Kparnbie uHTErpaJibl.

1. /[eoutnoii unmezpa.

Mbi  Oyaem paccMmarpuBath (QyHKIUU  f(x,y), ONpeneiIEHHbIE Ha

KBaJpUpyeMOM (TO €CTh MMEIOIIEM IUIoniaab) MHOxkecTBe D. Eciu BCIOMHUTH
TEOPUIO OMNPENEIEHHOTO MHTErpana, TO Mbl HAdalld €€ M3JI0KEHHE C MOHSATHS

pasouenns T orpeska [a,b]. Ilo amanorum, ompeneauM pazOuenue T

KBaJpUPYEMOr0o MHOXKeCTBa D), Kak IMpeJCTaBICHUE MHOXecTBa [ B BHUJIE

00BbeIMHEHNSI KOHEYHOTO YHCIIa KBAJIPUPYEMbIX YacTel, D = UDZ, .
i=1

[Ipaktruecku Bcerna D npeAcTaBisieT cOO0M KPUBOIMHENHYIO TPANELHIO WIH
KOHEUHOE OOBEIMHEHHE KPUBOJMHEUHBIX Tpanenuid. MOXHO CcYuTaTh, 4TO U
pazOuenue D Ha yactu D; omnpenesnsieTcsi ¢ MOMOIIbI0 HENPEPBhIBHBIX KPUBBIX, TO
€CTh Bce D; Tak)Ke KPUBOJIMHEHHBIE Tpaneluu Uik UX 00beIMHEHUS.

B onmHomMepHOM ciiywae MbI paccMaTpUBAIM JUIMHBI YacTed pa3OueHus
Ax,=x,, —x,. B nByMepHOM cilydae 0O0OOIIEHHUEM TOHATHS JUIMHBI Ax, OyaeT

Iiomanab Di. OILHaKO HaM HOTpC6yeTCH TAKIKC IMOHATUC IUAMCTPAa MHOXKCCTBA D .

0003Ha4YaeMOoro diam(D). DTa BeIMYMHA ONPEEIIAeTCs KaK TOUHasi BEpXHsSI TPaHb

paccTosiHUM MEXIy TOYKaMHu MHOxecTBa D). B wactHOCcTH, eciiu D — Kpyr, TO

diam(D) — 3TO KaK pa3 JAJIMHA JUaMeTpa Kpyra B IPUBBIUHOM cMbIciie. B o0mem

ClIy4dac 3TO IIOHATUC ITOACHACT PUCYHOK!



Do POcCRIORHUE POsHG

diarm (D))

ScHo, uto ecnu diam(D;) HeBenuK, TO U
wiom@aab D; Takke HEBeJIrKa, IOCKOJIbKY

HEPABEHCTBO diam(D,)<5 O3Ha4daer, 4ro D;

COJIEPKUTCSI B HEKOTOPOM Kpyre paauyca o, |,

3HAYUT UMEET IUIONIA/lb HE OOJIbIIIE, YeM 75~ .
JIeCTBUTEIBHO, BO3bMEM IPOM3BOJIBHYIO
TOYKY MHOKeCTBa D B KayecTBE LIEHTpa 3TOro
kpyra. Tak xak diam(D.)<0, ocraabHble
TOYKU D); 1exar BHyTPHU Kpyra.
Onnako TJIONIAJIb Kpyra MOXET OBITh HEBenuka, a diam(D;) 10CTaTOYHO

BeJMK. [Ipumep — oueHp TOHKUN NPSIMOYTOJIbHUK.

Di
Onpenenum nuametp d(7) pazOuenuss 7T KaK HAMOONBIIUA W3 AUAMETPOB
diam(D;) yacteil 3Toro pazoueHus.

Jlanee, kak ¥ B OJAHOMEPHOM cllydae, BbIOEpeM TOuku N, e D, (ObuIO:

& elx,ix,]). ycts N, umeer koopauuatsl (£,7,). BakHyto pons B qaibHeRIIeM

OyJeT urpaTh MOHSTHE UHTETPAIILHOM CyMMBbI Zn: f (fi,ni)- ng(Dl.): O'( f,T ,{Nl.}).

i=1

Tak XKe, Kak U B OJHOMEPHOM CJly4yae, 3Ta BEJIWYMHA HMEET IPOCTOU



n
reoMeTpudecKuil cMpici1. BemomuuM, uto cymma Y- f(& Ax, mpeacrapisiia co6oit

i=1

nIoWaobL cmyneHuamotl gucypsi BUaa:

\
|

_______&\

________B\

e
i

(71 MPOCTOTHI CUUTAEM, UTO f(x)>0).

Bcnomaum TAaKXKC, 4TO 00BEM muJmeEApa ¢ OCHOBAHUCM, UMCHOIIHUM IIJIOITAOb

S ¥ c BBICOTOM /1 paBeH S-/.

[TooTOMy MHTErpanbHas CyMMa z (&, na(D,) paBHa 00BEMY Tena,

i=1
COCTOSAILETO W3 LUIMHAPOB C BBICOTOM f(£,7,) (WIS MPOCTOTHI CUUTAEM, YTO

f(x,y)>0) 1 OCHOBaHUSIMHU D, .

Onpeaeaenue. [Iycts f(x,y) - OrpaHHuYEeHHas HA KBaJIPUPYEMOM MHOXKECTBE

D  ¢ynkuua. Ilycte 7eR. Ecmm Ve>0 35>0 VT:d(T)<do V{N,}

lo(f,T,{N,})-1|<&, TO OyneM TOBOPUTSH, UTO f — HHTErpupyemMa Ha D dyHKIMA 1
1= f(x,y)xdy.
D

3ameuanue. OTO OIIPCACICHUC HCCKOJIbKO OTJIMYACTCA OT OAHOMCPHOIO, B

KOTOPOM OTCYTCTBOBaJIO TpeOOBaHUE OrpaHUYCHHOCTH (PyHKUIUU f(x). MBI TOrna
JTIOKA3bIBAJIM HEOOXOJIMMOE YCIOBUE MHTETPUPYEMOCTH: ecau f(x) unmezpupyema
nHa |a,b], mo f(x) oepanuuena ma [a,b]. 3mech yCIOBHE OrpaHMYEHHOCTH

BKJIFOYCHO B OIIPCACICHUC.



b
Kpurepuii cymectBoBanus J. f(x)dx QopMynHpoOBaiCsi B TEPMUHAX CYMM

Jlapby Buna s(T)zimlei, S(T):Zn:MiAxi ,rae m; = inf ]f(x), M,= sup f(x), TO
=1 i1 xebra xelxin)

€CThb m, - HUKHSI I'paHb, @ M, - BEpXHAS I'paHb MHOXKECTBA 3HAUCHUU X) IIpH
i > i

XE[XFl;X[].
AHanmoruyHo o0003HAYMM Il OrpaHUYeHHOW Ha D  QyHKIuu f(N)

m, =inf f(N), M,=sup f(N) (3TH YucIa CYLIECTBYIOT BBUJY IMpEIIOIaracMoi
NeD; NeD;

OTPaHUYCHHOCTH

Hwxnss cymma JlapOy Bepxuss cymma JlapOy

AN) va D u, 3Haunt, Ha Bcex D; u ompenenuMm cymmbl JlapOy paBeHCTBaMu
s(T)=>"m, -na(D,), S(T)=> M, -na(D,). DT BeTUUMHBI TIPEACTABAAIOT OGO
i=1 i=1

00BEMBI TEN, COCTOSIIMX W3 MHWIWHIAPOB C OCHOBAHMSMU D; W BBICOTAMHU,
COOTBETCTBEHHO m; W M; SlcHo, uyto mnpu mwboMm BeIOOpe {N;}

s(T)<o(f,T,{N})<S(T).

BrosiHE aHaMOTMYHO OJHOMEPHOMY CIy4ard MOKHO JOKa3aTb KPUTEPHUM

VHTETPUPYEMOCTH.

Teopema. OrpanuueHHas f(x,y) UHTerpupyeMa Ha KBaJIpUpPyeMOM

MHOKeCTBe D <> Ve>0 36>0 VT:d(T)<d S(T)-s(t)<e



(Ha sx3amene orpannunBaeMcs (pOpMyIUPOBKOIA).

W13 3T0TO0 KpUTEpUS ClIeAyeT Teopema.

Teopema. Eciu f(x,y) HenmpepblBHa Ha KBaJpUPyEMOM MHOXECTBE D, TO
A(x,y) uHTErpUpyEMa Ha STOM MHOXKECTBE.

(Ha ax3ameHe 10cTaTo4HO (POPMYITUPOBKH).

2. Ceolicmea 080OlUHbLIX UHMe2pasnos

CaoiictBo 1. Ecnu £}, f, - unTerpupyemsie Ha D QpyHKIUH, a 0, O, - YUCIIA,

TO “ (a.f +a,f, )a’xdy =a, ” fdxdy + _” f,dxdy . InpIMu cnoBamu, uHmezpan -
D D D

JIUHEUHbLU DYHKUUOHAL.

CoiicTBo 2. Ecu f - unTerpupyema Ha D, U D,, IpUYEM €CIU TUIONIAIb

nepeceuennss D, UD, paHa 0, TO ” fdxdy = J.J‘ fdxdy + ” fdxdy .
D,

D,uUD, D,

(AIUTUBHOCTL MHTETPAJIA IO MHOXKECTBY).

CpoiictBo 3. Eciu f - wunrerpupyemas Ha D ¢yHKimus u f >0, TO

[[ fdxdy >0.

CBoiicTtBo 4. Ecnut f, f, - unrerpupyemole Ha D GyHKUMUA U f, > f,, TO

([ fidxdya > ([ f,dxdy .

CaoiicTBo 5. Ecnu f - unterpupyemas Ha D ¢yHKIus, TO | f| - Takxke

UHTErpupyemasi, mpuyem

[[ faxdy

< [[|fldxay .

CnoiicTBO 6. Eciu f - unterpupyemast Ha D dyukius, npudaem m < f < M,

rae m, M orpaHUYMBAIOIIME MHOXECTBO 3Ha4YeHUHW [ 4yuciaa, TO

m'nﬂ(D)S”fdxdySM'nﬂ(D) (m1.(D) — mmomane D), 1. Ay, m <y <M :

” fdxdy = y-m(D). Ecnmu, xpome Toro, f - HenpepbiBHA Ha D, To 3I(&,n)e D:

] fixdy = f(&,1)-m(D).

D



I[OK&SBIB&TB 9TH CBOMWCTBAa MBI HE 6y,ueM - OHH BIIOJHC aHAJIOI'M4YHBbI

CBOMCTBAM OOBLIYHOI'O HHTCIrpaJia.

Mo’kHO I0Ka3aTh, UTO €CJIH f - HepepbIBHAs HA MHOXECTBE D (QyHKUHUS, TO

f-unterpupyema Ha D

CBOWCTBO 2 MO3BOJISIET YTBEPKAATh, UYTO €CIU f UMEET pa3phIBbl HA D UL
BJIOJIb KOHEUHOTO 4YHCJa HENPEepPhIBHBIX JIUHUH, pasOuBaromux D Ha
KBaJIpupyeMble 00JacTH, TO f - UHTErpupyemMa Ha D, T.K., IO CBOWCTBY 2, HHTETpall
1o D, ecTh MPOCTO CyMMa KOHEYHOTO YHCJIa HHTETPAJIOB IO MOTYYEHHBIM YaCTsIM

D (rae f - HenipepbIBHA U, 3HAYUT, HHTETPUPYEMA).

3. BbiyucneHue 080lHbIX UHMe2Pasios
JIBOITHOU MHTErpan — HOBBIA MOKa Il HAC OOBEKT, U CHAayajga Mbl YKaKEM
Croco0 €ro BBIYMCIICHHS CBEICHHEM K OoJjiee MpPUBBHIYHBIM OOBekTam. CHadana
paccMOTpUM JIBOMHOM MHTErpajq IO NpsSIMOYroiabHON obmactu D, cTOpOHBI

KOTOPOW MapauIesIbHbl OCSIM KOOPIHUHAT.

Teopema. Ilycte mna  f(x,y) CYLLECTBYET _” f(x,y)dxdy, TO€
D
D:{(x,y)|a<x<b;c<y<d}. Kpome TOro, mycrs mjis ao0oro x e [a,b] cymecrByer
d
J() = [ f(xp)dy.

Torma cymecrByeT W MHTErpaji, Ha3blBAEMBIA ITOBTOPHBIM, U UMEET MECTO

PaBCHCTBO!



J.J(x)dx = Idxjf(X, y)dy

[[ e yydedy = fdxff(x, »)dy

Jloka3aTeJnLCTBO.

Pa3o0béM mnpsmoyronsHuk D Ha mIpAMOYrosbHMKHM, 0003HadeHHbIE Dy,

NPSIMBIMU, TIAPAJUIETFHBIMUA OCH Y 9epe3 TOYKH a =x,< X, <...< X, =b U TPSIMBIMH,
napauIeTbHBIMUA OCH X M MPOXOISAIIUMH YepPe3 TOUKH ¢ =y, < y, <...< y, =d. Takum
obpasom, D, ={(x,y), xe[x_,x], yely,_ v, 1}, i=l..m,j=1..k.

Iycte Ax, =x,—x,_ ,Ay, =y, =y, m; U M,

i .;» COOTBETCTBCHHO, HIKHSASA H

BEpXHssA rpaHu QyHKUUU f(x,y)Ha Dj oTkyna m, ; < f(x,y) <M, , ’HTETPUPYEM 3TO

Vi
HEPABEHCTBO MO y: m, ;Ay, < j f(&,y)dy <M, Ay,. CyMMHUpYsl 5TH HEPABEHCTBO 110 ]

Vi1
k k
or j=I po j=k: Y m Ay, <J()<Y M, Ay,. YMHOXHM BCE 4YaCTH OTHX
P =
HEpaBeHCTB Ha Ax,>0 © cymmupyeM Bc€ mo 1 ot i=1 mo m:

m_k m m_k

i=l j=1 i=l j=1

501051

m_k m m_k
szi,j 'nﬂ'Di,,‘ SZ'](é)A‘xi = ZZMI‘,/‘ 'nﬂ'Di,,‘
A i=1 i=l j=1

i=l j=1

NN
S(T) < 3 J(E)Ax, < S(T)

rae T — pazouenue D Ha npsamoyronsnuku Dy IIpu d(T)——>0 crpemutcs

Hya1t0 U maxAx,. Kpome Ttoro, s(7),5(T)—— J‘J' fdxdy. 3HauudT, HHTErpal
D

b d
j dxj f(x,y)dy CyHIECTBYET U paBE€H ” f(x,y)dxdy , 9TO ¥ yTBEPKIAIOCH.
a g D

C

B ciyyae KpruBOJIMHENHON TPATIEIIUH.




CrnpaBenBa Takas Teopema:

Teopema (®younum). Ilycts obnacte D 3agana HepaBeHCTBaAMU a<x<b,

D, (x)<y<D,(x), TAE D,(x),D,(x) € Cla,b]. IlycTh CymiecTBYET ” f(x,y)dxdy n nis
D

d’z()‘)
00010 x €[a,b] cymectByeT J(x)= I f(x,y)dy. Torma cymecTByer WHTErpal
@1(x)
, (x)
IJ(x)dx Idx jf(x y)dy W OH paBeH J.j'f(x y)dxdy .
a @ (x)

Joka3zareabcrBo. Tak kak @;(x) HempepblBHa Ha [a,b], cymecTByer eé

MUHUMAJIbHOE 3HAYEHHWE ¢ Ha OTOM OTpe3Ke. AHAJOTUYHO, CYIIECTBYET
MakcuManibHoe 3HaueHne d ¢yHkiuu D,(x) Ha [a, b]. 3akmouum obnacte D B

npsAMoyroiabHUK D*, cocrosuii u3 Touek (X,y), a<x<b, c<y<d. Ha srom

f(x,y),ecru(x,y)e D

IPSIMOYTOJIBHUKE PACCMOTPUM (PYHKIHIO [ (x,y) = .
0,ecru(x,y)e D \D

VYcnosus npenpiayieit TeopeMsl s £ Beimonnensl. OHa uHTErpupyema B D,

paBHa 0 (4, 3HauuT, uHTerpupyema) B D*\D. CrnenoBaTenbHO, OHa HHTETpUpyeMa

Ha Bcewt D*. Ilpu aToM

”fdxdy ”fdxdy+ [[ £ dxdy = ”fdxdy

D¥\D

Haxonen, mist mo00ro x €[a,b]

Dy (x) D, (x) D, (x)
jf (x, y)dy = j fendr+ [ y)dy+ jf )y = [ £ (o p)dy.
D (x) D, (x) @ (x)

ITo mokazaHHOMY B NIpEAbLAYIICH In

Teopeme, 4.60)
bood [\/
”f dxdy = Idxjf (x,y)dy . 5_ e
D* a c | .fl‘/l
OTkyna cpasy mojrydaem: \/—7}}
,(x) ,
j [ setedy = j dx [ f(x,)dy, L
a Dy (x) i

a b X

Yto n Tp€60BaJIOCB J0Ka3aThb.



CaencrBue: ITycts f(x,y) HenpepbiBHA B 001acTH D, OTpaHUYEHHOI CBEpXY
rpauKOM HENpephIBHON (QYHKIUH ) = @, (x) CHM3Y - V=4, (x) X € [a;b], a 1o

OOKaM - OTpe3KaMH BEPTUKAIBHBIX MPSIMBIX X = a U x = b. Torna

b h)
J] £, )y = [ dx (f(x,y)dy.

a # x)

Joka3zareabcTBo. U3  HempepwsiBHOCTH  f(x,y) cpa3dy ciaeayer e€

uHTerpupyemocts Ha D. Kpome Toro, jmist mo0oro x e [a,b] bynkuusa f(x,))

HEenpepbIBHA (a, 3HAYUT UHTErpupyeMa 1o y). Bee yciaoBus TeOpeMbl BBIIIOIHEHBI.

3ameuaHue. Ecau 001acTh D MOJKHO OT'PAaHUYINTDH TaK:

c<ys<d, y,(y)<x<y,(v). v,.v, € Cle,d], 1o

J[£ (e y)dxdy =["ay [ £ (x. ).

CMBICIT 3TO# TEOpeMbl SICEH — yKa3aH Croco0 CBEICHHsS HOBOTO JJIS HAC
00BEKTa — TBOMHOTO MHTETPaJIa — K YK€ M3YYCHHBIM OOBIYHBIM HHTETPAJIaM.

[Ipyu BBIYKMCICHUM HMHTETPAJIOB YacTO OBIBACT yAO00HO cJenaTh 3aMeHy
IIEPEMEHHBIX x=x(,v),y=yu,v),
re x(u,v),y(u,v),a—x(u,v),ﬁ—x(u,v),a—y(u,v),a—y(u,v) —  HENpepbhIBHBI B

ou ov ou ov

. 5 ox
HeKoTopoi obmactu A < R”. BriocnenctBuu mMbl Oy/1eM 4acTo Mucath IpOCTO —

ou

X
BMCCTO 8—(1/1,\/) n T.aI. H, KpPOMC TOIro, TOBOPHUTbL IIPX BbIIIOJHCHUU
u

BBIIICYTIOMSHYTBIX YCIIOBHH, YTO X M ) — HenpepslBHO nuddepeHmupyemsie B A
byHKIUH.
ITycts mpu 5ToM hopmyisl X = x(u, V), y = y(u,V) 3a1ar0T B3aUMHO-

0JIHO3HAYHOE 0TOOPaKEHHE KBAIPUPYeMBIX obnacTeii: D <> A, (x,y)e D, (u,v)eA.

Kpome Toro, He cTpemsich K MUHUMAJIBHOCTH YCIIOBUI, TOTpeOyeM, UTOOBI BCIOAY



Ha oOylactu A

ax o
J—|0u Ov

Oy Oy| He paBmsiics 0.

ou Ov

Teopema. [Ipu copMynrpoBaHHBIX BBIIIE YCIOBHIX JUIsl HETIPEPHIBHOW Ha

D byukmuu (x, y) BBITIOJTHSIETCSI PABEHCTBO:
[]1 e, )y = [ £ (eloe, v), (o, v))||dud
D A

Crtporoe 10Ka3areiabCTBO 3TOM TE€OpeMbl NOTPEOOBaIO Obl 3HAYUTENBHBIX
YCUJIUH H3-32 OOWIMSA TEXHUYECKHX JeTaneil. Mbl HU3I0XKHUM 37eCh CXEMY
JoKa3aTenbcTBa. Bo-mepBbix, o00a wuHTErpaja B (OPMYJIHUPOBKE TEOPEMBI
CYLIECTBYIOT, MOCKONBKY f(x,y) — HENpephIBHAs (DYHKIIUS.

Paccmotpum pazbuenue obiactu A MpsIMBIMU, TAPAJIJICIIBHBIMU OCSIM U U V.

Paccmotpum ero d4acte, HMMEIONIYH0O BHJ NPSMOYIOJIBHHUKA C BEPIIMHAMH

(u,v+Av) (e + Au,v + Av)

(u,v) (u +Au,v)

[Ipu  otoOpaxkeHuu x=x(u,v),y=yu,v) OTU  TOYKM  TEPEUIyT,
COOTBETCTBEHHO, B TOYKH

e,y + 2w)), pllee, v+ 4v)) llue+ fas, v+ o)) ol A v+ )

xlfee+ fee,v)), w{lee + Ao, v))

aollu, vl), (e v)

Hanee, npu Au — 0,Av -0

10



x(u, v+ Av) —x(u, v) = ?(u, V)AV + ;(Av)
v

y(u,v + Av)— y(u, v) = g—y(u, V)Av + ;(Av)
%

x(u + Au,v)— x(u,v) = Sx (u,v)Au + ;(Au)

u
y(u + Au,v)— y(u,v) = 2—y(u,v)Au + ;(Au)
u

x(u+ Au, v+ Av)— x(u, v+ Av) = 2—x(u,v +Av)Au + Z(Au)
u

y(u + Au, v+ Av)— y(u,v+Av)= 2—y(u,v + Av)Au + ;(Au)
u

x(u+ Au,v+ Av) - x(u +Au,v)= 2—x(u,v + Av)Av + :(AV)
v

y(u +Au, v+ Av)— y(u + Au,v) = 2—y(u,v + AV)AV + Z(Av)
v

Ox Ox Oy Oy

[Tpn Manbix Au,Av npou3BOJIHBIE —,—,——,——, BBIYUCJICHHBIE B TOYKAX
ou Ov Ou Ov

(u+ Au,v),(u,v+Av), Mamo OTIMYAIOTCS OT COOTBETCTBYIOIIMX MPOU3BOHBIX,

BBIYUCIIEHHBIX B Touke (i,v), moatomy 7. (u,v),rv(u,v) Mano ormuuaroTcss ot

ru (u + Au,v),rv(u + Au,v) U I (u,v + Av),rv(u,v + Av), COOTBETCTBEHHO, H
paccMaTpruBaeMbIi YETBIPEXYTOJIBHUK MPEICTaBIISIET coOoi «IOYTH

mapajuIicjiorpamMmmy,.

[Tnomanes napamienorpaMma co CTOPOHAMU 7y, ¥y

ox Ox

ou oOv
oy Oy

ou oOv

paBHa MOAYJIIO OIIPEIETUTENS =J, T.e. paBHa ‘J ‘

11



[ToaTomy pu npeoOpa3zoBaHuU WHTErpaJIbHAas cymMa

i e, ,v,), y(u, v, ))‘J (u,,v, XAuAv OmM3ka K MHTErpalbHOM  CyMMe
i=1

n
Z f(xi 5 yi )/lﬂ.(Di ), n T.K. COOTBeTCTBYI'OHH/Ie I/IHTeraHI)HI)Ie CYMMI)I JJIA
i=1

WHTErPaJIOB, CTOSIIUX B IIPABOM U JIEBOM YaCTIX JOKA3bIBAEMOTO PABEHCTBA MAJIO
OTJIMYAKOTCSA IPYT OT APYra, TO U UHTETpaabl COBIAAAIOT.

3ameuanme. YTBEpKICHUE TEOPEMBI COXPAHUTCS, €CJIM YCIOBHUE B3aUMHOMN
OJIHO3HAYHOCTU OTOOpakeHHust x =x(u,v),y = y(u,v) HAPYIIUTCS HA MHOKECTBE
HYJICBOM IUIOLIAIN.

Ilpumep. [lepexon K NOJAPHBIM KOOPAUHATAM.

[IycTte TpeOyeTcss BBIUUCIUTH ” f (x, y)dxdy no obmactu D, KoTopas
D

3agaércs B MTOJISIPHBIX KOOpJMHATax YCIIOBUSIMU

asp<sp
r< r(¢)

CrenaeM 3aMeHy ITEpPEMEHHBIX
X=rcos¢
y=rsing
[Ipu oTOM 3aMeHE HapylIaeTCs B3aWMHas OJIHO3HAYHOCTh OTOOpPaKCHMS.
Touke (0,0) COOTBETCTBYET LEIBIM OTPE30K [a,ﬂ’] Ha ocu ¢. OgHAKO TOYKA U
OTPE30K MMEIOT HYJEBYIO IUIOIAAb, M Teopema crpaBemiuBa. (Ocrtaioch

BBIYUCITUTH J. Ox = COS ¢,a—y = sin ¢,a—x = —rsin ¢,a—y =rcosg.
or or 0@ 0

cos¢g —rsin
J =1 ? ¢:rcos2¢+rsin2¢:r
sing rcos¢

CrnenoBarenbHO, j J. f (x, y)dxdy = j ’ d¢ J:w f (r cos ¢, rsin ¢)rdr.
D

HOHﬂpHBIG KOOpAHNHATLI OLIBAIOT OYCHH ITOJIE3HBI IIpyu BBbIYUCJIICHHUAX.

o 2
PaccmoTtpum npumep. Haiitu [ =J‘ e dx.
0

12



Pemenne. I — 3TO HECOOCTBEHHBIM HHTETpaj, U MPEXKIAE BCEro CIEayeT

0 1 0
.2 2 2
YCTAaHOBUTL C€TO0 CXOOUMOCTD. IIo OIIPCACIICHUIO, J.C “dx = IC “dx + IC “dx.
0 0 1

[lepBblli U3 UHTETPATIOB — COOCTBEHHBIN, BTOPON — CXOIUTCSA 10 1-U Teopeme o

CpPaBHEHHH, TaK KaK pu x2>1 CITPaBEIJINBbI HEPABEHCTBA

<e’,a _[e‘xdx , OYEBUJIHO, CXOJTUTCSL.
1

R
O6o3Haunm I, = j e dx (oueBngHo, I, > LR —o0). Torma, nockoabky
0

0003HAaUEHNE NEPEeMEHHOW HMHTETPUPOBAHUS MOXHO BBIOpAaTh IPOU3BOJIBHBIM,

1 =

=
Sy S—

R
e"‘zdx-Oje‘yzdy:”e‘xz'yzdxdy, rue S, — ksagpar, a C,,C . —
Sr

_x2_y?
YETBEPTU KPYyTd, COOTBETCTBEHHO, painycoB R nu V2R . Tak kak ¢ >0, 10 110

cBoWicTBaM 2 W 3 JABOMHOIO HHTErpajia ”e”‘ Y dxdy <I; < ” e 7 dxdy. B
Cr Cuar

_Xz_ 2 ~
UHTErpajie He ¥ dxdy mepelizem K TOJISIPHBIM KOOPAMHATAM:
CR

ey _n/z R E _ER 7rzl Z_E 7r2R _E o
l{e dxdy = !d(l)J;e rdr—zge 2d1r =2 e 0 —4(1 e )

AHaJIOru4HO, CJ'}Z[Re"ZyZ dxdy = %(1 —e® ) u %(1 — e‘dex)S I} < %(1 - e‘szdx). [Ipu

: 2 T 2
cTpemsieHuH R k oo momydaeMm, uto limI; :Z, Toecth ["=—,1=

Row

.

NG|

4. TpOnHbIe NHTEerparnbl

PaccMOTpuM KyOUpyeMyro 00IacTh B TpexMepHOM mpoctpanctee V < R,

Pa3Onenne T Ha 4vacTu V, OCYIIECTBISIETCS HENPEPBIBHBIMU IOBEPXHOCTSAMH.

Juametp pazOueHus ompenesseTcsl aHAIOTMYHO JABYMEPHOMY ciydaro. Takxke, 1o

aHaJIOTUU, MOXKHO ompenenuTh A1t GyHkiuu f (x,y,z), pazouenus T obmactu V u
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BBIOpPaHHBIX TOYEK M. (xi Y. Z, ) eV

i

UHTETrpajIbHYIO0 CyMMy

n

o(f,T.{M })=> f(M V), rne u(V,) o6o3mauaer 06em obmactn V.

i=1

Onpenesnenne. ITycts I€ R Takoe uucio, uto Ve>0 38>0 VT,d(T)<d

‘v’{,ui}{a( f ,t{,ui })— 1 ‘ < ¢ . Torma mb1 roBopuM, uto f uHTEerprpyema Ha V, uncio |

ecTb uHTerpan f mo obmactu V u o6o3HavaeM 31o Tak: [ = m' f(x,y,z)dxdydz.
v

Kak u B clydac HBOﬁHOFO HHTCI'paJia, BBIIIOJHAKOTCA aHAJIOI'MYHBIC

cBorictBa 1-6. MoxHO AokasaTh, uto eciu f (X,y,z) HENpepbIBHA HA V, TO OHA

uHTerpupyemMa Ha V. ToyHO Takke MOXKHO yOeAWThCS B TOM, YTO €CIH TOYKHU
paspeiBa [ JeKaT HAa KOHEYHOM YHCIIC HEMPEPHIBHBIX IMOBEPXHOCTEH, U
paszOuBaronux V Ha KyOupyemble 001acTH, TO f MUHTErpupyema Ha V.

Beluncnenue TpOWMHOTrO WHTErpaja MPOU3BOJUTCS IO  CIEAYIOIIEMY

MPABUITY.
Teopema. ITycTh V 3aJ1aHa CIEIYHOLIUMU HEPABEHCTBAMMU:
\Vl(x,y)gzg\pz(x,y),(x,y)eD. D — xkBagpupyemasi 3aMKHyTas 00JIacTh Ha

IUIOCKOCTH, ,,\, — HempepbiBHbIe QyHKIMK Ha D. Torna
/2 (x.y)
[[1£Ce.y,2)dvdvdz = [[dvdy | f(x,y2)dz
v D yi(x.»)
3ameuanue. Ecmn 00nacTh D 3a7aHa HEpPaBEHCTBAMU
as<x< b,(l)l(x)S y < ¢2(x), rae ¢,,¢, — HenpepbIBHbIE QYHKIIUU HA [a,b], TO
b h(x) i)
j_” f (x, y,z)dxdydz = J.dx dy j f (x, v, z)dz.
v a  4lx) iy
Chopmynupyem 00IIyI0 TEOpEMY O 3aMEHE ITEPEMEHHBIX.
Teopema. Ilycte oroOpaskeHue x = x(u,v, w), y= y(u,v, w), z= z(u,v, w)

YCTaHAaBJIIMBACT B3aMMHO OJHO3HAYHOC COOTBCTCTBHC MCKIY obnacTIMu

A,(u,v,w)eA u V,(x, y,z)eV, npudeM (QYHKIMH X,V,Z — HEIPEPHIBHO

14



mupdepenuupyemsle U J = ——|#0 Hm B omHou Touke A. Ilycts

2lyelee®
el
2

f (x, v, Z) — HenpepbiBHAs GyHKIH. Torma
I” f (x, y,z)dxdydz = I” f (x(u,,v, w), y(u,v, w), Z(u,v, w)) ‘J ‘dudvdw
14 A

Kak u gns OBOMHOTrO WHTErpajnga, TeopeMa OCTaeTCsl BEPHOM B Ciydae
HapYIIEHUs €€ YCIOBUN Ha MHOXKECTBE HYJIEBOTO 00beMa.

Ilpumep 1. TIlepexom K UMIMHIApPUYECKUM  KoopauHatam. OH

OCYIIECTBJISIETCS C TOMOIIBI0 PYHKIUN: X =1Ccosd,y =rsin¢,z=z.
[Ipn TOM AKoOnaH paBeH

cos¢p —rsing O
J=|sin¢p rcosdp O=
0 0 1

cos¢ —rsin
¢ ¢:rcosz¢+rsin2¢=r.

sing rcos¢d

IIpumep 2. Ilepexon k cdepuueckuM KOOPAMHATAM OCYIIECTBIISCTCS
GYyHKIUAMHE X =TCOSPCOSY,y =1sinPcos\y,z=rsin\y .
AxoOuan npeoOpa3oBaHUs paBeH

cos@coslyy —rsingcosy —rcosgsiny

J =|[singcosy  rcosgcosy —rsingsiny|=
siny 0 rcosy
(pa3znoxxeHue 1o 3-i1 CTPOKE)

cosgcosy —rsingcosy —rsingcosy —rcosgsiny

+siny

=rcosy

singcosy  rcosgcosy rcosgcosy  —rsingsiny

(BBIICIMM OOIITE MHOYKUTEIN Y CTOJIOIIOB)

, 5 [cos¢ —sin¢ o, ., —sing —cos¢ , | 2 2
r'cos’ y| . +17sIn” ycosy =T COS Y +TI SIn" Ycosy =

sing cosd

cos¢p —sind

=1’ cosw(cos2 y + sin’ \If)= r’cosy.

15



KpuBOnnHeuHble MHTerpanbl

1. KpueonuHeliHbie uHmMe2parsbi Nepeo2o muna

PaccmoTpum cripsamiisiemyto (T.e. UMEIOIIYIO ITTMHY) KPUBYIO AB Ha MIOCKOCTH
(4, B — Touku muockoctu). s mpoCTOTHI, CUMTaeM, YTO 3Ta KpuBas 3aJaHa
napamMeTpUIecKu x:x(t), y:y(t),te[ﬂ);Tl], npuyeM x(t), y(t) — HENpPEepbhIBHO
muddepeHIupyeMble Ha OTpe3ke (YHKUMK Takuhe, 4YTO KaXJAOMy 3HAYEHHUIO

mapamMeTpa COOTBCTCTBYCT CAMHCTBCHHAA TOYKA KpHBOﬁ.

Torna nnuHa kpuBOU BeIpakaeTcs Gpopmynoit [ = 'f\/ (x'(2)) +(»'(¢)) at .

TO
Ilon paszouenuem T xpuBoi AB OyneM TMOHUMaTh MHOXECTBO TOUYEK
A=A4,,4,.,A =B, nexamux Ha O3TOM KpPUBOM M 3aHyMEPOBAHHBIX B

HanpasieHuu oT 4 k B. Ilycte Al, - nnuHa xpuBon A._, 4, .

1

Juamerp d(T) onpenenum Kak d(T)= max A/,

i=l,...,n
[lycts GyHkuus f (M ): f (x, y) omnpeneneHa Ha KpuBod AB. BeibepeM Ha

KOKJIOM  y4yacTKe A4, ,4, KpUBOM TOUuKy M, U o0OpasyeM CyMMy

o(f,T,{M })= Z f(M )AL , naspiBaemyro unmezpanshoii.
i-1

Onpenenenue. Ilyctb /eR. Eem Ve>035>0VT:d(T)<5 VM, }

‘U( /T, {M . })—I ‘ < &, TO BEeIWYMHA [ HA3BIBACTCS KPUBOJIUHEUHbIM UHMESPAIoM

nepgeoco muna no Kkpusou AB n o6o3Havaetcs Tak: [ = j f (x, y)dl .
AB

Basnoe 3ameuanue. Ecnu Obl MBI cOBepIiayiv IBUKEHUE 110 KPUBOM HE OT 4 K

B,
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a or B x A, To B pa3buenun 1 c

BBIOPAHHBIMH TOYKaMH M.}

U3MEHUIIACh OBl TOJBKO HyMCpalunsi

OTpPE3KOB M TOYCK M,, a caMma

1

HHTCTpaJibHass CyMMa HC HM3MCHMJIACH

6I>I, IIOCKOJIBKY B €€ OIIPCACIICHUH

burypupyert Iulib JIMHA Al, y4acTka,

KOTOpasd HC 3aBHCUT OT TOI'O, B KAKOM
HamrpaBJICHUHW IHPOXOJUTCA Yy4YaCTOK.

910 O3HAYaeT, YTO

[yl = [ 1yl

B »sTom BaxHeiilmiee oTAMYME OT OOBIYHOTO OIPEACICHHOTO WHTErpala,
KOTOPBIN MeHs1 Obl 3HaK MPU U3MEHEHUU HAIpaBJICHUs 00X0/1a KPUBOM.

Chopmynupyem Teopemy, CBOIAIILYIO HOBBIA MOKA OOBEKT - KPUBOJIHMHECHHBIN
UHTErpaj K 0OBIYHOMY OTPEICTICHHOMY MHTErpaiy.

Teopema. Ilycte f (M ) - HempephiBHasT Ha KpuBol AB Qyskus (T.e.

Ve>030>0VM,,M, - Touek KpUBOM TaKUX, YTO PACCTOSHUE MEXITy M,, M,

MEHbIIIEe O, (Ml)— f (M 2){<g). Ilycte kpuBass AB mnapaMeTpu30BaHa Tak:

=x(t),y=y(t)te[l;T ], rne x(¢),y(t),x'(¢),y'(t) - menpepwiBubIe HA [T);T]

(GyHKUMH, TPUYEM KaKIOMY 3HAYEHHUIO IMapaMeTpa COOTBETCTBYET €IMHCTBEHHAs

TOYKa KpuBo. Torma /L f(M)ds = j £(x(e), y(t))\/ (x'()) +(v'(¢)) dt.

JoKa3aTeJbCTBO. NurerpanbHas cyMma
- 2 o
> (M)Al = Z f(m I\/ (y'(¢)dt mna xpuBomMHeiiHOrO WHTErpana
i=1
EPBOTO TUMNa OTJIMYAETCS oT MHTErPaIbHOM CYMMBI

Z f (x(tl. ), y(tl. ))\/ (x'(ti ))2 + ( y'(tl. ))2 At, TS UHTErpasa

17



A AN + Ot s v, 0. [ + 0 mecromo

iy

OTJINYAeTCS OT \/(x'(ti )’ +(y'(¢,))’At,, umeHHo , >TOT  MHTerpam paseH

\/(x’(égi ))2 + (y,(égi ))2 At; .

HetpyaHo nokaszarhb, yto npu d(T')— 0 TPEAENBl 3THX CYMM paBHBI (CTPOroe

JIOKA3aTeJIbCTBO OMYLIEHO). DTO 03HAYAET, YTO TEOPEMA JI0KA3aHA.

OTMmeTuM, 4YTO U3MEHEHHE HampaBlieHuss o00xoJa KpUBOM  O3HAuyaeT
OJIHOBPEMEHHYIO CMEHY IMPEAEIOB UHTETPUPOBAHUS U 3HAKA BEJIMYUHBI df, UTO HE
W3MEHSET BEJIMYMHY MHTETPAja B IPABOW YaCTH 3TOI'0 PABEHCTBA.

N3 cBoiCcTB KpHBOHHHCﬁHOFO HHTCIpaJia OTMCTHUM CJICAYIOIIUC 2 OCHOBHBIX:

1. J.(/llfl(M)+ A, fy(M))dl = 4, Ifl(M)dl+/12 J.fz(M)dl Npy  YCIIOBHH,  YTO

AB

CYLIECTBYIOT j fi(MYl j £y (Ml .

2. Ecmu AB, BC - xpuBble, YIOBJIETBOPSIOIIME YCIOBUSIM TEOPEMBI, TO

[ 1= [ pOa)ar+ [ r(o)ar.

CBOICTBO 2 O3BOJISIET ONPEAEIUTh KPUBOJIMHENHBIE HHTETpAJIbI 1-ro THHA 115
KYCOYHO-TJIAJJKUX KPUBBIX (T.€. KPUBBIX, COCTOSALIUX U3 KOHEUYHOTO YHCIIA YacTeH,
KaXKJasi U3 KOTOPBIX YJOBJIETBOPSET YCIOBUAM TE€OpeMbl). B yacTHOCTH, MOXKHO

OIIpCACIINTD KpHBOJ’IHHGﬁHBIfI HHTCTpAI U I 3aMKHYTBIX KPUBbIX.

2. KpueosiuHelUHbIe UHMe2pasibl 8MOPO20 muna

Paccmotpum, kak m B maparpadge 1, KpuByro 4B, KOTOPYIO IOKa CUUTAEM

HE3aMKHYTOH.
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1
b

R G

[TycTh MPOEKIMs ITOM KPMBOU Ha OCh X NPECTABIIAET cO00i OTpe3oK [a;h].
[TycTth TOUKHU A4,,..., A, NaOT pazdueHue KpuBoi AB. PaccMoTpuM MX MpoeKIuu
Xgren X, , JIEXKAIME HA OTPE3KE [a;b] M 0003HAYUM Ax, =x, —x, ,,i=1,..,n.

IIycts P(x,y) - ompenencHa Ha AB. Ilycte M, - TOuka, jeXallas Ha KPUBOM

MeXIy A, , u A,. [Tonoxum azzn:P(M DA, .

i
i=l1

Onpenesnenne. I[lycts 7eR. Ecmu Ve>0 36>0 VT: d(T)<5 u VM }

i

BBITIOJTHSIETCS ‘a—]‘<g, TO TOBOPSAT, 4TO [ - 3TO KPUBOJIUHEUHBIU UHME2Pa.l

6Mopo2o muna I P(x, y)dx .
AB

TouHo Takxke, paccMaTpuBas MPOEKIMU HA OCh V', OTIPEIETUM IQ(x, y)dy .
AB

HNuterpan oOuiero Buaa j P(x, y)dx + Q(x, y)dy OmpeIeNsAeTCs, Kak CyMMa 3TUX
AB

JIByX UHTETPAJIOB.
Beluncnenye KpUBOJIMHEHHOTO HHTErpaja 2-ro  THNA IPOBOJUTCSA B

COOTBETCTBHHM CO CIIEIYIOIIEH TEOPEMOM.
xzx(t)

,Z‘ET,T;,
y=y(t) 7.1

Teopema. Ilycte L — kpuBasi, 3a1aHHass ypaBHEHUSIMU:

P(x, y) 51 Q(x, y) — HenpepbiBHbIE Ha L pynkiuu. Torpa:

;PdﬁQdy:j<P<x<t>,y<t>>x'(f)+Q<x<t>,y<t>>y'<r»dt.

Teopema 0e3 qoKa3aTeIbCTBA.

IIpumeuyanue 1.
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a) Ecnu kpuBas L 3ajaHa SBHBIM ypaBHEHHEM y=@(x), a<x<bh, rae 4(x) -

HenpepbiBHO auddepeHiupyeMas (QyHKIus, To mpeabiaymas dopmyma
b b
IPUHUMAET BU: dex +Qdy = J.P(x, ¢(x))dx + J.Q(x, #(x))p'(x )dx .
L a a

b) Eciu L 3agaHa ypaBHEHHUEM X = l//(y), c<y<d, 10 J.de+ Qdy =
L

=[Pl W+ [l )k

c

¢) Ecnu L - orpe3ok mpsmoi x =x,, TO dexE 0 s moboi pyHkuuu P,
L

eciu L - OTpe30K NpsiIMOH ) =y, TO I Ody =0 nns nro6oit pyukimm Q.
L

IIpumeuyanue 2.

dx

[lyctb o - yrom, COCTaBIISIEMBIA BEKTOPOM KacaTeJIbHOM K KpHUBOM W

MTOJIOKUTEIIbHBIM HAIPaBIEHUEM OCH X. Torma dx =dscosa,dy =dssina. [loaTomy

Ide+Qdy :_[(Pcosa+Qsina)ds.
L L

SaMeTI/IM, 4TO IIpU U3MCHCHHHU HAIIPABJICHUA o6xoz[a Yrojl a HU3MCHAACTCA Ha

z+a . IIpu 9T0M cos(z +a)=—cosa, sin(z +a)=—sina, ¥ UHTErpall B IPABOM 4acTh

HAIIMCAHHOT'O BBIIIC paBCHCTBA MCHSCT CBOM 3HAK.
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IipuMmeyanue 3. B ciydae IIPOCTPAHCTBEHHOU KpuBon  L:

X = x(t), y= y(t), z= z(t), TIe x,y,z,x',y',z' - HenpephIBHEIE Ha [7,; T, | GyHKmuy, a

f - HenpepbIBHA HA L, IMEET MECTO PABEHCTBO:

[ rO)ds = [ £(x(e) (e 2N QP + (@) + ()
AHanoruyHo, /I HenmpepbIBHbIX HA L ¢yHkiui P,Q,R nmeem I Pdx + Qdy + Rdz =

= [(POele). ple) 20D (0)+ Q(e(o), o) 200y (1) + ROx(e), (0. 2(0))e" (0

IIpumeuanue 4. ['oBopsaT, uTo HA 00MacTH D c R’ 3alaHO 8eKMOPHOE Noe

F=(P,0), ecntn kaxaoil Touke (x,y)eD comocraBieH Bektop (P(x,y).0(x,y)).
O6osHauuM r=(x,y) - paauyc-BeKTOp TOukM (x,y) U dr=(dx,dy). Torma
Pdx +Qdy = (P,Q)-(dx,dy) (ckanspHoe mpousBenenue) =F-dr. Ilodtomy

dex+Qdy :jF -dr. V3 Qu3uku HU3BECTHO, YTO 3Ta BEIWYMHA MPEACTaBISET
L L

co60ii paboTy cHIBl F B0 KPUBOIL L.

3. ®opmyna lpuHa

Ota ¢popmyia o6o0maer popmyny Herorona-JleliOnuiia.

Teopema 1. [lycts G - xpuBosuHEHas Tpaneuus: a < x <b, ¢, (x) <y<4, (x),

rae ¢, (x).¢,(x) - menpepeiBHble Ha [a;h] QyHKumMu, L - rpanuna obmactu G u

HampasieHue 00xo/a L BeIOpaHo Tak, 4To 061acth G ocTaeTcs clieBa.
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Iycts P(x, ), Z—P(x, y)e C(G). Torna §de = —” —dxdy
Y Oy

3HaK iﬁ 03HA4aeT, YTO KOHTYP UHTETPUPOBAHHUS L - 3aMKHYTBIM.

opP o #op
Jdoka3zareabcTBo. Brruncinm ”—dxdy = j dx j —dy.
¢ oy R

OP
[Ipu KaxaoM (GHUKCHPOBAHHOM x €[a;h] BenMuMHA > onpenensercs, Kak

MPOU3BOHAS TO y (QYHKIHH P(x, y) OT OoxHOM mepeMmeHHou y. lloatomy mpu

KaKIoM x mnpuMmeHuma ¢opmyna HerooTona-JleiibHuIa, COracHoO KOTOpOU

T = s ) Pl o) T

1 iy = (P, ()~ Pl () = P (ol — [ Pl

Pa3zo6bem kpuByto L Ha 4 yyacTka.

CormacHo ¢) u3 mpuMeuanust 1 mpenpiayiiero naparpada, dex:O, dex:O.
L, L,

[Io mpaBuny u3 a) npumedanus 1, IP X y) j (x ¢1 dx jP X y

L

22



= —ji P(x,4,(x))dx. Tlostomy §de = I Pdx + J. Pdx + I Pdx + J. Pdx = —j. P(x, ¢, (x))dx +

a Ly a

b

+ J. P(x, ¢, (x))dx = —J.ng—f dxdy .

a

Teopema 2. Ilycte G - xpuBoinuHelHas Tpaneuus c<y<d, v,(y)<x<w,(y),
rne v,(y) w,(y) - nenpepeiBHbIE Ha [c;d] QyHKUMY, L - rpaHuLa, a HAPABJICHHUE

obxoza L BeIOpaHoO Tak, 4To G OCTaeTCs CleBa.

Mycts Ox, y). ‘Z_Q(x, »)ec(G).

X

Torna §Qdy = I J.% dxdy .
L G

2 d w(y) o d
Jloka3aTeJabCTBO. ”a—gdxdy = I dy I 6_de = j (Q(l// 2 (J’) J’)— Q(l// 1 (y) y))dy =

v () c

d

Oy, (v}, y)dv— [ Olw, (v}, »)dv = [ Olx, y)dy + [ O(x, y)dy+ [ O(x, )y +

c

O C—

+ jQ(x, y)dy = §Qdy. Teopema nokasana.
Ly L

CaencrBue 1. Ecnu obGnacte G MOXXKHO MPEJCTaBUTh KaK B BHUJIE Tpareiuu

a<x<bh, 4 (x)<y<g,(x), Tne ¢ (x).¢,(x) - HenpepsiBHO AUPDEPEHIIUPYEMBIE Ha
[a:6] dysxumm, tak w B BuEE c<y<d, y,(y)<x<y,(y), tme ¥,(»)w,(») -

HenpepbiBHO qudPepeHmpyemMble Ha [c;d| Gynxuum, L - rpaHuia, pudeM IIpU €€

o0xome ob6aactk G ocTaercs cieBa, TO it;de +Qdy = ” (Z—Q —Z—dexdy .
L G\OX oy

Ilpumevyanmue. O6J'IaCTI/I, YAOBJICTBOPAOIIUC YCIOBUAM CICACTBUA 1 - sBaeHUE

obsrayHOe. Hampumep, kpyr x°+y’ <1, OTpaHUYCHHBIA OKPYKHOCTBIO x°+y° =1,
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MOXHO 3a7aTh Tak: —1<x<I1, —+1-x><y<+l-x’, a MOXHO H TaK:

—1<y<1, —4l-p? <x<\1-y7.

CaeacrBue 2. Eciiu o6nacte G MOXHO pa3OUTh KPUBBIMU Ha KOHEUHOE YHUCIIO

oOmnacTell, yI0BIETBOPSIONIUX yCIOBUAM cienctBus 1 u L - rpanuna G, nmpuueM
HampaBjieHrue 00XxoJa BbIOpaHO Tak, yTo obnacte G octaercs cneBa, u P u Q

YAOBJICTBOPAIOT MEpCYNCICHHBIM BBIIIIC YCIIOBUSM, TO

f Pdx+Qdy = JJ (2—? — g—ijdxdy .

Jloka3aTrejJLCTBO.

Orpannuumcsa  ciydaeMm, KOrjaa
L, obnacte G pa3zbuBaercs Ha 2 4acTu
G, uG,, YOOBJICTBOPSIOIINC
yCJIOBHUSAM crieacTBus 1, kpuBon TI.
Ilycts L, orpanunumBaer G,, a L,

OTrpaHUYMBAET G,. Torga

§de+Qdy= §de+Qdy+
L

L

+§de+Qdy, IIOCKOJIBKY L, - 3TO
LZ

yacTh L u kpuBas I', a L, - OCTaTOK

L un kpuBas I', HO mpoxoaumasi B

IMPOTUBOIIOJIOKHOM  HAIIpaBJICHHUHA

(moATOMY WHTETpaibl TO ITHUM
N00aBIIEHHBIM y4acTKam
COKpATSTCH).

3ameuanue. MoxxHo nokazath Gpopmyiy ['puHa ans obrmacTel, OrpaHHYEHHBIX

3dMKHYTBIMU KYCOYHO-TJIAAKNMHU KPHUBbBIMHU.
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4. Hezasucumocmb KpueonUHeaHoeo UHmeepasia om (I)Oprl nymu

UHmMe2puUpPoeaHusi

[Tycts D o6nactb. DTa 00JacTh HA3BIBACTCA OOHOCBA3HOU, €CITU BMECTE C

JHO0BIM 3aMKHYTBIM KOHTYPOM L, JIeKalluM B D OrpaHUYMBaeMas KOHTYpOM L

005acTh G TAaKXK€ LETUKOM COAECPKUTCA B D .

[Tpumep ogHOCBsI3HOM obOnacTu: kpyr IlpuMep HEOTHOCBA3HOW 00JACTH:
KpPYr C BBIKOJOTOM TOYKOH. G
COAEPKUT BBIKOJIOTYIO TOUKY, a D -
HET, CJIEAOBATEIbHO G HE BXOJHUT B
D 1CIIUKOM.

op 0

Teopema 1. Ilycte D - omHOCBsI3HAst 00JacTh, P,Q, 52
Y X

e C(D). Ycnosue,

4yro VLc D §de+Qdy=0 PaBHOCWJIBHO TOMY, 4YTO BCIOJYy B OTOH 001acTu
L

a0 _op
o dy
Jloka3areJnLCTBO.
o0 oP
1. <. Ecnu Bctogy B D BBIIIOJIHEHO PABEHCTBO a_:a_’ TO VL 1o dopmyie
29 4
00 OP
ITpuna ¢ Pdx+0Ody = ||| —=—— |dxdy = || 0-dxdy =0.
p i = 255 = o e

2. =. IlpexnonoxumM, uto B obmacTd D €CTh TOYKA (x,;y,), B KOTOPOH

0 oP
X _o°, 0. ITycTh, [I OIpENEIeHHOCTH, o o (xy:3,)=c>0.
ox oy ox 0y
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Torza CylecTByeT OKPECTHOCTL TOUKHU (x,; v, ), B

00

. oP c
KOTOPOM 3HayeHUus P~ OosbIIe, YeM 5
x oy

Bribepem B 3TOI OKpPECTHOCTH OKPYXHOCTH T,

paguyca & U pacCCMOTpUM dex+ Qdy.
T,

&

ITo ¢opmyne I'puna ii;de +Qdy = ”(aa—Q —Z—P]dxdy > %S(DS )= %ngz >0. Dro
? x oy

IIPOTUBOPEYMT MPEAIIOT0KEHUIO O TOM, YTO §de+ Qdy noikeH ObITh paBeH (.
T,

&

Onpeanenenne. [lycts D - obnacte, I D, I' - KoHTYp. ByzieM roBoputs, 4To

Ide+Qdy He 3asucum om gopmvl nymu 6 D, ecnu YA,Be D, VI,,I, - KOHTYpPOB C
r

HayajJoM B TOYKEC 4 MW KOHIOM B TOo4uke B, I, cD,I, cD BBIIIOJHICTCA

paBEHCTBO: j Pdx+ Qdy = j Pdx+ Qdy .

I I

Teopema 2. Ilycts D - o0nacTh. YCJIOBHE HE3aBUCUMOCTH j Pdx+Qdy ot
r

dopMbl IyTH B D PaBHOCWIBHO TOMY, YTO JJI JHOOOr0 3aMKHYTOTO KOHTYpa

L c D uMeeT MECTO pPaBCHCTBO §de +Qdy=0.
L

Jloka3areJnLCTBO.

1. (=). [lycts uHTETrpaN HE 3aBUCUT OT (HOPMBI MYTHU U MYCTh L - 3aMKHYTHIH

KOHTYp B D. BriOepem Ha [ 1aBe NpOU3BOJIBHBIE TOUYKM 4 U B U

paccMOTpHUM
COCIUHSAIOIINE OTH TOYKHM YacTH KOHTypa L,
" HazoBeM ux I, ul,. IIpu aTtom L cocrout u3 I, u
MIPOXOIUMOTI0 B IIPOTHUBOIIOJIOKHOM
4 £ HanpasiieHuu KoHtypa I,. Ilo ycnosuto,
J.de +Qdy = J.de +Qdy . 3HAYMT,
T T,
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§ Pdx+Qdy = [ Pdx+Qdy— [ Pdx+Qdy =0.
L

I I

2. (<). Ilyctb nns moboro koHTYpa L < D §de +Qdy=0.
L

A) B ciiyuae, ecnu T, uT,, COEIMHSIONINE TOUKU A, B HE UMEIOT APYTUX OOIKX
TOYEK, TO, KaK WM B NPEABIAYIIEHM dYacTh, L
COCTOUT u3 I 51 IIPOXOAUMOM B

IIPOTUBOIIOJIO)KHOM HamnpasieHun I',. Iloatomy

0=§ Pdx+Qdy = [ Pdx+Qdy—§ Pdx+Qdy, ~ OTKyza
L

L B}

[ Pdx+Qdy = | Pdx+Qdy .

I r,

b) Eciu T, ul, UMEIOT KOHEYHOE YUCIO OOIIMX TOYeK, KpoMeé A U B, TO
MOKHO
IIPUMEHHUTh IYHKT 2A K Ka¥XI0OMy
MOJIy4EHHOMY KOHTYPY, HHTErpaj 1o
KOTOpOMY B CBSI3U C

npeanonoxenneM paseH 0, w

MOATOMY  JUISL  KaXIOM  TaKOU

TOJIYyYEHHOM YacTH

[ Pdx+Qdy = [ Pdx+Qdy.

7 72

B) Cnyuaii, xorna kxpome 4 W B KpuBble I, ul, UMEOT OECKOHEYHOE

MHOXECTBO O6HH/IX TOYCK, MBI OCTaBUM oe3 JO0Ka3aTCJIbCTBA.

Conocrasisis TeopeMy 2 ¢ TEOpeMOoH 1, moyyaem cieicTBHE.

CaenctBue. [Iycts D - oHOCBSI3HAST 001aCTb. I Pdx+ Qdy HeE 3aBUCUT B D OT
r

dbopMBI TTyTH WHTETPUPOBAHHS TOTJa M TOJBKO TOTJA, KOTIa B 3TOH 00JIacTu

oQ oP
BBIITOJIHACTCA TOXKIAECCTBO —=—.
ox Oy
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5. Ces3b ¢ eonpocom o rnosiHom dughgpepeHyuane

Ecmu  u(x,y) - nubdepeniupyemas QyHKIMS ABYX IEPEMEHHBIX, TO
du =Z—udx+2—udy. BprsicHuM, npH Kakux yCIOBHSAX Ha P,Q CYyLIECTBYET Takas
x Y
ou ou
byHKIMS  w, UYTO Pdx+Qdy=du, T.€. 8—=P,8—=Q. B npennonoxenun
X Y

2 2
Ou _ Ou WA 8_Q:8_P Jlokaxem,

HCIIPCPBIBHOCTU CMCINAHHBIX ITPONU3BOJAHBIX! =
0yox  Ox0Oy ox Oy

YTO €clii D - OJIHOCBsI3HAs 00J1aCTh, TO BEPHO U 00OpaTHOE.

P o
Teopema 3. Eciin Z—Q :g— B OJHOCBA3HOM 00JacTH D, TO CYLIECTBYET u(x,y)
X y
Takas, 4ro P = a—u,Q = ou .
ox oy

Hdoka3ateabcTB0. BosbMeM MpoM3BOIBHYIO TOUKY A(x,,y,) W PACCMOTPHM

MIEPEMCHHYIO TOYKY B(x, y) U JTI00Y10 KpUBYIO I', COSAUHSIONIYIO A C B.

[Io ciencTBuro0 TeOpemsl 2, I Pdx+ Qdy 3aBHUCHUT TOJIbKO OT KOHEYHON TOYKH
r

B(x,y) W, 3HAuuT, ecTh Hekoropas (yHkuus u(x,y). IToxaxem, dro u(x,y) -

uckomast (OyHKIHUS, T.€. Z—” = P,Z—u = 0. Jlis 5TOro paccMOTPUM TOYKY (x +Ax,y) U
X y
paccMoTpuM  u(x + Ax,y)—u(x, y) = Jde+ Qdy, thme T’ - OTpe30K MPAMOIA,
’

coemuusomend  Toukd  (x+Ax,y)u(x,y). Ha oTOoM oOTpeske dy=0 W

x+Ax

I Pdx + Qdy = IP(x,y)dx. [IpuMeHsiss TEOpEMY O CpeIHEM, MOoay4aeM (BBHIY
r x

x+Ax

HENPEPHIBHOCTH P ), dTO _[P(x, y)x= =P(x+6Ax,y)-Ax, e 0<@<1. Torma
+Ax, y)—ulx, . ulx+Ax,y)—-ulx, .
u(x Xx) u(x, y) _ Plx+Av, y). lim ( zx) u(x, y) =£210P(X+HAx,y)=P(x,y).

Jlns Q noka3aTenbCTBO aHAJIOTUYHOE.
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= . P
3ameuanme. Ecniu BeKTOpHOE T0M1E F = (P, Q) o0JjafaeT CBOWCTBOM o :a— B

ox Oy
OJIHOCBSA3HOM 067aCTH D, TO TOBOPAT, YTO F - OTEHIMAIbHOE 10J1e M HallleHHas

ou ou —
GyHKIMSA u Takas, 4T0 — =P,— =0, T.e. F =Vu, Ha3bIBACTCA NOMEHYUAIOM
a > >

X oy
OJIA f .
CaencrBue. B moreHnmansHOM mosie paboTa BIOJB JHOOOTO 3aMKHYTOT'O

KoHTypa paBHa 0. BooOie, eciu I' coequnsier 4u B, To padoTa F BONb T paBHa

T

[ = [ Pas-+ Oy = [ PU)y ) (i + 001y ek = [ 22 (s0) e e+

Ty Ty

T

+ O o)yl et = [ PEOID () (1) - el ) (T ) = uB) (). Tee.

a I ar

paboTa paBHA Pa3HOCTH MOTCHITUAIIOB.

IIpumeuyanue. Y CI0BUE OJHOCBA3HOCTHU CYIIECTBEHHO.

y Hanpumep, ecium o00iactb D HE COACPKUT

Hayajla KOOpAMHAaT, TO VLcD §;M =0.
T X +y
JIEHCTBUTEIIBHO,
o~y VxR -y)-2y)
oy x* +y’ (x2+y2)2 (x2+y2)2 ’
X
i( X j_x2+y2—2x-x_ ¥ —x’
ox | x* +y? ()c2+y2)2 (x2+y2)2
oQ OP .
T.o. ycnoBue Pl BBITIOJTHEHO BO BCeil o0nactu D (KOTopas HE COJACPKHUT
X y

Touku (0;0)).

C npyroit CTOpOHBI, MyCTh D COAEPKUT (0;0).
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Paccmotpum T, - OKpYXXHOCTh paauyca ¢,

&

cogepxkamytocs B D. Ilapamerpusyem oty

x=¢cost, 05t<2x
OKPYKHOCTb: , Tornma
y=e¢sint
jxa’y —ydx _
2oxt4y?

s

27!( . . 2z

SCOSt'8COSt+SSIHt'8SIHZ)

= B R dt = [dt=27#0.
0 g cos t+e sIin ¢t 0

DTO CBSI3aHO € TE€M, 4YTO 00J1acTh, B KOTOPOM

P 80

0
HETIPEPBIBHLI P, Q,a,a— MHOTOCBsI3Hasd.
X
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nOBerHOCTH bleé UHTerparnbl.

1. Mnowaab NOBEePXHOCTU, 3aaHHOU ABHbIM YPaBHEHMEM.

ChHayana pacCMOTPUM NPOCTEUIIHMN CiIydall TOBEPXHOCTH S, 3aJaHHOU

SBHBIM ypaBHeHUEM z = z(x, V), (x,y) € D (1)

rae D - miockast oonacte. [IpumepaMu Takux MOBEPXHOCTEH CIIyKaT M3ydeHHbBIE
Bamu B Kypce aHaIUTHYECKOW TN€OMETPUU IUIOCKOCTH M Mapabojoubl, MHOTHE

apyrue moBepxHocTH. llpenmomokum, uyto GYHKIUS z(x,y) U €€ YaCTHBIC

0z 0Oz
MPOU3BO/IHBIE paEe HENPEPHIBHEI B 0071acTh D. D10 OyIeT KpaTKo 0003HAYaThCS
X oy

Tak: ze C'(D).
Iyers  (x,,v,,2,) €S, Te. z,=2z(x,,y,). YpaBHEHHE KacaTeJIbHOU

IIJIOCKOCTH K HOBerHOCTI/I B BTOﬁ TOYKEC nMECT BU/:
0z oz

Z—2z,= _(xonyo)(x_xo) +—(x0,y0)(y—y0) .
ox oy

Hanee B »ToM maparpade ™Mbl OyaeM nJii KpaTKOCTH 0003Ha4aTh

oz 0z
z' :a(xo, Yo)s Z) =5(x0, y,). HamomHuM, 4Tt0 B OOINEM ypaBHCHHH ILUIOCKOCTH

A(x—x,)+B(y—y,)+C(z-2z,)=0 uncna A, B, C npecTaBisoT cOO0M KOOPAUHATHI
NEPHNEHIUKYJIIPHOTO K OTOM IUIOCKOCTM BeKTopa. 3Hauur, (z.,z),-1) -
HOPMAaJIbHBIN BEKTOP K MOBEPXHOCTH S B TOUKE (x,,V,,Z,). DTOT BEKTOp, BOOOIIE

TOBOpA, HEC 6I[HHPI‘IHBII>1. Yr1o0nI claciaTb €ro CAMHUYHBIM, €T0 CICAYCT YMHOXKUTDH

Ha OJVMH W3 HOPMHUPYIOIIMX MHOXHUTEIEH, T.€. HAa OJHO M3 YHCEI
4 1

r\2 r\2
JE) +(2)) +1

. HTaK, ABa CAMHUYHBLIX BCKTOpPAd HOPMAJIM K IIOBCPXHOCTU B
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paccMaTpuBaeMon TOYKE UMEIOT BHJI:
—z! -z, 1
JE HE) HTJED HED) 1 ED) + )+

!

_ z, z, -1
@ U JE @) ) ()

H3B€CTHO, 4TO KOOPpAMHATBI CAMHHUYHOI'O BCKTOpPA — 3TO KOCHHYCHI YIJIOB,

n =

S|

2

COCTaBJIIEMBIX 3TUM BEKTOPOM C OCAMHU X,z (T.e. C TIOJOXUTEIbHBIMU
HaIpaBJICHUSIMHA 3TUX oceil), COOTBETCTBEHHO. Ilyctb
n, = (cosa,,cos f,,cosy,), n, =(cosa,,cos 5,,cosy,). OUEeBUIHO, UYTO 7, =-n,.
OTO0 03Ha4aeT, 4YTO CIPABEUIMBLI PABEHCTBA &, =7+ ,, B =n+ B, v, =7+ },.

[Ipenmonoxum, 4To MBI paccMaTpuBaeM pa3OueHue 7' 3Toi MOBEPXHOCTH Ha
qacTu S; HeNpepbhIBHBIMU KpUBBIMU. 1o duamempom muoscecmsa S; nonnmaercs
TOYHAsl BEPXHSS TPaHb PACCTOSHUN MEX]y TOUKaMH 3TOTO MHOXKECTBA. /[uamemp
pasbuenusi T — 3TO HAMOONBIIMH W3 JUAMETPOB TMOJYUYUBIIMXCS YacTeH.

O6o3nHauvaror ero d(7).
B kaxaoil mosydeHHOM 4YacTH MOBEPXHOCTU BBIOEPEM TOUKY (X,,V,,Z,) H

PaCCMOTPUM KaCaTCIBbHYIO INIOCKOCTh K ITIOBCPXHOCTH B ATOM TOUKE. HepecequHﬂ
ATUX KacaTEIbHBIX ILIOCKOCTEH orpaHu4aT MHOT'OYTOJIBHUKH, KOTOPBIC 06p8,3y}OT
«MaHIUPb» Ha  IHOBCPXHOCTH. OTOT «MaHOupb»  COCTOUT U3  INNIOCKHX
MHOI'OYI'OJIbHUKOB H, CJIICAOBATCIIbHO, UMCCT ILIOIIA[b, PABHYIO CYMMC nnomaz[eﬁ

COCTaBJIAIOMMX €TI0 MHOT'OYTI'OJIbHUKOB.

Eciu npu crpemnenun k 0 nuamerpa pa3OMeHMs IUIOIMIAN «TIaHIUPED)
MMEIOT KOHEYHBIN Mpeed, TO OH M Ha3bIBAETCS ILIOMIA/IbI0 MOBEPXHOCTH. IDTO
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OTpeseNieHUE TMO3BOJSET JIETKO HalTh (opMmyidy A BBIUMCICHHUS IUIOLIAAN
IIOBEPXHOCTH. PaccMOTpUM IUIOCKMH MHOTOYTOJBHHUK, HOpPMajldb K KOTOPOMY

UMEET HaIpaBISIONIME KOCUHYCHI (cosa,cos f,cosy). Moxkem cuutarb, 4TO

cosy >0.

. bes  orpanmuenuss  OOIIHOCTH,  JOCTAaTOYHO
paccMaTpuBaTh  MPSIMOYTOJNBHHUK,  HpUYEM,  JUIA
IPOCTOTHI, CYMTAEM, YTO €T0 MPOEKIMS Ha IUIOCKOCTh

v z=0€ecTh  MNPSAMOYTOJBHUK  CO

Ax CTOpOHAMHU Ax,Ay, a CaM OH HUMEET

x CTOPOHBI Ax,Al.
Torma Ay = Alcosy u

n(S) = Ax- Al = 25 (cosy > 0).
cos ¥

Ax - Ay
|cos 7| '

B o6mem ciydae na(S) =

Ecnin  Hopmanm  BeIOupamuce B TOoukax  (x;,y,,z;), TO  IYyCTb

(cosa,,cos B.,cosy,) — MX HampasisiomMe KocuHycbl. COrjacHO CKa3aHHOMY

n n A.XA )
BBIIIE, IUIOMIAAb «MAHIUPS» €CTh Znﬂ-(S,-)=Z i Jra CyMMa SIBJISICTCS

i=1 i=1 |COS 7,'|

o o o dxd
UHTETPAIbHOM CyMMOM [UIsi TBOMHOIO HWHTETpaa ” 4 B Kak ycrtanoBneHo
D Y

|COS

2 2
BBIIIE, |cosy|= ! ——, ODTOMY S = H (82] +(?j + ldxdy .
D

oz (o2 Ox Y
— | +|— | +1
(8)6) oy

2. Mnowadb nogepxHocmu, 3a0aHHOU NnapamMempu4ecKu

YacTo NOBEPXHOCTH 3aJaHbl NAPAMETPUUECKUMH YPABHEHUSIMU
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x =x(u,v)

y=y(u,v), tae (u,v)eA, a A - HeKoTopas Iulockasg obnacte. IlycTh
z=2z(u,v)
x,v,zeC'(A).

X

Kpome Toro, mycth B 110001 TOUKE A paHT MAaTPHUIIBI paBeH 2. 910

X z

! !
u u
! !
v v

!
u
!
v

O3Ha4YacT, 4TO B JIO00H TOYKE A XOTS OBI OMH N3 MHHOPOB BTOPOI'O IIOpAOKa

v,

!

Y,

9TOM MaTpulbl He paBeH 0. Eciu, ckaxkem, B HEKOTOpou Touke C = #0, TO

- - = =~

X

ATO O3HayaeT (BCIOMHUM C(OPMYJHUPOBAHHYIO B KOHIIE 2 CEMecCTpa TEOpeMy O
. x =x(u,v)

CHUCTEME HESBHBIX (YHKIIMI), 4YTO YpaBHCHHS MOJXHO PEUINTD,
y = y(u,v)

BBIPA3UB B OKPECTHOCTU ITOM TOUYKHU NEPEMEHHBIE u,v YEpPE3 NEPEMEHHBIE X,, T.€.

MOJYYUTh PABEHCTBA BUAA u =u(x,y), v=v(x,y). 1loACTaBUB 3TH BBIpAKECHUSA B

YpaBHEHUE z=z(x,y), IOJIYYUM YpaBHEHUE z=z(u(x,y),v(x,y))=Z(x,y), T.€. B

OKPECTHOCTH PAacCMAaTPUBAEMON TOYKU TMOBEPXHOCTh MOXKET OBITH 3a7aHa SBHBIM

ypaBHeHueM Buja (1).

y &
(Ecim A4 = gy” ‘g;’ #0, TO wHMeeM, IO aHaigoruv, X =X(y,z), a eciu
v v
o o
—B:gz gg #0,T0 Y =Y(x,2)).
v v

x(u,v)
O6o3HauuMm  7(u,v) BeKTOp | y(u,v)|. PaccMOTpuM NpPOU3BOJIBHYIO TOYKY

z(u,v)

(uy,v,) € A. 3adukcupyem cHayana v, U PpacCMOTPUM 7 (u,v,) — KPHUBYIO Ha
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_ or oy o o
noBepxHocth. Torma 7, =—/(u,,v,)=| —=(u,,v,)| — BEKTOp KacaTeNbHOW K DTOM
ou ou

o _ or o
KpuBOi B Touke (u,,v,). AHalOrmuHo, 7, =a—(u0,v0) - BEKTOp KacaTeJbHOM K
1%

KPUBOU 7 (u,,V).

Hopmainpe k MOBEPXHOCTH SIBISETCS HOPMAJbIO K KacaTelIbHOM IUIOCKOCTH U OHa

a v o
NEepNECHAUKYJISIpHA 7, U 7,. YCIIOBUE rg gz gz g;‘ =2 O3HAYaerT, YTo 7, U r, HE
v v oy

napajuiesnbHbl. [103TOMy B KadecTBE HOPMAJIBHOTO BEKTOPA MOXHO B3AThb 7, X7,

(BeKTOpHOE MIPOU3BEICHUE) WIn

i j k| |oy oz 0z Ox ox 0y

Oox 8y Oz _|ou ET E a—. E oulr _ 47 ~ '
8_u 8_u 8_u_5‘y @H% 6_x]+@ 6_yk—Al+Bj+Ck. Torma eawHUYHBIC
& 9 2| gy ov ov  0ov ov  0Ov

ov oOv ov

Y B C
BEKTOpPbl HOPMaJId PaBHbI , , , IpH
(HAZ +B24+C? #A 4B +C? +A + B+ (2 J

TOM BbIOOPY BEpXHEW HOPMaJIM COOTBETCTBYET BBIOOP TOTO e 3HAaKa, YTO U 3HAK
yucia C, nepej; KopHeM (IMTOCKOIBKY Toraa cosy > 0).

Ecnu moBepxHOCTh 3ajlaHa MapaMeTPUYECKH, TO, KaK YyKa3bIBAJIOCh BHIIIE, B
OKpPECTHOCTU Jt000ON e€ TOuKM €€ BO3MOXHO 3aJaTh SIBHBIM YpaBHEHUEM
(z=2z(x,y) Wk x=x(y,z) WMy = y(x,z)).

[Ipeamnonoxxum, YTO TOBEPXHOCTh, 3aJaHHAs TMApaMETPUUECKH, MPEICTABISCT
co0olf KOHEUYHOe OO0BbEAMHEHHE 4YacTel, KaxkJaas W3 KOTOpPBIX 3a/laHa SIBHBIM
YPaBHEHUEM, U PACCMOTPUM OJIHY U3 €€ 4acTeu, g KOTOPOou z = z(x,y), (x,y) e D.

dxdy
|cos 7| '

Torma momanae 3TOM 4acTh, MO JOKAa3aHHOMY BBIIIIE, PaBHA ” [lepeiiném B
D

O9TOM HHTCTpPAJIC K ICPEMCHHBIM U,V, YUUTLIBAsA, YTO SIKOOMaH nepexoga — 9TO Kak
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o
NA* + B+ C?

o0JyacTh A, Ha IUIOCKOCTH (u,v). Torma 1mo TeopemMe O 3aMEHE IEPEMEHHBIX,

dxd Cldud
i

5 |cos 7|

pa3 onpenenutens C, a [cosy|= U MyCTh 007acTH D COOTBETCTBYET

Jlerko mpoBepuUTh, UTO B CIy4dae YpaBHEHUS x = x(y,z) WIA y = y(x,z) MOIYYUTCA

UHTETpaJl TAKOTO JK€ BHJIA! ” A* + B’ +C’dudv,i=12
A.

OOveauHsisi BCcEe  MONYyYCHHBIE  YacTH, TMOJy4aeM  OOIIyl0  IUIOIIAfb

”\/Az—i-Bz+C2dudv, rme A - Bcg o001acTh HW3MEHEHHUS IapaMeTpOB
A

(u,v), A=Ay WA, UA,.
OTMeTHM, YTO BBIpakeHHe A° +B” +C’ MOXKHO IIpeoOpa3oBath K Oosee ya00HOMY
JIIsA BBIYHCJICHUI BUOY.

Yucna (4,B,C) cyTh KOOPAUHATHL 7, xr, . [I03TOMy A* + B> +C? — KBagpaT MOy
BeKTOpa r,xr,. HalmOMHUM, YTO MOZYIb BEKTOPHOIO IIPOU3BEICHHS DAaBEH

r,|sin ¢ (¢ - yToJ MEKTY rour,). 3HaAYwuT,

A+B+C=r -r’sin’ g=r’r] (1 cos ¢) rir? —r’rl cos ¢—r rr—(rr, cos¢) —ruzrf—(a,r_v)z

2
= @’6_)/’8_2 (8)(] + 6_y + % =E; rl = @ + & + U
ou Ou Ou ou ou ou ov ov

(r_ —) (Gx oy 82) (ax y sz ox 8x+8y 8y+8z Oz
ou’ ou’ ou S\ ov ov ov Oou ov ou Ov ou ov

2

r

u

. 3mech 1’ =

Hrak,

u’’v

A*+B*+C*=EG-F*, u dopMmynaa s TIUIOIIATA TIOBEPXHOCTH, 3aJlaHHOM

rnapaMeTpu4eCcKu, TakoBa: S = J. I NEG-F*dudv .
D

3. [NloeepxHOCMHbIe uHmMezparsnbl 1-20 muna.

[Iycte S — mnoBepxHOCTh, uMeromas Mmiomanas MmL(S) . Paccmorpum
pazOuenue 7 3TOil MOBEPXHOCTH HA YACTH S; C MOMOILBIO HEMPEPHIBHBIX KPUBbIX.

IIycts Qyukims f(x,y,z) OmpenencHa BO BCEX TOYKaX MOBEPXHOCTH S. Bribepem
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IPOM3BOJILHBEIM ~ 00pa3oM TOYKU  M,(x,,v,z)€S, H PacCMOTPUM CyMMY

1

if(xi’ynzi)nﬂ'(si):O-(f’T’{Mi})‘

Omnpenenenue. [TycTh I eR. Ecimn

Ve>0 36>0 VI:d(T)<S VM, | |o(f.T.{M,})-1|<e, TO MBI TOBOpHM, 4TO / €CTb
nogsepxnocmuuitl unmezpan 1-eo muna ot Gpysxuun f(x,y,z) 0O MOBEPXHOCTH S U

0003HaYaeM 3TO CJIEAYIOIIUM 00pa3om: I = ” f(x,p,2)ds .
N

[Ipumep 3amaum, MOIEIBIO KOTOPOW CIIY’KUT ITOBEPXHOCTHBIM HHTEIrpall
IIEPBOr0 THUIIA — HAXO0XKJIEHHE MacChl MOBEPXHOCTH S5, TOBEPXHOCTHAS IJIOTHOCTh
KOTOPOH B Touke (x,y,z) paBHa f(x,y,z).

JUis  BBIUKCIEHMS] IIOBEPXHOCTHOTO MHTErpaiga 1-ro Ttuma yJIo0HO
UCIIOIB30BaTh CIEAYIOIINE TEOPEMBI.

Teopema 1. ITycth NOBEPXHOCTD S 3a/1aHa ypaBHEHUEM z = z(x, y), (x,y)e D,,
rie z — HenpepbiBHO auddepeHupyemas Ha KBaapupyemou obOmactu D,

¢yukuus, D, < R*. Tornma mist mo00i HePephIBHON HAa TOBEPXHOCTHU S QYHKIHH f

JJ 16y 2)as - gﬂx,y,z(x,y))J(@—Zf (g_j Fldsdy.

ox y

3ameuanue 1. eciay MOBEPXHOCTH 3a/laHa ypaBHEHHEM y = y(x,z), (x,z)e D,,

r7ie y — HempepbIBHO nuddepeHImpyeMas Ha KBaJapupyemoi odmactu D,, D, c R®

(ynxuus, to H flx, y,z)dS:” f(x, y(x,z),z)\/(a—yj +(8_yj +1 dxdz. AHAIOrMYHO, B

Ox 0z
ciydae 3a[aHus IOBEPXHOCTH ypaBHEHUEM x=x(y,z)
ox) (oxY
” o, ,2)dS = _” F(x(y,z2), yz)\/[a—xJ +[a—xj +1 dydz TIp¥ aHAJOTUYHBIX YCJIOBUSAX Ha
s D, v y

00nacth D, u yHKImo x(y,z).

Teopema 2. Eciu mnoBepxHOCTh (S) 3amaHa mHapamMeTpUYECKUMHU

x = x(u,v),
ypaBHEHUAMH y = y(u,v), (u,v)e Ac R?,

z=z(u,v),
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re x,y,z — HeNnpepblBHO nuddepeHiupyemble QyHKIIMM Ha A U IYyCTh

GyHKIHS flx,y,2) HEINpephIBHA Ha (S) , TO
”f(x,y,z)dS = ”f(x(u,v),y(u,v), 2(u,vNEG - F* dudy .

Teopewmsl 1 u 2 octaBuM 0e3 10Ka3aTEJIbCTBA.
BwMmecTo 3TOro npuBenéM npuMep BBIYMCIEHHUS MTOBEPXHOCTHOTO MHTErpaia

1-ro Tumna.

3agaua. Haiitu _”(x2 + yz)dS, riae S — rpaHmia Tena /x> +y’ <z<1.
S

Pemienue. OT0 TENO NpeACTaBIAET COOON KOHYC!

A

X

S coctouT u3 OOKOBOM MOBEpPXHOCTH S; W ocHoBaHus S,. Ha OGokxoBoit

MIOBEPXHOCTH, YPaBHEHUE KOTOPOH z =./x”+y’ ,BCIOAY, KpoMe TOoukH (x,y)=(0,0)

2 2 2 2 2, .2
@:;,%:LH[QJ {@] e B )
X xP+y? Y YxP+y? ox oy XT+yT xT+y X 4y

2 2
u dsz\/[@] +(Z—Z) +1dxdy =~2dxdy .

ox )y

Hapynienue 31oit GopMyJibl B €IMHCTBEHHOU TOYKeE (x, y)=(0,0) HE MOBIUSET

Ha Pe3yJbTaT, OITOMY J'J. (x> + y2 Jds = ” (x* + > N2dxdy, rme D — mpoekius S; Ha
s, D

IUIOCKOCTh z =0, T.¢. D — Kpyr x* +y* <I.
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B wuHTerpasne, crosimemM B NOpaBOM 4acTH, IEpEeHIEM K IOJIAPHBIM

xoopmuaram:  [[(x* + y> N2dvdy = ngﬁj' (> N2rdr =222 _l[r3dr = (r - skobOuan
D 0 0 0

4
1
npeobpaszoBanms) =272 —| = 2ny2 _ w2 :
400 4 2
OcHoBanue S, 3a/1aHO YPaBHEHHEM z=1, IIOATOMY
(%jz o & 2 +1=0+0+1=1 m _”(x2 +y2)dS =J.'[(x2 +y2)dxalyzZ (3TOT WHTETpanl
ox oy s, s 2

OTIIMYACTCA OT BBIYMCIICHHOI'O BBIIIC JIMIIb MHOXHTCIICM, IIO3TOMY HOI[pO6HOC

BBIUHCIICHUE OIYIIEHO).

Hrax, BECh UHTETpal
LI(XZ +«V2)dS:£]I(x2 +y2)ds+g(x2 +y?Jds =”—f+§=41+2—@

3. CTopoHa NoBepXHOCTW.

[ToHsiTHE CTOPOHBI TOBEPXHOCTH HWHTYUTHBHO XOPOILIO HU3BECTHO. MBI
TOBOPUM O BEpXHEH M HM)KHEW CTOPOHE, BHYTPEHHEH M BHEIIHEW cTOpoHe (s
3aMKHYTBIX IOBEPXHOCTEW) U T. m. [laxke ceiuac, eciu BAPYT NMEPEBEPHYTH JHUCT
OyMaru, Ha KOTOPOM PacIoJIOKEH YuTaemblii Bamu TekcT (MM MOBEPHYThH KpaH
MoHHuTOpa), Bl ckaxere: «He Ta cropona!». Hanerocs, 3To He BhI3oBeT y Bac
qyBCTBa 00JieryeHus, Bol BHOBb IEPEBEPHETE JIMCT U y3HAETE TOI'/A, KAK MIPUHSITO
ONpENENATh CTOPOHY MOBEPXHOCTH B MAaT€MAaTHWKE U y BCAKOW JIM MOBEPXHOCTU
€CTh 2 CTOPOHBI.

Kak o0buHO, mpormie Bcero OOCTOUT €10 € MOBEPXHOCTBIO, 3aJlaHHOMN

SIBHBIM YPaBHECHHEM.

z=2z(x,y),(x,y) €D (1)
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B sTOM ciydae, 04eBUIHO, €CThb 2 CTOPOHBI, BEPXHSAA M HWXKHsAA. UTOOBI

OIIpCACIINTL CTOPOHY, AOCTATOYHO YCTAHOBHUTD, KaKoM yroia COCTaBJIACT

v

BbIOpaHHas Bamu HOpmanb K MOBEPXHOCTU € OChblo z. Eciu cosy >0, TO 3TO —
BEpPXHsA CTOpOHA. Eciu cosy <0 - TO — HYKHSIA.

Ha BepxHen ctopoHe cosy >0, MOITOMY BEPXHEW CTOPOHE COOTBETCBYET
BEKTOp 7. IlyCcTh 0 — 3aMKHYTHIH KOHTYp, JIKAallWi Ha MOBEPXHOCTH U HE

nepecekaroien e€ kpail. Beroepem B mpou3BOIBLHON TOYKE 3TOrO KOHTYypa OJHO U3
JBYX HampaBiieHHWd HopMmanu. Ilycte mpu 00Xone 3TOro KOHTypa HOpMallb
MEHSIETCS HENpephIBHO. Torga B MCXOAHYK) TOYKY MBI BEPHEMCS C HCXOJIHBIM

HaIrpaBJICHHUEM HOpMaJIH.

OnrcaHHoe  BbIIIE  CBOMCTBO  moBepxHoctw (1) Oymem  cuuTath
ONpEe/ICJICHUEM JIBYCTOPOHHEU MOBEPXHOCTH (B OOIIEM cllydyae, a HE TOJIbKO s
noBepxHoctedt Buaa (1)). TouHee TOBOps, TMOBEPXHOCTb  Ha3bIBACTCS
JIBYCTOPOHHEH, €CJIU MPpU 00X0/1e JII000r0 3aMKHYTOI'0 KOHTYPA, JIe)KaIEero Ha Heu
U HE TMepeceKkarmiero e€ Kpai, HalpaBlICeHHE HOPMaJIM NpPU BO3BpPAIICHUU B

UCXOJIHYIO TOYKY coxpaHserca. Eciu ke CylecTByeT 3aMKHYTBHIM KOHTYp, Mpu

40



00X0/1€ KOTOPOIr0 HANpaBJICHHE HOPMAJIA IPU BO3BPALLIECHUH B UCXOJHYI TOUYKY
CMEHSIETCS Ha IIPOTUBOIIOIOKHOE, TO IIOBEPXHOCTh HA3BIBACTCSA OJHOCTOPOHHEN.

beiBal0 MOBEPXHOCTH, HE SABIAIOMIMECS IBYCTOPOHHUMHU. IIpocrenmmii

A B
E F
D C

npumep — Juct Mebuyca. OH moiydaeTcs TakK: pacCMOTPUM MPSIMOYTOJIbHUK
ABCD u nunuto EF, coenuHso1y0 cepeauHbl €ro CTOPOH.
Cxkrnenm Touky A ¢ Toukoii ¢ C, B ¢ D.

- Ecim  ob6xomute konTyp EF, TO 1pm

BO3BpAIICHUA B MCXOJAHYIO TOYKY HAalpaBJICHUE
HOPMAJIW M3MEHUTCSI Ha MPOTHUBOMOJIOKHOE. ITO
JIOKa3bIBA€T OJJHOCTOPOHHOCTH Jincta Mebuyca.

B panbheiimieMm MBI OygeM  paccMarpuBaTh  TOJBKO  JIBYCTOPOHHHUE
MTOBEPXHOCTH.

JIByCTOpOHHSISI TOBEPXHOCTh, Y KOTOPOM BbIOpaHa CTOPOHA, HA3BIBACTCS
OpHEHTUpPOBaHHOM.  Ha  OpHEHTHPOBaHHON  IMOBEPXHOCTH  ONPEAEIICHO
MOJIOKUTEIIPHOE HAMPABICHUE MPOU3BOJIBHOIO 3aMKHYTOrO KOHTYpA, JIEXKAIIEro
Ha HEM, a TaKKXe KOHTYpa, OTPAaHUYMBAIOLIETO CaMy 3Ty MOBEpXHOCTh. [lycts L —
paccMaTpuBaeMblii KOHTYP M MYCTh ~OOXOMYUK’’, TOJIOBa KOTOPOrO HaIpaBlieHA
Tak e, Kak U BhIOpaHHAash HOpMajb K TMOBEPXHOCTH IMPHU 00XOJE 3TOr0 KOHTYypa
BUJIUT OTPAaHUYMBAEMYIO STUM KOHTYpPOM 4acTb G paccMaTprBaeMOW MMOBEPXHOCTH
cieBa OT cels (B ciydae, eciM OOXOMYUK MOMIEN MO Kpar MOBEPXHOCTH S, OH

JIOJDKEH BUICTH S clieBa OT ce0s).
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L

B o3TOoM ciydae KOHTYp OOXOOUTCS B  TOJOXKHUTEIbHOM  HAINpaBJICHUU.
[IpOTHBOIIOIOKHOE HAIIPABIEHUE CYUTAEM OTPULATEIBHBIM.

O4eBUAHO, YTO €CIU B3ATh APYT'YIO CTOPOHY ITOBEPXHOCTH, T.€. U3MEHUTH B
JAHHOW TOYKE HAIpaBJICHWE HOPMAJIA Ha ITPOTUBOIIOJIIOKHOE, TO IMOJIOKHUTEIBHOE

HarpaBjeHHe 00X0/1a KOHTYPOB CTAHET OTPHUIIATEIHHBIM U HA00OPOT.

Crpenka yka3plBaeT HOBOE IOJIOKHUTEIIBHOE HalpaBieHHE 00Xo0lla — OHO

COBITAacT C OBIBIIIUM OTPHUIATCIIbHBIM.
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4. [NloeepxHocmHbie uHmezpansi Il muna (Il poda).

Ilycte S — nBYCTOpPOHHSA MOBEPXHOCTh. BHauane cunraem, 4ro S 3amaHa

ypaBHEHHEM z:z(x, y), (x, y)eD1 ,rae D, — KBaagpupyeMoe MHOXECTBO Ha
1974 1974

mwiockocth XOY. Kak 00BIYHO, cyHTaeM, 4YTO z(x, y), —(x, y), a—(x, y) —
Z Y

HenpepbIBHbIE Ha D, GpyHKIMHU, U BbIOEpPEM BEPXHIOI0 HOPMAJb K S.
PazoObem obOsacts D, Ha kBajgpupyemble yyacTku D,. u BbIOE€peM TOUKH
(¢.,m,)e D, npoussonbaeM 06pazom. Ilycts dymkmus R(x,y,z) ompeneneHa Ha

MOBEPXHOCTH S.

PaccmoTpum MHTErpalIbHYIO CyMMY

n—

R(E,.,.z(¢.n, ) m(D,,)=o(R,T,{&.n,})

1

I
(=1

Ecrm 31eR Ve>0 38>0 VT:d(T)<s V{E.m,}

‘G(R’T’{éi >1; })_ I‘ <g,

To uncio | Ha3wbiBaeTca nogsepxuocmuvim unmezpanom Il muna (Il pooa)

OT (PYHKIIMU f TIO BHEILIHEW CTOpOHE S M 0003HAYAETCS TaK:

I= ”R(x,y,z)dxdy.
N

(Hacto UCIIOJIb3YETCS 6onee COBPEMEHHOE o0o3HaueHne

I= ”R(x, y,z)dx Ady.)

Ecnu BbIOpaHa HUXKHAS CTOPOHA NTOBEPXHOCTH S, TO BCE BEITMUYMHBI HJI.(D“)
B UHTErPAIbHOM CyMME€ 3aMEHSEM Ha (— HJI.(Di 1 ))

DT0 03Hauaer, 4yTo noBepxHocTHbIM uHTerpan Il tuna (Il pona) mo HUxKHEN
CTOpPOHE TMOBEPXHOCTHM OTJIMYAETCS OT HHTErpajia IO BEepXHEH CTOpOHE

IMOBCPXHOCTU TOJIBKO 3HAKOM.

i,
Kak orMeuanocs Bbiie, 7(S, )= ﬁ
cosy,

mz.(Di’1 ) = na(S, Xcos ¥,

, T.€.
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nfz.(Dl.ﬂl): (S )cosy,, eclu y, COCTAaBJISET ¢ OCHIO Z OCTPBIH YrOL.

n]l.(Dl,)l)= —ng.(Sl,)cos ¥, €CIIA Y, COCTABJISET C OCBIO Z TyIOH YroJl.
ITooTomy, cos ]/il’lJZ.(S ): I’l]l.(D.) U — nfz.(D ), B 3aBHCHMOCTH OT BBIOOpa

i i i

CTOPOHBI IIOBEPXHOCTH U I _[ R(x,y,z)dx ndy = ”R(x, y,2)cos yds.
N N

TouHO Takxe, eciau R(X,y,z) — HemnpepbiBHas QyHKIINS, TO

”R(x, y,z)dx Ady= j J R(x, y,z(x, y))dxdy , €CIIA B34Ta BEPXHsISl CTOPOHA S 1
s D,

”R(x, y,z)dx ANdy= —j j R(x, y,2(x, y))dxdy , €CII B34Ta HIDKHSSL CTOPOHA S.
s D,

Ecnu S 3ama€rcs ypaBHEHHEM ) = y(x,z), (x,z)eD2, KBaJIpUPyEMOU

obnactu miockocTu xOz, TO ONpeAeN€éH WHTErpaj ”Q(x, y,z)dz A dx , KOTOPBIH
N
paBeH ”Q(x, y,z)cos pdS . Wuterpan ”Q(x, y,z)cos pdS  BeIUMCIsAETCS  TO
S S

bopmye ”Q(x, y(x,z),z)dxdz, €CIM  yToJ, COCTaBJIIEMBbId HOpPMAJbl K
S

BBIOPAaHHON CTOPOHE IMOBEPXHOCTH C OCBIO ) OCTPBIN (TO €CTh, yroa f), u 1Mo

dbopmyne — ” Q(x, y(x,z),z)dxdz , €CJIA ATOT yroJa TYIOH.
S

Ecnu xe S 3amaHa ypaBHEHUEM x:x(y,z), (y,z)eD3, KBaJIpUPYEMOU

obmactu miockoct yOz, TO ONpeAciEH HWHTErpa ” P(x,y,z)dy ndz, paBHBIN
N

H P(x,y,z)cosadS ¥ BBIYHCISEMBIN 1O QopmyIie ”P(x(y,z), y,z)dydz, €CJIM YT OJI,

s D;

COCTABJISIEMBIA HOPMAJIBIO K BBIOPAHHOW CTOPOHE MOBEPXHOCTH C OCBIO X OCTPBIH,

u o ¢popmyJie —_U P(x(y,z),y,z)dydz , €CITY 3TOT YT OJI TYIIOM.

D3
Ecau IMOBCPXHOCTH S MoxkHO OJHOBPECMCHHO IIPCACTABUTL YPABHCHUAMH
pPacCMOTPCHHBIX BBIIIIC THIIOB, TO OHpCI[eJIéH

” P(x,y,z)dy ndz+Q(x,y,z)dz ndx+ R(x,y,z)dx Ady = H Pcosa+Qcos S+ Rcosy)dS
N

N
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Ecnu moBepxHOCTh S €CTh KOHEUHOE OOBEIWHEHHE TAKMX MOBEPXHOCTEH U
opueHmayuu maxkux HnoeepxHocmel CO21AcO06aHbl, TO WHTETpaJl IO BCEU

IMOBCPXHOCTHU paBCH CYMMC HHTCTPAJIOB IO COCTABJIAIOIIMM OTY ITOBEPXHOCTH

YaCTSAM.
m CornacoBaHHOCTh ~ OPHCHTAIIMA  O3HAYAET
S ¥ X% Clle[lyIoliee: HOPMalld Ha OTHENbHBIX YacTIX
N | BbIOpaHbI TaK, YTO MOJIOKUTEJIbHbIE HANPAaBICHUS
\ f
o0xo/la oOUIMX TPaHMI] MPOTUBOIMOJIOXKHBI JIPYT
ApyTYy.
B obmiem cirydae, eciii TOBEpXHOCTH S 3a7jaHa MapaMeTpUIeCKH:
x=x(u,v)
y=yu,v)
z=2z(u,v)
rne  u,veA - KBaapupyemMoi oOmactu U x,y,zeC'(A), TO

”P(x,y,z,)cosa ds + Q(x,y,z)cosﬂ ds + R(x,y,z)cosy ds =
= i”P(x(u,v),y(u,v),z(u,v))- Alu,v)dudv + ”Q(x(u,v),y(u,v),z(u,v))- B(u,v)dudv +

+ J.J.;(x(u, v), y(u, v), z(u, v)) C(u, v)dudv

A€, KaK U BBIIIIC,

o o e o o o
_|Ou Ou _|Ou Ou _|Ou Ou
A(u,v)—Q @ , B(u,v)— 6_ @ C(u,v)—a_ Q ,
ov ov ov oOv ov ov
i ]k
. |Ox Oy Oz
(To ecTh, K03 HUIIMEHTH HOPMAJHU, paBHOU |— — —),
ou Ou Ou
& ool
ov oOv Ov

_ 9

a 3HaK “+” wiu BbIOMpaeTCcsT B COOTBETCTBHH C BBIOOPOM CTOPOHBI

IMOBCPXHOCTH.

IIpumep. IIpuBeném nmpumep BBIUMCICHHUS MOBEPXHOCTHOrO MHTErpana 2-ro

tuna [ = ”xdy ANdz+ ydz Andx +zdx Ady, Tne S — BHemHss cTopoHa cdepbl
N
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x*+y*+z°=a>. OOo3HaumMm [, = ”zdx Andy. W3 coobpaxeHudl CHUMMETpUU
S

OYEBUHBI PABEHCTBA H xdy Adz = ” ydz A dx =1, , Tak uro [=31,. [loBepxHOCTH S

COCTOHUT M3 YacTeit S; u S,, 3a7aBacMbIX ypaBHECHHIMHU z=.a’ —x’—y> (310 S| —

BEpXHsA monychepa) U z=—/a’ —x>—y*> (3TO ypaBHEHHE JIJIS HWKHEH MOTycheps

S,). Ha S; BHemnHss HOpMallb COCTABIISIET C OCBIO Z OCTPBIN yToJ, Ha S; — TYIOM.

z

x S,

[ToaTomy ”dedy = J‘J‘\/az —x’ =y dxdy = Td(pj\/az —rlrdr = 2%-%T\/a2 —;’Zd(r2 =
s, D 0 0

’1_27ra3

= —ﬁI\/az —rzd(a2 —rz): —7[%( a’—r?

AHAJIOrMYHO, TaK KaK Ha S, z=—/a’—x’ -y’ , a HOpMaJIb COCTABIISET C OCHIO

Z Tymnou yroi, szx Ady =—_|‘I—1/a2 —x* —y*dxdy =”w/a2 —x’—y’dxdy =
s, D D

3 3 3 3
:27za . 3Hauur, [, :”zdx/\dyzzm + 27 :47[(1 . Moaromy 1=31,=4m’.
3 S 3 3 3

5. ®opmyna Ocmpozpadckozo-laycca.
Teopema. Ilyctb S — 3amMKHyTas KyCOYHO-TJIQJKas ITOBEPXHOCT,
orpaHuuuBaroias Teno V B mpoctpanctse. [lycTh BriOpaHa BHEIIHSIS CTOPOHA S.
[lycte P,Q,R — pyHKIMH, UMEIOIINE HENpephiBHbIE MPOU3BoaHBIe Ha V. Torma

(ap % |

dedydz PaBHocunbHas
ox 0oy Oz

ﬁ(de Adz + Qdz A dx + Rdx A dy ”I

N
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oP 20 , R

dbopmyIHpOBKa: ﬁ (P cosa +Qcos 3+ Rcos 7 dS I I I ( 3 6 jdxdydz rae
Y

S

(cosar,cos ,cos ) — BHELIHASA HOPMAJIb K S.

Joka3zaTeabcTBO. [Ipeanonoxum, uro V orpaHudeHo cBepxy S, — rpadukom

GyHKIMK z=z,(x,y), cHU3Y S| z=z(x,y), x,yeD,, a COOKYy — LUIUHAPUIECKON

ITOBEPXHOCTBIO S;.

4

/

Brraucioum ”J-—dxdydz ”dxdy I —dz J.J- X,Y,2, (x y)) R(x, V,2, (x, y)))dxdy:

le}

= HR(x,y,zz (x,y))dxdy —J‘J.R(x,y,z1 (x,y))dxdy = ”Rdx Ady — ”Rdx Ady, Tak Kak Ha
D, D, s, s,

S| BHEWIHSIA HOpMaJlb COCTABIISIET C OCBIO Z TYNOU YTroJl.

I[aﬂee, Ha S3 Ccosy = 0 U MOXHO I[06aBI/ITB K CyMMC cCllaracMoc
0= ”Rcosy ds = HRdx/\dy .
S3 S3
Hraxk, ” J a—Rdxa’ydz = ﬁ Rdx ndy .
Vv 62 N

I[anee, CCJIM IIOBCPXHOCTD S MoOXHO npcacTaBuTb B BHIAC O6"b€I[I/IHeHI/I$I

MOBEPXHOCTEN x=x,(y,z), x=x(y,z), x,yeD, ¥ IMIAHAPUYECKON MMOBEPXHOCTH,

TO I_!Iaa—fdxdydz = dez Adx, u, npu AQHAJIOTMYHBIX  YCJIOBMSX,

”I—dxdydz ﬁ;de ndz.
N
[ToaTOMy, ecii TOBEPXHOCTH S YAOBIETBOPSIET YCIOBUSIM BCEX TPEX CIydyaes,

0 ﬁ(de Adz + Qdz A dx + Rdx A dy _m(gp 8Q 8 jdxdydz
S X y Z
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Tenepp nmpeanonokum, 4ro V COCTOMT M3 KOHEYHOI'O 4Yucia Tel Vi,...,Vi,
pa3neN€HHBIX TJIaJKUMHM IOBEPXHOCTAMHU  Sy,...,Sy, NpUUEM d3TH Tena Vi
YAOBJIETBOPSIIOT CHOPMYIMPOBAHHBIM BBIIIE YCIOBUAM. J[JI1 MPOCTOTHI, MyCTh

V=V,uV,, S=5US,:

Torna:
e R

oP 90 R

dxdydz, i=12, mnpeobOpazyem 10 ¢dopmyie
ox Oy 82

U3 HWHTEPBAJIOB H j (
Octporpaackoro-I'aycca kak {:f(de Adz + Qdz A dx + Rdx A dy), i=12, THae
S;

B3SThl BHEITHUE CTOPOHBI MOBEPXHOCTEU S, i=12.

[ToBepxHOCTH S| U S; UMEIOT OOIIYIO YacTh S, MPUYEM UX BHEITHUE HOPMAJIU

~

Ha S HPOTUBOMNOJOMKHBEI M MHTErpanbl o S oT Pdy A dz + Qdz A dx + Rdx A dy

B3aMMHO COKpaTATCA, MO3TOMY || Pdy A dz + Qdz A dx + Rdx A dy +
y y y
N

+J.Ide/\dz+de/\dx+Rdx/\dy=ﬁde/\dZ+QdZ/\dx+Rdx/\dy.
S, S

TeMm CaMbIM, TCOpPCMaA JOKa3aHa.

6. Popmyna Cmokca.
Teopema. Ilycts S — riajgkasi OpueHTUPOBAHHAS JIBYCTOPOHHSIS TOBEPXHOCTh
(T.e. HampaBJeHUWE HOpMald BbIOpaHo) W L — KyCOuyHO TJajgKas KpuBas,

OTpaHUYMBAIOIAs S, MPUUYEM Mbl CUMTAEM HampaBieHue o0xona L monoxurtenb-
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HeiM. [lycte dynkumm P,Q,R — HenpepsiBHO nuddepennupyemsie. Torma

§(de+Qdy+Rdz):” R _20 dy/\dz+(a—P—8—Rde/\dx+ @O _op dxndy |.
7 s\\dy 0Oz 0z Ox ox Oy

3ameuanue 1. PaBHOCHIIBHAA dbopmynupoBKa

OR 0Q OP OR oQ oP
iﬁ(de + Qdy + Rdz) = ”[(5 —EJcosa + (g —a]cos,ﬁ + (a—aJcosyde .

L N

3ameuanue 2. B cnyyae miockoil kpuBoil L, nexarmiet Ha miockoctu OXy u

Gyukuuii P(x,y), O(x,y) ata GpopMyia coBmnaaaer ¢ popmysoi I'puna.

3ameuanue 3. @opmyinbl B MpaBOM 4YacTH 3alOMHUTH HempocTo. [loaromy

yI[O6HO 3alMcCaTb INOABIHTCTPAJIBHOC BBIPAXCHHUC B BHUAC OIIPCACIUTCIIA!

cosa cosf cosy

o 90 9
& oy oz |
P 0 R

Pa3ymeercs, 3T0 HE coBceM OOBIUHBIN onpeaenuTens. Benb Bo BTOpoil CTpoke
ero CTosT omepartopbl Auddepenurpoanus. [1o3Tomy ycioBUMCS cCUMTaTh, 4TO

Mbl IOHUMAEM O] ’TUM ONPEIEIUTENIEM €ro (POpMaIbHOE Pa3I0KEHUE MO MEPBOU

. 0
CTPOKE, MPHIEM NPOM3BEEHNAE, HANDHMEp, ONepaTopa —- Ha ¢yHkuuo R ectb
X

OR
— U T.I.
Oox

Jdoka3arejbcTBO. BblunciumMm, Hampumep, §de. [lycts, Mg mpoOCTOTHI,
L

z=2z(x,y) - ypaBHenue S.
Torma  paccMOTpUM  TApaMETPH3ALHUIO

npoekuuu / kpuBol L Ha miockoctH z=0:

x=x(t), y=yl), 1€[T;;T,] (pasymeercs, x(t), y()

< >

I - HemipepbIBHO nudepeHnnpyembie PyHKITUN).

Torma §de: TP(x(t), (e ), z(x(e ), y(2))x'dt = fP(x, y,z(x,y))dx . K miockoii kpuBoii [

T

npumenuM Qpopmyny I['puHa: j?P(x, y,z(x, y))dxz—”aiP(x, y,z(x,y))dxdy, tme D —
/ p Y
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orpannuMBaeMas KpuBoi / o0macTh miockoctd Oxy. Berumcnum §P(x, y,z(x,y))=
y

_ PP % Wrax, 3epdx__ﬁ@_” 9P % Vixa
oy 0Oz Oy oy 0z Oy

[lepeliném OT ABOMHOTO HWHTETpajia K MOBEPXHOCTHOMY: dxdy =cosydsS,

%cos y=-cosf}, W  3HAYWT, o dxdy = @cos WS =—cos fdS . Tlostomy
y oy oy

§de ﬂ(— cos [ ——)chos }/]dS

AHaJIOTUYHO, §Qdy ”( cosy—%—)Q/cosade §Rdz ”(—cosa—g—Rcosﬂ]dS

u §;(de +Qdy + Rdz ”(—cosﬂ —g—icos yde + Lj(z—fcosy —%—gcos aj +

L

[ Feosa~ Reosp s ”[(___J s 2 BJcos 2 gﬂcosy]ds.

®opmyna CTokca 10Ka3aHa.

BeedeHue e meopuro dughghepeHyuanbHbIX hOpM.
B mpéxmeprnom npocmpancmee onpedenenvt ciedyiowjue HewiHue ougghepenyuanvhvie
Gopmol:

@' = Pdx + Qdy + Rdz (popma nepsoii cmenenu)

®* = Rdx Ady + Qdz A dx + Pdy A dz (popma emopoii cmenenu)
30ecy u eviute P, Q u R — ¢pynkyuu om x, y u z.

@’ =dx Ady Adz (opuenmuposannviii snemenm o6véma)
Onepayus A , Ha3bl6AeMAs BHEWHUM NPOU3BedeHUueM, 001aoaem maKumu C8OUCMEAMU.

D(dx Andy)andz =dx A (dy Adz)
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2)dx ndy =—dy ndx
s ouppepenyuanvroti  gopmer  onpedeneno Ouppepenyuposanue, obaadaouee
ceoUCMBAMIU:
Dd(o, +w,)=do, +do,
2)d((w, A @,))=dw, Adw, + (1) @, A dw,, tre k — crenens hopmbl @,
3)d(dw)=0
Cneoys omum npasunam, evruucium: d(Pdx) = dP A dx+ Pd(fx) =dP Andx, mx. P —

¢opmynoii Hynesot cmenenu.

Hanpumep,
de' = d(Pdx + Qdy + Rdz) = d(Pdx) + d(Qdy) + d(Rdz) =

=dP/\dx+dQ/\dy+dR/\dZ—(anx a—Pa’y+a—Pa’ZJ/\dx+

ox oy oz

( Qd +8Qd +dej/\dy+(aRd +8—Rd aa’z]dZ:

ox oy 0 16 oy O

:a—de/\dx+8—dy/\dx+a—d2/\dx+a—de/\dy+a—Qdy/\dy+
ox oy 0z ox oy

+8—de/\dy+a—Rdx/\dz+a—Rdy/\dz+a—RdZ/\dz:

0z ox oy 0z

i dx/\dy+adZ/\dx+8QdX/\dy+ady/\dz+(—andy/\dz+(—ade/\dx—
oy 0. ox oy oz ox

_[oQ _op dx A dy + 6_P_8_Rx dz A dx + oR _ 20 dy ndz
ox Oy dz Oy g 0Oz

Tonyuennuiii pezyromam 0aém nogoo ecnomnums meopemy Cmoxkca.

Jlanee,

d(@*)=d(Rdx ndy+ Qdz A dx + Pdy ndz)=dR A dx A dy +

+dQ/\dZ/\dx+dP/\dy/\dz:(a—Rdx a—Rdy a—Ra’ZJ/\a’x/\dy+

ox oy 0z

+ anx+8Qdy+anz Adz Adx + an a—Pcl +a—dz ANdy ndz =
ox oy oz ox oy oz

:a—Rdx/\dx/\dy+a—Rdy/\dx/\dy+a—RdZ/\dx/\dy+a—de/\dZ/\dx+

ox oy 0z ox
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+8—Qdy/\d2/\dx+a—QdZ/\dZ/\dx+a—de/\dy/\dz+
oy 0z ox

+6—de/\dy/\dz+a—PdZ/\dy/\dz: 8_P+8_R+8_Q dx Andy Adz
oy 0z ox 0Oz Oy

maxk kak dz Andx Ady =—dx Andz Ady =dx ndy ndz.

Ilonyuennvwlii pezynomam 0aém nogoo echomHums meopemy Ocmpozpackozo.
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MpunoxeHus KpaTHbIX, KPUBONMHENHbIX U MOBEPXHOCTHbIX

WHTerpanoB. AnieMeHTbl TeEOpPUM NOJIsi.

1. CkansipHoe u eeKmopHoe rnosie

Onpenenenne. Crxarsapnoe none Ha obmactu Dc R’ (D c R?) mpencraBisieT

c000ii MPOU3BOJIBHYIO (DYHKITHIO U (M ), omnpenecjaeHHyo Ha D,M e D.
llosepxnocmu ypoeHs CKAISIPHOTO MOJISI — TO MHOKECTBA PEIICHUN YPABHEHUS
U(M)=C, C eR npu 3aJaHHbIX 3HaYeHUAX C .

Ilpumep. Ha reorpaduueckoit kapte suxuu ypoeHs (IBYMEpPHBIA aHAJIOT
MOBEPXHOCTH YPOBHS) TMOKA3bIBAIOT TOYKH, JIeXKalllde Ha OJHOM BBICOTE.
AHanoruyHele MpUMepsl — U30TEPMBI, U300apbl U T.1I.

Bexmopnoe nore F Ha obmacth DcR® (mmm DcR?) — 3T0 BeKTop,
KOOPAMHATEI KOTOPOTO (P, Q,R) ABISIOTCA (DYHKUMSMU, OTIPEACTICHHBIMU Ha D .

IIpuMepsI peACTABISIIOT COO0M CUIIOBOE M0JIE, 0JIE CKOPOCTEH U T.II.

2. [lpou3eodHasl cKasIIpHO20 Moss no HanpaesneHur. [padueHm

CKaJIsAPHO20 IoJis

Bo 2-M cemecTpe MBI yK€ paccMaTpUBaId MPOU3BOJIHYIO INIOCKOTO MO (T.€.

v

DcR?) T0 HampaBlIeHUIO [, Ilonstue eenuuunvr ompeska M M

oTpeNeNsIeTcsl aHaloruyHo u it D < R’ . Hanomunaem: eeruuuna M, M OTpe3ka

M,M TpesacTaBiseT coboil ero IIMHY cO 3HAKOM “+”, ecnu BeKTOpsl M, M W [

[T

OJIMHAKOBO HaIIpaBJICHbBI M OJHWHY CO 3HAKOM , CCJIM HX HalpaBJICHUSA

oU UM)-U(M,)
IIPOTUBONOJIOKHEI. Toraa, mo onpeneneHuo, — = lim .
ol M-M, M OM
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Ecnmu  BBeleHAa  cuUcTeEMa  MPAMOYTOJIBHBIX
JIEKapTOBBIX KOOPAMHAT M BEKTOp [ 3ajaH
HAIPaBJIAIOMIUMUA KOCHHYcaMHu (cosa,cos f3,cos 7 ),
TO mpu ycioBuu auddepeHnupyeMoctd U B T.

M, 1erko BbIBeCTH (POpMYJIy:

oU oU
= (M,)=
Yur,)

——(Mo)cosa + a—U(Mo)cosﬂ + a—U(Mo)cos;/ = (gradU,l_), raoe
Ox oy 0z

gradU(M 0)=(88—U (M 0),aa—U(M . )%—U(M O)J - 2paduenm CKaJSAPHOTO Mojiss U B TOYKE
X y z

M,.
PaSYMeeTCﬂ, IIOHATHUC TI'paJuCHTA MOXKHO BBCCTH H 663 HUCIIOJIBb30BaAHUA

CHUCTEMBI KOOpPIUHAT: %—ll]=|gradU|“i‘~cos¢=|gradU|-cos¢, TK. [ - €IUHUYHBIHA

BekTOp. Takum o06paszom,

oUu
=/ <|gradU|, mpuueM paBEeHCTBO HACTYNAeT IPH

oU -
ycioBun [cos¢|=1. Hambonsmree 3HaueHue —; o BoeM BbIOOpaM [/, TakuM

o6pasom, ecTb |grad(U(M, )|, a HaIpaBIeHHE IPAJUEHTA — ITO KaK Pa3 TOT BEKTOP

[/, HA KOTOPOM 3TO HauOousblliee 3Ha4YeHHE aocTuraercs. MTak, HampaBieHue u

MOJyJb BekTopa gradU(M,) ompezneneHo 0e3 HCMONL30BAHHUSA KOOPAMHAT. ITO

TOBOpHUT 00 HHBAPHAHTHOCTH O3TOI'O IIOHATHUA X O HAJIMYHUHU PCAJIBHBIX CCTCCTBCHHO-

Hay4YHBIX HHTEPIPETALIAMN.
OnHako 17 BBIYMCIEHUS TpaJueHTa yAOOHO €ro  KOOPAMHATHOE
npezacrasieHue. M3 Hero, B 4aCTHOCTH, JIETKO CIEAYIOT CBOWCTBA I'PAJIUECHTA.

1. grad(u + v)= gradu + gradv
2. grad(c-u)=cgradu, ¢ = const
3. grad(u - v)=ugradv + vgradu

vgradu — ugradv

) s
v

4. grad(u/v)= #0

5. gradf(u)= f'(u)gradu (f - mupdepenimpyemas GpyHKIHs)
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IIpumep. Haiinem gradr, roe rz‘;‘:w/xz +y® +z* - MOIYyJIb PaauycC-BEKTOpA

;(x, V, Z).

gradr=(£,1,£j:£.
rror) r

ITo ¢opmyiie 5 U3 3TOrO paBeHcTBa ciexyer: gradf (r)= f'(r)-

~N | N

Ms1 nonmyuunu Gopmyiy AJis BBIUMCICHUS TPaJMCHTa pagualbHOW (DYHKITUU

f(r).

PaccmoTpum Tenepp NOBEPXHOCTH YPOBHS CKajgspHOrO Imonss U, T.e.

MIOBEPXHOCTh, 3ajlaBaeMyl0 ypaBHeHueMm U(x,y,z)=C. Ilpeamosnoxum, 4ro U -
HenpepblBHO auddepenuupyemas (yHKOUS OT x,y,z. lorja ypaBHEHHUE
KAcaTeJIbHOM IIIOCKOCTH B TOUKE M, JIEKAIIEW HA 3TOW NOBEPXHOCTH, UMEET BUJL

oU oU oU
E(Mo)(x_xo%'g(Mo)(y_yo)"'E(Mo)(Z_Zo):O'

KoopnuHatel BekTOpa rpajJueHTa MpeACTaBIsIIOT co00i KO3PHUIUEHTHI ITOTO

ypasHenus. [Tostomy gradU(M,) - HOpMaib K KacaTejbHOM IIOCKOCTH B T. M, H,

10 OIIPEAETIEHUIO, HOPMAJIb K CAMOM ITIOBEPXHOCTHU YPOBHS B OTOM TOYKE.

3. lNTomok eekmopa Yyepe3 nosepxHocms. [lueep2eHyuss 8eKMOPHO20
nossi. BekmopHasi popmynuposka meopembl Ocmpoepadckoz20-

raycca
IlycTh F - BEKTOPHOE T0JIe, S - IBYCTOPOHHsA MOBEpXHOCTh. [lycTh BbiOpaHa
CTOpOHA, T.€. HOpMaJIb n. Hazosem ”(F-Z)dS - NOMOKOM 6eKkmopa F uepes
S

MOBEPXHOCTh S B YKa3aHHYIO CTOPOHY.
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OTOT TEpPMHUH COBIIAJAET CO CIEAYIOIIEeH

|

TUIPOJUHAMUYECKOU 3anaven. Ilycth F -
BEKTOP CKOpPOCTH TEUE€HUS KHUJKOCTU B
MOMEHT ¢ . [locunTaem, CKOJIBKO KHUJIKOCTH
MPOMJIET Yepe3 MATYI0 4acTh MOBEPXHOCTH
dS 3a MOMEHT BpPEMEHU dif. DTOT 00bEeM
KUJKOCTU TIPEACTABIIACT COOOM MIIMHAP C
OCHOBaHHEM dS W BBICOTOH F -n-dt, T.e.
ATOT 00BEM paBEH F-n-dS-dt.

Torna mis Bcell MOBEPXHOCTH IONYYHM dt” F-n-dS. Takum 00pa3oM, IIOTOK
S

IpECTaBIsIeT COOOW CKOPOCTh M3MEHEHHUsS KOJIMUYECTBa IMpOTEKarolield uepe3 S
KUIKOCTH B pACCMATPUBAEMbIA MOMEHT BPEMEHHU.

[IycTh BEKTOpPHOE To0Je F 3aJaH0 B BHIOPAHHON CHCTEME KOOPAMHAT KaK

F(P,0,R). HazoBeM Ousepeenyueii F CKaIApHOE TI0JIE dive =P 99 0 6_ (tpu

ox Oy
YCJIOBHH, 4TO 3TH YaCTHEIE TIPOM3BOIHBIE CYIIECTBYIOT).
JIerko gokasarth, 4ToO:
1. divla +b)=diva + divh
2. divlU -a)=Udiva + agradU . 3zech U - ckamspHOe ToNe M CHMBOJ agradU
00603HAYAET CKATAPHOE TIPOU3BENCHHE TUX BEKTOPOB.

Bcnomanm (bopMyITHPOBKY TEOPEMBI Octporpanckoro-I'aycca:

J;J.(P cosa +Qcos B+ Rcosy)dS = J.”[ op aa—JQ} + g—jdxdydz rIe F= (P,O,R) -

HENpepbIBHO AU depeHIIupyeMoe BEKTOPHOE Moie, S - 3aMKHYTas MOBEPXHOCTD,

orpaHM4MBaroNas 00beM V U (cosa,cos ,cos ) - BEKTOP BHEIIHENH HOPMAJIH.

Jlesas acth opmymer nmeet Bua || (F-n)ds, 1.e. npencraBusier co6oii MOTOK
S

F depe3 BHCHIHIOI CTOPOHY S, a MPaByH 4acTb MOXKHO BBIPA3UTh CICAYIOIINM
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obpazom: m divfdxdydz. HNrak, BekTopHas  (GOpPMYJIHMPOBKA  TEOPEMBI
Vv
Octporpaackoro-I'aycca:

I[Ipu chOpMyYIUPOBAHHBIX BBILIE YCIOBHAX j I(F—Z)dS = j ” divFdxdydz .
S Vv

[lonsitue divF MOXHO OIIPCACIINTb HC3aBUCHMBIM OT KOOpIWHAT crrocooom.

Jl1st 3TOr0 paccMOTPUM TOUKY M, OKPYKUM €€ IIapoOM paJnyca & U NPUMEHUM

&

teopemy  Ocrporpanckoro-Iaycca: “ (fﬁ)dS:I”didexdydz, rne V, -
s, v,

BBIIICYIOMSIHYTBIN 1Iap, a S, - BHEIIHsIS CTOpOHA orpaHnumBarouieit ero chepol. K

TpaBoif 4acTu NPUMEHHM TEOPEMY O CpeJHEM (YUMTHIBAS HENPEPBIBHOCTH divF ):

”j divFdxdydz = divF (M, )§7Z83, rne M, - Omuszkas K M, Ttouka. Ilpyu &—0
Vé.‘

divF(M,)—>divF(M,) M MBI MOXEM OIPENENUTh JUBEPreHIMI0 PaBEHCTBOM:

(7 abs

divF(MO)zlim % , B TPaBOM 4YaCTH KOTOPOrO CHUCTEMa KOOpPAHWHAT HE

e>0 4378
Gurypupyer.

Ecnu cuutate F BEKTOpPOM CKOPOCTH JXHIKOCTH, TO divF - 9TO IJIOTHOCTb

UCTOYHMKA, ecinu divF >0, mnu cToka, ecinu divF <0.

4. ConeHoudasibHoOe rnoiJse

Onpenenenne. F - coneHouoaibHoe noie, eCiu divF =0.

Bexmopnas nunus obiagaeT TEM CBOMCTBOM, YTO B JIFOOOH €€ TOYKE BEKTOP
KacaTeJIbHOM K JIMHUU COBIANAET C F .

Bexmopnas mpybka — 3T0 COBOKYITHOCTh BEKTOPHBIX JIMHHM.
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Si

[Tycts S,,S, - ceuyeHuss BEKTOPHOM TpyOKH U S, - €€ OOKOBasl MOBEPXHOCTb.

S=S5US,US,. PaccMOTpUM BHEIIHIOI HOpPMalb K S U IIPUMEHUM TEOpPEMY

Octporpazckoro: [[F-n-dS = [[[divFdxdydz=0, B Cilydae CONCHOMTATBHOTO MO,
N Vv
Uraxk, ”F-ZdS +”F-ZdS +” F-ndS=0.Ha S, 1o onpeaeneHnio BEKTOPHON ITMHUK
S, S, S,
F-n=0, IIODTOMY ”F-ZdSJrH.F-ZdS =0 win —”F-Za’S :”fﬁdS . U3menss
S, N S S

HarpaBJICHUC HOpPpMaJIM Ha Sl Ha IIPOTHUBOIIOJOXHOC II0JIy4acM, 4YTO IIOTOK

COJICHOMAAJIBHOTO TIOJIA 4YCPC3 IMOICPCUHBIC CCUCHHUA BCKTOPHBIX TPY6OK

ITOCTOSAHCH.

5. Qupkynsayusi, pomop. BekmopHasi popmyriupoeka meopembl

Cmokca

[Tycth L - KOHTYp C 33JJaHHBIM HampaBlieHHEM 00X0Ja, F - BEKTOpHOE MoJje, /
- EQUHUYHBIA BEKTOp KacaTeJIbHOW K KpHUBOM. OmnpenenuM yupkyiayuio Kax

VHTETpall §(17-2)dl (cMbICH — paboTa cUIbl F BHOJb KOHTYpaA L ).
L
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Beenem cucremy koopmauuat. IIycts (cose,,cos B,,cosy,) - HaIpaBIISAIONIKE
KocuHychl /, (P,Q,R) - KOOpAMHATHI F .
Torna (_ . i)dl = (P cosa, + Qcos S, + Rcosy, )dl = Pdx + Qdy + Rdz = Fdr u

LHUPKYJISILUS IPEICTaBIsET COO0M MHTErpall §de +Qdy + Rdz .
L

JInst 3a1aHHOTO HenpepbIBHO- b depenpyeMoro nojis F(P,Q,R) onpenenum

— (6R 60 8P R 80 OP
pomop (WIHA 8UXpb) ITOTO MOJISL: totF =| — — —,— —— ,— —— |,
oy 0z 0z Ox Ox Oy

Jlerko poBEpHUTH CBOMCTBA POTOPA.
1. rot(E + 5) = rota +roth

2. rot(U E)z Urota + gradU xa, TAe Tmox gradUxa TIOHAMaeM BEKTOPHOE

IPOU3BEJICHUE.

BcroMmanm TENephb TEOpEMY Crokca:

§de+Qdy+Rdz:” OR _9Q dy/\dz+(8—P—a—RJd2Adx+ o0 _opP dx A dy
1 s\ o0y 0Oz oz Ox ox Oy

, Tne P,O,R - HenpepbiBHO quddepeHunpyembie GyHKIMH, S - KyCOUHO-TJIAKas
IOBEPXHOCTh, L - €€ Kpail, IMpuyYeM HalpaBieHHEe 00Xola L OTHOCHUTEIbHO
BBIOpaHHON CTOPOHBI S SBISETCS MOJOKUTEIbHBIM.

BcnomuuM, uto dy Adz=cosadS, dzAdx=cospfdS, dxdy=cosydS, rtne

COS @, COSs [3,C0S ¥ - HaINPaBJISIOIINE KOCUHYCHI K BEBIOPAHHOM CTOpPOHE.

[Tpu »ToM mpaBas yacTh popmysibl CTOKCa MPUHUMAET BUJT ” (LZ—R—%—QJ cosa +
s\\ay oz

+ (G_P - 8_RJ cos [+ (88—Q - %Dj cos }/de W j j (rotf . Z)dS . Ttak, B caelaHHBIX BBIIIE
X S

0z Ox

MMPCAITOJIOKCHUAX TCOPpEMaA Crokca BBITJIAANT TAK: §Fdl_" = _” (I‘OtF Z)dS .
L s

[onyunm onpezielieHUe rotF 0e3 UCIO0Jb30BaHUs CUCTEMbI KOOpAUHAT. I1ycTh

M, - Touka, S, - IJIOCKOCTb, B KOTOPOW JIEXKHUT OKPYKHOCTh L, paguyca & C

LHEHTPOM B M .
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Toraa ” (rotf : Z)dS —rotF(M,)-n(M,)-ze*>  TO
(s.)

n TEOpEME O CpEOHEM BBUIY HENPEPBIBHOCTU

MOJBIHTETPpabHON (YHKIMU. 37ech TOouyka M,

ommka k M,. Ilo Teopeme Crokca,

ig(_ ' Z)dl = (rOtF(Ml ) n(M, )) 7e’ WA

L

»

. §(F 1)

rotF(MO)- n(M,)= limLf—2 .
=0 TE

L

BBujy MpoM3BOILHOCTH BEIOOPA MIIOCKOCTH, MOMYYaeM MPOEKIMIO rotF (M, ) Ha

IPOM3BOJILHYIO OCh n(M ). DTO ONPEEIeT U caM BEKTOP.

JIerko BBIMMCIIUTE, 4TO rot gradU = 0.

MosHo noka3zath u obopatHoe. Eciin 0061acTh OJJHOCBsI3HAS U BEKTOPHOE MOJIe
F yIOBIETBOPSAET YCIOBMIO rotF =0, To F - HOTEHIMAJbHOE, T.€. CYLIECTBYET
GyHKIMA U Takas, uto F = gradU .

OTMeTHM, 4YTO BBIBOJABI O HE3aBHUCHUMOCTH MHTErpajga oOT (OpPMBI IyTH

HHTCTPpUPOBAaHM:A, CACIAHHBIC IJIA IBYMCPHOI'O Ciiy4das, IMOJHOCTBIO IICPCHOCATCA U

. 00 oP -
Ha TpexMmepHbiid. [lodydyeHHOoe TaM YyclIOBHE —=— U rotF=0 BIIOJHE
ox Oy

AHaJIOTUYHBI.

60



