|Xi - ai| <&l =1..,ny

Jlerko BUJIETh, 4TO KAKIYIO «KPYIUIYIO» OKPECTHOCTh MOKHO BIIMCATh B «IIPSIMOYTOJIbHYIO»
1 Ha00OPOT.

2
N

-

Onpeodenenue 18.7. MHOXecTBO K Ha3bIBaCTCS KOMRAKMHBIM €CITU U3 JTIFO00I
GECKOHEYHOM CHCTeMbI OTKPHITBIX MHOXeCTB G, Takoii, uto K < Y G, MoxHO BHIGpaTh

a

KOHEYHOE YHCII0 a,..., o, Tak, uto K< G, U..UG, .

WHbIMU CIIOBaMH, U3 1100020 noKpbimusa K MOXHO BBIICIUTH KOHEUHOE NOONOKPbINUE.

Teopema 18.1. K — R" KOMINAKTHO TOI/Ia ¥ TOJBKO TOIAA, KOIIa OHO OrPAHUYEHHOE
(T.e. cogep:KUTCH B HEKOTOPOM IIape ¢ HEHTPOM B Hayajle KOOPAMHAT) U 3aMKHYToe (0e3
JA0KA3aTebCTBA).




Mamemamuyeckuii ananus
I xypc I cemecmp
Bunem 19. @ynuxyuu u omobpasicenust. [lpeden, nenpepvienocmo (cmp. 1 uz 3)

bunretr 19. OyHKUMU n oTObBpaxeHUs. lpeaser, HENPEPbLIBHOCTb

Onpeoenenue 19.1. Oyuxuus f &) = f (X0 X,), T &) : X > R comocrasisier anemenTam

MHO)ecTBa X < R" (HasbiBaeMOro 00/1acThio onpesiesenus) uucna y € R .

Onpeoenenue 19.2 Oroopaxenue f(x): X — R™ conocrasiser sjneMeHTaM MHOXK€ECTBA

X < R" snementsr y € R™.

Taxum 00pa3oM, GYHKITUS — 3TO YaCTHBIN ciaydait otroOpaxkenus (M =1). 3axaTh
0TOOpaXeHue — 3TO BCE PAaBHO, YTO 3aJ1aTh M QyHKIIHIA

Y= fl(Xli"'ixn)

M .
ym = fm (Xl’ e Xn)
Ilpumeppoi.

1. zZ=X+Y - byHKIMS ABYX EPEMEHHBIX, mape (X, Y) COMOCTaBIsAET YHCIO Z,Z = X+ Y .

Vi =X+ X, + X,
2. Orobpaxenue R® — R? s o
Yo =X X, + X5

X =acost
3. Bekrop-pyukuus R* — R® {y =asint,t — (X, y,z) Bunrosas muHus.
z=Dht

Ilycrs ac R",beR™, f :R" = R™,a - npeenbHas TOUKa 06IACTH ONpe/IeneHns | .

b=lim f(X) = ¥V (b) 3U(a) ¥xeU(@) f(x)eV(b).

N
“KoHKpeTu3upys” OKpEeCTHOCTH, 3TO ONPEAEICHUE B METPUUECKUX IIPOCTPAHCTBAX

& Ve>036>0 V;eL.J(s(a) ?(;)EVS(B),I/IJII/I,Z[JISI f:R" >R"

Ve>0 36>0 Vx:0< p(x,a)<8 p(f(x),b)<e U Ve>0 35 >0
RN rM

_ n
vx:0< /z (x T )? < & BBINOHSAETCS HEPABEHCTBO
=1

\/i(fl&)—bi)z <e (17.1)

Teopema 19.1. f(x):R" —R™,lim f(x) =b < Vi,i=1,...m lim f.(x)=b,.

» Jloka3aTejibCTBO.



Mamemamuyeckuii ananus
I xypc I cemecmp
Bunem 19. @ynuxyuu u omobpasicenust. [lpeden, nenpepvienocmo (cmp. 2 uz 3)

|, u3 (17.1) cnenyer, 9To ‘f (X) b, ‘<8

npu | =1,...,m. Ho 310 kax pa3 u o3Ha4aet, uto lim f, (X) =b,.

X—a
<. Ilyctb ¢ >0 - pukcuposano. Beibepem 6;,...,6,, Tak, uro0s! npu 0 < p&, 5) <9,
BBITIOJTHSJIOCH HEPABEHCTBO ‘ f, (}) - bi‘ <% Bams= min(9J,,...,0,,) MOIydaeM, 9To IpH

Jm

0 < p(X,a) < & BBINOJHICTCSA HEPABEHCTBO

Ji(fi&)—bm <Ji;—2=e <

Onpeoenenue 19.3. OToOpaxenne ?&) Henpepvi6HO B TOUKE a, ecu lim ?(?) = ?(5).

CornacHO CKa3aHHOMY BBIIIIE, HETIPEPHIBHOCTh OTOOPasKEHUS ?(;) =(f, (;),, f, (?))

PaBHOCHIIbHA HENPEPHIBHOCTH BeeX QyHKIMH f, (;),, f, &) :

Tax ke, kak u B cimydae QyHKIUN OJJHOU epeMEHHOM, CTIIpaBeIHBa CIEAYIOIIas TeopeMa.

Teopema 19.2. Ecm lim f LX) = A lim f ,(X)=A,, 10 Ijm(fl&) +f,(x)=A +A,,

IIm(f (X)—f,()=A —A,,mecan A, =0, 10 IXI_rQl fl((x)) %

Cneocmeue. Cymma, pa3HOCTB, IponsBeneHne u yactaoe (pu f,(X) # 0) HenmpepsIBHBIX

byaxmmit f, (;) " fz(;) SBIISIFOTCS] HETIPEPBIBHBIMU (DYHKIIUSIMHU.

Teopema 19.3. Ecau § = ?(;) HeNnpepbIBHO B TOYKeE aeR"b= ?(5) , 0TOOpa:keHHe

= §(§) HeNnpepbIBHO B TOYKe beR™, To oTo0paskeHue 7= a(?(;)) HeNnpepbIBHO B TOYKeE

O N

» JlokazateabcTBo. 1151 Besikoil okpectHocTH W, (6(5)) cymecTByer V, (5) TaKas, 4T
vyeV, (b) g(y)eW,(g(b). Ho WV, (b) 3U,(a):VxeU,(a) f(x)eV, (b).Ira
okpectrocts U, (a) - mckomas, T.k. f(x) eV, (b) = g(f(x)) eW, (g(b)). <

TeoPeMa_19.4. (Teopema 0 COXPAHEHMH 3HAKA HeNPePLIBHOI GynKkimn). Ecin
feC(a),f(a)=0, To dU(a):VxeU(a) f(x)—f(a)>0.

» Jloka3aTejbCTBO. J[0CTaTOYHO JI0Ka3aTh, uTo eciu | (5) >0,mom f &) >0.

JIeliCTBUTENBHO, B3SIB & = MOJIy4aeM MO ONPENEIICHUIO0 HENPEPBIBHOCTH OKPECTHOCTD

U(a) Takyio uto VX eU(a): ‘f(x)—f(a)‘ _):>f(x) %5)>0.<



Mamemamuyeckuii ananus
I xypc I cemecmp
Bunem 19. @ynuxyuu u omobpasicenust. [lpeden, nenpepvienocmo (cmp. 3 uz 3)

Teopema 19.5. HenmpepbIBHBIH 00pa3 KOMIAKTHOT0 MHOKECTBA €CTh KOMIAKTHOE
MHO:KeCTBO (0€e3 10Ka3aTeJIbLCTBA).

3ameuanue. dma meopema HenocpeocmeeHHo 0bobuaem meopemol 1 cemecmpa o mom,
Ymo HenpepuvleHAs Ha Ompe3sKe YYHKYUs 02PaHudeHa u oocmueaem Hauboabule2o u
HaumeHbue20 3HAYeHUl.

Teopema 19.6. HempepbIBHBI 00pa3 CBSI3HOT0 MHOKeCTBA (T.e. MHOKECTBA, JTO0bIE 2
TOYKH KOTOPOr0 MOKHO COeTUHUTH KPUBOI, LIEJIMKOM Jie:Kalleil BHYTPH ITOr0
MHO’KeCTBA) eCTh CBSI3HOE MHOKeCTBO (0e3 10Ka3aTe/IbCTBA).

3ameuanue. Oma meopema 060b6waem meopemy 1 cemecmpa o mom, 4mo Henpepvi8HAs HA
ompeske QYHKYUS NPUHUMAEM 8Ce CEOU NPOMENCYMOUHbIEe 3HAYEHUS.

Teopema 19.7. (Teopema Kantopa). HenpepoiBHast Ha komnakTe K QyHKuus
PABHOMEPHO HeNpepbIBHA HA HeM, T.e. Ve >0 35 >0 VX, X, : p(X,X,) <

If(x) - F ()| <&




Mamemamuyeckuii ananus
I xypc I cemecmp
bunem 20. /ugppepenyupyemocmo @ynxyuu mrocux nepemennvix. dacmuuie npouzsooHvie
(cmp. 1 u3z 3)

bunet 20. AnppepeHUMPYEMOCTb GYHKLUNU MHOTMUX NEPEMEHHbIX.
YacTHble NpOMN3BOAHbBIE

[Iycte f(X) ompemeneHa B HEKOTOPOIt OKPECTHOCTH TOUKH @ € R", X - Touka u3 3T0M
OKPECTHOCTH.

Onpeoenenue 20.1. Benuuuna f (;) —f (5) = Af (5) Ha3bIBACTCs Hpupaujenuem HyHKIUN

f B TOYKe, & COOTBETCTBYIOIIUM MPHUPAIICHUIO apryMeHTa X —a = AX .

Onpeoenenue 20.2. Oyuxius f &) Ha3BIBACTCS OUphepenyupyemoii B TOUKE a, ecn
CYILECTBYIOT TaKHe NOCTOSHHbIE uncia A ,..., A, u QyHKIMU O =, (;),ozi (;) — 0 npu

X—a,i=1..,n Af(a)=A (X —a,)+..+ A (X, —a)+o,(X -a)+..+a,(x, —a) (20.1)

YacTo 0603HaYAI0T AX = X —a # AXi = Xi — ai ,i=1...,n. Toraa (20) nepenuiiem B BUse

Af (a) = Zn:AiAxi +Zn:ai (X)AX, a; (X) >0, X > a,i=1,..,n.

i=1 i=1

[Tpu n =1 name onpenenenue (20.1.) coBnamaer ¢ M3BECTHBIMHU U3 MaTepuana 1-1o
cemectpa onpenenerueM aquddepentmpyemoctu f(X) . dns pyHKumii oqHO# nepeMeHHON
i hepeHInPyeMOCTh PABHOCUIIbHA CYIIIECTBOBAHHIO TPOM3BOIHON. B ciyuae HECKOIBKHX
MIEPEMEHHBIX CHTYaIHsI HECKOJIBKO CIIOXKHEE.

Cuavana BBeJIeM B pacCMOTpeHHe BennanHy A, f (@)= f (a,..,a;4,%;,a,,,...a,) . Ona

npeacTaBisier coboi mpupameHne GyHKIUN Tpyu GUKCUPOBAHHBIX 3HAUEHUSIX BCEX
MIPOM3BOIHBIX, KPOME I-TOA.

[TycTs f(?) middepeHnpyema B Touke a. Torma s mo60ro i,i =1,...,Nn PaBEHCTBO
(20.1) maer A f(a)= A (x, —a)+a,(X)(x, —a,) npu x >a  (20.2.)

[TockonbKy X — @ TIpH (QMKCHPOBAHHBIX 3HAYEHHSX X; =Q;, ] # | PAaBHOCUJIBLHO TOMY,

4To X; — @,, paBeHcTBO (20.2.) 03HauaeT, yTo QPyHKIUSA OJHOM MEpPEeMEHHON  X; .
f(a,....a; X, &,

- Af@™ o —
X oa e A (20

.a,) maddepeHpyeMa B TOUKe @; U, 3HAYHT, CYIIECTBYET

Ha3bIBaEMBIi, 110 ONIPEAENICHHIO, YaCTHO! pon3BoaHON pynkmu f mo mepemenHoit X, B

TOYKE a.

MBI TOABKO YTO, TEM CaMbIM, I0KA3aJId TEOPEMY:

Teopema 20.1. Ecaiu f &) nuddepeHnnpyemMa B TOUKe a, To st Beex i,i =1...,n

8f —
cymecTByroT — ().
OX;



Mamemamuyeckuii ananus
I xypc I cemecmp
bunem 20. /ugppepenyupyemocmo @ynxyuu mrocux nepemennvix. dacmuuie npouzsooHvie
(cmp. 2 uz 3)
Takum 06pa3oM, CyIIeCTBOBAHUE YACTHBIX MPOU3BOHBIX — HEOOX0O0UMOE YCIIOBUEC
_ noof — n _ _
maddepernmpyemoctu. [Ipu atom Af (a) = Z:@T(a)AXi + Zai (x)AX;, ¢;(x)—>0, npu
i=1 OX; i=1

X—>a.

Hpyroe HeoOxoaumoe ycinoBue TudHepeHIIMPYeMOCTH — HEMPEPBIBHOCTh (DYHKITHH, KaK
IMMOKAa3bIBACT CICAYIOIIAad TCOpCMa.

Teopema 20.2. Eciin f &) audepennnpyema B TOUKe a,to f e C(a) .

» Jloxa3aTejabcTBO. J[0CTaTOYHO /T0KA3aTh, YTO MPH X —>a, Af (5) — 0, (T.x.
f (x) — f(a) = Af (@) ). Ho 10 cpasy ciemyer u3 papercrsa (20.1), Tak kax lim Ax, =0.<d

X—a

of —
Onnako, B oTJIMUKE OT ciiydasi N =1, U3 CyIIECTBOBAHUS YaCTHBIX MPOU3BOIHBIX 8_(a) ,
X

ornpenencHHbIX paBeHCTBOM (20.3) He cnedyem naxe HenpepblBHOCTH QyHKIMH f (X) B TOuke

a u Tem Gotee He cnenyet auddepennupyemocts f &) B TOUKE A, COIIACHO teopeme(20.2).

0,if x,x, =0 ] -
Hpumep. n =2, f(x;,X,) :{ L . Torna i(0,0) = lim M(4%,0) = 1(6.0) =0,

1,if x,;x, #0 0%, A0 AX,
tak kak f(Ax,,0) =0 (Ax, -0=0). Ananoru4so, %(0,0) =0. Omgnaxo f(x;,X,) maxe He
X2

HenpepbiBHa B Touke (0,0) .

Jlocratounoe ycioBue quddhepeHInpyeMOCTH aeT CIeAYIoNIas Teopema.

Teopema 20.3. HyCTb YaCTHbIC IIPOU3BOAHLIC 8_ CYHICCTBYHOT B OKPECTHOCTHU TOYKH
X.

au HenpepbIBHBI B 3T0ii Touke. Torga f &) au¢pdepeHupyeMa B TOUKe a.

» JlokazaTenberBo. [TycTh X NPUHAUIEKHUT PACCMATPHBACMOIT OKpecTHOCTH a . TIpH yToM
Bce Touku (8, %, ,...,X,),(8;,8,, X5...,X,), (8,---,@, 1, X,) TaK *e MPUHAICIKAT PACCMATPUBACMOMN
okpectHocTH. [Ipupamenue pynkuuu f (;) —f (5) MPEJICTaBUM B BUJIC

f(X,0X,)— fa, %,,...x,)+ f(a,a,,%;,....x,)—...— f(a,,...a,,,%x,)+ f(a,,...a,) (4)

u pacemoTpuM pasHocTH T (8, 8y 1y Xy e X, ) — T (@100 84y Xpigreen X)) (B)
COCTAaBJISIIOIIKE B CyMMe TIpupaiieHue (4).

[Monoxum @(X, ) = f(a,,...,a, 4, X, ,---, X, ) (TO €CTb PUKCHUpPYeM BCe EPEMEHHBIE, KpOME X, ).
Tornma paccmarpuBaemast pa3HocTs (5) umeet Bug (X, ) —¢(a, ) . PyHkuus ¢ mo ycnoBuio
midpepeHnrpyeMa Ha OTpe3Ke, COSANHSIOMUM a, U X, . 3HaYUT, OHA HEIIPEPhIBHA HA ITOM

OTpPE3KE U MOKHO IMPUMEHUTH TeopeMy Jlarpanxa, COriaacHO KOTOpOi
o(x) —d(a) = ¢'(a, + O, (% —a,))(X —a,),rae 0<O, <1.



Mamemamuyeckuii ananus
I xypc I cemecmp
bunem 20. /ugppepenyupyemocmo @ynxyuu mrocux nepemennvix. dacmuuie npouzsooHvie
(cmp. 3 u3 3)

of
Ho ¢'(a, +©, (X, —&,)) = (f}—(al,...,akfl,ak +0, (X, —8,), X1, X, ) - o ycinoBuro
Xk
HCMPCPLIBHOCTHU YACTHBIX MPOU3BOJHBIX

gL@Mw%+®AM—@}MHJO=§LQ%HH&LURadb—ﬂhmni%a.
Xk k

. of — -
[Tostomy Kaxkaast U3 pa3HoCTei (5) uMeeT BUI a—(a)(xk -a,)+o, (X)X —-a,),a
Xk
npuparnierue (4) copnanaet ¢ (3) uz onpenenenus guddepeniupyemoctr. Teopema nokazana. d

3ameuanue 1. HenpepviéHocmb 4acmHuvlx NPOU3BOOHBIX He A61emcsl He0OX00UMbIM
yenosuem ouggepenyupyemocmu ghynxyutl. Hanpumep modxicno 0okazame, ymo Qyukyus

x*sin(1/ x) + y?sin(1/ y),if xy # 0
x> sin(1/x),if x =0y =0
yZsin(1/y),if x=0y =0

0,if x=0y=0

np0u360()Hbze 8 9MOol mouke He HenpepbleHbl.

Fx.y) =

oupppepenyupyema 6 mouxe (0,0), no uacmuole

3ameuanue 2. Tem ne menee, ons pynkyuu f(X,y) = \/x_y yacmmvle npou3800HbvIE 8 MOYKE
3
(0,0) pasuwt 0, max kax f(x,00=0 u f(0,y) =0 (8 ocmanvuvix mouxax i = 1 \/;

8Xk 33 X2
of 1 ¥Yx

8y_ =33 U ICHO, Ymo 3mu npou3eooHvle mepnam paspuis ¢ mouke (0,0). Ho
3
k VY

)

npul pawenue i/X_y —3/0-0 ne umeem 6uo 0x+ 0y + (X, Y)X+a,(X, Y)Y, e0e
o, (X, y),a,(X,y) > 0 npu (X,y) — (0,0). Jeiicmsumenvro, nonazcaa y = X u npeononazas, 4mo

3{/X_y =0X+0y + o, (X, Y)X+ 0, (X, Y)Yy nonyuaem 3{/X_2 = (o, (X, X) + &, (X, X)) X, wru

1

1= (a,(X,X)+a,(X, X)) X3 umo nesosmodcrHo, max kax npu X — 0 npaeas uacmo cmpemumcs
k 0, a nesas nem!



Mamemamuyeckuii ananus
I xypc I cemecmp
Bunem 21. Jlocmamounvie ycrosus ougppepenyupyemocmu pyuxyuu (cmp. 1 uz 3)

buset 21. AocTatoyHble YCAOBUSA AMPPEPEHLUUPYEMOCTU QYHKLUU.

JlocTarounbie ycioBusi U PEepeHIMPYEeMOCTH (QYHKIUM HECKOJBKUX TEpEeMEHHBIX
COJIEPKATCS B CIEAYIOLIEH TeOpEME.

of .
Teopema 21.1. Ilycrs 4acTHble HNpoM3BOAHBIE ——, 1=1..,N cymecrByoTr B
i
OKPECTHOCTH TOYKH 2 W HempepbIBHBbI B caMoii Touke a . Torna f auddepennmmpyema B
TOYKeE A .

» Jloka3aTejbCTBO.
Orpannunmcs caydaem N = 2.

ITyctb Touku (X;,X,) u (8,,a,) npuHaLIEKAT paccMaTpuBaeMoii okpectHoctd U (&) Touku
a . Paccmotpum mpupamnienue ¢pynkuuu B Touke (a,,a,): f(x;,X,)— f(a,,a,) u mpencraBum
ero B BHJIE:

Fx %) - f(a,a,) = F(x, %) - fla,x,)+ f(a,x,) - f(a,a,). (21.1)
3a¢ukcupoBaB X, , pacCCMOTPUM (GYHKIIMIO OT IEPEMEHHOM X, BHJa
@ (%) = F(x, %) - f(a,x,). (21.2)

IMTockosbky B U (@) cymiecTByrOT 4acTHbIE NPOU3BOAHBIC, QYHKIHS ¢, muddepeHunpyema
Ha JII0OOOM IIPOMEXYTKe, cojepxkameM X, u a,. [Ipumenum mnosromy Teopemy Jlarpamxa,
COTJIACHO KOTOPOM

o (X)) =¢,'(a, +0,Ax,)AX,, rme 0< 60 <1. (21.3)

I1o onpeneneHnto 4acCTHOM MPOU3BOIHOM,

, of
0,'(a, + 6,Ax,) = 87(a1 +6,AX,, X, ). (21.4)
1
ITosTomy
of
f (X, X,)— f(ai,xz):67(a1+91Ax1,x2)Ax1. (21.5)
1

AHaTOTHYHBIM 00pa3oM,
of
f(a,, x,) - f(al,az)zaT(al,az +6,AX, AX, . (21.6)
2

U3 (21.1), (21.5) u (21.6) nmosy4daem:

f(x,x,)-f(a,,a,)= Ef—f(a1 +0,AX,, X, AX, +§—f(a1, a, + 0,AX, JAX, . (21.7)
Xl XZ
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Bunem 21. JJocmamounvie yciosus ougppepenyupyemocmu pyuxyuu (cmp. 2 uz 3)

AX, 0 a, + 6,Ax; a a
I{anee, npu - TOYKH u CTPEMSTCA K TOUKC .
AX, 0 X, a, +6,Ax, a,

HGHpepBIBHOCTB YaCTHBIX TIPOU3BOJHBIX B 9TOM TOYKE O3Ha4acT, 4YTO HUX MOXKHO
nNpeaACTaBUTH B BUJC

N oy +0,%.% )= (@,,8,) + a, (A%, A%,),
OX, OX

1

i(al,az +92Ax2)=i(al,az)mz(Axl,sz), (21.8)
OX OX

2 2

AX, 0
rae o; (AX;,AX,) = 0 mpu AX, o)

N3 (21.7) u (21.8) cnemyet npeacraBieHUE

f(x,X,)—-f(a,a,)= S—f(ai, a,)Ax, +§—f(a1, a,)AX, +a, (AX;,AX,)AX, +a, (AX,, AX,)AX,
X X

1 2

o3Hayaroree muddepenpyemocts pynkuuu f . <

3ameuanue 1. Henpepvignocmb uyacmHulX HPOU3BOOHBIX He SGNAEMCA HeoOX0OUMbIM
yenosuem ougpepenyupyemocmu hynxyuti. Hanpumep, mModxcno 0okazame, ymo Qyukyus

x*sin(1/ x) + y?sin(1/y),xy #0
x> sin(1/x),x 20,y =0
y’sin(1/y),x=0,y =0

0,x=0,y=0

Fx.y) =

oughgpepenyupyema 6 mouxe (0,0), HO uacmuble NPOU3BOOHbIE 8 IMOU MOYKE He HEeNPePbleHbl
(6e3 ookazamenbcmea).

3ameuanue 2. Tem ne menee ons pynxyuu f(X,y) =3/Xy uacmuvie npouzsoousie 6 mouke

3
(0,0) pasnvr 0, max xax f(x,00=0 u f(0,y)=0 (8 ocmanoubix mouxax i:l Y ,
ox, 3 3x?

o 1 ¥
33y’
%/x_y—i/ﬁ He umeem euo O0X+0y+a, (X Y)X+a,(X Y)Yy, 20e a, (X Y),a,(X,y) >0 npu
(x,y) = (0,0).

U SICHO, 4mo 3mu npou3eoousle mepnam paspwié 6 mouke (0,0)). Ho npupawenue

Heticmeumenvno, nonaeas Y =X U Hpeonoaazas NpPomMueHoe, M. e. UMo QYHKYUs

ouppepenyupyema ¢ (0,0), m. e. ?{/x_y =0x+0y+a, (X, y)X+a,(X, Y)Yy, noryuaem
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1
UX? = (a, (%, X) + o, (X, X)X, wau 1= (a, (X X) +a,(X,X))- X3, umo nesosmooicro, max kax npu
X = 0 npasas uacmo cmpemumcs k nymo, a reéasi — Hem!



Mamemamuyeckuii ananus
I xypc I cemecmp
bunem 22. Jlugpgpepenyuan. Ilpouszeoonas crosicnoi pynxyuu. Mneapuanmnocms popmel nepeoeo
ouppepenyuana (cmp. 1 uz 3)

Bunetr 22. AnppepeHumnan. lNpon3BoaHas CAOXKHOU QYHKLUMU.
MHBapuaHTHOCTb GOPMbI MEPBOIro AMppepeHumnana.

[Tycte f ompeneneHa B HEKOTOPOI OKPECTHOCTH TOYKH & , M ITYCTh B ATOM TOYKE

CYIIECTBYIOT i(ﬁ), i=1...,n.
OX.

Onpeoenenue 22.1. Jlnneitnas GyHKIMSA OT N HE3aBHCHMBIX NepeMeHHbIX ..., BHIa

o

(a)-h1+...+i(§)-hn (22.1)
0%, OX,

Ha3bIBaeTcs ougppepenyuanom f B Touke a m obo3Hauaercs df ().

Kasxyro u3 He3aBUCUMBIX ITEPEMEHHBIX X;, | =1,...,N MOYXHO paccCMaTpPHBAaTh KaK (YHKIIHIO
X, . _ o X,
X;, mpuueM — =1, i =1,...,n, a juig moboro i u modoro | =1 umeem —- =0.
OX; OX;
Torna, nocnenoBarensHo BeOupast f =X, i =1,...,n u npumenss paBeHcTBoO (22.1),
oJIy9yaemM

dx, =0-h +..+1-h, +0-h,, +...4+40-h, =h,. (22.2)

i+1

[MToxcraBmsis B (22.1) BMecto h, Benmmuuny dX; cormacHo (22.2), mosrydaeM 6oJiee 4acTo
yrnoTpebisieMyro 3anuch nuddepeHimana:

df () = s—;(a)dxl ; ...+§Tf(§)dxn . (22.3)
1 n

OOGBIYHO BeTMYMHAM IIEPEMEHHBIX N, TpHIaroT 3HaUeHUsT AX; NPHUPAIIEHUI HE3aBHUCHMBIX

IEPEMEHHBIX, HE BXOIAMIMX IIPH 100aBIeHnH NX K pacCMaTpUBAEMOH TOUKE 3a TPaHUILY
paccMaTpuBaeMoii o6macti. HezaBHCUMOCTh EPEMEHHBIX X, ,..., X, O3HAYAET, YTO €CIIU B3STh

Kakoe-To npupanieHue AX = (AXy,...,AX, ), TO OHO HE MEHSETCS TP IEPEX0/ie OT OHON TOUKH

o0acTH K Ipyroi (a 1jisi 3aBHCUMBIX IIEPEMEHHBIX IEPEX0/] K IPYrOif TOUKE BHI3BIBAET
COOTBETCTBYIOIINE H3MECHEHHS BeKTOpa AX ).

[ToaTomy BeIpakeHue (22.3) MOKHO 3aMEHUTH Ha

df () = s—:(a)Axl ot ;Tf(a)Axn (22.4)

1 n

JUISL HE3aBUCHMBIX TIEPEMEHHBIX X, ,..., X, (JUI1 HUX, HAIOMHUM ere pas, AX; = dX;).

Bcenomuum (cm. omitet 18) onpenenenue quddepeHupyeMoit GyHKINN: ee TpUpaIieHue
UMEJI0 BUJT
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Af (@) = s—; (@)AX, +...+ ;Tf(a)Axn + 0 (AR)AX, +...+ ot (AR)AX, (22.5)

1 n
rie o, (AX) = 0 mpu AX — 0.
Cormnacho (22.4), paBeHCTBO (22.5) MOKHO TIepeIucaTh B BUJIC
Af (@) = df (&) + oy (AX)AX, + ...+ a, (AX)AX, . (22.6)

of _ of _ _
OHo 03Hauaer, 4yTo eciu cpenu yucein — (a),...,—— (@) ectb oTimyHOE OT HyIs, To df (@)

1 n
IpEeACTaBIsAET COOOH INIaBHYIO, IPUTOM JIMHEWHYIO IO AX,...,AX, 4acTb IpHPALICHHUS.

Onpenenum (noka Gopmansro) Bexktop VI (a) = (S—f (5),...,%(5)] . Torma
Xl Xn

df (@) = (Vf (@), dX) (ckamspHoe mpouspeenue). (BeKTop rpaauenTa CIyKHT 0606ImeHHeM
MOHATHS Pou3BoiHON GyHKIMK. HanomumMm, uto df (a) = f'(a)dx.)

Jins orobpaerns f (X) = (f,(X),..., T, (X)) mpocrpancta R" 8 R™, cocTosimero n3

df, (&)
mddepermmupyemMbIx QYHKIHI, TakKe MOXKHO onpenenuts qubdepenruman df () = .
df,, (@)
IIpu sTOM
of, _ of, _ of, . of, _
—L@)dx, +...+ —+(@)dx —+(@)..—=(a
| @ @ | [ S @- @ gy
df (a) = f L. = . - .. |=JdX.
0
T (@)dx, +...+—"(a)dx ™ (a)..—(a) [\dx,
o @ T @, || e @)

Marpuna J HaseiBaeTcs mampuyeii Axoou omoopancenusn f .

(CsoiicTBa MatpuIpl SIk0OM JaHBI B IPUIIOKEHUH K 3TOMY OHIIETY, B KOHIIE €T0.)

IlepeiineM Kk BOIIPOCY O TOM, 4TO OYJIET B ClIydae 3aBUCHMBIX IEPEMEHHBIX X; .
lpon3BoAHAss  CAOXHOW  dyHKuMW.  MHBapuaHTHOCTb  GOPMbl  MEPBOro
AnddepeHLmMana

Jlomyerum, uto f muddepeniupyemas B Touke a $yHKIu, X, =X (t) u x(t,) =a,,
npudeM X (t) — muddepenmpyemsie B Touke t, Gynkmun. [lonoxum F(t) = f (g(t)) . Torma
AF(t,) =Af (@) = f(X) - f (@) = f (X, (t),....x, (1)) — f(a,...,.a, ) =

%@(xl(t)—a1)+...+%(5)(xn(t)—an)+a1(§)(x1(t)—a1)+...+an&)<xn(t)—an) .
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ouppepenyuana (cmp. 3 uz 3)

%@(x;(t)(t—to)+ﬂ1(t)(t—to))+...+§7f(5)(x,:(t)(t—to)+ﬁn () —t,)) + e, (X) *
# (X[ () + B, O)(E )+t 0, (VXL () + B, ©)(E—1,), Te i — 0 mpu t —> 1.

B onpenenenny muddepeHIrpyeMoCTH MOKHO JIOOTIPEAeTnTh QYHKINHN «;(X) B TOUKe &,
HOJIOKHB (@) =0. Torna mpu t — t, X (t) — a,(a MoxeT OBITh, U HPpUHUMAem 3HAUCHNUS &, ).

Ho torma «; (?) — 0(Tak KaK q; &) y HAC JIOOTPE/ICIICHBI B TOUKE a HYyJIEM) U

lirp AtF(:O) = zgf (5)-Xi’(t0), TakuM obpazom, F'(t,) = Z—(a) X{ (t,) (6)
>ty =1, -1 Xi —1

PaccmoTpum Teneps ciydaif, korma X, = X, (t,,...,t, ), =1,...,n. [Ipumenss noxydenHoe

BBILIC IIPpaBUJIO, ITOJYYHUM, B OYCBUAHBIX 0003HAYEHUSIX

0 = (10,...1°), X(T°) = 2 % iﬁ() () (7)

Pasenctsa (6) u (7) narot npasuna epluucieHus nPOU3E0OHBIX CLOMCHBIX PYHKUUIL.

Cneocmeue.

CrnencTBueM STHX MPaBUII SBISIETCS MHBAPHAHTHOCTH (OopM TepBoro auddepeniumana.
Nmenno, mycts f = f(X),x=x(t),F(t) = f(x(t)). Toraa

o Cof o & af & ox ", of
dF (1) = z_dt —z[z__ zzax atx Z&Z%dt =Yoo=

= ot =L\ Ui i=1 j=1 i=1 O&; j i=1
OTO 03HAYAET, YTO KAK B CIy4ae HE3aBUCUMBIX IEPEMEHHBIX X,,...,X,, TaK U B Clly4ae

af
3aBUCHMBIX nepeMeHHbix df = Z 3
X
i=1



Mamemamuueckuii ananuz
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Bunem 23. Kacamenvnas niockocmo (cmp. 1 uz 2)

bunet 23. KacateAbHas NMAOCKOCTb.

[Tycts z = z(X,y) muddepenmupyema B Touke (X,,Y,) . Jokaxem, 4To cymecTByer

KacareJlbHasl INIOCKOCTh K 3TOH HOBerHOCTI/I B TOUKe (X,,Y,) ¥ YTO OHA 33a7aeTcsl ypaBHEHHEM

z(xo,yo)— (xo,yo)(x x)+ (xo,yo)(y Yo) (23.2).

[To ananoruu ¢ O THOMEPHBIM ciTydaeM (MpsiMasi Ha3bIBAETCS KacaTeIbHOW K KPUBOM B TOUKE
X, » €CIIH PACCTOSIHUE OT TOUKK M 10 3T0i npsMoii pencraBiseT co0oi GECKOHEUHO MaTylo

0oJ1ee BBICOKOIO 110 sAAKa, 9HeM X — X, IIpU X —> X, . ITpu »TOM KacaTenbHast UMEeT dABHCHUC
0 0
y—f(X,) = f'(X,)(X—X,) ) Oyaem Ha3bIBaTh IIIOCKOCTb KACAMENbHOU K NOGEPXHOCH U B TOUKE

(Xy» Yo, 2,) , €cimn paccTostaue oT Touku M (X, Y, Z) 10 3TOH IIIOCKOCTH eCTh OECKOHEYHO Maas

0oJiee BBICOKOTO MOPSAKA, YeM \/(X - XO)Z + (y - yo)Z opu (X, Y) = (X, Y,) -

PaccMOTpHM HEKOTOPYIO TIOCKOCTB, IIPOXOJIIIYIO Yepe3 TOUKY (X,, Yo, Z,):
2-17, = A(X= %) +B(y—Y,) (23.2)

) Kypca aHAJTUTUYECKOM reoMETpruHr U3BCCTHO, YTO PACCTOAHUC OT TOYKHU MMOBEPXHOCTHU

|A(X_ Xo) + B(y_ YO) - (Z(X, Y) - Z(XO1 YO))|

(X,¥,2(x,y)) no mnockoctu (23.2) paBHO (23.3)
VA? +B? +1
(BCTIOMHUTB TIPO HOPMAIbHOE YPAGHEHUE NIOCKOCHU).
Ecim z(x,y) muddepenumpyema B Touke (X,,Y,), TO MOI0KUM B (23.2)
oz 574

A:&(Xo1yo)1B:a_y(Xo1yo) (23.4)

M 3aMeTHM, 4T0 Z—Z(X,,Yo) = (X01y0)(x X )+ (X01y0)(y Yo) + o (X, Y)(X—=X,) +
ﬂo (X1Y)(y_ yo) (23-5)

rae a,(X,Y), B, (X,y) > 0 mpu (X,y) = (X, Y,) . Torna nz (23.3), (23.4), (23.5) cnenyer,
YTO PACCTOSHHUE OT PACCMATPUBAEMOM TOUKH JI0 TNTOCKOCTH €CTh
oo O Y)(X = %a) + Bo (% V)(Y = ¥o)| _ fera (X, ¥) + B (%, ) S ==y
JA?+B? 11 JA? +B? +1 i v
MIPEJICTaBISET cO00M OECKOHEYHO MaTylo 00Jiee BBICOKOTO TOPSAKA, YeM

JX=%0)% + (Y = ¥,)°

OO0paTHO, eci ecTh KacaTellbHas TUIOCKOCTh (2), T.e.
A= %5) + B(Y = Yo) = (2(%, ¥) = 2(X,, ¥o))| _
Nraa) ot (%, Y)|X = Xo| + By (%, V)Y = Yol
npu (X,Y) = (X,,Y,) TO, PaCKpBIBast MOYJIb, IOJIy4aeM, 4TO
2(X,Y) = 2(Xg, Yo) = A(X = X,) + B(Yy = Yo) + (X, Y)(X =%, ) + BOG Y)Y — ¥o) > e &, B — 0 npu
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(X, ¥) > (X, Yy)» T.€. Z - mupdepenmpyemast B Touke (X,,Y,) QyHKIHSA U

0z 574
A=—(X,Y¥0), B=—(X;,¥,)-
X oy
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Bunem 24. IIpoussoonas no nanpaenenuio, 2paduenm (cmp. 1 uz 4)

Bunet 24. [Npon3BoAHaASA N0 HANPaBAEHUKD, TPAAMNEHT.

TIycTh MBI CHOBa paccMaTpuBaeM rpaduk pyrkmun Z = z(X, y) U CEYEHHUs 3TOU MOBEPXHOCTU
TLIOCKOCTSIMH, TIPOXO/IAIUMH depe3 Touky M (X,, yo) wiockoctd OXY u mapauieTbHBIMU OCH
Z. B ceueHMsIX MOJIy4aroTCsl KPUBBIE, IPOXOASAIIUE YEPE3 TOUKY (XO, Yoo ZO). IIpoexuus Takon

KpuBOil Ha mockocTh OXY ecTh npsimMast TUHUS, Tpoxoadiias depe3 Touky M, . bynem

0003Ha4aTh HAMPABIISIONINI BEKTOP 3TOH mpsiMoii uepes |, a Touku npsimoit — OykBamu M.
Beeném nonsitue Bennunnel otpeska MM :

M, M = nmne orpeska M M co 3nakom “+”, eciu M M u | umeror oHakoBbIe
HAaIpaBJICHUS;

(132

M,M = mmme orpeska MM co 3nakom “-”, ecmt MM u | umeror pasusie HanpasieHus;

[TpenmonaoxuM Tenepp, 4TO MBI pacCMaTpUBaeM HEKOTOPYIO MIIOCKOCTh, HA HEll PUKCHpyeM
Touky M, u HampaBnenue |. ITycTh s 5T0i TOUKH MIIOCKOCTH oTpesienena Bemmunna Z(M ) -
¢byHKIUSA OT TOUKH M.

BaxxHO OTMETUTBH, UTO TIOKA MBI He 6600UM HUKAKOU cucmemsl Koopournam (TOUKU Ha
IIJIOCKOCTH, HAITPABJICHUA U q)YHKIII/II/I OT TOYUCK MOKHO OIPCACIIUTD 663 CHUCTEMBI KOOpZ[I/IHaT).
Hanpuwmep, Temmneparypy Bo3ayxa B JaHHOW TOYKE OOBIYHO M3MEPSIIOT TEPMOMETPOM, TIPH STOM,
He 0COOEHHO 3a/IyMBIBasICh O CHCTEMe KOOPAMHAT B MPOCTpaHCcTBe. Hampasienue Toxxe 4acto

YKa3bIBAIOT 0€3 BCSAKUX KOOPAWHAT (HApUMep, MalbLEeM, YTO HE CIYKUT MPU3HAKOM XOPOIIETO
BOCITUTaHUS) U T.J.

PaccmoTrpum Teneps Touku M, nexaiue Ha npsMoii, mpoxosien yepes M, B ykazaHHOM

- z(M )—-z(M .
HarpaBJIeHUU | ¥ COOTBETCTBYIONIYIO BETHUNHY %M(O); €CJIH CYIIECTBYET Ipeae OTOU

BEJIMYMHBI TIPU CTpeMIieHHd M kK Mg BIIOJIb IPSIMOM, TO OH Ha3bIBaeTcs npou3BogHoit Z(M) B
T 0z
touke My o HanpaBnenuto | u 0603HauaeTcs a(M 0 ) Kax MBI BUuMm, B OIpeeIeHu

MIPOU3BOTHOM MO HAIMIPABIECHUIO KOOPAUHATHI HE ydyacTBOBaIU. OTHAKO JUIsl TOJTYyYEHUs MPOCTOU
(hOpMYyITBI ISl BEIYUCIICHHSI OTOW MTPOU3BOTHON yI00HO BBECTH CUCTeMY KoopAuHAT. M Taxk,

nyctb M, UMeeT KOOpAUHATHI (XO, yo), M — koopauHaThI (X, y), | uMeeT KoopAUHATEI

(COSoc,Sin a). Torna BBOJI mapameTpu3aniio X =X, +tCosa, y =Y, +tsin o, s npsiMoi,

coequustomend My ¢ M, MoM=t , nony4yaem:

z(M)-2z(M,) _ z(x, +tcosa, Y, +tsina) —z(X,, Yo
MM t

maddepentmpyema B (X, Y, ))

) = (T. K. MBI IPCAIIOJI0XKHUIIN, UTO Z —

g)z((xo, Y, )-tcosa +g;(xo, Yo )-tsina + o, (x, +tcosa, y, +tsina)-tcosa

= +
t
s B, (x, +tcosa, y: +tsino )-tsin o :gz((xo, y. Jeosa +2§(X01 . ina +

+a,(x, +tcosa, y, +tsina )cosa + B, (x, +tcosa, y, +tsina sina.
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Mpu t -0 (x, +tcosa, y0+tSinoc)—>(X0,y0) u a,, [, = 0. Ilostomy

%(MO):MII—)MO%AAZ(IVI) az(o,yo)c05a+ (xo,yo)sma (VZ(MO)l) (1)

AHaNOru4Ho, B cilyyae 3-X MepeMEeHHbIX a = 6—uCOSOz + 8—uCOSﬁ + 6—uCOSy = (VZ(M 0 ) I]
ol ox oy 0z

(2)

CkansipHoe mpou3BeIeHre B MpaBbixX yacTsAx (1) win (2) MOXKHO MpeICTaBUTh, KaK
Vu(M, ) -cos¢ 3

_ <«
(MOCKOIBKY ‘I‘ =1), rae ¢ - yron mexay Vu(M 0) Y 33/IaHHBIM HampasyieHueMm | .

MpI BUaMM, 4TO BhIpakeHue (3) umeeT HanOOJBIIyI0 BETHUNHY, KOTa Co0S¢ =1. Oto

MO3BOJISIET OTIPEICITUTh TPAJUEHT, KaK BEKTOP, MOIYJIb KOTOPOTO PABEH HaUOOJbINEH 13
BCJIMYHMH IMPOU3BOAHBIX 11O HAIIPABJICHUIO B 9TOM ToukKe. A HaITpaBJICHHUEC €0 KaK pa3 TaKoEC, B
KOTOPOM IMPOU3BOAHAA NOCTHUTaCT HanOOJIBIIEN BETMUYNHEL DTO OMpCACIICHUEC I'palCHTA, B
KOTOPOM HC YHACTBYIOT KOOPAUHATHI, IMTO3BOJIACT paCCMAaTPUBATL €0 KaK XapaKTCPHUCTUKY
GbyHKIWY, He 3asucauiyio om Habawoamens.

VYcTaHOBUM psiJ] BAKHBIX CBOMCTB IrpaJIu€HTa: IyCTh flc() u f2&) MMEIOT BCE YaCTHBIE
nmpou3BoHbIe 1-To mopsiaka. Toraa

1. V(f1&)+ fz&)):Vf1&)+Vf2&);
2. vef (x)=cvf (x);
3. V(£,(0): £,()= £,6)VF, ()+ £,V (x);

f16(] — fz @Vfﬂ]— fﬂ)sz 6(]
f,(x) (f, &)f |

5. Ecmu F(u) - (pyHKIMS OTHOM TTEpeMEeHHOH, UMEIOIIast MPOU3BOIHYIO, TO

VF(f ()= F'(f (OVF (x).

Jloka3aTelnbCcTBa BCEX 3TUX CBOMCTB aHAIOTHYHBL. PazbepeM, HampuMep, CBOWCTBO (3).
IlycTs, 11 ONIpEAEIEHHOCTH, X = (X, Y, Z). Torna, mo npasuiam nudepeHIpoBaHNS,

4. Ecmu fZG()iO,To \%

of, 0 of, 0 of of

( ) X+ X 5( ) + 2 5 a(1 2) 152+252H
0 of of of of, of,
v(f,-f,)=|—=—(f -f ) —(f - -f )—(f - -f)|=|f—=2+f 2> f—2+f —L f +f,—|=
(1 2) (8)((1 z)v5 (1 2)52(1 2)] (15X+ 275y 18y+ 25y1 1az 52]

= f,Vf, + f,Vf,

Tyers r=(x,y,2) r=|r=-/x*+y?+2z° . Haitném
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Vr=Vx*+y*+12° (air,ir,ir]{ X , y . =
X

=|=I

o oz Xy 122 (W ayra? Py

JI1st 9acTo BCTPEYAIOUIUXCS B (PU3UKE paaHaIbHBIX (YHKIIUI F(r) COTJIACHO CBOWCTBY (5)

nonyuaem: VF(r)= F'(rVr = F'(r)-: .

HeobsizatenbHbI MaTtepuan, HO 3HaHME ero BECbMa MOAE3HO
MaTtpuua Akobu 1 ee cBOMCTBA.

Myctb Y, = f, (X0 X, b ¥y = T (X(0es X, ) - yHKITHH, 3a/12101THE HEKOTOPOE

oToOpaXkeHue u3 Rn B R . [IpenmnonoxuM, 94To 3TH GYHKIIMH UMEIOT YacTHBIE IPOU3BOIHBIE TIO

. o0 0 0)
BCEM MIEPEMEHHBIM Xi,...,X, B HEKOTOPOH TOYKE X = (X1 yees Xy e Torna marpuia

o Thon ok

M

m

oX,,

HaseiBaercst marpuneit Skoou. B cmyqae n=m =1, . e., koraa paccmarpuBaercs QyHKIUS
y=f (X), To Matpuia SkoGu cocTouT M3 01HOTO dmeMenta f'(X, ). [ToaToMy Ty MaTpHIry

MOJKHO CUHUTATh 0000IIEHHEM TIOHATH MTPOU3BOAHOM. Kak yxe oTmedanocs, s
muddepenimana 0To6paXeH s, COOTBETCTBYIOMEro Tpupamenuto dx = (dx,,...,dx ), uMeeM

of, (o OFy (o0
0, | o ¥ o ¥,
dy=|M |=|M M
d Fo () o (o),
o ©n o )
HpeZ[HOJIO)KI/IM 4yT0 Y, = 1 ), WY, =T (X JI/I‘-ITO B CBOIO OYEpEb,

(ot oo X, =0, (.0t ) OTO MPUBOAUT K CIIOKHOMY OTOOPaXKEHUIO (MK
KoMIO3HIN 0Tobpaxermit) Y = f (p(t D =F( ], IJIe UCTIOJIb30BAHBI KPATKUE 3aIIHCU
y= Y11---1ym )1 T&]: (fl(i]’"" fo &D’

. v %) 0= 0,0)..00 )
f— Gt PO 6. F, ()
Fi()- fiGof).

Jl71st 5TOT0 0TOOpAKEHUS, IT0 TEOPEME O TIPOU3BOIHOM CIOKHON QYHKIIHH,
OF, ot op o 20,
8t Eﬂx1 ot; ox, ot

n j
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MMO3TOMY UMECT MECTO PABCHCTBO!

B cnygae, korga m = N, onpenenuTens MaTpuIlsl Akoou

ﬁ % i/\ of, 8§01A 0P
o, ot oX, Ox, | ot o,
M =M M

oF, . OF, ﬁfmA of. | Op, . Op,
ot, ot ox, ox, \ ot ot

ofy oy

OX, OX

o D0,)
© D(X,,..., X, )

afn % 171 %n

oX,  OX,

Ha3bIBAETCs IKOOMAHOM OTOOpPAKECHHUS.

~ Ilo noxasanHOMy, B Cllydae KOMIIO3UIINH OTOOpaXeHNH
y = (£,0 £, 0 x = (0, €0, ), t = o t,)

BBIIIOJIHACTCA PaBCHCTBO

D(YyrsYa) _ DOareess Vo) DOy, )
D(t,,...t,) D(x,..x,) D(,,..t,)°

Ecii oTobpakenue Y = T(;(] uMeeT 00paTHoe 0T06pa>KeHHe, T X= ;0@], TO
1= DO Ye) _ B(i¥a) DGyeXy) o DOex,) 1
D(ys¥s)  D0sn¥,) DOy ,yn) D(yl, ,yn) D(y,, -

D(x,,..., X n)

) cciim

D(Ys ) g
Dltyxy)

Ora dpopmyna O606H121€T MIPABWIIO JIJISl TIPOM3BOAHOM 00paTHOM QPYHKITUN
dx 1

dy d/

OTrMeTuM BaXKHOE HpaBI/IJIO JJI BBIYUCIICHU A sIKOOHaHa B cjrydgac

Vi = Vil X %), Yo = Y, (0%, %),

X, =% (t,t,), X, tl,t) Xy = X5 (t,,t, ).

D(y.Y,) _ D(yl,yz) D(x,,%,)  D(¥:,¥,) D) D(y,.y,) Dlxs,x,)

DG.t,)  D(4.x) D@ut,) Dl.x) DE.t,) Dl.x) DG.t)
JloKa3aTenbCcTBO ATOTO MpaBUila COCTOUT B IPUMEHEHHUH MpaBuiia 1updepeHINpOBaHHS

CIIO)KHOW (PYHKIIMHU M TIOCNIEAYIOMHNX alredpandeckux mpeoopa3zoBanuii. BBy rpoMo3IkocTu
MBI €0 OITyCKaeM.

, €CITH —— ¢ 0.
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bunet 25. [Ipon3BOAHbIE BbICLUUX MOPSAAKOB

Ecnu pynkius f 6(] o0aaeT B HEKOTOPOW OKPECTHOCTH TOYKH & YaCTHOW MPOM3BOTHON

— a), a 9Ta IPOU3BOAHAS 0003HAYAETCS (a) Jlanee MHAYKTHBHBIM 00pa30M MOKHO

OX; i0X;

OHpe[[eJII/ITI) HpOI/I3BOZ[HI)Ie 60.]166 BBICOKOTI'O HOpHZ[Ka. BO3HI/IKaeT BOHpOC: BCEraa ju
0% f \_ 0% f (5

ox, 0%, OX,0%,

OTBer Ha HETO Takoi: HeT, He Bcerna! Mo)HO TOKa3aTh, 4To (hyHKIHS

_yz, if x?+y>#0
f(xy)= X +y HMeeT HEpaBHBIE HpOI/I3BOZ[HI)I€
0, if x=0,y=0

OITHaKO MMEET MECTO CIIEyoIIasi TeopeMa.

(0 0)u (0 0).

Teopema 25.1.

Mycrs f(X, y) onpeesieHa B OTKPbITOH o0s1actu D m nmycTh B 3T0i1 00/1acTH

of of o°f o°f o’f  o°f
CYLIECTBYIOT ——, /|

,. IllycTh
OX oy OXoy dyox OoXoy  Oyox

ay(xmyo):ayax(xmyo)

HenpepbIBHbI B Touke (X, Y, ) Torpa

B JTOH TOYKe

» /loxa3aTejibCTBO.

ITycts h,k # 0 umcia takue, uto 06acTh D COMEPIKUT BCe TOUKH M3 MPSMOYTOJbLHUKA CO

CTOPOHAMU OT X, 10 X, +h mot y, mo y, +K.

1
IMycrsW (h,k )= m(f (X +h,y, +k)— F(x, +h,y, )= F (X, Yo +K)+ T (X, Y,))-

f(x,y, +k)— f(x,yo)’ w(y)= f(x, +hy)— F (X, Y)

Tonoxum ¢(x)= 5 : TOr KA
W - i V(xo +hh)—¢(xo)} _ ﬁ {w(yo + kk)—w(yo)]

B HpOMe)KyTKe [X0 » Xo + h], TI0 YCJIIOBUIO TEOPEMBI, (DYHKIIUS ¢(X) MeeT IPOU3BOIHYIO

ox (X Yo +k)_7(x1 YO)
¢ (x)= ”

W - k{ d(x, +h)—( 0)} k(g:((XO“L@lh’yO“Lk)_Z;(XO+®1h’y°)]: (BHOBB I10 TEOPEME

. W, 3Hauur, ¢(X) HEenpepbIBHA, TpHUUeM 1o Teopeme Jlarpanxka

h

2
HarpaHma)zgxf +0,k), tne 0< 0, <1, 0<0, <1.
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+0,k), rae 0< 0, <1,

0<0, <1

CJIGZ[OB&TGJII)HO yCTpeMJIsm (h k) K 00) HonyqaeM BBH/1y HETIPEPBIBHOCTH

(h'klg_r)rgovo)w = ( X1 Yo ), N k)_)(o 0)W 8y8 (XO, Y, )- Takum 06pazom, Teopema Tokasana. 4
3ameuanue.

Ilo ananoeuu modxcrno doxkazame cnedyrouwyIo meopemy.

Teopema 25.2.

Mycrs U = f(x,,..., Xn) onpejesieHa B OTKPbITOi o6aactu D < R" u mmeer B 310ii

00/1aCTH BCEBO3MO KHbIE YACTHBIE MPOM3BOIHBIE 10 N-T0 MOPSAAKA BKJIYUTEIbHO U
CMellIaAHHbIe POU3BOAHBbIE K -ro mopsiika, npuyem Bce ITH MPOU3BOIHbIE HENMPEPbIBHbI B
D. IIpu 3THX yCJIOBUSIX 3HAYEHUE JII000# K -0ii cMelaHHOi#l MPON3BOIHOI He 3aBUCHT OT
TOr'0 MOPAAKA, B KOTOPOM IIPOM3BOAUTCH MocjIef0BaTeabHoe JuddepeHupoBanue.

o'f  o'f S
ox*oy?  oxoy’ox

25.1. AnddepeHunansl BbICLLIMX NOPAAKOB

Hampuwmep,

ITycts U = f 6(] - IMEET HETPEPBIBHBIE TIPOU3BO IHbIE B 06mactu D < R". Torna
Y& of
df (x = > —dx. .(1)
/ ,Z:;‘ ox,
[Tpu TOM, eciut X,..., X, - HE3aBUCHMBIE IepeMeHHbIe, TO dX,,...,dX, MOXXHO CYHTaTh

MOCTOSTHHBIMU BETHYHHAMH, HE 3aBUCSIINMH OT X . [Tostomy d 2Xi =0,i=1....,n.

ITycts f (X) MMeEET HEMPEPbIBHbIE YAaCTHBIE IPOU3BOHBIE 2-T0 nopska. [Tomoxum no
OIIPEIEIICHUIO

dzf@}d@lfQ)}d(gs—;dxijzgd(s—;dxi]—i( LI i dxidxn]:

= | OX;0X, OX;OX,

n n 2
= zzﬂdxidxj

i1 1 OXOX;

(2)

31ech MbI BOCTIONb30BaIMCh TeM, uto d °X, = 0 .Hanpumep, npu N = 2

d?f(x, y)— 0’1

2 2 2 2

d? f(xyz)_af 2+afdy2+af 2420 " afdydz+28fdxdz.

oy? oz’ Oxoy oyoz oxoz
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Boo0ie, j1erko 3aMeTHTh, YTO, UCTIOIB3Ys (OPMATBHYIO OIIEPATOPHYIO 3aIUCh,

0
d?f =| —d f 3
(8x1 X, + oot — ox xn] ()()

Amnanornuno, nonaras d*f =d (d KL ], HAXOMM:

dkfz(ﬁi;ldxl +—dx] f()(4)

n

B npeanonoxenun, uro aust f cymecTByrOT 4acTHBIE IPOM3BOIHBIE /10 K - TO TIOpsiKa
BKJIFOYUTENBHO.

JloKa3aTeabCTBO 3TOTO YTBEPIKIACHHS MOKHO TIPOBECTH HHAYKIHEH o K . MbI He Oyaem
1o JpoOHO OCTAHABJIUBATHCS HA 3TOM.

Ot™eTnM, 9To eciit X, = X, (t,....t, ) (T.€. MepeMeHHbIe X, He HEe3aBHCHMBIE, A IIPEICTABIIAIOT
co0oM (DYHKIIMH OT APYTHX NMEPEMEHHBIX), TO, BOOOIIIE TOBOPS, OHU HE paBHBI 0 M, XOTS BBHILY
uHBapuaHTHOCTH 1-ro muddepennnana, popmyna (1) coxpansiercs, yxe B popmynax (2) u (3)
(1e roBops o (4)) ciegyeT BHECTH U3MEHEHMUSL.

Nmenno, BMecTo (3) B 3TOM ciiydae BepHa Gopmyia

d2f ()= (+ +5] S LM (5).

oX, i1 OX;

«/loBecok» 1o oTHOIIEHUIO K (3) moay4yaeTcsi, u3-3a TOro (CM. BBIBOJ (2)), UTO B HAIlIEM
cilydae

2 2
d o —dx, o't dx,dx, +...+ o't dx; dx, +id2xi.
OX; 6xi OX, OX;0X, oX;

OnHako, eciu

X; = At +o a5, b + by (6),

To dX; =a;,dt, +..+a;,dt, u d’x, =d(const)= 0. [osTomy B ciydae TuHeIHOI 3aMeHbI
nepeMeHHbIX (6) popmynsl (3) u (4) cCOXpaHSIOTCS.

25.2. Bropoun anddepeHumnan GyHKLmUK

Bepuemcs k hopmyite (2). OHa o3HauaeT, 9To BTOpoit mudepeHmman sBaseTcs
KB/IpaTHIHOH (opMoii oT nepeMeHHbIX dX,,...,dX, . Kak n3BectHo 13 Kypca anredpsl,

KBJIPATHYHOUM (JOpME COMIOCTABIIICTCS MaTPHUIla KBaIPaTUIHOW (DOPMBI, B pacCMaTpUBaEMOM
cily4ae UMEroIast BUJ
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o*f o°f A o°f
OX. OX,0X,  OX,0X,
A

2 2
o f A o f
OX,0X . Ox?

Y Ha3bIBaemas MHOTr1a Marpuiieit ['ecce.
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bBunet 26. ®opmyra Terropa

Teopema 26.1.

Iycth pynxuus f 6(] HMeET HENMpPePbIBHbIE IIPOM3BOAHLbIE 10 N NOPAAKA U
0 -0
BKJIIOYHTEJIbHO B OKpecTHOCTH U & ,TOYKH X W HempepbIBHbIE MPOU3BOIHbIE MOPSAKA

Al — 0 A
n+l1sU ()F/. Torma s a1060i Touku X € U ‘;( , cymecrsyer yncio 0, 0 <6 <1 rakoe,

0 o) d2f(k)  d"f(xe) dOVFR°+oK-x"
aro ()= f & +df (x et D) Y ),
rae Bee A epeHuabl BHIYHCICHBI IPH AX = X — X 2).
» JloKa3aTeIbCTRO.

0 = .
CoeauuuM B rpocTpadcTBe R™ TOUKY X € TOYKOM X MPAMOJIMHEHHBIM OTPE3KOM;
y

3alMMIEM NapaMCTPUICCKHUEC YPABHCHUA 3TOTO OTPE3KaA: J1100ast ero Touka X(t) HUMCECT BU/J
N

x(t)=x" +tl—x° 3).

/
Ipu t =0 monyuaem X', mpu t =1 momyuaem X.

PaccmoTpum (yHKIIHIO OJTHOM TepemMeHHON F (t) = f &(t)], ONPEACIICHHYIO Ha OTPE3KE
te [0,1]. Ipu Berancnerun d* F(O) noJiyyaem, B cooTBeTcTBHH ¢ (3),(4) u (6) u3 Bonpoca 40,
uro d*F(0)=d*f(x), k =1,...,n. (4)

d™F@)=d"f & +0(>’<—§°; ()

Octanock npuMeHuTh K pyHknnn F (t) Teopemy 25.1, rounee, hopmyny (8) u3 Bompoca 25:

d"F(), d™F(@)

n! (n+1)

[Toacrasinss B (6) u3 (4) u (5), nosrydaem yTBEpKJIeHUE TEOPEMBI. 4

F@)-F(©)=AF(0)=dF(0)+d?FQ)+..+ (6)

Teopema 26.2.

Mycrs pynxuus f 6(] HMeeT HelnpepbIBHbIE NPOM3BO/HBIE 10 MOPSAKA N

srmountensuo s U’ / TOYKH Xo. Toraa
n - k
f(x)- f&o} df &Oj+...+d];!(m+o((\/zzle<i —Xioj) ], rie X — X' .

JInist ToKa3aTeNnbCTBa TOCTATOYHO MCIIONIb30BaTh Teopemy 27.1 Ounera 27.
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bunet 27. IkcTpeEMYM QYHKLUNU HECKOAbBKUX MEPEMEHHbIX.

ITycts f &]onpeaeneﬂa B OKPECTHOCTH TOUKH Xo € R". ByJeM roBoputh, 4To Xo- TOYKa
— \
MHUHHMYMa (CTPOTOTO), €CIIU JUIsl BCEX X U3 HEKOTOPOU MPOKOJIOTOM okpecTHOCTH U ()_( 0,
\ \ - — \
f()_()> f&o - Touka Xo - TOuKa MakCHMyMa, ecii Juis Bcex X € U ()_(o) f&]< f&o]. Touku

MHWHUMYMa 1 MaKCUMYyMa OOBIYHO HA3BLIBAIOTCS TOUKAMM OKCTpEMYyMa.

Teopema 27.1.

Ecin Xo - TOUKa JKCTPeMyMa H CyLIECTBYeT sf &o ), TO sf&o ): 0.
Xi X;

P> Jloka3aTeabCcTBO.

PaccMoTprM TOYKH, Y KOTOPBIX BCE KOOPMHATHI, KPOME | - 0if (PMKCUPOBAHBI U PaBHBI
KOOpJMHATaM TOUYKH Xo, @ KOOpAWHATa X, MeHsercs. Toraa QyHKIHIO

f (Xf ey X Xy X g ey XD ] MO>KHO pacCMaTpuBaTh Kak (QYHKIHUIO OT 3T0i Touku. [TosTomy

. of
npou3BoiHas Toi GyHkuu paBHa 0. BMecte ¢ TeM oHa, 110 OTIPE/IEIICHUI0, €CTh pv &o )
X

Teopema nokazana. €
3ameuanue 1.
Pasymeemcs, 6 mouxe skcmpemyma uacmuvle npou38ooHble MO2YM U He CYuecmeosamb.
Ilpumep.

z=-/x"+y%,(x,, yo): (0,0). OTa TouKa, 04EBHUIHO, TOYKA MUHUMYMA, T.K. €CJIH XOTS ObI

OJTHO U3 uncen X,y 6buto ommuHo ot 0, Bemumna Z > 0. Ho z(x,0)= x? = X u
Z(O, y): \/F = ‘y

3ameuanue 2.

, IO3TOMY YacTHBIE TPOU3BOIHBIE B ToUkax X =0 u Yy = 0 He cyIiecTByIOT.

Ecnu 6ce uacmuvle npoussoonvle 6 mouke IKCMpeMyma Xo CyWecmeyiom, mo 6ce OHi PasHbl
0u Vf 6(0]: 0, a makoce df &ojz 0, kax ¢pynxyus om dx,,...,dx

.
3ameuanue 3.

B mouxe sxcmpemyma ougpdpepenyupyemoti pyuxyuu 2(X, y)KacameﬂbHaﬂ NIOCKOCMb
napannenvra naockocmu OXY .

AocTaTouHble YCAOBUNA IKCTPEMYMaA.

CHauasia Mbl U3JIOXKUM CXeMy uccienoBanus Gpyakuuu f 6(] Ha skcTpemyM. [Ipeskie Beero,
Haii/IeM CTAIHOHAPHBIE TOUKH Xo, T. €. Takue, 9to Vf (Xo ]: 0 (wm df &0]: 0). 3arem,
npenmnosaras, uro f 6(] MMeEET YaCTHBIE IPOU3BOJIHBIE IO 2-T0 MOPSJIKA BKIIOYUTEIBHO,
HENPEPHIBHBIE B CTAIIHOHAPHBIX TOYKAX, IPUMEHUM B 9THX TOo4Kax (Gopmysty Teitnopa
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Af 6(o)= df&o)+;d2f6(o +®A§():,0< ®<1,:;dzf&o}iiai'j&)AXiij , TI€E

i-1 j=1

a, (x)— 0 mpn Ax — 0.

(Iockonbky OAX - Touka, 6mm3kas k 0, a IPOM3BOHBIE 2-TO TIOPSIKA HENPEPHIBHEIE U
df (xo ] =0.) Takum 00pa3oM, 3HaK MPUPAIIEHUS COBIAIAET CO 3HAKOM 2-T0 AudhepeHimana.

Bropoit muddepeniuan ects kBagparnynas popma ot AX,,...,AX, . Ecim 310 — noja0xuTensHo

onpenenerHas popma, 1o Af (Xo ]> 0 u B TOUKe X- MHHUMYM. Ecii oTpHIiaTensHo

oIpeJieNIeHHas1, To - MakcuMyM. Eciin popma HeomnpeneneHHas (T.€. MEHsIET 3HAK), TO
SKCTpeMyMa HeT. J{J1s BRISICHEHHsI BOTIPOCA OTPEIENIEHHOCTH (POPMBI MOYKHO MCTIOIB30BATh
Kkputepuii CuiibBecTpa U3 Kypca JHHEHHOH anreOpsl.

Jy1st 5TOTO CleyeT pacCMOTPETh OMpeAeTuTeNb (TeCCUaH)

fll A fln
M ,
fln A fnn

2 f fll le
rae f; o6o3Ha4aroT MPOU3BO/IHEIE 760 ) ¥l er0 IJIaBHbIE MUHOPBIL, T.e. f;, :
OX;OX ; fio 2

fuA 1,
ooy M
flnA fnn

11 '12 f13

f, f
f12f2
fiy f

N
w

fa
f

23 "13

—0
Ecnu Bce 3t MHHOPBI IIOJIOKUTEIBHBIC, TO X - TOYKAa MHUHHMYyMaA.

—0
Ecau 3naku 3tux MHHOPOB YE€PCAYIOTCsA, HAYAHAA CO 3HAKA «-» - TO X - TOYKa MakKCUMyMa.

B n1ByMepHOM ciydae MMeEM reOMETPUUYECKYIO HWILTIoCTpanuio. [Ipy qaHHBIX yCIOBHUAX B
OKPECTHOCTH TOYKH IKCTpeMyMa rpaduk QyHKIuu Z = Z(X, Y) UMeeT BUJI «IIOUYTH»

AITUNITUYECKOTO TTapaboionaa:

B ciydae Toukn MUHMMYyMa

B ciydae Toukn Makcumyma
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Ecnu xe rpaduk «mmoutn» runepbommueckoro napadoaouaa (cemio), To IKCTpeMyMa HeT.
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bunetr 28. MeTtoa HaMMEHbLLUUX KBaApaToB.

B pa3nu4HbIX UCCIeT0BaHUAX MPUXOIUTCS MOJIB30BAThCs (HOPMYIIaMH, COCTaBICHHBIMHU Ha
OCHOBAHMU dKcriepuMenTa. OJJHIM U3 JIyYIIUX CITOCOOO0B MOJTYYEeHUsT (OPMYIT SABISETCS METOT
HaVMEHBIINX KBaJIpPaTOB.

[TycTh Ha OCHOBAaHHMH KCTIEPUMEHTA HEOOXOIMMO YCTAHOBUTH (PYHKITHOHATBHYIO
3aBUCHMOCTb MEXK/y IIEPEMEHHBIMU BEJIMYMHAMU X U Y , HAIIPUMEpP, MEXKIY TEMIIEPATypoul U
YAJIMHEHUEM MIPSIMOJIMHEMHOIO METAIUIMYECKOrO CTepKHA. [Ipon3BouM n u3MepeHui, 1o
pe3ysbTaTaM COCTaBIIIEM TaOIHILy

X X1 X2 Xi Xn

Y Y1 Y2 Vi Yn

[Tpu 3toMm Bux Gyrkimu Y = f(X) ycraHaBaMBaeTCs U3 TEOPETUICCKUX MCCIICOBAHMIMA, HITH

10 XapakTepy MOJI0KEHUS Ha KOOPIANHATHOM TUIOCKOCTH SKCIIEPUMEHTAIBHBIX TOYeK. I1ycTh,
HaTpuMep, TOUKH, B3SThIe U3 TAOJIHIIbI, PACIONIOKEHBI Ha OJTHOW MpsiMoii. B manHOM cityuae
€CTECTBEHHO IIPEAIIOJIOKNUTh, YTO MEKY X M Y CYLIECTBYET JIMHEHHAs 3aBUCUMOCTD,

BBIpaKaromasics: GopMyrnoi
y=ax+Db 1)
MBI orpaHu4MMCs pACCMOTPEHUEM Cily4asi TMHEHHON 3aBUCUMOCTH.

Tak kak To4kH (X1;Y1),(X2;Y2),---,(Xn;Yn) IPUOTH3UTENBHO JI€XKAT HA OJTHOM MPSIMOU, TO
¢dopmymna (1) sBisiercss mpubarkeHHOH. [loaToMy, moacTaBIsAs UX KOOpAUHATH B popmyny (1)
BMECTO X M Y TMOJY4HM Clienyromnue paserctsa: Y, —(ax, +b) =4, ,

Y, _(axz +b) :52’
y,—(axn+b)=9, .
rae 6,,0,,.....,0, HEKOTOpBIE YiCIa, KOTOPbIE HA30BEM ITOTPELTHOCTAMH.

Bosnukaet 3aaua — mogo0pars ko3 duitneHTs a,b Takum 00pazom, 4T0ObI 3TH

MOTPEUTHOCTH OBUIH BO3MOYKHO, MEHBIIIE 10 a0COIIOTHOM BeTMYMHE. METOIOM pelieHns ATOi
3aJjauu U SBIIICTCS MEM OO0 HaUMeHbux Keaopamoe. CoriacHoO 3TOMY METOJy PACCMOTPUM
CyMMY KBaJpaTOB IOTPEIIHOCTEN:

S(ab)= Y1y, —(ax, +b)] =347

rae X, U Y; - 3aJaHHbIe Yncia, a KOdPQUIMEHTH a,h — Heu3BeCTHbIe BETHIHHEI,
MOJUIeKAIINE OTIpeieNieHno, T.¢. S(a,h) MoXHO paccMaTpuBaTh Kak (QYHKIHIO JBYX
HepeMEHHBIX a,h ¥ HcclieoBaTh ee Ha IKCTPEMYM.
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Bunem 28. Memoo naumenvuiux keadpamos. (cmp. 2 uz 3)

HNmeem
oS .
—=-2 —(ax. +b)x. ,
a ;[y' (ax; +b)]x;
88

- —2i[y. ~(ax, +D)].

IIpupaBHUBas 3TH YaCTHBIE POU3BOIHBIE HYIIIO, [TOJIy4aeM JINHEWHYIO CUCTEMY JBYX
YpaBHEHUIA ¢ IByMsi HEU3BECTHbIMU a,b :

fzn:yi = azn:xi +bn
i=1 i=1
Zn:yixi = azn:xf +bZn:xi (2)
i=1 i=1 i=1

A

\  Cucrema (2) Ha3bIBaeTCsl HOPMAJIBHOM CUCTEMOI METOJa HAMMEHBIINX KBaapaToB. 13 Hee

MbI HAXOJIUM YHCiIa @,0, mozacrasisist ux B ypaBHenue (1), momygaem GopMy HCKOMOM TPSMOI

Bo — niepBeIX, U1 pazpewtumocmu cucteMsl (2) moTpedyeTcs YCIOBHE
= (x)? - (X x)?=0 (3)
i=1 i=1

Jlemma. Bennunna B paBoif yactu (3) paBHa z z

2
i . (Xi +X;)7 1, caenoBareinsHo,
6oubie 0.

» JlokazaTteabcTBO. [IpaBas yacTh 3TOro paBeHCTBA paBHA

N X = (X, A+t X"+ 2K, X, + ot 2K, X, + 2K X+t 2K X, + o+ 2K X)) =
i=1

=(N=Dx" 4.+ (N=D)X, 2 = 2(X Xy + oo+ XX, ) = 2(Xy Xy + oo Xp X ) == 2X X

2
DTy cyMMYy JIETKO CIPYNIHUPOBATh U MOITYYUTh Z. 121 (X =X))
Urak, Takue a, b , yToObI BeIMONHSIIACH crcTeMa (2), cyniecTBYIOT. UTOOBI IPOBEPUTH, YTO B

0°%s n
3THUX TOYKax GyHKIHsA S(a,b) AelicTBUTETLHO UMEET MHHUMYM, BBIYUCIIUM — = 22

i=1

= 22 X;,— = 2n.. CnenoBareinbHO, OTPEICITUTENb
8a8b Py
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Bunem 28. Memoo naumenvuiux keadpamos. (cmp. 3 uz 3)

Zzn: x> Zzn: X,
i=1 i=1
ZjixiZn
i=1

TOYKa — TOYKa MUHUMYMaA. <4

, 1O Jiemme UMECT MOJIOKHUTCIIbHBIC INTaBHBIC MUHOPBI, ITIOOTOMY HaﬁZ[GHHaH

IIpumep. IlycThb B pe3ynabTaTe SKCIIEPUMEHTA IMOTYICHBI TISTh 3HAYCHUN UCKOMOU (DYHKITII
y IIpU ISATU 3HAYCHUAX apryMeHTa X (N=5), KOTOpbIe 3alMCaHbl B TAOIMLE: ¥, = =2, = 0.5.%: = 0.
=13 =1,y=15% =27 = 2.4 = 4, Vs = 3. 5¢,JIEM HCKaTh (DYHKIIMOHAIBHYIO 3aBUCHMOCTh

MEXIY X U Y B BUJIE IMHEHHOM (QyHKIMH y=ax+b.

[Tpu cocTaBieHNH HOPMAIBHOM cucTeMBblI (2) [J1s onpeeacHus Ko3hPHUIIMEHTOB a u b,
BBIYUCIISIEM

Cucrema (2) npuHUMAaET BU]L
5a+5b=16,5,
a+5b=8.
Pemas sty cucremy, Haxoaum: a=0,425,b=1,175. Otcrona hopmyna HCKOMOU MPSIMOiA €CTh

y=0,425x+1,175.
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Bunem 29. Hesisnast hynxyus. (cmp. 1 uz 3)

bunet 29. HessBHasa ¢pyHKUUSA.

Tepmun «HessBHas QyHKINS» OTHOCUTCS K CIIOCO0Y 3aaHust (PyHKIIMOHATBHOM 3aBUCUMOCTH
Mexay X W Y W O3HAdaeT, 4TO BMECTO SIBHOH Qopmynsl Y = f(X) 9Ta 3aBHCUMOCTH

npencrasiena ypasaenuem F(X,y)=0.

Cnenyer OTMETUTb, YTO YpaBHEHHE F(X, y) =0 mne Bcerma ompenenser (yHKIHIO
y = f (X). Hanpumep, ypasuenne X =1 dpynxuuro Y = f (X) ne onpenenser.

Kpowme Toro, ypasnenune F(X,Y) =0 ne Bcerya no3sosiser 0H03HAUHO BBIPasHTh Y Hepes

2 2
X . Hampumep, ypasuenue X° + Y =1, samaronmiee OKpyKHOCTb Ha TIOCKOCTH, OTPENEIAET
npu —1< X <1 nse venpepsiBubie Qpynkuuu Y, =vV1— X* u y, =—V1- x* .

B »TOM mpuMepe MOXHO HampuMep JOMOJHHUTEIBHO MOTPEeOOBaTh YTOOBI BBITIOIHSIOCH

HEpPaBEHCTBO Y = 0. Torna MbI IOJTYyYMM TOJIBKO Y, = v1- x>

B o6mieit cUTyaluu yCIoBus, TIPH KOTOPBIX CyIIecTByeT equHcTBennas ¢pynkmus Y = f (X),
sanasaemas ypasaenueMm F (X,Y) =0 naer crenyromas Teopema.

Teopema 29.1. Mycrs F(X,Y) onpenenrena m HenpepbiBHA BMecTe € YaCTHBIMH

oF  oF

NMPOU3BOAHBIMH a— H —— B OKPECTHOCTH TOYKH (xo,yo) TAKOM, 4TO F(xo,yo) =0 u
X

oF

— (X5, Yy) #0. Torma cymecrBylor 4mcia & u O Takhe, YTO HAa MHOMKeECTBe

‘X - Xo‘ < 5,\y - yo\ <& ypaBuenune F (X, y) =0 paBHOCHWIBLHO ypaBHeHHIO Y = f (X) rae

f(X) menpeppiBHasm u auddepenuupyemMas Ha [XO —5;X0 +5] pyskuus, u
oF

fr(x)=—2X.

oy

3ameuanue. Pasnocunvnocmo F(X, y) =0 u y= f (X) O3Hayaem, 4YMo ypasHenue
F(X,¥)=0 oonosuauno onpedensem 6 paccmampueaemoii obnacmu ougepenyupyemyio
Gdyukyuro Y = f(X) makyio, umo Y, = f (XO), sooduye, F(X, f(X)) =0 npu
xelx, 8% +5]
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oF
» okasareascrBo. Ilo yenoeuo — (X,,Y,) #0. Ilycts, ans  onpenenennoctn,

oF oF

-— (xo,yo) > 0. BBupy HENpepbIBHOCTH ——, 3TO HEPABEHCTBO BHITIOJHAETCS NPH BCEX
(X, Y) u3 HEKOTOPOI OKPECTHOCTH TOUKH (XO, yo).

CnemosarensHo, 3& >0 Takoe, uro dynxkums F(X,,Y) ob6mamaer nHa oTpeske
[y0 —0;Y,+0 ] TOJIOKMTENLHOW — MPOU3BOJHOM W, 3HAYWT, BO3pacTaeT. IIOCKOJIBKY
F(Xy,Y,) =0, u3 aroro cnenyer, uro npu Y, —& <y <Y, dyuxuus F(X,,Y) <0, a npu
Yo <Y<Y, +& F(X,y)>0.

oF

OKpecTHOCTD, TI€ ——
OX

Flx,0) 70
Hanee, F(X,Y)- Takxke HenpepbiBHa. [ToaTomy
OHa COXpaHSeT 3HAK B HEKOTOPOH OKPECTHOCTH
ar000# TOYKM, TJA€ OHA TIOJIOKUTEIbHA MM
OTpHUIaTEeNIbHA.
3Ha4YnT, MOXKHO BBIOpaTh O Tak, 4TOOBI
Fla,p0 <0

F(x,y,+&)>0
F(x,y,—¢)<0
X €[Xy —0; %, + ]

[lpn mr000M  dukcupoBaHHOM X € [X, —O; X, +J]
¢yaxuus F(X, y) Bospacraer Ha [y, —&;Y, +¢&]. [Ipu sTom

F(X,y,—€)<0,F(X,y,+&)>0. Ilosromy cymiecTByer,
[IpHU TOM €AMHCTBEHHOE 3HaueHue Yy Takoe, uto F(X,y)=0.

DTO 3HAYCHUE COOTBETCTBYET TOYKE X . ITO COOTBETCTBHE H
obo3Hauaercs Y = f(X).

Takum 00pa3oM, uckomasi GyHkius nocrpoeHa. [Ipu stom, o nmoctpoenuto F(X, f(x))=0
npu X €[X, —9; X, +J].
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Joxaxewm, uro f(X) nempepbiBHa. [lycTh mpupamieHnio AX COOTBETCTBYET MpHpAIlCHHE
Ay . Mpu stom F(Xx+AX,y+Ay)=0 mo mocrpoenuto f(x). Ho F - muddepenumpyemas
byHKIUS, TOITOMY

0=F(X+AX,y+Ay)-F(x,y) = g—F(x, Y)AX +%:(x, Y)AY + aAX + PAY (1),
X

e a, B — 0 mpu (AX,Ay) — (0,0).

oF
Tak kak 10 TOCTPOCHUIO OKPECTHOCTH E # 0, u3 paBencrsa (1) ciaemyer, uto mpu AX — 0
taroke 1 Ay — 0, 94To 03HaYaeT HEMPEePBIBHOCTh OCTpoeHHOH f (X) .

(Ay = f(x+Ax)— f(X)).

W3 pasenctBa (1) cmemyer, 4rto 8—F(X, y)+p Ay:(—a—F—a]AX, T.K. a—F;tO, a u
oy X oy

S — 0 mpu mocrtaToyHO Manbix AX (a 3HAYMT, MO JOKAa3aHHOMY BbIE, H Ay ) KOI(hHUIIHEHT

8—F(x y)+a &*

mpu Ay ornwmueH oT 0 u ﬂ:_ﬁx—. 3naunt, f'(X)=Ilim ﬂ:—ﬁ. Teopema
AX 8—F(X y)+ﬂ Ax—0 AX 8j
oy oy

nokazaHa. <«

AHaNOTUYHBIMU PACCYXJICHUSMH MOXKHO JI0Ka3aTh TaKyl0 TEOPEMY:

Teopema 29.2. Ilycth ¢pynkuust F(X,,...,X,,Y) HempepbIBHA U MMeeT Bce HeNMpPepbIBHbIE

0

YaCTHbIC NMPOU3BOJIHBIC B OKPECTHOCTH TOYKH (Xl0 D yO) TaKOﬁ, 4To

F(x),...x2,y°) =0, npuuem %:(Xf,.. x2,y°)#0. Toraa cymecTByloT uuciaa 6,,...,5,,&

BN B EAR]

TaKkue, 4YTO B 00J1aCTH ‘Xi —Xio‘ <9o,,i=1..,n, ‘y— yo‘ <¢ ypasHenme F(Xx,...Xx ,y)=0
PaBHOCWJIbHO ypaBHeHuio Yy = f(X,,...,X ), npuuem pynkuus f(X;,...,X,) HempepbIBHA H
uMeeT HelpepbIBHbIE YACTHBIE MPOU3BOAHBIE, IPHYEM

F KX ¥)

F xy e

8X' 1,---, n __aF .
i (X X,

8y( ) y)
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Buaetr 30. Cuctema HESIBHbIX QYHKLMMU

Baxnyto poisib urpaer anainoruyHasi teopeme (29.2) teopema ISl cucmemspl ypaBHEHUI.
Cdhopmynupyem HEKOTOPBIH YaCTHBIN CITy4aid MOJ00HONW TEOPEMBI.

X = x(u,v)
Teopema 30.1. IHycms<y = y(u,v) (1),
z=12(u,v)

rae (l)yHKIII/II/I X,Y,Z HenpepbIBHbI H MMEKT HECNPEPbIBHbIC NIPOU3BOIHbIC B HeKOTOPOﬁ

obaactu D — R? (toukn (u,v) € D). Iyers MmaTpuna Sko6u J uMeeT B 3Toii 061acTH paHr

x y a x oy
2. J= ou ou ou | Torpa, ecan, HanpuMmep, MHUHOP ou  ou #0, To B odaactu D
ox oy oz ox oy
N v v N v
cucremy (1) Mo:kHO npeodpa3oBaTh K YPABHEHHUIO
z=12(xY) (),
npu4yeM ZecTb HenmpepbiBHO Auddepenuupyemass ¢QyHKHuss 0T X,Y H©
oy oz oX oy oz 0OX oX oy
Z_ o auf [l a2 fou o [lou au o
ox (oY o)/ |ox dylley |0z OX| [ OX Oy
ov oV ov oV ov oV ov oV

Teopema oana BE3 JIOKA3ATEJIbCTBA, oouaxo Hudice, 8 3ameyanuu, npuseoeHa eé
2eoMempuyecKas ULNoCmpayus.

3ameuanue. Ypasnenus (1) npeocmasnsiom coboi max Hazvleaemoe napamempuieckKoe
3a0anue nosepxnocmu. Ypasuenue (2) — smo 3a0anue mou xHce Camou NOBEPXHOCMU SAEHbIM

X(u,v)
ypasuenuem. Yacmo o6o3nauaiom P(u,v) =] y(u,v) |.

z(u,v)

Ecmu 3adukcuposars V,, TO F(u,vo) - KOOpJIMHATHBIEC JIMHUU (aHAJIOTHYHO, F(uo,v) npu

¢uKCHpPOBaHHOM U,  TaKkxke MPeACTaBIAIOT  Cco0Ooi

: KOOpAWHATHEBIC JIMHUH). IIpn 9TOM BEKTOPHI
E :[ﬁ1ﬂ1@ " R = §1@1@ - KacarelbHBIC
ou ou ou oV OV ov

BEKTOPBHl K KOOPJIMHATHBIM JIMHUSAM. Eciu B3ATh TOUYKY
MOBEPXHOCTH, COOTBETCTBYIOIIYIO mapamerpam (Uo Vo) U
pPAacCMOTPETh KacaTeNbHYI0 IIOCKOCTh B 3TOH TOYKE, TO
BEKTOPBI F: u F\), Jexar B ITOHM IUIOCKOCTH. Ecim paHr
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x oy a
MaTpHULbI g;’( g; gLZ’ paBeH 2, 3TO 03HAYAET, 4TO F: HF\), HE MapaJljIeIbHbl U UX BEKTOPHOE
N v
MIPOU3BEJICHNE OYIET MPENICTABIISATh COOOH HOPMAIBbHBIN BEKTOP K KacaTebHON TNIOCKOCTH.
PP R 1oy a| |x a |ox oy
_1x o _fau aulff_lou oulf,lou oulf_ APLgf.cl
H_au ou aul |oy QI ox QJ+% ﬂk_A|+BJ+Ck (4),
x o a fov avl lev avl lev v
N oV oV

rine OykBel A, B,C 0003HauaroT cootBeTcTBYyrONMe onpenenutenu (y B yuren 3nak “-*).

674 A oz B
Tormga dopmysl (3) MOXKHO HEepenucaTh B BUJE — = —— ,— = —— 5).
bopmymer (3) p x_ C'ay. C ()
IIpu 3TOM €ciu MBI XOTUM paccMaTpUBaTh BMECTO (4) HOPMAJIbHBIN BEKTOP €IMHUYHON
JUTMHBI, TO, JIens (4) Ha ero MOJyib, T.€. Ha 4/ A?+B?+C?, MoJTy4aem
A B C
H:(cosmcosﬂ,cos;/):( , : ] (6).
JA? +B?+C? JA?+B?+C2 JA+B?+C’
Ipeo6pasyem Bripaskenue v A” + B® +C? . Tlo onpe/ieieHuIo 3T0 €CTh |E x R| = |E||R||Sln g,
rIe ¢ - yrojd MexIy F: u F\), Torma A’ + B? +C? = (ﬁ)l)z(ﬁ),)2 sin’¢ = (E)J)Z(E),)Z(l—cos2 @) =
=(R)* ()2 = (R)R)cospF = (B)*(R)* - (R.F)* =EG-F?, rze

ul'v

-3 Q) (5] =03 6
ou ou ou ov ov ov

Fo(P Py KX Yy aa @,
ouov ouov oOuov

30.1. TMpPUAOXEHUSA AOKA3AHHbIX TEOPEM

N

3aoaua. [lano ypaBHeHHE In(\/x2 +y? = arctan~. . Haiirn y,y".
X

1
Pewienue. IIpuBeieM ypaBHEHUE K BUILY r In(x* +y?) - arctan? = 0.
X

2)
IIpu x # 0 neBas 4yacTe — HeNpepbIBHAS (HYHKIIHS. 8—F: > X - — ( yzx ;: ;<+y2;
X XP+y? 1+y?/xt XP+y
~x oF
8_F: 2y ~— 1/2)( ~= Z Xz,a—io,ecnny;ﬁX.
oy xXP+y? 1+y?/x? xP+4y

Utak, ecmtu X #0 u Y # X, TO paccMaTpuBaeMoe ypaBHEHHUE Ompe/esseT Y Kak (pyHKIHIO
X+y _X+y 8)
y-x X=Yy

or X,u Yy =-—
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JIns moacyeTa BTOPOM MPOU3BOIHOM:
!

v = () = (x + y] @I 0N e (8),
X=y (x-y)

X=Uu+Inv

. o0 oz o
3aoaua. Ilycts <y =V —Inu. Haiitu x U — B TOYKE, COOTBETCTBYIOMEH U =1V =1.
X
Z=2Uu+V

Pewenue. CripaBe/yIMBBI BCE YCIOBUS TEOPEMBI 3, T.K.
OX oy oz

a a a = 1-12 (Ipou3BO/IHBIE BEIYUCIICHBI B Touke U =1,V =1 u paunr sroii
ox oy or| |1 1 1 ’ P

EavE

oz -1 2 /0 - 3 oz 2 1 — 1
ManI/IIIBIpaBeHz).&:—l ran 125,5:_1 ) 12_5'

30.2. 3ameHa nepeMeHHbIX

3aoaua. TTlpeoOpazoBaTh ypaBHEHUE % X+ 9
X X-Y

K IMOJIAPHBIM KOOPJWHATAaM.

Pewenue. X =rcos¢g, y=rsing, dx=drcos¢—rsingdg, dy =drsing+rcosgdeg, u (9)
drsin ¢ + rcos¢d¢ _ COS¢ +Sin ¢

MPUHUMAET BU/T: - — wm dr =rde.
drcosg—rsingdg cos¢ —sin ¢
0z oz N o
3aoaua. Tpeobpa3oBath ypaBHEHHE ya— - XE = (Y —X)Z cuuras HOBO# (pyHKIIHEH
X
w=Inz—(x+Yy) (10),
HOBBIMHU HE3aBHCUMBIMHU TIEpeMEHHBIME U = X* + Y2, V="+= (12).
X
Pewienue. Cornacuo (9) dw = 1(@ dx + a dy] —dx —dy (12).
z\ O oy
. oW oW oW ow( dx dy
C oii cropossl, dW = —du +—dv =—(2xdx + 2ydy) + —| —— —— | =
ApYroH CTOpOHBI ™ =5, ydy) 8v( v y2]
:(Zx@—%@)dx+ ZyQ—%a—W dy (13).
ou  Xx° ov ou y°ov
N3 (12) u (13) nomyqaem: lg—l: 2X8—W—i28—w, lg—l: ZyQ—%@ . Otkyna
Z OX ou Xx°ov zoy ou y° ov
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0z 0z XZ yz)\ow
Y——X—=(Y=X)Z+| — —=5 | [1o3TOMY HCXOHOE ypaBHEHHE MOXKHO 3aMEHUTh
ox oy y© x°)ov
ZX yz |ow . IX Yz
YPaBHEHUEM | —- — -~ v 0. OHO PaBHOCUIIEHO COBOKYITHOCTH ypaBHEHUH — —~— =0 u
Yy X \ y X

ow

— =0, 4T0 M JaeT UCKOMBIN pe3ynbTaT.
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Bunretr 31. YCAOBHbIN 3KCTPEMYM

[Tyctes mana ¢yHKOUA (X1 K ,Xn+m) u HpeZ[HOJIO)KI/IM 4yro nepeMmenssle X K, X
)=0,i=1K ,m (2).

n+m
yoBeTBopsoT ypasuerusm caszu O, (x, K, x, X K X

Onpedenenue 31.1. B Touke (Xf,K X2+m], yaoBieTBopsitoniel ypaBHeHusM (1) QyHKIus

(X1 K,X.,) WMeer  YCIOBHBII  MHHMMYM  (MakCHMyMm) €clH  HEPaBEHCTBO
(X, K, x .. )< f(X K ,xm‘i] (f(x.K,x,,)> f(xf,K ,xm‘j]) BBIIIOJIHAETCS. B HEKOTOPOH
okpecTHOCTH Touku M, nmst Beex Touek (%,K , X, ), ynosueTBopsiromux (1).

Jlnst yrmpouieHusi BBIKJIAJI0K PAacCMOTPUM Citydail (yHKIIUH f(X,y,Z,t) U 2-X ypaBHEHHM
CBSI3U F(X, y,z,t)=0, G(X, y,z,t)=0. [Mpeamnonoxkum, uto f,F,G obmamaoT HeNpepbIBHBIMU
oF oF oF oF
x oy a ot
oG oG oG oG
x oy o ot

YaCTHBIMM IIPOU3BOJHBIMHU, IIPUYEM PAHI MAaTpPUILIBI paBeH 2. Jlna

oF oF
OTIPENIENIEHHOCTH, ITyCTh gé (’% #0. Torma mo Teopeme O CHCTEME HESBHBIX YpaBHEHHM
o ot
z=12(x, y), t=t(x, y), rae z,t — HempepbiBHBIE nuddepeHrpyemMble GYHKIUUA U yCIOBHBIN
KCTPEMYM byHKITIH f(x,y,z, t) COBITAJIACT c KCTPEMYMOM byHKIIMH
f(x,y,z(x, y)t(x, y))=¢(x, y). Crano ObITh, JODKHBI BBHITIOJIHITHCS YCIOBUS %: 0, %: 0,
Te. dg(x,y)=0 (2).
of of oz of ot of 8f oz of ot 0z
NubiMu cnoBamu, — +——+——=0, — —+——=0. Jlna HaxoxaeHus —,
OX 0z Ox ot OX 8y oz oy otoy OX
ot oz ot
BOCTIOJIb3YEeMCSl YPaBHEHUSIMU CBSI3U
ox’ 6y 6y
a—Fd oF —dy+ al:d 6_th_0
OX oy 0z ot 3)
0 gy, By Ly g
OX oy 0z ot
W3 3T0# cuCTEMBI MOXHO JiHelno Bbipa3uth 0z u dt uepe3 dX u dy, uro u gaeT uckomoe
0z ot oz ot
BBIpaKEHUE ISl — , —
ox ' ox ' 6y 6y

Ectb, 0/1HaKo, crienuanbHbIA MMPUEM, HA3bIBAEMbIM METOJAOM HEOMPEIEIECHHBIX MHOKHUTEIECH
Jlarpanxa, KOTOpBIA TO3BOJIAET OOOHTHCH Oe3 pemieHust 3Toil cucteMsl. 1o MHBapHaHTHOCTH
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dopmbl muddepennmana, yenosue dg(x,y)=0 passocunsHo ycnosmio df(X,y,z,t)=0, Te.

ﬂdx+ﬂdy+ﬂdz +ﬂdt:0
0z ot

4).
x Py (4)
YMHO)UM ypaBHEHUs (3) Ha A M 4 COOTBETCTBEHHO H CIOXUM C (4):
[ﬂ+la—F+u§]dx+ ﬂ+2,8—F+ uﬁ dy+[ﬂ+la—F+u§]dz+
OX OX OX oy oy oy 0z 0z 0z (5)
+[ﬂ+ﬂ,a—F+ u@]dt =0
ot ot ot

Beibepem A u u Tak, uToObI K03 duuenTs mpu dz u dt ogHOBpeMeHHO 0Oparanuch B 0.
DTO MOXKHO CIeIaTh TOTOMY, YTO OTIPEACITUTENh CHCTEMBI

oF oG of
A—tpy—=——
0z 0z 0z ©6)
oF oG of
ot ot ot
He paseH 0.

Torma (5) mpumer BuA [ﬂ+ﬂ,a—F+y§]dx+ i+2,6—F+/JE dy=0, rme dx,dy -
0 OX OX oy

o oy
g depeHnatbl He3asucumsblx iepeMeHHbIX. [loaToMmy u

i+2,6—F+,u@:0
OX OX OX 7)
of oF oG '
—+A—+u—=0
a o oy

Takum 00pa3oMmM, HEOOXOJMMBIE YCIOBUS JKCTPEMyYMa BCIIOMOTATeNbHONH  (YHKIIUU

d)(x, Y, Z,t)z f (X, Y, Z,t)+ AF (X, Y, Z,t)+ uG(X, Y, Z,t) coBnagatoT ¢ ypaBHeHusmu (6) u (7) u,
TEM CaMbIM, C HEOOXOMMBIMHU YCIIOBUSIMH YCIIOBHOTO SKCTPEMYyMa.
JloctatouHble YCIOBHS TIOTYYalOTCS TP MCCieNoBaHUM 2-T0 nuddepeHmmana.

IIpumep 1. Haiitu skcTpeMym GyHKIMH Z = X+ Y Opu ycnoun X + Yy =1,

Hanaum 2 perieHust 3Tou 3a1a4u.

Pewienue 1 ocHOBaHO Ha TOM, YTO YpaBHEHHE CBA3M MOXHO PEmIUTh: Y =1y1-X° u

TIOJTy4HTh, COOTBETCTBEHHO, 2 QYHKIMM OT X: Z =X ++1—X*, z, =X —+/1— X" . [lepBas u3 Hux

N2
HUMECT MAKCUMYM B TOUKE X = 7 , BTOpasi — MUHUMYM B TOYKEC X =———.



Mamemamuueckuii ananuz
| xypc Il cemecmp
Bunem 31. Yenosnwuit sxempemym (cmp. 3 uz 7)

/)

Pewenue 2. Crpoum ®(x, y)=x+y+A(x? + y? —l].

oD 1
il — X=———-
= 1+2Ax=0 o
8;():14_2@:0: yz—i,lziﬁ-
22 2
X2+y2 :l 22 :l’/IZ:l
4 2
V2 1 2 V2 2 2 2
pu A== X=e—e= 22 y= Y% [Ipp A= ——2 x=22 y=Y2,
pu > [oJIy4aeM 72 > y > pu > > y >

BBISICHUM, 4YTO HPOMCXOAMT B OTHX Toukax. C oToit membio Haifnem d’®.

2 2
0 ? =22, oo =0, 0'D =21. U3 ycnosus X*+y® =1 cnengyer 2xdx+2ydy =0, xdx+ ydy =0
ox oxdy oy

u B TOYKE [% , g] V2 (dx dy)— 0, T.€. dy =—dx. B TOYKE
[—%,—g] \/_(dx dy)=0, 1. cHoa dy = —dx . [TosTOoMy

d?® = 22dx% + 24dx* =42dx?, u B TOUKe

2 2

MaKCHUMYyM, a B TOUKE [—7,—7] — MoJy4Jaercs 2/2dx? >0, te. MUHUMYM.

nomyaaercs: —24/20x° <0, Te.

V2 42
22

Bonpoc 0 TOM, HET M cpenu ypaBHEHHH CBSI3W JUIIHUX, PEIIACTCS C MOMOIIBIO TpUeMa,
OTHMCAaHHOTO B KOHIIE OMJeTa(He3aBUCHMOCTh (PYHKIIHIA)

31.1. AocTaTouHble YCAOBUS CYLLECTBOBAHWA IKCTPEMYMA (YCAOBHOIO)

f=f

JUist IPOCTOTHI M3JIOKEHUS] OTpaHUYUMCs (PyHKIIHEH (Xl’XZ) OT JBYX INEPEMEHHBIX,

MOJJUMHEHHBIX  YCIIOBHUIO 9(x, XZ): 0 [Ipeamonaraem, 4To (QyHKIUU f.g oOnamaroT
HEMPEPHIBHBIMU MPOU3BOJIHBIMHE JI0 BTOPOTO TOPSKA BKIFOYUTEILHO U 0003HaYaeM, HarmpuMmep,
g_a_g f-ﬂ f”:azf

= = ) .

o , X , ':1’2, J ox0X, U T.I0. J{7s HaxO0XJIEHUs TOYKH, B KOTOPOW BO3MOXKEH
YCIIOBHBIM SKCTPEMYM, UCTIOIB3YeM METOJ MHOXkuTenel Jlarpanka, onvcanusii Hike. CTpoum

¢bynkiuto Jlarpamxka
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X, %)=, %)+ 29 (%, %, ).

OTMETHUM, YTO WHOTJA ITHII f l . Hukakoi#t pasHUIIEI 3TO HE HacCT, T.K.
yT X, X,

ypasuenue J(X,, Xz) =0 paBHOCHJIBHO YpaBHEHHUIO — g (le X, ): 0).

ToukH, B KOTOPBIX MOXKET OBITH YCIOBHBIN SKCTPEMYM, YIAOBIETBOPSIOT CHCTEME

6L =f, +19, =0,
6x1

6L =f,+ 19, =0,
6x2

L _g-0

oA

-0
HJISI TOrO, I-ITO6I:I BBISICHUTB, €CThb JIM DKCTPEMYM B HAWJICHHOU TOYKE X (I/IJII/I OAHOU U3
HAWJCHHBIX TOYEK, €CJIM CHCTeMa MMEEeT HE OJIHO PEeIICeHHUE), CIEAYeT HCIOIb30BaTh BTOPOW
muddepeHnran, Kak u B ciaydae 0OBIYHOrO 3KkcTpemyma. OIHAKO B pacCMaTpUBaeMOM CITydae

a(x, Xz) =0, oTkyna qudpepeHnupys, HaXoauMm:

g,dx, + 9,dx, =0, nm, Hanpumep, dx, = _(% j-dxl.
2

Kpome Toro, mpu ycmoum g(X ) 0 paccmarpuBaemas dymkims L(x, Xz) IIPOCTO
copmamaer ¢ f(X,X,) u mosTomy Li =f,, L;=f,, rae npousBomHbIC BHIMHCIECHBI B

—o
HMCCIICAYEMOM TOYKE X .

2
d2f =d?L= fdx? + 2 fdxdx, + f,dx2 =| f,+2f, -(—i}r f, (i] dx? =
g, g,
Hraxk,

N

2\d%
2

= (fngz2 -21,0,9, + f,0,
9,

Wrak, 3nak d°f (npu ycnoBum 4to mepeMeHHbIe X, X, cBA3anbl ypaHeHHeM ((X, Xz)z 0,

oTkyna dx, = —(&
9

]dxl) COBIIQ/IA€T CO 3HAKOM BEITMIMHBI
2

f11922 -2 f1291gz + 1:22912 (1)

Jlnst  ynoOCTBa  3allOMHHAHUST  PACCMOTPHM  ONPEICIUTENb, (MHOTJA  HAa3bIBACMBIN
OKAUIMIICHHbLIL 26CCUAH):

0 g9 9, |0 g9 g,
g L11 L12 =19, f11 f12 =
g, L12 Lzz g, f12 fzz

(HanomHMM, uTo B Hccneayemoii Touke d°f =d’L, mosromy L =1;)
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(pa3noxeHue 1o NepBoi CTPOKE)

9, f g, f
. 91 fz +0, 91 fi =-g2f, + f,0,0,+ 9,09, f, - g°f, = ’

2 2
= _(gl fzz -2 f1291gz +0, f11
CpaBuuBas (1) u (2) BuauM, 4TO B paccMaTpHUBaeMoOH 3a/1ade 3HaK BTOporo auddepenimana

=—9

IMPOTUBOIIOJIOKCH 3HAKY OKaMMJICHHOI'O T'eCCHaHa.

0 o o
—0
[ostomy ecnm |g, L, L,|>0, 70 d’°f <0 u B Touke X eCTh YCIOBHBIH MaKCHMYM,
gZ L12 L22

0 g9 9

-0
ecm |g, L, L,/<0, 70 d*f >0 u B Touke X ecTh ycIOBHHIH MHHUMYM. BHOBL 0OpaTHM

g 2 L12 L22

BHUMAaHHEC Ha TO, YTO €CJIM YPAaBHCHUC CBA3U g(X17 XZ): 0 moxHO PECIINTL, BBIPpA3uB, HAIIPUMED

X, :XZ(Xl), TO BONpPOC 00 YCIIOBHOM 3KCTPEMyME CBEIETCS K HCCIEN0BAHUIO HAa 3KCTPEMYM
OOBIYHBIX (DYHKITUI OT OJHOM EPEMEHHOM.
Hanee: HA 9K3AMEHE HEOBS3ATEJIBHO!

31.2. TMoHATUE HE3aBUCUMOCTU GYHKUMUK
PaccmoTpum cucrtemy GyHKIui

Yi= fl(X11X21K 1Xn)’

Y, = fz(X11X21K 1Xn)
AAAAAAAAA
ym = fm(X11X21K 1Xn)

OMPCACIICHHBIX U HCIIPCPBIBHBIX, BMECTC CO CBOMMU YaCTHBIMHU ITPOU3BOJHBIMH, B HGKOTOpOfI

(1)

N -MepHO# OTKpBITOM obmactu D.

PaccmorpuMm ciy4ai, Korma 3HA4eHME OJHOW M3 HHUX, Hampumep Y,, OIHO3HAYHO
OTIPEJIEINIIETCS] COBOKYITHOCTBIO T€X 3HAYEHUH, KOTOPhIE MPUHUMAIOT OCTAJIbHbBIE (PYHKIIUN

(oK Y YK Y-
TodHee TOBOPS, €CIM <3, ©CTh MHOXECTBO TaKHX (M —1)-MepHBIX TOYEK, OTBEYAKOMIHX

BceBO3MOXKHBIM ToukaM (X,K ,X ) B D, To mpemmonaraercs 4to B J, Oymer mMeTb MeCTO

(byHKIIMOHATBHAS 3aBHCUMOCTD
yj :q)(ylaK !yj_layj+1aK !me1 (2)

IIPUYEM OTO PABCHCTBO OKa3bIBACTCS TOXKACCTBOM OTHOCHUTECIBLHO X B D, €CJIN BMECTO BCEX

y,, moxacraButh (ynkiuu (1). Torma roBopsit, uro B obmactu D ¢yHkmms Yy, 3aBUCHT OT
OCTaJbHBIX. Bripouem, aist TOro, 4ro0bl UMETHh BO3MOXKHOCTH NMPUMEHATH TU(PepeHIIHaIbHOe
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WCUHUCIIEHUE, MBI BKJIIOYMM B OIpelelieHHe eme TpeboBaHue, 4yToObl (YyHKIUS ¢ Obuia
ompesieNiecHa M HENpephiBHA CO CBOWMH YAaCTHBIMH TPOW3BOJHBIMH B HEKOTOPOH OTKPBITOMN
ob6mactu 3 (m—l)-MepHoro IPOCTPAHCTBA, COACPIKAIICH MHOKECTBO 3.

Ecmu, B wactHOCTH, OfHA W3 (yHKIwmid (1), Y j» CBOIUTCS K MMOCTOSIHHOM, TO OHA SBHO OyzeT

3aBUCETh OT OCTAJIBHBIX: 3€Ch MOXKHO IIPOCTO IOJIOKHUTH ¢ =cConst. dyukuuu Y, Y, K,y

Ha3bIBAIOTCS BOOOIIE 3aBUCUMBIMU B oOmacti D, ecnu oHa U3 HUX (BCe paBHO Kakas) 3aBUCHT
OT OCTaJIbHBIX.

Ilpumepewi. 1) Eciu npeanoaoxuTh
Y =X +X +K +X,,
Yo =X+ X +K + X2,

Y3 =X X + X X5 + X, X5 +K + Xn_1X, s

TO HETPYAHO MHOPOBEPHUTH, YTO BO BCEM N -MECPHOM MHOPOCTPAHCTBEC 6YZ[€T BBIIIOJIHATHCA
TOXICCTBO

Yo = ¥i = 2Ys.
2) Ananoru4Ho Juis QyHKIUH
Y1 =XX, = X3,

Yo =X X3 =X,

Y, = (xf +lIx22 + xsz}(xf —l)<2x3 - xl(xs2 - XJ

MMEEM TOXJIECTBEHHO (B TPEXMEPHOM MPOCTPAHCTBE)
3 2

Ys=Y1 =YYt Ys-

Bce 310 — 3aBUCHMBIE pyHKIINH.

OTBeT Ha BOIIPOC O HE3aBUCHUMOCTH (PYHKIIMI JaeT paCCMOTPEHUE TaK HAa3bIBAEMOM MaTpHUIIbI
SIkoOu, COCTaBJICHHOW W3 YACTHBIX MPOM3BOJHBIX ATUX (YHKIUH 1O BCEM HE3aBUCHMBIM
IIEPEMEHHBIM:

G Ao
oX,  OX, oX,,
N M o W
oX, 0%, OX, (3)
K K K K
Ny Vo g D
oX,  OX, OX

[Ipennonaras N> M, UMeEeM TaKkyrO TEOPEMY:
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Teopema 31.1. Ecau XoTh OJAMH ONpedeuTe]b M -0ro MOPSAKAa, COCTABJIEHHBIH W3
3J1eMeHTOB MaTpuubl (3), oTiiMYeH OT HyJdA B objgactu D, To B 3T0ii 00sacTu PyHKUMH
Y1, Y5, K, Y, He3aBHCHMBI.

¥ W
oX, 0%, OX.,
K K K K |[#0. (4)
Vo Vo Y
oX, 0%, X,

Ecnu Ob1 He paBHBIM HYIIO OB HE ATOT, a KAKOW-HUOY/Ib IPYyroi ONPEAEIUTENb, TO, H3MEHUB
HYMEPAIUIO TIEPEMEHHBIX, MOYKHO OBIJIO ObI CBECTH BOIPOC K CIydaro (4).

P Jloka3aTejbCTBO TEOPEMBI OyZIeM BECTH OT MPOTUBHOTO. [Ipennonoxum, 4To oaHa U3
GbyHKUM, HapUMep Y, , BBIPAXKAETCS 4epe3 OCTaIbHbIE, TAK YTO

ym = qo(yl’ y21K ' ym—l)’ (5)
X0Ts OBl B HeKoTOpo#t yacTu Dy obmactu D.

[pomuddepenupoBaB T0 TOXKAECTBO MO Kakaoi u3 mepemenHsix X (i =1K ,m), MBI
noyaum psia Toxkziects (B Do) Buna
6ym aym—l

aym :aym%+aym%+/\ + 1
8X1 8y1 8Xi 5}’2 8Xi 8ym71 8Xi

(i=1,2,K ,m).

Msb1 BUIUM, YTO 3JIEMEHTHI TMOCIEAHEW CTPOKH ompenenutesis (4) MmoaydaroTcs MyTeM
CJIO)KEHHSI COOTBETCTBEHHBIX IEMEHTOB MIEPBBIX M —1 CTPOK, YMHOKEHHBIX MTPEIBAPUTEIHLHO HA

ay[T'I ay[TI

MHOXHUTEIIM —, n ,— . Takoli ompeneauTenb, Kak H3BECTHO, PaBEH HYIIO. ITO
1 m-1

IIPOTUBOPEYUT YCIOBHUIO TeopeMsl. llomydeHHOE NpoTHBOpedHME AOKA3BIBAET HEBO3MOKHOCTH

paBeHcTBa (5). €
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Bunret 32. YCAOBHbIN 3KCTPEMYM.

PaccmoTpuM creaymomyr 3agady: HaAaWTH SKCTpeMyM (QYHKIHUH f(x,y) npu

YyCIIOBUU (/)(X,y)zo. Bynem mnpeamonaratb, 4TOo (GYHKIHHU f(x,y) 5 (p(X,y)
IBaX bl HENPEPHIBHO AUGPEpEHIUPYEMBI MO MEPEMEHHBIM X M Y B HEKOTOpPOW

op

2 o
o6mactu Dc P u —/— %0 B »roit ob6nactu.

[To Teopeme 0 HesBHOW (YHKIUHU CYIMIECTBYET OJHO3HAYHO OIpeEIeieHHAas
byHKIHS y(x) Takas, uTo

o(x, y(x))=0 (32.1)

6

CnenoBaTenbHO, HCXOJHAS 3a7aya CBOJAUTCSA K MOUCKY dKCTPEMYMOB (QYHKIUH
f(X, y(x)), 3aBUCSAIIEN TOJBKO OT OJJHOM ImepeMeHHOU X.

y'(x)=

(32.2)

N3 He0oO6X0AUMOTO YyCIOBUS IKCTPEMYyMa CIEAyeT, 4YTO

df (x,y(x)) _ of Lo

™ P o -y'(x)=0. (32.3)

YuuteiBas mnpencraBienue (4.2) ans y’(x), paBeHctBo (32.3) MOXHO
NpPEICTAaBUTH B CIEAYIONIEM BHJE:

of of g
LI IATe)

OX oYy 6(pay

0
A= aéy (32.5)
oy

3anumem paBeHcTBa (32.4), (32.5) u (p(x,y):O B BHUJIE CUCTEMBl YpaBHEHUU

(32.4)

O603HaUYUM

OT mepeMeHHHIX X, Y u A cieayomum o6pazom:



Mamemamuueckuii anaius
I xypc Il cemecmp
Bunem 32. Vcenosuwiti saxkcmpemym (cmp. 2 us 3)

ﬂ+)u8—(0:0
OX OX
o +/la—(p=0 (32.6)

oy oy

o (x,y)=0
Pemenus 5TOi cHCTEMBl €CTh TOYKH, B KOTOPBIX MOXET OBITh JIKCTPEMYM
byHKINH f(x,y) IIpU YCIOBUH (p(x,y):O.

Hns wuccnemoBaHus, Oyaer au (QYHKIUSL f(x,y) JOCTUTaTh B 3THUX TOYKaX

MaKCHUMaJlbHOTO HMJIM MHUHUMAJIbHOTO 3HAYE€HUH, HYXHO BBIYHUCIHUTH €€ BTOPYIO
npousBoaHyw. [losicCHUM cka3aHHOE NPUMEPOM.

Ilpumep. Haiitu sxctpemym QyHKIMH Z = X + Y MpH yCIOBUU X* + y2 =1.

Pewenue. Crpoun ®(X,y)=X+y+A(x* +y* —1).

ai):1+2)ux:0 x:—i
OX 22
oy 21 2
2 1
X +y=1 =1, X==
| y AN 2
V2 1 42 V2 V2 V2
[Ipuy A = — monyyaem X=——==———, Y=—— . Ilpu A =——— — X=———,
2 J2 2 2 2 2
2
5
BreissicHuM, UMEIOTCS JIMW B A3THX TOUYKax 3KcTpeMyMbl. C 3TOW Henbi0 Hailgem
2 2 2
d’o. 6?22 : a—CD=0, 8?221. U3 ycnosus X°+Yy2 =1 cuenyer
OX X0y oy

2 2
22

} nojydyaercs

2xdx+2ydy =0, xdx+ydy=0 wu B TOuKe (

%(dx-i—dy)zo, t.e. dy=-dx. B Touke (——,——} nonyuaercs
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—g(dx+dy):0, T.€. CHOBA dy = —dx. [MosToMy
d’® =22dx* + 2Adx* =4dx®>, wu B  TOuke % ,% nojydaeTcs:

—24/2dx? <0, T.e. B Heil QyHKUHS Z HMeEeT YCIOBHBI MakCHMyM, a B TOYKeE
2 d ~
———,——— | mnonyuaerca 2+/2dX° >0, T.e. B Heill uMeeTrcs YCIOBHBIH



«YTBEPKIAIO»

3aBeayrouuii kKadeapoit MAaTEeMaTHYECKOI0 AHAJIN3a, AKAJIEMHUK
/B.A. CagoBHuymii/

«___ »ampeas_ 2009 r.

BOHpOCLI IK3aMEHa IO MATEMATHICCKOMY aHAJIN3Y VIS CTYJICHTOB 00111ero

noroka 1 kypca xumudeckoro gpakyiabrera MI'Y (2 cemectp)

1. Heonpenen€HHblii HHTErpal 1 €ro OCHOBHBIE CBOKCTBA. Tabnuia HeonpeaenEHHBIX HHTETPAJIOB.

2. HWHrerpupoBaHHe palMOHANBHBIX (QYHKIHHA.

3. TpumonexyisipHas peaKmus.

4. VHTerpupoBaHUE HEKOTOPBIX HPPAIMOHATIBHBIX (PYHKIMHA U HEKOTOPBIX TPUTOHOMETPHUIECKIX
GyHKINH.

5. TInomazap miaockoi ¢urypsl. OnpeaenéHHbId UHTErpall.

6. Cymwmsl lapOy 1 UX cBoOiCTBa.

7. Kpurepuii ”HTErpUPYEMOCTH.

8. HHrerpupyemMocTb MOHOTOHHOU (yHKINHU. UHTErpupyeMoCTh HENPEPBIBHON (QYHKIIUH.

9. CgolicTBa OonpeAeEHHOT0 HHTErpaa.

10. UnTerpan ¢ nepeMeHHbIM BEPXHUM MPEACIOM.

11. Beruucnenue onpeaeaEHHbIX HHTETPaIoB.

12. punoxenus uHTErpaia: 00bEM Tena.

13. [punoxeHust MHTErpaja; JUIMHA JyTW KPUBOH U TUIOMIAb TOBEPXHOCTH BpAIICHHS.

14. : HecoOcTBEHHBIC MHTErPAJIbI U 0000IIECHHE TOHSITHS TUIOMIAIN TUIOCKOH (pUrypbl. CXOAUMOCTh
HWHTETPaJoB

+00 1
J' dx ¢dx
p’ q’
1 X 0 X
15. Teopembl 0 cpaBHEHHH AJISl HECOOCTBEHHBIX MHTErPAIOB OT HEOTPHUIATENBHBIX (DYHKIIHHA.

16. AGCOMOTHO CXOSIIIUECS HHTETPAIIBL. Y CIOBHO CXOJSIINECS HHTETPAbI.
17. ®opmyinsl MpHOIMKEHHOTO HHTETPUPOBAHHSL.

18. TIpoctpancteo R " MHOKECTBA B HEM.
19. ®ynkUM, 0TOOpaXKeHus, UX MPEAEITBl U HENPEPHIBHOCTS.
20. Inddepenunpyemocts GYHKIUI HECKONBKHX MepeMeHHbIX. YacTHBIE TPOU3BOAHEIE.
21. Jloctatounkle ycioBus auddepeHnupyeMoctu QyHKITUH.
22. Inpdepenunan. [IponsBonHas cioxuor pyHkunu. MHBapuaHnTHOCTH (POPMBI IEPBOTO
muddepenimana.
23. KacarenbHas IIIOCKOCTb.
24. TIpousBoaHas 1Mo HampasieHuto. [ panueHt.
25. TIpousBonHbie v quQQepeHIHalbl BHICIIUX MOPSIIKOB.
26. ®opmymnsl Teitnopa.
27. DKCTpeMyMbl QYHKIHH HECKOJIBKUX TePEMEHHBIX.
28. Meroa HaMMEHBIIUX KBaJpaTOB.
29. HesiBHast QyHKIMSL.
30. Cucrema HesiBHBIX (yHKIUI(0e3 JOK-Ba)
31. YcnoBHBIH 9KCTpEeMyM.
32. Pacnpenenenue bonpumana.
JlexTop npodeccop B.I".Uupckuii



