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Mamemamuueckuu ananus
1I kypc 1l cemecmp
bunem 1. Yucnosvle psiovl. Kpumepuii cxooumocmu Kowu. Ceoticmea cxoosiyuxcs psaooe (cmp. 1 usz 5)

bunrer 1. YucaoBbie psaabl. Kputepuit cxoaumMoctu Kowwu. CBoKHcCTBa
CXO0AALLUXCA PAAOB

1.1. TloHATUE YUCAOBOTO psAa

[TycTs {an} — IPOU3BOJIbHASL YHUCIIOBAs MOCIeA0BaTeNbHOCTh. CKilaiblBasl OJUH 3a APYIHM

€€ YJICHBI, II0JY4aeM IOCIEN0BATENBLHOCTE CYMM S, =a,, S, =a, +a,,..., S, = a, +a, +... +a,,....
Kaxxnas u3 HuX, HauMHAasg CO BTOPOH, MOJydaeTcs W3 MPEAbIAYyIIeH MPUOABICHHUEM OJJHOTO

cllaraeMoro — 4JjeHa 3aJaHHOM IOCICJ0OBATCIIBHOCTH {an}, HMCIOIIETO TOT KE HOMEP:

s, =8,,+a, nna Beex n>1. Iloaromy nmpouecc o0pa3oBaHusl ITUX CYMM MOKHO IIPEICTaBUTh

n
B BHJIE «OECKOHEYHO Pa3sBEPTHIBAIOLICHCSA CYyMMBI» @, +a, +...+a, +.... OTo He anreOpandeckas
cymMa (B anreOpe OIpeAeseHbl JIMIIb CyMMbl KOHEYHOT'O YHCIIA CIaraéMblX), a 3alMCh IIpolecca

00pa30BaHNs OCIEAOBATENBHOCTH CYyMM (5, ) .

dopmanbHOE BBIpOKCHHUE a+a,+..+a,+.., MOPOXKIAEMOE YUCIIOBOU
MTOCJICIOBATEIIHHOCTHIO {an} , HA3BIBAIOT YUCNIOBbIM PAOOM; YUCIA d,d,,...,d, ,...— €70 YICHAMH:
HEPBBIM, BTOPBIM,..., d, — 71 —HBIM WIA OOWUM YA€HOM PSANA; S,,S,,...,S,,...— YACTHYHBIMH

(umM  4YacTHBIMM) cymMMmamu papa. Jig psapga  aq +a,+..+a,+.. HUCIOIB3yeTCd TaKKe

o0
0003HaYeHHNE a . WHorma HyMepamuio 4iIeHOB psAma HaumHaroT He ¢ 1, a ¢ 0. Torma
n

n=1

0
COOTBCTCTBYIOHII/If/'I paa o0o3Hagaercs Zan . HpI/I HU3Yy4YCHHUU psaa a +a2 +...+an +... 49acCTo
n=0

INPUXOJUTCA paccMaTpuBarh (OpMalbHBIE BBIPA)KEHUS BUAA  a,, +d,,,+..., KOTOpbIE B

nanpHeneM OyayT Ha3bIBaThCsl ocmamkamu psoa. OCTaTKU psjla CaMU SIBJISIOTCS YHCIOBBIMU

0
psanamu. OHM 0003HAYAIOTCS CIEAYIOMIUM 00pa3oM: Z a,.

n=k+1

OmpenenuM (1moka Toxxe GopMaIbHO) CYMMY PSIIOB 1 YMHOKEHHE psiia Ha yucio. [1ycts

TTAHBI PSJIBI Zan " an . CyMmmoti 3TUX PSJIOB Ha30BEM psil Z(an +b,) . IIpoussedenuem

n=1 n=1 n=1

psna Zan Ha YUCIIO A Ha30BEM Al ZAan .

n=1 n=l1



Mamemamuueckuu ananus
1I kypc 1l cemecmp
bunem 1. Yucnosvle psiovl. Kpumepuii cxooumocmu Kowu. Ceoticmea cxoosiuyuxcsi psaooe (cmp. 2 u3 5)

1.2. CXOAALLMUECA U pacXxoAsiLLMeca PAADI

0
Onpedenenue 1. Ecu nociedosamensrocms (s, ) uacmmuoix cymm psoa Z a, cxooumcs K

n=1
0
HEeKomopomy 4uciy §, mo smomn pﬂ() HAaszvlearom Cx00}lu(llMC}l K Cymme S u nuwym S = Zan
n=1

umu S =a,+a,+...+a, +...

HpI/I 3TOM HOHYCKaeTCﬂ OHpeI[eﬂéHHaﬂ BOJIBHOCTH B O603HanHH$IX, cocrodiaast B TOM, 4TO
0
OJHUM U TEM K€ CUMBOJIOM (l] + a2 +...+ an +... WA z an O603HaanOTC$I KaK caM pﬂ]:[, TaxK U
n=1
€ro CyMMa.
HCCXOH?IHII/ICC?I prIH)I HAa3bIBAKOT paCXO()}ZWUMUCﬂ.
3amelumue. qI/ICHO S HE CHCI[yeT Ha3bIBAThb ((CYMMOﬁ BCEX YJIICHOB pﬂ;[a», TaK KakK
CYHICCTBYCT KJ1acc pf{I[OB, CYMMa KOTOpI)IX 3aBUCUT OT HOpr}IKa HYMepaIH/H/I «CJ1aracMabIX».

3ameTuM em€ pas: s - 3TO Ipefeld YacTHBIX CyMM psaa, s=lims,, eclnm 3TOT Ipeneln

n—>0
CYIIECTBYET.
Chopmynupyem U JOKaKEM BKHOE JJIs1 JAITBHEHIIIETO YTBEPKIACHHE.

0
Ymeepocoenue. Ecnu cxoaurcst psig Zan , TO 51 J1I000T0 kK CXOAUTCH OCTATOK psija

n=1

0 0
Z a, . O6paTHO, ec/11 X0Tsl ObI /151 OTHOT0 3HAYEHHS kK CXOJUTCS OCTATOK psija z a,,

n=k+1 n=k+1

0
TO CXOAUTCHA U CaM Pl Zan .

n=1
« [lycts cxoautcs psn Zan. [Ipu mr000oM k paccMOTpUM YaCTHYHYIO CYMMY
n=1

* *
s =a,, ta. ,+..+a,,. CrpaBeuiuBO PaBEHCTBO s, =a,,‘a, ,+t..ta, =

n
=s,,,—(a,+a,+..+a,)=s,,, —5,.(2)
ITpu mo00M (UKCHPOBAHHOM A MHOCIENOBATENbHOCTDL (S,,,) MMEET TOT )K€ Mpenes, 4To U

HOCJIEIOBATENBHOCTE  (s,), YUCIO S, HE 3aBUCHT OT 1, Mo3ToMy lims, =s, . Mcnons3osas

n—>®

TEOpEMy O IMpejese pa3HOCTH, NOJy4daeM, 4YTO CYIIECTBYET IMpejaes IOCIe10BaTeIbHOCTH

0
YaCTUYHBIX CYMM S: , CJICIOBATCIIbHO, PAO Z a, CXOOUuTCs.

n=k+1



Mamemamuueckuu ananus
1I kypc 1l cemecmp
bunem 1. Yucnosvle psiovl. Kpumepuit cxooumocmu Kowu. Ceoticmea cxoosiuyuxcs psaooe (cmp. 3 u3 5)

HYCTB TCICPDb IJIsI HCKOTOPOI'0 3HAYCHUA k CXOOUTCA OCTATOK pAda Z a, . 9t0 O3HaydacrT,
n=k+1

4TO MOCIEI0BATENbHOCTD (S,,, —S,) UMeeT npejen. McnonbzyeMm TeopeMy 0 Ipeiene CyMMBbI, 13
KOTOPOM CIIe/lyeT, YTO CyLIECTBYET IpeJie] MOCIeN0BaTeNbHOCTH (S, ,, ). CllenoBaTensHo, KaKk
OTMEYAJIOCh BBIIIE, CYHIECTBYET MIPeel MOCIeN0BaTeNbHOCTH (S, ) . P>

Cnedcmeue. YTBep:KIeHHE 03HAYAET, YTO JHOO BCe OCTATKH PAIa CXOAATCH, OO BCe
OHHU PaCXOasITCS.

0
3ameuanue. Ecnu psg Zan CXOJMUTCA U UMEET CYyMMY §, TO JIt00asi ero yacTUyHasi cymma

n=1
Sn €CTh HCKOTOPOG HpI/I6HI/DKéHHOG 3HAa4YC€HUEC S, a CYMMa COOTBGTCTBYIOHIGFO ocCTaTka pﬂ]:[a

MIpPEJICTaBIseT COOON NOTPEIIHOCTD BHIYMCICHHUS.

JlokaxxeM HeoOX0JMMO€ YCIOBUE CXOJAUMOCTH YHCIOBOTO psijia.

Teopema 1. 1. Ecau psia Za cxoauTes, TO lima, =0 .

n—»w
n=1

« Ilycte cxomutcs psan (1), s—ero cymma. Tak kak mpw Bcex #n>1 BBINMOTHSACTCA

PaBEHCTBO a,=s,—s,, lima, = hm(s S,1) = hms —~lims, ,=s-s=0, 4ro wu

n—>0 n—>0

YTBEPXkKIAIOCh. P>

OOpaTHOE yTBEpkKJIEHHE HE SABJIACTCS BEPHBIM: U3 TOrO, 4To lima, =0 He ciemyer, 9To paj

n—0

(1) cxonures.
IIpumep. Unens! psaa Z MOHOTOHHO CTPEMSTCS K HYJIIO, TaK Kak
I Nn+1+ \/—

0<——t < ulim—

=0. C gpyroi CTOpOHSEI, =n+1 \/—
Jn+l+dn n == In 24 P Jn+1 +\/_

=3 e = (VT k) =V AT+ (B V)t (e T ) = T

lims, =400, 4TO 0O3HAYAET, YTO PACCMATPUBAEMBIN PsAJI PACXOIUTCS.

n—>®0

Teopema 1.2. IlycTb cxXoasiTCs PSAbI Zan,an M MX CyMMBbI PABHBI ° ot ,

n=1 n=1

0
coorBeTcTBeHHO. Toraa cxoaures psj Z(an +b,) U ero cymMmma pasHa s +¢. Kpome Toro,

n=1

0
JJIsL JII00Or0 umncaa ¢ PAx ann CXOAUTCHA U €Iro CymMMa paBHa ¢S .

n=1



Mamemamuueckuu ananus
1I kypc 1l cemecmp
bunem 1. Yucnosvle psiovl. Kpumepuii cxooumocmu Kowu. Ceoticmea cxoosiuyuxcsi psaooe (cmp. 4 usz 5)

0 o0
<« HYCTB Sn . tn - YaCTUYHBIC CYMMBI, COOTBETCTBCHHO, pPAaOB z an . z bn .
n=1 n=l1

[TocnenosarensHOCTH (5,),(,) MO YCIOBUIO MMEIOT IPEJENbI, KOTOPbIE PABHBI CyMMaM psJIOB
s,t. llpuMeHsst TeopeMy O IIpefeie CyMMbI IOCIEAOBATEIbHOCTEH, IOJydaeM, dTO

HOCJIEN0BATENBHOCTD (s, +7,) , IPEICTaBIAIomas coO0H MoCIe 0BaTEIbHOCT YACTHYHBIX CYMM

0
psana Z(an+bn), UMeeT NIpezeN, paBHBIA s+¢. AHAJOTMYHO, MOCIENOBAaTEIBHOCTH (CS,)

n=1

0
YaCTHBIX CYMM psijia ZCan UMeeT Ipenen cs . p

n=1
0 0
Teopema 1.3. Ilyctp cxoauTcsi psif Zan . Torpa psn sz » YJEHbI KOTOPOro
n=1 N=1
o0pa3oBaHbI B pe3y/ibTaTe M0CJeI0BATeIbHON IPYNIMPOBKH 4/1€HOB MCXO0IHOI0 PsA/Ja, T.e.

by =a to.ta, , N=12,.., 1<n<n,<..<ny <ny<..

ny_+l1

CXOIUTCH 1 UMECT TY K€ CYMMY.

0
<« PaccMOTpHUM IOCIIEN0BATENBHOCTD () ) YaCTUYHBIX CYMM psijia sz . E€ unens! umeror
N=1

BUI

sy=b+..+b,=(a+..+a,)+(a,, +..+ta, )+ .+(a, ., +..+a )=a+.+a, =s

n+1 ny

H, CJIICO0OBATCIBbHO, OHA SABJIICTCA IIOAIIOCICIOBATCIBHOCTHIO ITOCICA0BATECIBbHOCTH YaCTHBIX
0
CYMM p;[)la Zan . BCHOMHI/IM TCHCpB, qTO €CJIN ITOCIICO0BATCIBHOCTh UMECT Hpe[[e.]'[, TO J'IIO6a${
n=1
eé IIOAITIOCJIICAOBATCIIBHOCTD UMECT TOT XK€ Hpeﬂeﬂ. >

Teopema 1. 4. (vpurepuii Komm cxoaumoctu psiza). Psaa Zan CXOAUTCH TOIAA M TOJbLKO

n=1

TOra, KOrjaa jJjs jwooro ¢ >0 cymecTByeT 4ucjio N(&) Takoe, 4TO JJIs JH0O0ro HoMepa

n > N(&) 1 11000ro HaTYpPaJbHOIO0 p BbINOJHAETCS HEPABEHCTBO

Suip —sn‘ <& WM

PaBHOCHUJIBbHOE HEPABEHCTBO (@, , +4, , t...+a

n+2 i n+p

<g.

4Bcrnomanm kputepuit Komm cymecTBoBaHus Tpeaesia MOCIEIOBATEIBHOCTH  YaCTHBIX

CyMM (s,): Ipezes 3TOH MOCIeN0BATEIbHOCTH CYIIECTBYET TOTJa U TOJIBKO TOIJa, KOTja Ul
moboro & >0 cymectByer uncino N(g) Takoe, uyTo ajsi Jr00oro Homepa n > N(g)u nrodoro

<g.p

HAaTypaJIbHOT'O p BBIIIOJJHACTCA HEPABCHCTBO Sn+p -,



Mamemamuueckuu ananus
1I kypc 1l cemecmp
bunem 1. Yucnosvle psiovl. Kpumepuii cxooumocmu Kowu. Ceoticmea cxoosiuyuxcs psaooe (cmp. 5 u3z 5)

1.3. BeckoHeuyHasa reomeTpuyeckas nporpeccus

0
Taxum TCPMHUHOM IIPHUHATO HA3BIBATL PAL Zaq"_' ,a 0. PaCCMOTpI/IM YaCTUYHBIC CYMMBI
n=0

s, =aq+aq’ +..+aq"" 3TOTO psma, pACCMOTPUM TaKKe BENMUMHY §,g =daq +aq’ +..+aq"n

. _ 2 n-1 2 n-1 n
Pa3HOCTb THX JIBYX BEIHMYHH : §, —5,q=(a+aqg+aq +..+aq"" )— (ag+aq” +... +aq"" +aq")

n

=a—aq". llpu g #1 nonydaem: s, =a .Ilpn g =1, oueBuaHo, s, =na.

: : : 1-g"
Ecnu |q|<1, to limg" =0 u lims, :11ma[1 9 ]ZIL’ T.€. PAA CXOOUTCA K CymMMe
n—0 n—0 n—®0 —q —q

a .
s =—— Ecmm |q|21, TO 3TOT pAJ PACXOJIUTCSH, MOCKOJIbKY HE BBIIIOJHEH HEO0OXOJWMBIN
—-q

IMPpHU3HAK CXOAUMOCTH pdaa.



Mamemamuueckii ananu3
1 kypc 11l cemecmp
bunem 2. Psaovt ¢ neompuyamenvuvimu uienamu. Teopemvl cpasnenus. [lpusnaxu [Jarambepa,
Kowu. Ipusnax Iaycca (6e3 dokazamenvcmea) (cmp 1 uz7)

bunet 2. Psaabl ¢ HEOTpULATEABHBIMU YAEHaMU. TeopeMbl CpaBHEHMUSA.
lMpnsHaku Aanrambepa, Kowwu. lpu3Hak faycca (6e3
AOKa3aTeAbCTBa)

2.1. Kputepun CXOAMMOCTMU HEOTPULLATEABHOIO pAAa.
Onpedenenue. HeoTpuatenbHBIM PSIIOM HA3b18AIOM JIH0OOU YUCIOBOU PO Z a,, 6ce
n=0

UjleHbl KOMopo20 yooeiemeopsiom yciosuio a, = 0.
3ameuanue. Ecim HepaBeHCTBO a, > 0 BBIIOJIHAETCA HE JJIs BCEX 71, @ TOJIBKO A 71,

Ha4quHasA ¢ HCKOTOPOIro HOMEpa #,, TO Mbl MOXKEM paCcCMATPHUBAThL HC CaM HCXO}IHBIﬁ pAaAa, a €ro

0
OCTaTOK z a, , KOTOpBII OyAeT HEOTPHLATEIbHBIM PSIOM.

n=n
CornacHo yTBEpKJIEeHHUIO U3 1. 1.2, psia u 11000 €ro 0CTaToK JTM00 OJHOBPEMEHHO
SIBJIAIOTCA CXOOAIITMMHUCH, 0o OJHOBPEMECHHO ABJIAIOTCA PACXOAAIINMUCH. HOBTOMy

IPEAIIOJIOXCHUEC O TOM, YTO HCPABCHCTBO 4, > (0 BBIIOJHSACTCS I BCEX 1, HC OIpaHUYMUBACT

OOIIHOCTH U3JI0KEHU.

0
Teogzema 2.1, HeOTpI/IHaTeﬂbHLIﬁ Paa z an CX0AUTCHA TOoraa M ToOJbKO TOraa, Koraga
n=0

n
noCjI€A0BaATECIbHOCTD €10 YaCTUYHBIX CYMM S, = Zak,n = 0,1, 2, OorpannvcHa CBEpxy.
k=0

A U3 yciosusa cunenyer: 0<s =a,+..+a,<a,+..+a,+a,, =s, +a, =s

n+l *

Taxum o6pazom, (s,)— HeyObIBaIOILAs IIOCIEI0BATEIBHOCT. Ecin oHa orpaHnyeHa

CBepXy, To 1o Teopeme Beitepuitpacca (Hanmomuum GpopmMyanpoBKy 3TON TEOpEMbI: BCSIKast
HEeyOBbIBAIOIIAs U OTPAHUYEHHAs CBEPXY MOCIIEI0BATEIbHOCTh UMEET NPENIEIN) CYILECTBYET

npenen lims, =s M YUCIO S, O ONPEACICHHUIO, €CTh CyMMa PacCMaTpUBaeMOTO PAAa.

>
OO6paTHO, eciM MOCIeI0BATEIbHOCTh YACTUYHBIX CYMM UMEET Npesesl, TO OHA OrpaHuyYeHa, TaKk
Kak Jito0asi uMeronias npeselt NocjieJ0BaTeIbHOCTh OTpaHlueHa. P>

3ameuanue. B 310l TEOpEMe yClIOBUE HEOTPULIATEIBHOCTH Psi/ia SBJSETCS CYILIECTBEHHBIM.

0
Hamnpumep, nociie10BaTenbHOCTh YACTHBIX CYMM  Psiia Z(—l)" OTPaHNYEHA, TaK KaK COCTOUT U3

n

Bcero aByx uncen: O u 1. Cam ke 3TOT psiJl, KaK OTMEUYEHO BBIIIE, PACXOIUTCS, IOCKOJIbKY HE



Mamemamuueckii ananu3
1 kypc 11l cemecmp
bunem 2. Psaovt ¢ neompuyamenvuvimu uienamu. Teopemvl cpasnenus. [lpusnaxu [Jarambepa,
Kowu. Ipusnax aycca (6e3 dokazamenvcmea) (cmp 2u3 7)

CpaBHeHue HeoTpuLaTEeAbHbIX PAAOB

Teopema 2.2 (nepsas meopema cpagnenus Heompuyameibhplx psaoos). Illycrb

0 0
HeOTpHIATE/IbHbIE PAIbI Zan,an npu Beex 7 00J1a1aK0T cBoiicTBoM a, <), . Toraa

n=1 n=1

0 0
€CJIA psaa an CXOAUTCHA, TO CXOAUTCHA TAKIKE U PAI Zan ( SHAYHUT, €CJIX PACXOAUTCH PHAX

n=1 n=1

0 0
Zan ,» TO paCXOJII/ITCH u pﬂ)l an ). B Cﬂyqae CX0AUMOCTH pﬂ}]OB BBIINIOJIHACTCHA
n=1

n=1

0 0
HEpPaBeHCTBO Zan < an .

n=1 n=1

0 o0
<« Ilycrtb s,,f, — 4YaCTUYHBIE CyMMBI, COOTBETCTBEHHO, PA0B Zan ,an . 3 ycroBus

n=1 n=1

0
HOJIy4aeM OYEBUIHOE HEPABEHCTBO S, < f . Tak Kak IO yCIOBUIO PsJL an CXOAUTCS, TO IO

n=1

TeopeMe M3 11.1.4. mocae0BaTeIbHOCTD f, OTPaHUYEHA CBEPXY, T.€. CYHIECTBYET YUCI0 T’
TaKoe, 4TO JUId BCEX /1 BBINOJHACTCS HepaBeHCTBO #, <1 . Ho Toraa Bcex n BBINOIHAETCA U

HEepaBeHCTBO s, <¢ < T, 0O3HaJaIolIee, YTO MOCIENAOBATEIBHOCTD §, OrpaHn4eHa cepxy. [1o

0
TOH K€ TeopeMe psJl Z a, cXonurcs.

n=1
3amelumue. HaHOMHI/IM, YTO 3aKJIFOUYCHUEC TeOpeMI)I 0 CXOOANMOCTHU OCTAHETCA BepHBIM,
€CIIn HepaBeHCTBa an < bn BBIIIOJIHACTCA HE IJI1 BCEX 71, @ TOJIBKO JJIsI 7, HAYUHAsA C

0 o0
HEKOTOpOro HoMepa n,. OIHAKO HEPABEHCTBO Zan < an clelyeT 3aMEHUTh HEPABEHCTBOM

n=1 n=1
0 0
Sa<3h.
n=ny n=n

Teopema 2.3 (emopasa meopema cpagnenus Heompuyameibhvlx psoos). Illycrb

0 0
HeOTpUIATEIbHbIE PAbI Zan,an npu Becex n 00J1a1a10T cBoiicteom a, > 0,0, >0 n

n=1 n=1

. a = =
NMyCTh CylIECTBYeT 11mb—" =k >0. Torna 1udo 06a psiga Zan,an cXoasTcs, U0 00a
n—>0

n n=1 n=1

OHH pacxoadATCs.



Mamemamuueckii ananu3
1 kypc 11l cemecmp
bunem 2. Psaovt ¢ neompuyamenvuvimu uienamu. Teopemvl cpasnenus. [lpusnaxu [Jarambepa,
Kowu. Ipusnax aycca (6e3 dokazamenvcmea) (cmp 3 uz 7)

.. a a ..
<4VYcnosue 11mb—" =k >0 3anumewm B Buze: Ve >0 3n, Vi > n, b—”—k <& . Bo3pmém
n—0
n

k k a, k k
£ = 5 J1s1 COOTBETCTBYIOILETO 7, MOJIY4aeM : Vi >n, ——<—+—k<—, 5 <

b 2

n

an
—L <—, 9T0
b, 2

n

k 3k
PaBHOCHUJIBHO HEpaBeHCTBaM n >n,, —b <a, <—>b, , mockonsky b, > 0.
2 2

0 . 0 3k
Ecnu cxogutes psan an , TO, TI0 BTOpO# Teopeme 1.1.2 cxoauTcs psa Z—bn ( MBI

n=1 n=l1

HOJIOKWIN ¢ = > B 3TOM Teopeme). Ho Torna no nepBoii TeopeMe CpaBHEHUS CXOIUTCS Pl

3k
a, , TOCKOJIbKY TIPH BCEX 71 > 1, BBIIOJIHAIOTCA HepaBeHCTBa 0<a, <—b, .
2 n

s

=
I

0 0 k
Ecnu cxogutes psan z a, , TO TI0 IIEPBOM TEOPEME CPABHEHUS CXOJUTCS Pl Z—bn ,

n=1 n=l1

k .
IIOCKOJIBKY IIPH BCEX 71> 1, BBINOJHAIOTCA HEpaBeHCTBa 0 < Eb" < a, . Ilo BTOpOI TEOpEME

0 2 .
1. 1.2 cxonures psan an ( MBI IOJIOKUJIH ¢ = T B 3TOM Teopeme).

n=1
BBIIHC JOKa3aHO, 4YTO €CJIH CXOOUTCA OAUH U3 paCCManI/IBaCMBIX pf[I[OB, TO CXOOAUTCA U
prrOI\/’I, T.€. HC MOXET 0Ka3aTbCs TaK, 4YTO OJUH pﬂ)] CXOauTcs, a I[perﬁ paCXOI[I/ITCﬂ. 3T0

03HAyYaeT TaKXke, YTO €CJIM PaCXOAUTCS OJIMH U3 ATUX PAJOB, TO U Ipyroi pacxoaurcs. P

2.2. HeoTpuuateAbHble pAAbl U 6ECKOHEYHbIE q-UYHbie APOOU.

JIro0oe AecTBUTENHLHOE YUCIIO MOYKHO TIPEICTABUTH B BUJIE OCCKOHEYHOU JIECATUIHOM

al a2 an
apobu a,,a,,a,...q,.... Ty ApoOb MOKHO pacCMaTpUBAaTh, KaK psl a, +E+W+m+ = +..y

KOTOPOTO @, — MPOU3BOJBHOE LIEJIOE YUCIIO, a a,,n =1 - necaTnaHbie HUQPBHI,
yIoBieTBopsAomue HepaseHeTBaM 0 <a, < 9. O1ot pan cxomutca. YToObl yOeIUTHCSA B 3TOM,

J0CTaTOYHO CPABHUTH 10 MEPBON TEOPEME CPAaBHEHUS €0 MEePBbIi 0CTaTOK

a a, o . . 9 9
—t—4 ...+ +... CO CXOOAIICHUCH FeOMeTpI/I‘IGCKOI/I HpOFpeCCI/IeI/I —_—t—+ ...+ +
10 10° 10" 10 10? 10"

n
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a2 an
—2+...+—n+... , TIe a, —

q q

a
BrioJiHe aHaJIOTHYHO MOYKHO PACCMOTPETh U PSIIb @, +— +

IPOM3BOJIBHOE 1IEJI0€ YUCIIO, & a,,n>1 — g — W4HbIe HU(PBI, YIOBIETBOPAIOIINE HEPABEHCTBAM
0<a,<qg-1,g=2.DT0T psa TaKKe CXOJUTCS.
HecnoxHo noka3ate, 4To J1000€ JeHCTBUTENLHOE YHCIO MOXKHO MPEICTaBUTh B BUIE

TAKOToO psaa. KpOMe TOI0, TAaKOC NPEACTABIICHUC CIUHCTBCHHO IJId BCEX YUCEII, 3a

HUCKIIIOYCHUEM PAIIMOHAJIBHBIX YU CCJI, UMCIOIUX MPCACTABJICHUC Z[pO6BIO BHUa ﬁn, P E Z,I’l eN.
q

(ITpocroit mpumep 0,999... =1)
2.3. [MpunsHaku cxoaumocTn Kowu u Aarambepa HeoTpULaTeAbHbIX PSAOB

Teopembl cpaBHEHHSI IO3BOJISIIOT AOKA3aTh JIBA MPOCTHIX U YOOHBIX
MPU3HAKA CXOIMMOCTH HEOTPUIIATEIBHBIX PSAIOB, YaCTO MCIIOJIb3yeMbIX Ha YIPAKHEHHUAX
10 MAaTEMAaTUYECKOMY aHAIU3Y.

Teopema 2.4. (npuznak cxodumocmu Kowu). Ilyers 0 < g <1. Eciiu cymecrByer Takoi

0
HOMEDP 7, YTO IIPH 7 > N, BBINNOJHACTCA HEPABCHCTBO {Y a, < q, TO psaja Zan CX0aUTCH,

n=1
€CJIH 7Ke CyIIecTBYeT TAKOi HOMep 7, YTO IIPH 7 > 71, BINOJIHAETCH HEPaBeHCTBO {/a, >1,
0
TO pAJx Zan pacxoauTcs.
n=1
<ECJ'H/I CyIHeCTByeT TaKOﬁ HOMep no , 4TO HpI/I nz no BBITTIOJIHSICTCS HepaBeHCTBO ‘n’ an < q N

0
TO BBIIIOJHAIOTCS Takxke HepaBeHCTBa 0 <a, < ¢q" . Tak Kak reoMeTpu4ecKas Iporpeccust Zq"

n=l1

0
CXOJIUTCS TIPU |q| <1, TO 1O MEPBOI TEOpPEME CPaBHEHUS PSIT z a, TaxKe cxoxurcs. Ecmu xe

n=1
CYIIECTBYET TAKOW HOMEP 7, YTO IIPU 71 = 7, BBINIOJHAETCS HEPABEHCTBO ‘"/an 21, T0 a,>1.

[TosTomy paBeHcTBO lima, = 0 HEBO3MOKHO, HEOOXOAMMBIN IPU3HAK CXOJAUMOCTH HE

n—0

0
BBINOJIHEH U P Z a, pacxoqurcs. P

n=1

Yacto nmpusnak Ko hopmynupyrot B mpenensHoi hopme:
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IIycTs 1J151 HEOTPULATENBHOIO Psijia Zan cymecTByeT lim{/a, =¢.Torna ecan g <1,
n—>0

n=1
TO psig cxoaurcs. Ecaum ¢ >1, To psa pacxoaurcs.
IIpn g =1 npusHak oTBETa HE HAET.
<« Ilycts g <1. Torna 0 <¢q <1, BBUAY HEOTpULIATEIbHOCTH psiia. Beibepem 0 < & <1—gq.

Torma g+¢ <1. Ilo onpenenennto npeaena Juis 3a1aHHOTO & IPU 71 > 7, BBIIOJIHAETCS

HEPABEHCTBO |{/a —qg|< & ,0TKyna 4a <qg+& <1 .Ilo npenpiayieii TeopeMe psia Y a
p n—9q Y. L, <4 p Yyl p p n

n=1

CXOJHUTCH.

Ecmu ¢ >1, To BeiOepem 0 <& <g—1 .Torna g > 1+ ¢. Ilo onpenenenuto npeaena st

3aIaHHOT'O & IIpU n > N, BBITIIOJIHACTCS HCPABCHCTBO

(/Z—q‘<g,0TKyna (/Z>q—g>l.l'[o

MpeABIYIIEH TeopeMe Psif z a, pacxogurcs.

n=1

0 1 -n
IIpumep. Cxonutcs nmu psin Z(l +—] ?
n

n=l

1 N
[Tpumenum npuzHak Ko B npenensHoit popme: lim ; =lim (1 +—j =e' <.

n—o n

Psin cxonured.

Teopema 2.5 (npusnak cxodumocmu /laramodepa). Eciim cymecrByer Takoi Homep 7,

0
YTO NPH 71 > 1, BLINOJIHAIOTCA HepaBeHerBa 0<a,,, <qa,,rae 0<g <1, TO psin Zan

n=1

cxoautcea. Ecan CyYHIECTBYET Takou HOMEP n,, YTO IPH 1 > N, BbINNOJHAKTCH HEPABCHCTBA

o0
a >a >0, 10 A0 a acxoaurTcsd.
n 9 n

n+l —
n=1

<« B niepBoM citydae Ipu 72 n, BBINOJIHSIOTCS HepaBeHersa 0 <a, ., <qa, ,

0<a,,<gqa,.,,.,0<a, <qa,,0<a, <qa,,.IlocnenoBarenbHO IBUrAsCh CIIPaBa

ny+2

HAJICBO, IOJTy4aeM CICACTBUC OTUX HCPABCHCTB!

2 n-n, -1 n—ny .
O<a,<qa, <qa,,<..<q a,.,<q" “a, .3HAYNUT, OIPH N > N, IMEEM:

ny+1
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0
a
n . n n 40
AR I'eomerprueckas nporpeccus Zq CXOJUTCS MIPU |q| <1. Yucno ”
n=l1 q
MIpEJICTaBIseT COO0M MOCTOSHHYIO, HE 3aBUCSILYIO OT7 BenuuuHy. [loaTOMy cxonuTces Takxke

pax 3
n=l1

a, <

q

0

an
Ty
q

q" .OcTanoch MPUMEHUTH MEPBYIO TEOPEMY CPaBHECHHUSI.

Ecim ke cylecTByer Takol HOMEP 7, YTO IIPU 71 = 71, BBINIOJIHAIOTCS HEPABEHCTBA

0
a,,2a,>0, 10 mus moboro n=n, +1 umeem: a, 2a, ., >0 upsixn Zan pacxoaurcs 1o

n=1

HE00X0IMMOMY IPU3HAKY CXOUMOCTH. P>
B npenenvHoit popme npusHak JlanamOepa BBITTISAIUT TaK:

HyCTb CYHIeCTBYET TaKkou HOMEP n,, YTO IIPHA 7 > N, BBINNOJHACTCA HEPABCHCTBO

. _a
a, >0 u mycThb cymecTByer npegesa lim—L=g.

n—o0
an

Torna ecain g <1, To psig exonures. Ecam g > 1, To psaa pacxoaurcs.

IIpn g =1 npusHak oTBETa HE AAET.

<« Ilycts g <1.Torna 0 <¢g <1, BBuAY NOJOKUTEIBHOCTH psifa. Beibepem 0 < ¢ <1—gq.

Torma g+¢& <1. Ilo onpenenenunto npeaena Juis 3a1aHHOTO & IIPU 71 > 7, BBIIOJIHAETCS

a’“'] an+l
HEPABEHCTBO [———¢g|<&, WM —<g+¢&,a
a

n

1 <(g+¢&)a,.Ilo npeapiaynien Teopeme psa

n

0
Z a, CXOUTCA.

n=1

Ecimu g > 1, o Beibepem 0 < & < g —1. Torna g > 1+ ¢. Ilo onpeaenenuto npenena s

a
3a[JaHHOTO € TIPH 71> 1, BBHIIOIHICTCS HEPaBEHCTBO |—-— g| < £, OTKyza

n

a . 0
a”—” >q-¢, a,, >(q—¢)a,.Ilo npenpiaymeil Teopeme psj Zan pacxoautcs. P
n n=1

IIpumep. Cxonutcs 1 psin Z—' ? Ilpumenum npusnak [lanamOepa B npeaenbHOU popme:

%n+l)! 1

Iim———~=lim——=0<1. Pag cxomurcs.
n—»0 y' n—wo pn+ 1
n!
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2.4. [lpusHak cxoanmocTtH laycca

[Tpuznaku Komm u lanam6epa npocTsl U y0OHBI B IPUMEHEHUH, HO HE JAIOT OTBETA JaKe

-l -1 . | B / 1
B BECbMa IIPOCTHIX cilydasax. Harmpumep, s psaaos Z— ,2—2 NMeEEM hm'{/: =limy— =1,
n n

1 % 2 2
1im4+1:1im " 1 tim 2D gy
n—>0 % n—o p 41 n—»0 yz n%oo(n.'_l)
n

MOT'YT 1aTh OIPEACIEHHOTO OTBETA.

n=l1 n=1

=1 u o0a u3yueHHsbIX B 11.1.7 npu3HaKa He

Cdopmynupyem 3HAUUTETHHO 00JIee CUITBHBIA MPU3HAK CXOUMOCTH TOJIOKHUTEITHHBIX

PAIOB.

Teopema 2.6 (npusnax cxodumocmu Iaycca). IlycTs cymecTByer Takoii Homep 7, 4TO

Inpu n > 1, BBINIOJIHAETCHA HEPABEHCTBO a, > Om nyCcTh & > 0 m IIpHa 71— ©

an

1 o0 o0
=1 +ﬁ+ 0(—] . Torna ecitm A >1, To psin Zan CXOMTCs, ecau A <1, To psia Zan

1
a n +&

n+1 n=1 n=1
pacxoauTcs. Eciu A =1 , TO IIpA U > 1 PAX CXOAUTCH, a IIPA U <l- pacxoauTcs.
TeopeMa IIPUBOAUTCA oe3 JOKa3aTeIbCTBA. Pas6epéM Ha HpI/IBGI[éHHBIX BBIIIC TpUMEpax

CHOCOOBI €€ MPUMEHEHUS.

0
CHayasia pacCMOTPHUM TaK Ha3bIBAEMbI FapMOHUYECKUM psiJ Z—. B aTom ciyqae

n=l
a, % :n+1

= =1 +l . Tak kak A =1, u =1, 3TOT psiA paCXOIUTCHI.
+1 n n
" %n +1)

<
Tenepb paccMOTpUM psif 2—2 . B aToM ciydae

n=l1

1
2 1)? *+2n+1 2 1
G _ A :(n+2) I +2n+ =l+—+—.Takkak A =1L, u=2,&=1, 5101 psixx
a, |1 , n non
(n+1)

CXOJHUTCH.
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bunem 3: Unmeepanvuoiii npusznax cxooumocmu. Cxooumocms psoa z—p (cmp. 1 usz 5)

n=l1

Bunet 3. UHTErpaAbHbIi NPU3HAK CXOAUMOCTH. CXOAMMOCTb pAAa |

n=l1

1
n

Teopus psiioB BO MHOTOM 0OJI0OHA TEOPHUH HECOOCTBEHHBIX HHTETPAJIOB.

+00
JleficTBUTENbHO, HECOOCTBEHHBIM WHTETpas I f(x)dx omnpenensiercs, Kak Ipeaeln

a

B )
lim F(B) = lim I f(x)dx. Psan Zak TaKKe OIPEAENsAeTCs C IOMOIIBIO IPENEIBHOTO
B—>+»©

B—+o =

n
nepexoja, Kak lims, :limZak .

0
now TP

0
Kaxk JOKa3aHO BBIIIC, HCOTpI/IIIaTCJ'[BHBH\/’I paa z an CXOUTCA TOrJa U TOJIBKO TOIrJa, KOorjaa
n=0

n
IIOCJIEIOBATEIBHOCTh €0 YAaCTUYHBIX CYyMM s, :zak,n:0,1,2,... OrpaHHYEHAa CBEpXY, T.C.
k=0

CYIIIECTBYET HEKOTOpast mocTostHHass C Takas, 4TO JUIsl JTF0OOTO # BBITIOJHSIETCS HEPABEHCTBO

+00
s, <C. Hamomumm, 4ro ecimu f(x)>0 , To HeCOOCTBEHHBI HHTErpai I f(x)dx cxonurcs

a

TOrga M TOJBKO TOraa, Koraa CymeCTBYET HCKOTOpas IOCTOSAHHAs D TakKasi, 4TO JIsA JIF000T0

B
B > a BBIMOJIHAETCS HEPABEHCTBO I f(x)dx<D .

a
CxoXecTh TOHSATHUH psiga U HECOOCTBEHHOTO HWHTErpajia OCOOCHHO OTYETIMBO BHUIHA B
CIEAYIOUIEN TEOPEME.

Teopema 3.1 (Humezpanvuoiii npusnax cxooumocmu Maxnopena-Kowu). Ilycts f(x)—

onpeneJéHHas Npu x > 1, HeoTpUuLaTeJbHasA HeBo3pacTawas QyHKIUA.

o +o0
Torna psin Z f(n) 1 HecoOCTBEHHBII MHTErpaJ j f(x)dx 1m0 06a cxoasaTcs, OO

n=1 1
00a pacxoasTcs.

<« Tak kak ¢pyHkuus f(x)— HeBo3pacTarolllas, OHA SBJSETCS UHTETPUPYEMON Ha OTpe3Ke
[1,B] nns moboro B >1(BCIOMHUM TE€OpeMy: MOHOTOHHAsSI HA OTpe3Ke (DYHKIMS UHTETpUpyeMa
Ha 3ToM oTpe3ke). Kpome Toro, mist 1r000ro HaTypajdbHOTO YHUCIAa 7 Ha OTpe3ke [n,n+1]
BBITIOJTHSIOTCS HepaBeHCTBa: f(n+1)< f(x) < f(n).

Kak oTrmeuanock BBIIIC, OTH HEPABCHCTBA MOYKHO INOYICHHO IMPOUHTECIPUPOBATE HA OTPE3KE

[n,n+1] (BCHOMHUM CBOIMCTBO MHTerpaia: ecinu a <b u mHTerpupyemsie yHKmu f(x), g(x)
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bunem 3: Unmeepanvuoiii npusznax cxooumocmu. Cxooumocms psoa z—p (cmp. 2 uz 5)

n=l1

b b
YAOBJIETBOPSIOT HEPaBEHCTBY f(x) < g(x), TO " I f(x)dx SI g(x)dx):

n+l n+l n+l

If(n+1)dx£ If(x)dxs If(n)dx. [Tockomeky f(n+1), f(n)— H©He 3aBucsImue OT X

BCJIIMYHHEBI, T.C. IOCTOAHHBIC, UMCIOT MECTO PAaBCHCTBA:

n+l n+l n+l

[ fn+Ddx=f(n+1), | f(n)dx= f(n). Cnenosaremsno, f(n+1)< | f(x)dx< f(n).
[Iycte manee N >2, N —HarypaiibHO€ umcio. I[Ipocymmupyem 3T HepaBEeHCTBa IO 7,

HauyuHas oT n =1 70 n= N —1 ¥ moxy4yuM HEpaBEHCTBA:

SO+ Q)+t SN < [ f@dx+.+ [ (A< fD)+f(2)+...+ f(N-1).

N
CyMMa MHTerpajioB, IO CBOWCTBY aJJIMTUBHOCTH MHTErpala, paBHa j f(x)dx. B nesoi n
1

IPaBOM YacCTAX STHX HEPABEHCTB CTOST, COOTBETCTBEHHO, s, — f (1) u s,_,. Takum obpaszom, s

N
ar00oro HatypanbHoro uucina N >2 mmeeM: s, — f(1) < j f(x)dx<s,_,, OTKy#a cienyer, 4To
1

N +o0
sy < f(D)+ j f(x)dx . Ilpenmmonoxum, 4ro CXOAUTCS HHTETpall j f(x)dx. Tak xak GyHKIUS
1 1

f(x)20 nmo  ycnoBUIO, KpPUTEpUH  CYIIECTBOBAHUS  HECOOCTBEHHOIO  HUHTErpaia,

chopMyIUPOBAHHBIN BBIIIE, TOKA3BIBAET, YTO CYIIECTBYET HEKOTOPAs MOCTOSTHHAs D Takasi, 9To

B
g Ar00oro B >1 BBINOJHSAETCS HEPaBEHCTBO j f(x)dx < D. 3nauut, 1 moboro N
1

BBINOJIHAETCS. HepaBeHCTBO s, <C = f(I)+D u KpuUTepuidl CXOOUMOCTH psiaa Z f(n)

n=1

BBIMOJTHEH. OTMETHM Takxke, 4YTO TepexoAs K mnpeneny npu N —> o B HEPaBEHCTBE

N )
sy < f(D)+ j f(x)dx , moiryqaeM, 4To cymMMa psijia He IPEBOCXOAUT BesmuuHbl f(1)+ j f(x)dx .
1 1

0
OOpatHO, eciu CXOAMTCS P Z f(n), To cymecTByeT HeKoTOpas nocrosiuHas C Takas,

n=1
9TO JUIs JII0O0ro N BBINONHAETCA HEPABEHCTBO 5, < C.
Jlnst mpousBoapHOTO B >1 BhIOEpEM HaTypaibHOE 4YUCIO N Tak, 4TOOBI BBITOJHSIINACH

HEpPaBEHCTBA N<B<N+1. Tak  kak f(x)=0, CIIpaBEeJIUBbl  HEPABEHCTBA
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bunem 3: Unmeepanvuoiii npusznax cxooumocmu. Cxooumocms psoa z—p (cmp. 3 u35)
n=l1
N+1 N

N B
j f(x)dx < I f(x)dx < I f(x)dx. Tlo pnoxazaHHOMY BBIIIE, j f(x)dx<s, , mma nroboro
1 1 1 1

HaTypaJIbHOTO Ynciaa N , M03TOMY OHO OCTaHETCsl CIPaBEUIMBBIM, €CJIU 3aMEHUTh B HEM YHCIIO

N+l
N uguciom N+1, T.e. j f(x)dx <s,. Takum 00pa3oM, Il DPOHU3BOJIBLHOIO B >1 nmeeM
1

N+l

B
j f(x)dx < I f(x)dx<s, <C, OoTKyma clenyeT CXOIUMOCTb HECOOCTBEHHOIO HWHTerpaia
1 1

+jiof(x)abc.b

JlokazaHHasi TeOpeMa UMEET MTPOCTYI0 T€OMETPUUECKYIO HILTIOCTPALIHIO.

Y A

fla)

Fla+k-1)
Fla+k)

Flatn-1)

|
|
|
|
|
i
|
|
|
|
|
|
!
Hown) =3

|
|
a+lat+?z a+kb-1 a+ik at+n—-1 a+xn

Ha »stom pucynke rpadpux ¢ynkuun y= f(x)3akimouéH Mexay AByMs TIpadukamu
cTyneH4arbiX GyHkuuid. Ilnomanp KaxaoM CTYNEHbKH «BEpXHEW» (QYHKIMM HAa OTpe3Ke
[n,n+1] paBHa f(n), a «awxHeH» Gyakuun — f(n+1). IlosToMy HepaBeHCTBa

N
sy—f@< j f(x)dx<s,, HMEIT IPOCTOM TIECOMETPUYECKHIA CMBICII HEPABEHCTB MEXKIY
1

COOTBCTCTBYIOIIMMHU IUIOITAASAMU.
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bunem 3: Unmeepanvuoiii npusznax cxooumocmu. Cxooumocms psoa z—p (cmp. 4 u3 5)
n=l1

Jloka3aHHas TeOpeMa UMEET PsJ] BaXHBIX CIEICTBUM.

> 1
Cneocmeue 1. Psin Z—p CXOAUTCH NpU p >1 u pacxoaures npu p <1.

n=l1
1 ©dx
<« B stom ciiywae f(x) =—. PaccmoTpum HecoOcTBeHHBIM mHTerpan | — . [Ipo Hero
x? )

U3BECTHO, YTO OH CXOJIUTCS pu p >1 u pacxoautcs npu p < 1. Octanock NpUMEHUTb TEOPEMY.

>

3amelumue. BCJ'H/ILH/IHa Z_ 3aBUCUT OT P u HpI/I p>1MO)KCT paCCManI/IBaTBCSI KaK
n=l1 n

GyHKIMSA OT p . DTO — OJIHA U3 HauboJjee BaXXHBIX B MaTeMaTruke QyHKIUI, HOCsIIas Ha3BaHUeE
n3era-pyakuun Pumana u o6o3navaemas £ (p).

3ameuanue. BCIOMHUM, 4YTO JUISl CXOJMIIErOCs psila €ro 4YacTHYIO CYyMMY MOXHO
paccMmarpuBath, Kak NpuOIMKEHHOE 3HAUEHUE CYMMBI PsiJia, @ COOTBETCTBYIOIIMM OCTATOK psija

— Kak TOTPEITHOCTh BbluMcieHUs. Hampumep, mis 3Haduenus ¢ (p) mpu p>1 umeem

0

51 Sl 1 | .
S(p) Z_p Z—p Z — - 31ech BeIMYMHA Z_p MpeACTaBIsIET cOO0M MPUOIMKEHHOE
n=1 n=1 n=N+11 n=t

3HaueHne ¢ (p), a OCTaToK psaa Z — - a0CONIOTHYIO TOTPEITHOCTh BBIYUCICHHS. DTOT
n=N+1 }’l

0

1
OCTAaTOK MOXXHO HepermcaTL B BU/C W . BHOBB HOJ'[quH prI[ paCCManI/IBaeMOFO THUIIa
n=l1 n+

> 1
Z f(n), B xoTOpOM TE€mEPHL f (x):m. Hcnone3yeM OLEHKY I CyMMBI psja,
n=1 +X

JOKa3aHHYI0 B TIpEIbLAyHIeH Teopeme, COTJIacHO KOTOpOil cyMMa psija HE IPEBOCXOIUT

0

BennuuHbl:  f(1)+ j f(x)dx. B Hamiem ciydae 3TO paBHO

. Ipu #1
| (Nl)*’!N+>P prp

HOHy‘-IaeM j dx (N + 1)]_p = 1 OTKyada HaXO0ANMM HCKOM OIICHK
YNy pol (p-h(N+p O yio Y

1 1 1

OCTaTKa : —~ +
(N+D {p-1 N+I1

3ameuanue. B ciayuwae, koraga  psan Z f(n)  pacxomumrtcs,  HEpaBEHCTBA

sy—f@)< j f(x)dx <s,_, AalOT NpeACTABICHNAE O CKOPOCTU CTPEMIICHUS K OECKOHEYHOCTH €ro
1
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n=l1

=1
yacTHbIX cyMM. Hampumep, ans pacxoasiierocss rapMOHUYECKOro psija Z— 3TH HEPaBEHCTBA

n=1

1 1 _Tdx 1
NIPUHUMAIOT BUL: —+...+—£j—£1+—+...+
2 X 2 N -1

, UIIH lnN+l£1+l+...+lenN+l.
N 2 N

1 1
(Moxno pokaszarh Oonee TouHyro Gdopmyny: 1+ 5 +...+ N =InN+C+y,, rne C— TaK

Has3bpIBaeMas MOCTOsIHHAsA Diinepa, a ¥, — 0 mpu N — o)
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bunetr 4. A6COAOTHAA CXOAUMOCTb. CBoHcCcTBaA abCOAIOTHO CXOAALUXCA
psAOB

a0
[lepeiiném Kk paccMOTpeHHIO OOIIEero ciydas, KOTJAa YIEHBl psna Zan AMEIOT
n=l1

0
IMPOMU3BOJIbHBIC 3HAKW H BBEJEM JIBa HOBBIX paaoa Za; n Za; . YmeHsl >THX pAaOB

n=l1 n=l1

OIpENEeIAI0TCS PABEHCTBAMHU a, = max{a,,0},a, = min{a,,0}. IMeloT MecTo paBeHCTBa

=a —d

an:a;+a;’an ; ;’ (1)

=l 2)

Onpedenenue. Psin Zan Ha3bIBACTCS AOCONIOMHO CXOOAWUMCA, €CIIA CXOIUTCS P
n=1

an

Takum 00pa3om, CXOIAIIMECS HEOTPUIIATEIBHBIE PSIbl, PACCMOTPEHHBIE B MPEABIIYIIEM

naparpade, cxoaaTcsi abCOIIOTHO.

Ymeeprcoenue. Aocontomno cxooawuiica pao cxooumcs.

«IIpuMeHuM K cxoasIiemMycs p;{z[yz kputepuii Komu cxompumoctu psna. Ilomydaewm,

n=l1

an

yTO s roboro & > 0cymectByer yncino N(g) Takoe, yTo Ui Jr0O0TO HOMepa n > N(g)u

J1000r0 HAaTypaJlbHOTO p  BBINOJHSIETCS HEPABEHCTBO a_  |<e&. Ilo cBoiicTBY

n+p

|+t

[e 0]
<&, MMO3TOMY IJid1 HCXOOHOTO psaa Z(ln TAKXCE
n=lI

+...+

moxyns |a,., +..+a,,., £|an+l a,.,

BbINOJIHsAETCS KpuTepuit Ko u on cxoaurcs. P
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bunem 4. Abcomomuas cxooumocms. Ceoticmea abCoMOMHO CXOOAWUXCS psi0os (cmp. 2 uz 4)

a0
Teopema 4.1. AGcon0THAA CXOJAMMOCTH Psifa Zan PABHOCH/JIbLHA OJHOBPEMEHHOM
n=1

00 00 o0
CXOJMMOCTH Psi/I0B Za; " Za; . Ecan psin Zan CXOIUTCSsl, HO He a0COJI0THO, TO 00a
n=l1 n=l1 n=1

0 0
psiaa Za; u Za; pacxoasiTesl.

n=l1 n=l1

o0
<«4Ecnu psg abCcoMOTHO CXOIUTCS, TO IO YTBEPKACHUIO CXOTUTCS TaKkKe Psij Zan . Torma

n=1

0 0
13 paBeHCTB (2) u TeopeMsl 1.2 ciaenyer, 4To CXOAATCS psbl Za; u Za; .

n=l1 n=l1

OOpaTHO, MYCTb CXOZSATCS PSAJIbI Za; u Za; .Torna u3 paBeHctB (1) u teopemsr 1.2

n=l1 n=l1

o0
CJIETYET, YTO CXOJTUTCS PSI z

n=l1

an

a0 00
Ecnm xe psan Zan CXOJUTCS, a Psif Z|an| pacxoauTcs, TO U3 PaBEHCTB (2 ) cienyer, 4yTo
n=lI n=l1

0 0
o0a psza Za; u Za; pacxoaarcs, Kak MOJIyCyMMbI CXOSILErocs U pacxoasiierocs psja.»

n=l1 n=l1
3HadyeHue 3TOu TCOPEMBI COCTOUT B TOM, YTO OHa CBOAWUT BOIIPOC 00 a0coroTHOM

[e 0]
CXOOIUMOCTHU prI[a Z(ln , YICHBI KOTOpOFO UMCHOT HpOI/ISBOHBHBIG 3HaKH, K CXOOIUMOCTH prJIOB
n=lI

0 o0

a; n Za; , YICHBI KOTOPBIX UMCIOT IOCTOSHHBIC 3HAKH.

BaxxHbIM CBOMCTBOM aOCONIOTHO CXOJSLIErocsl psga sBJSETCsl ero 0Oe3yciaoBHas
CXOIUMOCTb. JlamuM omnpeneneHue 3Toro NoHATUS. Eciy mepecTaBuTh YiI€Hbl CXOJHOIO psija,
T.. TIOMEHATh WX HyMepaluio, He J00aBisAs HOBBIX UYJIEHOB M HE OTOpachiBas CTapblX, TO
MOJIYYUTCSI HEKOTOPBIA HOBBIM psl. Ha mepBwlil B3I, MO aHAJIOTHM C NEPEMECTUTEIbHBIM
3aKOHOM CJIO’KE€HMSI, ITOJTYYEHHBIM B PE3yJIbTATE NIEPECTAHOBKU PsiJl JOJDKEH CXOAUTHCS U UMETh
Ty € CyMMYy, 4TO U HUCXOAHbIH psin. Ho Bckope Mbl yBuAMM, uTOo 3TO He Bcernaa Tak! U
MEePEMECTUTENbHBIA 3aKOH, JOKa3aHHBIA Ui KOHEYHBIX CYMM, HE 00s3aTEJIbHO BBIOJIHAETCS

1151 0ECKOHEYHBIX PSJIOB.
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CBOMCTBO CXOJAIIEIroCcs psjila OCTaBaThCA CXOJSAIIMMCS U HE MEHSITh CyMMbI IPH JII00OM
IIEPECTAaHOBKE €r0 WICHOB HA3bIBACTCA 0€3YC/I06HOU CX0OUMOCHIBIO PSNIA.

0

Teopema 4.2 (meopema /lupuxne o 6Oe3yciosnoit cxodumocmu). Ecim psig Zan
n=1

CX0aUTCH aﬁcOJ'llOTHO, TO OH CXOAUTCH 6e3yc.11013H0.

a0
<« (ChHavana paccMOTPUM HEOTPULIATEIbHBINA P Zan U TpOU3BEAEM IPOU3BOJIbHYIO
n=1

0
[IepECTaHOBKY €ro 4jieHOB. B pesynbraTe mosyuuTcs psj an , JUIs1 JII0OOTO 4ieHa b, KOTOpOro

n=1

CYIIECTBYET Takol Homep k,, 4 To b, =a, . YacTHas cymma sy =b, +...+b, pasHa a, +..+a, .

Cpean KOHEUYHOrO MHOXKeCTBa 4ucel k,...,k, BbiOepeM Hanbonbmiee u 0603HaunM ero M . Tak
KaK YJICHBI paaa HCOTPpHULIATCIbHBI 110 YCJIOBHIO, BBITIOJIHAKOTCA HCPaBCHCTBA

sy =b +..+by=a, +..+a,_ <a+..+a,=s,. Takum obpasom, mms moboro N
cymecTByeT takoe M , 4to sy <s,, . Tak Kak HEOTPULATEIbHBIH PSJI CXOJUTCS, €r0 4acTHBIC

CYyMMBI §,, OIPAaHMYEHBI CBEPXY CYMMOM psima s . Cle1oBaTelbHO, YaCTHBIE CYMMBI S, Dsaa
M N

0 0
an OTPaHUYEHBI CBEPXY 3TUM ke uuciaoms . [loaromy psag an cxoqutcs. Kpome Toro, tak

n=1 n=1

0
Kak JUisg J11000ro N BBIOJHEHO HEPAaBEHCTBOS, <s§ , CyMMa s psjia an YIOBJIETBOPSET

n=1

HEPaBEHCTBY s <s, T.¢ IPH IIEPECTAHOBKE UIEHOB psja €ro CymMma He Bo3pacraeT. Jlis

0
JI0Ka3aTesIbCTBA 0OPATHOTO HEPABEHCTBA §° > § IMPOCTO PACCMOTPHM PSJT an KaK MCXOHBIH, a

n=1

o0
psn Zan - KakK TMOJYYEeHHbII M3 Hero oOpaTHOM mnepecTaHoBKoil. Takum o0pa3oM, Mbl
n=1

MOJTY4YHJIM HEPABEHCTBAS < s U §° >, U3 KOTOPBIX CIEAYET, UTO § =5 .

[ee]
Temeps paccMOTpHM OOIIMIA CiTy4ail, KOTJa 3HAKH YICHOB psaa Zan IPOU3BOJIBHBI.
n=lI

0 0
PaCCMOTpI/IM TOTAa COOTBGTCTBYI'OHII/IG pﬂI[I)I Za; u Za; . HO OHpeHeHeHI/IIO, quclia
n=l1

n=l1

a, =max{a,,0},a, =min{a,,0} IMEIOT MOCTOSIHHbIC 3HAKH, U3 TEOPEMBI | CIEAyeT, YTO PSIIbI
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) 0 ) )
Y.a; wm Y a, cxomarcs. Cormacwo pasenctsam (1), » a,=> a; + > a,, mostomy
n=1

n=l1 n=l1 n=1 n=l1

0 0
MEPECTAHOBKA YJICHOB PSAJa MPUBOJUT K NMEPECTAaHOBKAM YJIEHOB PSIOB Za; u Za; . Ho x

n=l1 n=l1

3TUM pPSAaM MOKHO TNPUMEHHUTHh JOKa3aHHYIO IEpPBYI0 YacThb TEOPEMBI, COIVIACHO KOTOPOil

[ee]
HCpCCTaHOBKI/I HC MCHAIOT UX CYMM. 3Ha‘~II/IT, HC UBMCHUTCA U CYMMa pﬂ}la Z (ln . >
n=lI
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Bbuner 5. YeanoBHasa cxoaumoctb. Teopema NenbHHULa

B npenpinymem naparpage yCTaHOBIIEHO, UTO €CIIH P CXOJUTCS a0COTIOTHO, TO OH CXOJIUTCS
1 6e3yciioBHO. OTHAKO €CIIN sl CXOAUTCS He a0COMIOTHO, TO MEPECTAaHOBKA YJICHOB PsI1a MOXKET
U3MEHHTH €r0 CYMMY U JJaKe HAPYIIUTh CXOIUMOCTb Psiia. DTU YAUBUTENIbHBIE ()aKThl HAIILTU CBOE

OTpa)KeHHUE B CIEAYIOLICH TeopeMe.

o0
Teopema 5.1 (Puman). Ecau psin Zan CXOJHUTCS He a0COJIOTHO, TO 1JIAA JII000T0
n=1

3aJaHHOTO Yncaa 4 (Tak ke, KaK M A5 100), CyIIecTBYeT TaKasi MepecTAHOBKA YJIeHOB

ITOrO0 psifa, B pe3yJabTaTe KOTOPOii MOJy4uTCs psii, CcyMMa KOTOPOro paBHa A .

<« Ha sx3amene 3nams doxkazamenbcmeo He obszamenvho. Ho ono ouens uUHmepecHoe.

Orpanmanmcs cryqaem A > 0, Tak Kak IOKa3aTeNbCTBO B OCTAIBHBIX CIIYdasX BIIOJHE aHAIOTHIHOE. [10CKOMBKY

0

0
paccMaTpuBaeMbIi sl CXOTUTCS, HO He abCOMIOTHO, 002 psiaa Z a; u Z a, pacxonsrcs mo Teopeme 1 m.3.1.
n=l1

n=l1

PaccmoTpuM nocnenoBaTenbHOCTH

+ + +
a, ,a,,...,a (1)

PR

e 2)

n

a;,a,,...,d

0
+
Tak kak psn Z @, PaCXONUTCS, OCIEN0BATENBHOCTD €TI0 aCTHRIX CYMM CTPEMUTCS K +00 , TTO3TOMY, IPH

n=l1

HekoTopoM Homepe NV, wactHas cymma @'y +...+a’y > A. Cuuraewm, uto Takoe N, - HamMenbIiee, T.¢. 4TO
a’ +..+a"y | <A.Cnenosaremsro, 0 < A—(a; +...+ay ) <ay Teneps Gynem nocieoBarensHo

TO0ABIATH CIATaeMble d; ,d, ,...,d,

noeer

+ +
Kcymme d | +...ta N, 710 TEX TI0p, TIOKA HE MOYIUM HEPABEHCTBO

+ + - + + - - -
a’,+..+a’y +a +..+ay <A.Tpuotom u 0>A4—(a" +...+a"y +a, +..+a, )>ay .
[pomomkaem TOT Iporiece, MoouepEnHo 100aBIsL K aCTHOM CyMMe claraeMble U3 nocnenosatenbHocTel (1) u (2)
TaK, 9TOOBI MONYYAIOIINECS B PE3YIHTATE CYMMbI CTAHOBMJIUCH TO OOJIBIIE, TO MEHBIIE, 9eM 9nciao A , npraém

PasHOCTB 3THX CyMM U uncna A 1o abCOMOTHON BENMYKHE He TIPEBOCXOAMIA ObI MOIYIISL MOCIEAHErO U3
nmobaBisieMbIxX gucel. [Tockoipky B mocienoBatensHOCTAX (1) 1 (2) Bee unceia Oepyres moapsia, Mo0oi 9ieH HCXOIHOTO

psina Oyner moOaBiIeH Ha HEKOTOPOM IIare, T.€. MBI IIPOM3BEIH MTEPECTAHOBKY WICHOB HCXOMHOTO psina. Kpome Toro,
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HCXOJHBIN szt a,, CXOUTCS. [TosTomy, BBUIY HEOOXOAUMOTO TIPHU3HAKA CXOAMMOCTH Psizia, €ro OO YJIeH
n=l1

CTPEMHUTCS K HYIIO, T.€. 11 ;moboro & > 0 cymectsyer takoe uncno N (&), aro s Beex n > N(€) Bomonnsercs
HEPaBEHCTBO |an| < & . TIpeamnono)um, 4To Mbl CAIETAIH TAKOE YUCIIO0 IIaroB OMUCAHHOTO BBIILE IPOLECCa, YTO

B3ATBIMH OKa3aJIMCh BCE YIEHHI ImocienoBarensaocteit (1) u (2), HoMepa KOTOPBIX, KaK YJIEHOB HCXOMHOTO Psa,

menpmie wi paasl NV (€). [osToMy Ha KaKIOM U3 CIEMYIOIINX CIETaHHbIX AaroB o0pasyeMast 4acTHas cymma Oymer

OTJIMYAThCS 110 a0COMOTHOM BEMYuHE OT uncia 4 MeHbIne, 9eM Ha 9uCio € . TakuM 06pa3oM, MOTyIeHHBIN PST

Oyzmer cxonuThes K uncay A .

5.1. Teopema NerbHuua

BaxkupIM npuMepoM psI0B, CXOIUMOCTh KOTOPBIX MOKET ObITh HEaOCOIIOTHOM, SABJISIOTCS

3HAaKOYEpEAYIOIIUECS PALBL, T.€. PAIBI BUIA:

i(—l)”‘1 c,c, 20. (3)
n=l1

Teopema Jleionuuya. Ilyctsb yiensl psiga (3) y10BJeTBOPSIOT YCJIOBUIM:

1) ¢,2¢c,2¢;,2...2 ¢, >...(MHBIMH CJIOBAMH, C, 2 C,,, =20 1Js1 Bcex n);

2) limc, =0.

n—©

Torna psan (3) cxonuTes U ero cymma s yJAoBJeTBOpsieT HepaBeHcTBaM 0 <s <c,.

<« PaccMoTpuM yacTHuHbIE CyMMBI psja (3) ¢ u€THBIMU HOMepaMmu. BBuny ycnosus 1) onu

YAOBJICTBOPAKOT HCPABCHCTBAM:

8y, =C —=CyHCy—Cyt e dCy 3 =Cp y FCy =€y =85, 5, FCy  —Cp 28y, 5

n

Kpome Toro, u3 1) taxxke ciemyer, uto s,, =¢, —(¢, —¢;) —...—(Cy, 5 —C5,1) —Ca, <€
ITocnenoBaTeNIbHOCTD §,, ABIAETCA BO3PACTAIOIIEH M OTPAHUYEHHON CBEPXY, IIOITOMY OHA UMEET

npenen no teopeme Beitepmrpacca. O60o3Haunm ero s . Takum o6pazom, 1iis 1r000ro £ >0

CYLIECTBYET TaKO€ YHUCIO N, (€), 4TO I BCEX HOMEPOB 21 TaKHX, 4TO 2n > N,(€) HMeeT MeCTO

HEPaBEHCTBO

|s,, —s|<e. (4)
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Bunem 5. Ycnoenas cxooumocmo. Teopema Jletionuya (cmp. 3 uz 6)

Kpome Toro, mo nokasaHHOMY, AJis JIFOOOTO 71 BBINOJIHAOTCSA HepaBeHeTBa 0<s, <c,.Ilo

TCOpEME O NPECACIIbHOM IIEPEXO/C B HCPABCHCTBAX UMECM

0<s <c,. (5)

YactHas cymMMa ¢ HEYETHBIM HOMEPOM MMEET BUM: S,,,, =S,, +C,,,,. [103TOMY U3 ycaoBus
(2) monmywaem: lims,, ., =lim(s,, +c¢,,,,)=lims,, +limc,,,, =5+0=s.Takum oOpaszom, s
n—>0 n—>0 n—>0 n—>0
mo0oro & >0 cymecTByeT Takoe 4Yuciao N, (g), 4To Ui BceX HOMEPOB 271 + 1 Takux, 4To

2n+1> N,(¢) ¥MEET MECTO HEPABEHCTBO
|53, — 5] < €. (6)

[Monoxum, nis modoro € >0, N(g)=max(N,(¢),N,(¢)). Tornaecim N > N(¢g), 10,

BBU]ly HepaBeHCTB (4) u (6), kak B ciiyuae N =2n, Tak U B cityyae N =2n+1 nosyyaem:

|sN - s| < ¢.CnenoBarenbHo, lims, =s.»
N—->ow

0 _1 n
IMpumep. Pag zu CXOJUTCS, TaK KaK 1 > i >0mn liml =0. [To3xe Oyner
=1 N n n+l n—w p

JI0KAa3aHo, 4TO CyMMa 3TOro psja pasHa In2.

3ameuanue. Ocratok R, | pana (3) umeer BUA Z:(—l)”‘1 ¢,, ¢,20.Ecimn N -u€rHoe
n=N

YHCJIO, TO BBIMIOJIHAIOTCI HEpaBeHCTBA —¢,, < R, , <0, aecau N - Heu€THOE YUCIO , TO
N N-1 > )

HepaBeHcTBa ¢, = R, | =20.

0
<« Kak 0TME4€eHO BbIIIIE, TPU HEUETHOM N psn Z -D)""¢
n=N

¢, 20 yIOBIETBOPSAET BCEM

no
ycioBusM Teopembl JleiOnuna. JlokazanHoe HepaBeHCTBO (5) MPUHUMAET B 3TOM CJIydae BHT
cy 2R, =20.Ecmuxe N -49€THOE YHCIIO, TO PAX - R, YAOBIETBOPAET BCEM YCIOBUAM TEOPEMBI

JleiiOHuna u (5) paBHOCUIILHO HEPABEHCTBAM ¢, = —R, >0 wm —c, <R,  <0.»
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OT0 3amMeuaHue OyJeT UCII0JIb30BAHO MPH OLIEHKE TOUHOCTH MPHUOIMKEHHBIX BBIYUCICHUI,
UCHOJIb3YIOIIUX PSAIBL.

Hpueeééﬂnbzﬁ HUasice mamepuail He obs3amenen Ha IK3AMEHE, HO 6ecbMda NOJIE3EH o0nst

camoobdpazoeanus (m.e. e2o 4UmMarom moabko yMHsle U yeasxcawuue ceds u Mamemamuxy
cmyoeHmbl)

5.2.CymmupoBaHue no yactam. Teopembl Aupuxnre u Abeas

Teopema 5.2 (Dopmyna cymmuposanus no yacmam). Ilycrs nanel nocienosareasnocru (a,),(b,).

n
Honoxum A4, = Zak mpu 20,4 ,=0.Tornanaa 0 <M < N cnpasenimBa dopmyia
k=0

N N-1
a,b, = Z A4,(b,=b,,))+ Ayby — 4,,,D,, )
=M n=M
<4lImeroT MecTo paBeHCTBA:
N N N N-1 N-1
Z anbn = Z (An - An—l )bn = Z Anbn - Z Anbn+1 =Z An (bn _bn+1)+ ANbN - AM le >
n=M n=M n=M n=M-1 n=M

[e¢]

Teopema 5.3 (Teopema /{upuxne). IlycTs YacTHbIE CyMMBI S, psiia Z a,, o0pasyloT OrpaHuYeHHYO

n=0
MOCJIeA0BATEIbHOCTD;

1) by=2b=2b,2>..

2) limb, =0.

n—0

00
Torna psan Zanbn CXOMTCSL.
n=0

«Ilycts uncno 4 > 0 ynosnersopser HepaBeHCTBAM |Sn| <A4,n=0,1,2,.... 3apuxcupyem npon3BoasHOE

ancino € > (). Torna u3 yenoBus 3) TEOPEMBI CIEMYET, 9TO CymecTBYeT Takoe uucio K (€), 9ro aus moboro

n > K(&) BINOIHEHO HEPABEHCTBO

b,|< ZS_A Hus mobeix M, N, K(g) <M < N nonysaem
N N-1
zanbn = an(bn_bn+l)+sNbN _SM
n=M n=M

N1
Lby IS an (b, =b,.,) +|SNbN|+|SM—1bM| (®)
n=M
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o opmyrte (7) ¥ U3BECTHOMY CBOWCTBY MOTYJIS.

Io ycnosuwo 2), b, —b,,, 20 npu seex 7. Tlostomy

n+l

N-1 N-1 N-1
z Sn (bn _bn+1) < Z Sn (bn _bn+1)| SA Z (bn _bn+1) = AbM o AbN ? (9)
n=M n=M n=M

KpOMe TOTO, |SNbN| < 4b,, SMbM| < Ab,, nus (8) n (9) momysaem

ﬁ‘, ab |< Nz‘i 5, (b, =b,.)| +|syby|+|s, by | < Ab,, — Aby + Aby + Ab,, =24b,, < 2Ai =¢ .
n=M n=M

00
IMo xputepmro Komm ps z a,b, cxomurcs.p
n=0

3ameuanue. JlokazanHas B PEABIAYIEM MTYHKTE TeopeMa JIeHOHwMIIa SIBISIETCS CIIEACTBUEM TeopeMbl Jlupuxiie, B
0
-1 -1
xotopom a, =(=1)"",b, =c, .Cymmsr 5, psna Z (=1)"" npurmMaroT Beero nBa 3avenus: 0 u 1 1 MOXHO
n=l1

monoxute A=1.

Teopema 5.4 (Teopema Adensn). Ilyctb

0
1) psan Zan CXOJAUTCS;
n=0

2)by2b 2b,>..;

3) (b,)— orpanmdeHHasi OC/I€I0BATENBLHOCTb.

0
Torna psan Z a,b, cxommres.
n=0

«Ilycrs uncno B > 0 ynosnersopser HepaBencTBaM |bn| <B,n=0,1,2,.... 3abuxcupyeM IpoH3BOILHOE

ancino & > (). Torna u3 yenoBus 1) TeOpeMbI CIEYET, 9To cymecTByeT Takoe uucino K (€), 9ro ans moboro

&
n > K (&) BhINOIHEHO HEPABEHCTBO |rn | = |s —-8,|< 35 Jnst mobeix M, N, K(g) <M < N nonyaaem
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N1
Z s, (b, =b,.,)+syby =5,

n=M

N
z anbn

n=M

f (s=r)b,=b, )+ (s—1)by —(s—r, )b, |=

N-1 N-l
z s(b, =b,,,) +sby —sb, — Z 1,(b, =b,.)—ryby +1,.,Dy
n=M n=M

< +|rNbN|+|rM_1bM|

N-1
z rn (bn - bn+1 )
n=M

o opmyrte (7) ¥ U3BECTHOMY CBOWCTBY MOTYIIS.

Io yenosuo 2), b, — b,

1 = 0 mpu Beex 7. Tloaromy

N-1 N-1 c N-1 &
zrn(bn _bn+1) < Z rn(bn _bn+1)| Sﬁ Z (bn _bn+1) :ﬁ(bM _bN)’ (9)
n=M n=M n=M

& &
KpOMe TOro, |rNbN| <—by,,|r,by | <—>b,, utorna
2B 2B

N>
N N-1 & & &
n;anbn < n;rn(bn =b, |+ |rvby | +[rby | <oz by =by +by +by) = S=2by <-Z2B =g 1o

0
kputeputo Koy psin Z a,b, cxomures.p
n=0
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bunretr 6. PaBHOMepHas cXOAMMOCTb QYHKLUOHAAbHOM
MoCAeAOBaTeAbHOCTHU U paaa. Npu3Hak Beuneplurpacca

6.1 [loTo4YeyHasa CXOAMMOCTb YHKLMOHAAbHONH MOCAEAOBATEAbBHOCTU U

pAaa

Hycrs  (f,(x)),n=1,2,3,...— nocrexoBarensHOCTs (YHKIUH, ONPEACNEHHBIX Ha
MHOXKecTBe X — R M mycTh 3Ta MOCie0BaTeNbHOCTh UMEET Ipees MpH JtoooM x € X . B atom
Clly4ae MOYKHO OIpPEICIHTH IpenenbHyto QyHkuuio f(x)=Ilim f (x),x € X U TOBOPHUTH, YTO

n—>0
nocaenoBaTenbHOCTh  (f, (X)) cxooumcsa Kk ynkyuu f(x) Ha muosxcecmee X (MHOrIA

N00aBJISIst CJIOBO TIOTOYEYHO).

AHanoru4ysno, eciau Bce wieHsl psapa  (a,(x)),n =1,2,3,..— omnpeneneHsl Ha MHOKECTBE

X < R ua10T psin cxoautes: mpu JroboMm x € X, To mojaraeM f(x) paBHOM Mpeaeny YaCTHBIX

cymMM 3T0ro psaza: f(x) =lims, (x),x € X . Obo3Hauaem Taxxke f(x)= Zan (x); ota QyHKIIUA

n=1

Ha3bIBAETCS CYMMOIL pAoa.

O)IHa U3 TJIaBHBIX HpO6H€M B CBA3U C OTUMHU ONPCACICHUAMU TaKOBa: COXPAHAIOTCA JIU

BOKHEHWIIME CBOWCTBA (YHKIUN (f,(x)),n=12,3,..., Takue, KaKk HENPEPBIBHOCTH,

T hepeHIpyeMOCTh, UHTETPUPYEMOCTh Y IpeaenbHol pynkuuu f(x)? Ta xe mpoOnema

Ba)KHA U JIJIs1 CYMMBI psijia.
Oxka3bIBaeTcs, 3TH CBOMCTBA HE BCETa COXpaHAOTCsA. PaccMOTpuM npumepsl.

IMycts  f (x)=x",x<[0,1]. Haiiném npenenpnyro ¢yHknuio f(x). Ecmm x€[0,1), TO

limx"=0, a eciu x=1, Tto lim1" =1, Takum oOpa3oM mpeaeabHas (GYHKIHSA OKa3alach

n—x0 n—x0

Pa3pBIBHOM.
. sin nx
Hpyroii mpumep: f, (x) :T,x eR,n=1,2,3,.... OueBHIHO, YTO JUIS JIOOOTO X HUMEEM:
n

. . sinnx
f(x)=1lim f, (x) =lim T =0. CnenmoBarenbHO, I J0O00ro Xx mpowmsBogHas f'(x)=0.
n—»0 n—»o0 n
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Omnako  f, (x) = Jncosnx m £, (0) = Jn = 0,0 —> 0. Tlo3TOMy TOCIENOBATENBHOCTE

nipou3BoHEIX (£, (X)) He MOXKeT UMeTh npezieniomM f'(x).

Hakomnen, mycts f, (x) = nx(1-x*)",x€[0,1],n=1,2,3,.... lnsa moboro x e (0,1] Benuuuna

g=1-x" ynoenerBopsier HepasenctBam 0<g <1, mostomy lim f,(x)=limnxq" =0. Kpome

1 1
toro, f,(0)=0 wu, caegoBarensHo, lim f, (x) =0,x €[0,1]. 3Hauwur, I limf, (x)dx = I 0dx=0.
0 e 0

n

[TosTomy
2n+2

Ho J {1y =2 0=y d-)-

1 1
n 1
lim x)dx =lim =—=#0=|limf (x)dx.
n~>oo~([fn( ) 2 2 -(']-n%oof"( )

n—o 2p +

6.2. PaBHOMepHas CXOAUMOCTb PYHKLUOHAAbHbIX MOCAEAOBATEAbHOCTEMH

M pAAOB

[IpuMmepsl, nprUBEeAEHHBIE B MPEABIAYILEM IYHKTE, IOKA3aJM, YTO IIPU ONHCAHHOM B 3TOM
IIYHKTC IIOTOYCYHOM MNPCACIbHOM IIEPEXOAC MOI'yT HE COXPAaHUTHBCA OCHOBHBLIC CBOMCTBa
GyHKIMM, BXOIAUIMX B MOcHeAoBaTenbHOCTh. Ormpenenum 0OoJiee CUIBHOE TOHSTHE —

PaBHOMEPHYIO CXOJIMMOCTb.

Onpedenenue 6.1. bynem TroBOpUTh, 4YTO IIOCIENOBATENBLHOCTh QYHKIUH (f, (x)),

n=1,2,3,..., omnpenenéHHbIXx Ha MHO}kecTBe X C R, paenomepno cxooumca na smom

MHOMcecmee K npedenbnoil hynkuuu f(x), ecnu s mo6oro & >0 cymecTByeT Takoe Yucio

f,0)-f)|<e.

N(g), uro npu n > N(g) st Bcex x € X BBINOJHIETCS HEPABEHCTBO:

J1s1 paBHOMEPHOM CXOJMMOCTH 4acTO MCIOJb3yeTcst 0003HaueHus f,(x) = f(x) Ha X .

VkaxxeM Ha OTIAYUE ONpENEICHUsS PABHOMEPHOW CXOJUMOCTH OT ONPEACIICHUS
MOTOYEeUHOUM cxoaumocTH. OmnpenereHne MOTOYEUHONW CXOJIMMOCTH TaKOBO: Ui BceX x € X u

i moboro ¢ >0 cymecrByer Takoe yucio N(g,x), yto npu n > N(g,X) BBINOIHSIETCS

HepaBeHCTBO | f (x)—f (x)|<8. OnpenerieHne  PaBHOMEPHOW  CXOJUMOCTH  COACPIKHT
3HAYMUTENILHO OoJjiee CHUIIbHOE TpPeOOBaHME, COCTOSIIEE B TOM, YTO CYIIECTBYeT 4ucio N(g),

npuroaHoe B kadectse N(&,x) st Bcex x € X .
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Onpedenenue 6.2. Psan f (x)zZan (x) Ha3bIBACTCA PABHOMEPHO CXOOAUUMCA HA

n=1
MHOYcecmee X C R , €CJIN IIOCJICAOBATCIIBHOCTD €10 YaCTHUYHbIX CYMM paBHOMCpHO CXOOUTCsA

Ha 9TOM MHOJKECTBE.
Crnenytomias Teopema npezcTasiisieT co0oit kpurepuii Ko paBHOMEPHO# CXOIUMOCTH.

Teopema 6.1. IocnenopareabnocTs Gpynkumii (f, (x)),n=1,2,3,..., onpenejéHHbIX HA

MHOKEeCTBe X C R, PABHOMEPHO CXOAMTCHA HA 3TOM MHOYKECTBE TOrjJia M TOJbLKO TOrjaa,

Korjaa s Jwboro ¢ >0 cymecTByeT Takoe 4ncio N(g), uro npu n> N(g),m > N(g) nas

)= f,0|<e.

BCeX X € X BBINOJIHAETCH HEPaABCHCTBO:

dllycts mocnenoBatensHOCT,  GyHKUMA  (f, (x)),n=1,2,3,..., ONpeNenCHHBIX Ha
MHOXecTBe X — R, paBHOMEPHO CXOJUTCS Ha 3TOM MHOXXECTBE K IpenenbHor QpyHkiuu f(x).

Tornma mis nmro6oro ¢ >0 cymectByer Takoe yucio N(g), uto mpu n > N(g) st Bcex x € X

£
BBITIOJTHSIETCSI HEPABEHCTBO | L (x)=-f (x)| < 3 Ho torma mpu n> N(g),m> N(g) s Bcex

£, = £, (0)|=

1) =)+ f(0)- [, (x)]

X € X BBINOJHAETCS HEPABEHCTBO:

ﬁ(x)—f(x>|+|f(x>—f,,,(x>|<§+§:g.

O6partno, ecnu s arodoro € >0 cymectByer Takoe yucio N(g), uro mpu n> N(g),

&
m > N(g) [uid Bcex x € X BBINOJIHACTCS HEPABEHCTBO: |f (X)— f, (x)| < > TO IO KPUTEPUIO

Komm cymecrBoBanust mpenena mpu BCEX x € X cymectByer mpenen  f(x)
nociefosarenbHoctd  (f, (x)),n=1,2,3,.... Ocranmoce  jgokasarb, 4YTO  CXOJUMOCTb

(f,(x),n=12,3,... x bynkuun f(x) sABIAETCI paBHOMEPHOH Ha MHOkecTBe X . [lyns sroro,

B3sIB IPOM3BOJIBHOE & > (), BeIOepeM Takoe uncio N(g), uro ipu n> N(g),m > N(g) misg Bcex

£ o
X € X BBINOJIHAETCA HEPAaBEHCTBO: |f, (X)— f, (x)|<5. [lepeiiném B 3TOM HEpaBEHCTBE K

TIpeemy Ipu: 7 —> o0 : |fn(x)—f(x)|£§<e.>

[lepepopmynupyem 3TOT KpUTEpUH Ha cirydail psgoB.
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Teopema 6.2. Pan f(x)= Zan (x) paBHOMEpHO cxoauTcsi HA MHO:KecTBe X — R Toraa

n=1
H TOJBKO Torjaa, Koraga aJjas Jooro £>0 CYHIECTBYET TaK0€ 4YHUCI0 N(g), 9TO0 npu

n>N(E),p>0,peZ s BCeX xelX BBITIOJIHSACTCH HEPaBeHCTBO:

a, (x)+..+a (x)‘ <eg.

n+p

«4/lns1  jokasatenbcTBa  JOCTaTOYHO  NPUMEHUTh  IPEIBIIYHIYyI0  TEOpeMy K

MOCJIEI0BATEIILHOCTH YaCTHBIX CYMM psizia. P>

Cnedocmeue (HeoOXxonmMplii NpPU3HAK PaBHOMEPHOM cxoauMoctTu psaa). Ecaum psg

0
f (x)zZan(x) PAaBHOMEPHO CXOAUTCS HA MHOxecTBe X — R, To mocjieaoBaTejbHOCTh

n=1

a,(x) paBHOMepHO cTpeMHTCcs K ) Ha MHOXKecTBe X .

«Ilonoxum B mipeapiaymend Teopeme p =1. Torma mist mro6oro € >0 cylmecTByeT Takoe

gyucno N(g), yro npu n > N(g), and Bcex x € X BBINOJIHAETCS HEPABEHCTBO: |d,,, (x)| <eg. D10

O3HA4aeT, YTO MOCIEA0BATEIBHOCTD @, (X) PaBHOMEPHO cTpeMHTCs K 0 Ha MHOXKecTBe X . B>

HemnocpeactBenno u3 ompeneneHusi paBHOMEPHOW CXOJMMOCTH BBITEKAET IMPOCTOM, HO

4acTO MOJIE3HBI KPUTEPUH.

S, ()= f(x)

Teopema 6.3. Ilycrb f(x)=lim f,(x),xe X . Honoxum M, =sup

xeX

HocaenoBareabnocrs (f,(x)),n=1,2,3,... paBHOMepHO cxoauTcd K (yHKuuH f(x) Ha

MHOecTBe X TOrJa M TOJLKO TOraa, koraa limM, =0.

n—0

B kadgectBe npuMeEpa HCIIOJIb30BaHUA 3TOH TCOPEMBI OOKAXKEM, YTO IOCICAOBATCIIBHOCTDH

x", wumeromas Ha uHtepBaie (-1,1) mpenenbHyro ¢GyHKIUio, paBHyl0 0, cCXOOUTCS K Hel

HEPaBHOMEPHO. eictBuTenbHO, M = sup [x"—0|=supx”"=1. Kcratu, otcroga cpa3s
n > y
xe(=1,1) xe(=1,1)

0
CJIEIYET, YTO TEOMETPUYECKAs IPOTPECCHS Z x" cxomutcs Ha unTepsaie (-1,1) HepaBHOMEPHO.
n=0

Teopema 6.4 (Beiwepwmpacca o maxcopaumuou____cxodumocmu). Ilycth

MOCJIeI0BATEIbHOCTL (PYHKIMI ¢, (X) ompeneseHa Ha MHoOxkecTBe X C R m mycrb aas



Mamemamuueckuu ananus
1 kypc 11l cemecmp
bunem 6. Pasnomepnas cxooumocmos GyHKYUOHAILHOU NOCAedo8amebHocmu u paoa. Ilpusnax
Betiepwumpacca(cmp. 5 us 6)

0
BCeX 7 M JAJdsd Bcex Xx < X BbINOJHAETCA HepaBeHCTBO |[a (x)[<c . Ecam A c
n n n

n=1
0
cXoaMTes, TO pax f(x) = Zan (x) paBHOMepHO cxoauTca Ha MHo:xkecTBe X . Kpome Toro,
n=1

3TOT PAX CXOAUTCH a0CcoII0THO AJ191 Bcex x e X .

0
<4 AOcoNIoTHAasE CXOJAUMOCTh psiaa Zan (x)cnenyer u3 MepBOMl TeOpeMbl CpaBHEHUs

n=l1

IMOJIOKUTCIIbHBIX PAIO0B.

0
Janee, cXonMMOCTh psiaa ch o3HauyaeT BbINoOJIHeHUEe Kputepus Komm. [losromy s

n=1

moboro & >0 cymectByer Takoe uucio N(g), uro npu n>N(g) u mobom p>0,peZ

+..+c¢

CIIPaBEUIMBO HEPABEHCTBO |C <e¢&. U3 ycrnoBus TeopeMsbl cpasy CIEmyeT, YTO Bce

n+l n+h

yucna ¢, >0 u npeasiayniee HEpaBeHCTBO MOXKHO Iepenucarsb B BUze ¢, +...+c¢,,, < &. CHoBa

HCIIOJIb3YEM YCJIOBHUEC TCOPEMBI U IMOJYyYUM, YTO I BCEX X € X BBIIOJHICTCS HCPaBCHCTBO

0
a,,(x)+..+a,, (x)‘ <c,, *+..+c,, <&. OTO O3HAYaeT, 4YT0 AN PAla Zan (x) BBINOJIHEH

n=l1

kputepuii Ko paBHoMepHoi cxonumocTu. P>
[IpuBenéM mpuMep UCMNOIB30BAHUS H3TOM TeOpeMbl. PaccMOTpUM Te€OMETPUYECKYIO

0
IMpOrpeCcCcuro ZX" . HOKa)KCM, 4YTO I3TOT pAd PaBHOMCPHO CXOJUTCA Ha JIFOOOM MHOKECTBE
n=0

[-9,9],0 < g <1. JIeNCTBUTENBHO, HA TOM MHOXXECTBE BBINOJHSIOTCSI HEPABEHCTBA ‘x"‘ <q" u

0
psan Zq" cxoqutcs. [lo Teopeme BeliepmTpacca, OH cxoauTces paBHOMepHO. HarmoMHuM, 4TO
n=0

BBIIIE Mbl YCTAaHOBWJIM, YTO Ha BCEM uHTepBane (-1,1) reomerpuueckas nmporpeccusi CXOquTCs

HEPaBHOMEPHO.
3ameuanue. AOCONIOTHAA CXOAUMOCTb U PAaBHOMEpHAas CXOJUMOCTb — HE3aBUCHMBIE

0 _1 n—l1
IIOHSTHUA. HaHpI/IMCp, prI[ z(—) paBHOMCpHO CXOOAUTCS HA MHOXCECTBE X > 0 , TaK Kak, I10
n=1 X +n

. 1 1
Teopeme JleliOHuIA, aOCOJIOTHAs BEJIMYMHA €r0 OCTAaTKa HE IPEBOCXOJIUT <

x+n+l n+l
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3HAYHUT, OCTATOK psAZia paBHOMEPHO cTpeMHUTcs K 0, YTO U 03HAYAeT PAaBHOMEPHYIO CXOAUMOCTh

psana. OmHAKoO psx U3 MOJIYNEH Z
n=l1 X+

pacxoautcs. JIeHWCTBUTENBHO, CPABHUM 3TOT psl C

1 . 1 n
PaACXOIAIIUMCS  PSIIOM 2—. Tak kak lim————=1, npumeHnuma BTOpas Teopema
purl/ e (x+n) 1

CpaBHEHHUS.

HaKOHCH, YK€ MHOT'OKPATHO YIIOMHWHABIIAsACA TCOMETPHUUYCCKAA IMPOrpeCCHa Ha HWHTCPBAJIC

(-1,1) cxoautcs abCOMOTHO, HO HEPABHOMEPHO.
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bunetr 7. HenpepbiBHOCTb CYMMbl paBHOMEPHO CXOAALLErocs psAa U3
HernpepbiBHbIX QYHKUNH. [ToOYAeHHOE UHTEerpUupoBaH1e U
AMppepeHUUpoBaHHUE pAaAa.

7.1. PaBHoOMepHasa CXOAUMOCTb U HEMNPEPbLIBHOCTb

Teopema 7.1. Ilycts nocaenoBarenbHocTs pynkumii (f, (x)),n=1,2,3,...,

Ol'lpe)IeJIéHHbIX Ha MHOKecTBe X C R » PABHOMEPHO CXOAUTCH HA 3TOM MHOYKECTBE K

npeneabHoi pynkuuu f(x). Ilycth a— mpeaenbHasi TOUKA MHOXKeCTBA X M MYCTh

}gr‘} f.(x)=A,. Torna mocjier0BaTeabHOCTh (A4, ) CX0AUTCS, NPUYEM }gr‘} f(x)= }lqgrrolo A4,,
HHBIMHM CJIOBaMH, limlim f, (x) =limlim £, (x).
X—>a n—w n—0 X—da
<« Ilo Teopeme 6.1 (kputepuro Ko paBHOMEpHOI cxoauMocTH) A jirodoro € >0

cyIecTByeT Takoe uucio N(g), yto npu n> N(g),m > N(g) s Bcex x € X BBITIOJHICTCS

HCPaBCHCTBO!

g -
L, (x)—= 1, (x)| < 5 [Tepeiiném B 7 TOM HEpaBEHCTBE K MPEACIyY MPU X —> d U

g
< —< &, O3HAyaloIlEe, YTO IS IOCIEA0BATENBHOCTH (4,)

II0JIyYMM HEPABEHCTBO |4, — A4,

BbINIONTHAETC KpuTepuil Komm. [loaTomy cymecTByer npezesn 3Toi nociie10BaTeIbHOCTH,

KOTOpBI OyneT o0o3HaueH A .

Tenepn

+

|/ 4l <] £ () - )|+ 4, 4.

CHauana BbIOEpeM 7 Tak, 4TOOBI sl BCEX X € X BBITMIOJIHSIOCH HEPABEHCTBO:

& & o
f(x)=f (x)| < 3 1 4TOOBI |An - A| < 3 Takoil BBIOOp BO3MOKEH, TaK KaK MOCIIE0BATEIbHOCTD

bynkuuii (f, (x)),n=1,2,3,... paBHOMEPHO CXOAUTCA Ha YTOM MHOKECTBE K IIPEACIbHOM

Gynkuun f(x) ¥ Tak Kak 4 - Opezen Nociea0BaTeabHOCTH (A4,) .

3atem noadepém Takyro okpecTHOCTh U(a) TOUkHu a, uto ajsi Bcex x € U(a) BBIMOTHSIETCS

HEPaBEHCTBO |/, (x)— 4,|< g

CnenoBarenbHo, a5 BceX x € U(a) BBINONHIETCS HEPABEHCTBO
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|/ G0) = A <[f ()= 1,00+

+|4, -4 <Z+Z+>=¢,
3 3 3

o3Hauaroliee, uto lim f(x)=4.»
xX—a

Cnedcmeue 1. Eciin mocienoBaresbHocTh pynkumii (f, (x)),n=12,3,...,

HEINPEPBIBHBIX HA MHOZKECTBE XcR » PABHOMEPHO CXOAUTCH HA 3TOM MHOKECTBE K

npeneabHoi pynkuuu f(x), T0 f(Xx) HempepbIBHA HA MHOXKeCTBe X .
Cnedcmeue 2. Ilyctb GyHkuuu a,(x) HenmpepbIBHBI Ha MHOKecTBe X C R m mycTh psig

o0
Z a,(x) cXoAMTCA PABHOMEPHO Ha 3TOM MHOKecTBe. Toraa cymma f(x) 3Toro psaaa

n=l1

HEIPEPLIBHA HA MHOZKECTBE X.

<HOCTaTO‘~IHO IMPUMCEHUTDH NPCAbIAYIICE CICACTBUEC K MMOCIICAOBATCIIBHOCTH YaCTHBIX CYMM

psina.

7.2. PaBHOMepHasa CXOAUMOCTb U UHTErpUpPOBaHHNE

Teopema 7.2. Ilyctb nocaenoBarebHocTh Gynkumii (f (x)),n=1,2,3,...,

HeNnpepbIBHbIX HA OTPe3Ke [a,b], pABHOMEPHO CXOMTCH HA ITOM OTPe3Ke K npeaeabHoi

¢pynkumnu f(x). Torna lifoljf" (x)dx = If(x)dx.

«Ilo cnencrButo 1 Teopemsr 7.1 pynkmust f(x) HempepbIBHA HA OTpe3Ke [a,b], mOITOMY

WHTETpaJIbl B 00€UX YaCTSIX JOKa3bIBAEMOTO PABEHCTBA CYIIECTBYIOT. PaccMoTpum (GyHKITHIO

b
r.(x)= f(x)— f,(x). And noxazaTeabCcTBa TEOPEMBI JOCTATOYHO MTOKA3ATh, YTO lgnolo r,(x)dx =0

a

. BBuy paBHOMEpHOI cX0AUMOCTH, JUIsl Jitoboro ¢ >0 cymecTByeT Takoe yucio N(g), 4To

pu n> N(g) st Bcex x € [a,b] BEINOJIHAECTCS HEPABEHCTBO:

r, (x)| < o ® Ho TOTra IpHU

b

b
g
n> N(g) umeeM: J.rn(x)dx < I|rn(x)| dx < 5

b
) -(b—a) = ¢ . PaBeHctBo limfrn(x)dx =0

a a

OKa3aHo. P
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Cnedcmeue. Ilycts GyHKUUHU a, (x) HenmpepbIBHBI HA 0Tpe3Ke [a,b] U mycTh psAa

© w b b «»
Zan (x) cxoauTCs pABHOMEPHO Ha 3TOM oTpe3ke. Toraa z I a,(x)dx = I z a,(x)dx

n=1 n=1 4 a n=l1

<HOCTaTO‘~IHO MPUMCECHUTDH NPECABIAYHIYIO TCOPEMY K IMOCICI0OBATCIIBHOCTH YaCTHBIX CYMM

psina.

3ameuanue. JIoxazaHHbIE TEOPEMA U CIEICTBUE OCTAHYTCS BEPHBIMU U MpHU OoJiee caadbIx

YCIOBUSAX HHTETPUPYEMOCTH BeeX QyHKuui (f, (x)),n =1,2,3,... (COOTBETCTBEHHO, a,(X))Ha

oTpeske [a,b].

7.3. PaBHOMepHasa CXOAUMOCTb U AUPPepeHLUUpOBaHHNE

Teopema 7.3. Ilyctb Bee pynkuum ( fn' (x)),n =1,2,3,... HempepbIBHBI HA oTpe3Ke [a,b].

IIycTs mocJie10BaTeIbHOCTD ( fn' (x)),n =1,2,3,... pABHOMEPHO CXOAUTCS HA [a,b] ¥ myCcTh
NnocJe10BaTeNbHOCT (f, (x)),n =1,2,3,... cxoguTces XoTs1 ObI B OAHOM TOYKe X, € [a,b].
Torpa (f,(x)),n=1,2,3,... paBHOMepHO cXoaAuTcA HA [a,b] K pyHkuuu f(x)u B Jr000M

TOYKe X € [a,b] BbINOIHAETCH paBeHCTBO f'(x) =1lim f(x).
n—>0

<« Jloxaxxem, 4to (f,(x)),n=1,2,3,... paBHOMepHO cxoautcs Ha [a,b]. Ilyctbe > 0. Tak

KaK (f,(x,)) cxomurcs, cymecTByeT Takoe uucno N,(g), uto npu n > N,(g), m> N,(¢)

£
BBINOJIHAETCS. HEPABEHCTBO: | f, (X,) — f,, (x0)| < 3 [TockonbpKy mOC/IeIOBATEILHOCTH

( fn' (x)),n =1,2,3,... pABHOMEPHO CXOAUTCS Ha [a,b], cymecTByeT Takoe yucio N, (&), 4To npu

n>N,(g),m> N,(&) ans moboro x u3 orpeska [a,b] BBINOIHAETCA HEPABEHCTBO:

7 "(x) - f;n’ (x)| < ﬁ Paccmotpum Qyskuunto f (¢)— f, (f) Ha OTpe3Ke, COEANHSAIOIEM
—a

TOUKY X, C IIPOM3BOJIBHOM TOYKOW X U3 OTpe3Ka [a,b] ¥ NpUMEHUM K 3TOi QyHKIUH TeopeMy

Jlarpanxa:

1) = £, ()= fo(x) + £, (x| =

95 E[XO,X],

£ &= 1@,

OTKyJa



Mamemamuueckuu ananus
1 kypc 11l cemecmp
bunem 7. Henpepwishocms cymmuvl pagHOMEPHO CX005u4e20Cs psoa U3 HenpepbléHvlx Gynkyutl. Tlounennoe
unmezpuposanue u ouggepenyuposanue psioa. (cmp. 4 uz 5)

ﬂ(x)—fm(x)—ﬂ,(xo)+fm(xo)| =

! ' _ P ) _ £
1O @] < g5 x5

[Tonoxum N(g) =max(N,(¢),N,(¢)), Torna ecnmu n > N(g), m > N(g), T0 Ans

m000T0 X U3 OTpe3Ka [a,b]

£,) = £, (x)| =

<

1,0 = £,(0) = (f,(x) = £, (x ) + (£, (%) = £, (x,)] £
fn(x)_fm(x)—(fn(xo)—fm(xo))|+ ﬁ(xo)—fm(x0)|<§+§:g,

YTO JJOKa3bIBAECT PABHOMEPHYIO cX0auMocTh ( f, (x)),n=1,2,3,... Ha [a,b] kK HeKOTOpOH

bynkmm f(x) .

o !
ITo cnencrBuro 1 Teopemsl?. 1, mocinenoBarensHOCTh QyHKIUHA (f, (X)) cxomuTCs K

HEeNpepbIBHOM Ha [a,b] QpyHKUMH, KOTOPYIO Mbl 0003HaUUM ¥ (x). IlycTh X - mpou3BoibHAS

Touka oTpe3ka [a,b]. Torga, mo Teopeme 7.2,

lim j fl(t)dt = flig}o 1 (t)dt = j.y(t)dt . (1)

X
Tax kak 715 BCeX 7 BBITIOJHSETCS] paBEHCTBO J. fl(Hdt = f,(x)—f,(x,), paBerctso (1)

Xo

IIPUHUMACT BUJ

lim /() - /; () = [ (D),

Mo, Taxc kax lim £, (x) = £(x), lim £, (5,) = £(x,) > £(0) =/ (x,) = [0t . Taxc a5

- HempepbIBHAs Ha [a,b] QyHKIHS, TO 3TO paBEHCTBO O3HAYAET, 4TO f'(X) CYyIIECTBYET B

MIPOU3BOJILHOM TOYKE X OTpe3ka [a,b] muto f'(x)=y(x).»

Cneocmeue. Ilycts GpyHKuMH an’ (x) HenmpepbIBHBI HA OTPe3Ke [a,b] U MycTh pAa

0
! (v}
Zan (x) cxoauTCcs paBHOMepHO Ha 3ToM orpeske. IlycTs xoTs ObI B 01HOM TOYKe X, €[a,D]

n=1



Mamemamuueckuu ananus
1 kypc 11l cemecmp
bunem 7. Henpepwishocms cymmuvl pagHOMEPHO CX005u4e20Cs psoa U3 HenpepbléHvlx Gynkyutl. Tlounennoe
unmezpuposanue u ouggepenyuposanue psoa. (cmp. 5 uz 5)

CXOIUTCS PSIt Zan (x,). Toraa psin Z a,(Xx) cCX0ZUTCsA PABHOMEPHO HAa TOM OTpe3Ke H 115l

n=1 n=l1

JII000ii TOYKH X U3 oTpe3Ka [a,b] (z a, (x))’ZZa; (x).

n=l1 n=l1



Mamemamuueckuu ananus
1 kypc 11l cemecmp
bunem 8. Cmenennvie psiovi. Paduyc cxooumocmu. Henpepovienocmo cymmo.
Tounennoe unmeepuposanue u ouggepernyuposanue (cmp. 1 uz 9)

bunet 8. CrteneHHbIe psiAbl. Papanyc cxoaAMMoOCTHU. HenpepbiBHOCTb
CYMMbI. [l0YAeHHOe HHTerpupoBaHue U AudpdepeHUUpoBaHHNE

8.1. Paanyc cXoAMMOCTHU CTENMEHHOIo pAaaa

Cmenennvim pﬂ@OM HAa3bIBACTCA PAJ B

D a,(x=x,)", 1)
n=0

rae @, — 4YUCIa, Ha3bIBacMble Kod(gpuyuenmamu psaoa. Tak Kak 3aMeHa NEPEMEHHOU

Z =X — X, Cpa3y IPUBOJUT K DALY

MMEIOIIEMY HECKOJIBKO Oojiee MpOCTOM B, NaJTbHEHIINE HMCCIEIOBaHUSA OyleM IMPOBOJUTH

HMCHHO [JIA PAAOB TaKOTIO B4, TOYHEC, I pAOOB

Zanx” : (2)
[Ipexae BCEro BBIACHMM BOIPOC O cxoauMocTH paaa (2). Ouesuano, uro ecimu X =0, 1o

psna (2) cxoauTcs, KakuMu Obl HU ObLIN €10 KO3(QPUITUEHTHI.

Teopema 8.1. Ecin psin (2) cxoqutcesi, XoTs1 ObI Hea0CcoI0THO, B Touke X =d,a # 0, To

OH CXOTUTCSI W B JI000i TOYKe x , YIOBJIETBOPSIOLIEl HEPaBEeHCTBY ‘x‘<‘a

, MpU4ém

CXOJUTCA B 3TOM TOUKE a0COJIOTHO.

0 o) n o0
X
n __ n n
dllpeacraBum psig (2) B BUIe E ax = E a,a (—aj . Tak xak psxg E a,a
n=0 n=0 n=0

CXOJUTCS, €ro OOIIMHA WiIeH ana" CTPEMHUTCS K HYIIO, II0O3TOMY, HaduHass ¢ HEKOTOPOro 71,
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bunem 8. Cmenennvie psiovi. Paduyc cxooumocmu. Henpepovienocmo cymmo.
Tounennoe unmeepuposanue u ouggepenyuposanue (cmp. 2 uz 9)

n x 19
BBINIOJIHAKOTCA HEpPaBEeHCTBA (A, d ‘Sl. [Tockoneky |—| <1, cpaBHenme ¢ reomerpmueckoii

a

n

0 0
X
mporpeccucu E —| ITOKa3bIBACT, YTO psAa 2 anxn ‘ CXOJHUTCH. >
a

n=0 n=0

['eomerpuuecku 3Ta Teopema O3HA4YaeT, YyTO OOJACTbIO CXOAMMOCTU psina (2) sBiseTcs

IPOMEKYTOK YMCIIOBOM OCH, CEPEIMHA KOTOPOTO COBMaaaeT ¢ Toukoit X = 0.

Bo3moxHbl cnenytomnue 2 ciydas. B mepBoM M3 HUX MHOKECTBO aOCOMIOTHBIX BETUYUH ‘a‘

TOYEK X =d , B KOTOPBIX CXOJUTCS pacCMaTpPUBAEMbIN psili, OTPaHUYEHO CBepxy. Toraa

CYLIECTBYET TOYHAasl BEpPXHssl rpaHb 3TOTO MHOKECTBA. JTa BEJIMYMHA HA3bIBACTCS paouycom

CX00UMOCMuU CTETIEHHOTO psaa u 06o3Hagaercss R . V3 onpenenenus ciemyer, 4To ecin ‘x‘ <R,

TO ps (2) aOCOJIFOTHO CXOAUTCS, A €CIIU ‘x‘ > R, TO 9TOT psiJi pacxoauTCs.

Bo BTOpOM cilyuae MHOKECTBO aOCOJIIOTHBIX BEJIWYHH ‘a‘ TOYEK X =d , B KOTOPBIX

CXOAMTCSA paccMaTpUBAEMBbIi psii, HE OrpaHUYeHO cBepXy. Torga 3To o3Havaer, 4to psf (2)

aGCOJIFOTHO CXOJMTCS HA BCEH YMCIIOBOM NpsAMOM. B aToM ciyuae monmaraem R =00,

JIJ'I?I HaxOXKJICHUA paanyCa CXOJUMOCTU MOXKHO BOCIIOJb30BATHCA OJHOMI M3 CJICOAYIOIINX

dhopmy.
. 1
Teopema 8.2. 1) Ecau cymecrByer limZ/ a,|,;o0 R=——— (B cryuae, Koraa
"o lim ¢ an‘
n—»o0

limg/la |=0 , cunrtaem R =00 a ecm limyp/la |=o o R=0 ).
N n s n s
n—»0 n—>0

. |a 1 . |a
2)Ecan cymecrByer lim|—"|{, to R=————— ( B cayuae, koraa lim|—{=0,
n—w| . a n—w| o
n lim|["+! n
an
n—0

. |a
cuntaem R =0, a ecsim lim|— =0, To R =0).
n— a
n
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bunem 8. Cmenennvie psiovi. Paduyc cxooumocmu. Henpepovienocmo cymmo.
Tounennoe unmeepuposanue u ouggepenyuposanue (cmp. 3 uz 9)

e8]
dIlpumenum K psgy z anxn‘ npuszHak cxogumoctu Komm. Ilo ycinoBuro, cymiectByet

n=0
npegen lim|yf|a, x"||=lim|y/ an” . ‘x‘ [pusnak Komm maér ciemyromue yTBEPkKICHUS: €CIN
n—>0 n—>o
e}
BexnunHa lim|¢/|a, x" || = lim |2/ an” . ‘X‘MGHBHIC 1, T0o pan Z‘anxn‘cxo,umcz, eciu 6oJble
n—>0 n—>0
n=0

fla]| -1 =0- || =0<1 nas

M000ro X , modTomy psan Bcropy cxomurcas m R =00 . Ecim xe lim %/ an‘ >0, 10 mpu

n—>0

1, To sTOoT pax pacxomurca. Ecmu lim 2 an‘ =0, 1o lim

n—>0 n—0

1 .| C
‘x‘ < BBITNIOJIHACTCS HEPaBEHCTBO lim |z a,ll: ‘x‘ <1 u psn z anxn‘ CXOJHTCS, a
hm X an‘ n—»0 =
n—0
1 0
npu ‘x‘ > BBITIOJIHACTCS HEPaBCHCTBO lim |z an” . ‘x‘ >1 u pan z anxn‘
lim an” pmei T
n—0
1
pacxomutcs. Kak 0TMeqanoch Bbliie, 3T0 03Ha4aeT, 4to R = .
lim ¢ an‘
n—0

0
Bropyio ¢opmyny mnonaydum, eciid NPUMEHUM K pALy Z‘anx"‘ MIPU3HAK CXOJUMOCTH

n=0
a n+l a
Jlanambepa. Hpemen  lim|———— =lim”—+l‘x‘ CYHIECTBYeT MO YCIOBHMIO. Ecim
n—>0 a xn n—o0 a
n n
: an+l : an+l
Im—{=0, o lim—"~ -‘x‘=0-‘x‘20<1 I o00ro X , IOJTOMY pSAA BCIOAY
n n
. an+1 1
cxomuress 1 R=00 . Ecm xe Im|[——>0, 10 npu ‘x‘<— BBITIOJIHSAETCS
" lim |1
n—>0 a

n

e}

. a

HepaBeHCTBO  lim |[—“- -‘x‘<l U pan Z‘anxn‘ CXONUTCS, a IpH ‘x‘>
no| g 20 a

n n= hm n+l

n—>0 an
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bunem 8. Cmenennvie psiovi. Paduyc cxooumocmu. Henpepovienocmo cymmo.
Tounennoe unmeepuposanue u ouggepernyuposanue (cmp. 4 uz 9)

0

. a
BBITIOJIHSICTCS. HEPaBEHCTBO lim |—2- ‘x‘ >1 u pan z
n—>0 a

n
a,x ‘ pacxoautcsa. Kak oTmeuanock

n n=0

BBIIIIE, OTO O3HA4YaeT, 4TIoR =—— »

lim | %t
n—»0 a
n

n

0
X . . .
IIpumepsl. Psn Z— CXOOMTCA Ha BCEH 4YMCIOBOM mpsmoi. Jns mero R =00 .
n=0 n:

. |a . n .
TeiicrBurensro, lim || = lim———— = lim =0.
n—w| g n—>00 (l’l +1)| noop + |
n

n

0
X
Pamuyc cxonumoctu psiaa Z—p paBeH 1, Tak Kak AJs Jroboro p

n=1

%

14 p
lim(n—+l)=lim _n
n—w y n—o\ n+1

np

[ee]
Hakownen, psa ZH Ix" cxommres Tomsko mpu X =0, .e R =0, Tax xak
n=0

=1.

. |a . (n+D)! .
lim |- = hmu =lim(n+1)=o0.
n—w an n—>w n! n—>w

Unreppan (—R, R) HasblBaeTcs unmepeaiom cxooumocmu cmenennozo paoa.

Kak nmokazano BbIlle, BO BCEX TOYKAaX AITOTO MHTEpPBAJa CTETICHHOW psa aOCOIIOTHO
cxomurcs. UTo KacaeTcs KOHIEBBIX ToueK X = £ R, To psam MOXKET B HUX KaK CXOMUThCA, TAK M

pacxomuthes. IIpHBENEM COOTBETCTBYIOMIME MPHUMEPHI, B KAXKIOM U3 KoTopeix R =1.

0
n )
e Pan ZX , CyMMa r€OMETPHYECKON MPOTPECCHH, PACXOAUTCS B Toukax X =+ 1.

n=l
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bunem 8. Cmenennvie psiovi. Paduyc cxooumocmu. Henpepovienocmo cymmo.
Tounennoe unmeepuposanue u ouggepernyuposanue (cmp. 5 uz 9)

n

0
X o
L Pf[)] Z— pacxoauTcs Ipu X = 1 , TaK KaK COBIIaJa€T B 3TOMU TOYKEC C rapMOHHUYCCKUM

n=1

pagom. Opmako mpu X =—1 s10T psAx cxomurca mo Teopeme JleiOHuma (psn

0 _1 n
Zu — 3Ha1<oqepez[y}0mnﬁcs{ C MOHOTOHHO CTPEMAIIUMUCA K HYJIIO MOOYJISIMU €TI0
n=1 n

YJICHOB).

n

0
X
e Haxkonen, psn Z_z abcomoTHo cxoautcs B Toukax X =t1 mo Teopeme cpaBHeHus

n=1
= 1
(cpaBHHBaeM ¢ psiioM 2—2 ).
n=1 n
8.2. HenpepblBHOCTb CTEMEHHOro psAa

Teopema 8.3. CreneHHol psil npeacTaB/sieT c000i HeNpepbIBHYI0 (YHKIHIO HA BCEM

HHTEPBAJIEC CXOAUMOCTH.

Wlemma. Myers 0<g < R. Torna psn Zanxn cxoautest Ha [—¢,(g] abcomoTHO M
n=0

PABHOMEPHO.

0 0
« Ilpu x =¢q pan Zanqn CXOJIUTCSI A0COJIIOTHO, T.€. CXOIQUTCS Psif z q" . Tax kak

n=0 n=0

a}’l

s moboro X €[—¢,q] umeem: ‘anx"‘ S‘an‘qn, 13 TeopeMsl Beiiepmrpacca (Teopema 4

1.4.2.) ceyroT Kak abCcoJI0THAs, TaK M PABHOMEpHAs CXOAMMOCTh psja Ha [—¢,q] ( Bnpouem,

abcomoTHas cxoauMocTh Ha BeéM unteppane (—R, R) 6vina ycranosnena B m.5.1).

3ameuanue. HOKaSaHHaﬂ JICMMa HE YTBEPKIOACT paBHOMepHOfI CXOOAUMOCTHU CTCIICHHOI'O

psiza Ha ero MHTepBaje CXOAUMOCTH. boiiee Toro, B psije ciiyuaeB paBHOMEPHOH CXOAUMOCTH Ha

(—R,R) ner. IlpuMepoM CIy)KHT TeOMeTpUYECKas TIPOTPECCUs ZXn , PO KOTOpylo B m.4.2.
n=0

66110 n0KazaHo, uTo oHa He cxomurca Ha (—1,1) paBHOMepHO (omHako mms moGoro

q,0 < g <1, nporpeccust cxomurcs Ha [—g,q| paBHOMEpHO).
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1 kypc 11l cemecmp
bunem 8. Cmenennvie psiovi. Paduyc cxooumocmu. Henpepovienocmo cymmo.
Tounennoe unmeepuposanue u ouggepernyuposanue (cmp. 6 uz 9)

T[IpoJ0IKUM [I0Ka3aTeIbCTBO TeopeMbl. BribepeM mpoussosibhyto Touky X € (—R,R) u
JOKa)XX€M, 4TO CTEINEHHOW psAJ HEelpepbIiBE€H B 3TOH Touke. [l 3TOro BeIOEpEM 4HUCIO ¢ Tak,
YTOOBI BBINOJIHSJIUCH HEPABEHCTBA ‘x‘ <g<R . Tlo npempimymeii jgemMme, CTENEHHON psi

PaBHOMEPHO CXOAHUTCS Ha oTpe3ke [—¢,q]. UneHs! cTeneHHOro psjga — HelmpepbIBHbIE HYHKIHUH.

[To cnencrButo 2 Teopemsl 1 1. 4.3. psa npeacrasisieT coO0M QpyHKINIO, HEIPEPHIBHYIO Ha 3TOM
otpeske. Cie10BaTeIbHO, CTEIIEHHON psIJ SBJISETCS HENPEPhIBHOW (YHKLMEH B MPOU3BOJIBHON

touke X € (—R,R) . »

e} o0
Cneocmeue. Eciin ABa CTCIICHHBIX pAaa Zanx" U anx" B HeKOTOPOﬁ OKPECTHOCTH
n=0 n=0

TOYKH X = 0 HMCEKOT OAHY U Ty K€ CYMMY f(X) ,» TO JJISl BCEX 71 CHIPpaBeIJIMBbI PABCHCTBA

a,=b,.

<« B yKka3aHHO# OKPECTHOCTH BBITIOJIHSIETCS] PABEHCTBO

2 n _ 2 n
a,+ax+a,x +.+ax"+.=b+bx+b,x +...+bx" +..
[Moxacrasnss B Hero X = 0, momygaem a, = b, u, cnenosarensHo,
ax+ax’+.+ax"+.=bx+bx’ +..+bx" +...

Paznennm 06e 4acTu 3TOro paBeHCTBAa Ha x , cuuTas, uto x # 0. B pesynbrare momyunm
-1 -1
paBeHcTBO 4, + A, X +...+a,x" +..=b +b,x+..+bx" +..., Beproe mpu x#0 .

[Ipocto moactaButh B 3T0 paBeHCTBO X = () Henp3s, Tak kak Mbl ero moiaydum npu x #0 .
I[lepeiiném B HéM k mpepeny npu X —> 0. 13 HeNpephIBHOCTH Ka)I0TO U3 CTENEHHBIX PSIOB,

CTOSIIMX B IPABOM M JICBOIl 4acTH, CIeAyeT paBeHCTBO @, =b, . IIpogomxkas paccyxnarh

aHAJIOTUYHO, [OJTy4aeM, YTO IS BCEX 71 CIIPABEUINBBI paBeHCTBA d, = b, . P

Teopema 8.4 (meopema Abens). Eciim crenenHoil psj cxoaurces B Touke X = R, 10 ero

CyMMa HenpepbIBHA CJIeBa IIPH 39TOM 3HAYCHUHU X, T.C.

o0
lim ax" = Zaan .(be3 10Ka3aTeILCTBA)
o= n=0
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bunem 8. Cmenennvie psiovi. Paduyc cxooumocmu. Henpepovienocmo cymmo.
Tounennoe unmeepuposanue u ouggepenyuposanue (cmp. 7 uz 9)

8.3. UHTEerpupyemoctb U AUPPepeHLUUPYEMOCTb CTENEeHHOro psaa
Teopema_8.5. Crenennoii psg B npomexyrke or 0 mo x , rae ‘x‘<R , MOYKHO
HHTErpupoBaThb NMNO4J€HHO, T.€.

o0

X 0 a

|
J E ax" |dx= E n X",
o \ n=0

= n+1

3HayeHue X MOKET COBNAJATH U C TOYKOH X = R » €CJIM PAJI CXOAUTCH B 3TOH TOYKeE.

b

o0
<« Ilo nemme u3 1.8.2 psn Zant" CXOIMTCS Ha [—‘x x‘] paBHOMepHO. [lo creacTBuio

n=0

Teopemsl 1 1.3 monmydaem Tpedyemoe paBeHCTBO. P>

Teopema 8.6. CteneHHOM psi npeacrapisier coo6oil 1uddepenupyemyo GyHkIuo Ha

BCéM MHTEpBaJIe CXOAUMOCTH, KPOMe TOro, /151 JII0G0l TOYKH X U3 3TOro HHTepBAaJIa
[
o0 o0
-1
Za x" | = Zna x".
n n
n=0 n=I

o0
n-1 o .
Ecian Paa ZHanx CXOAUTCA B KOHI€¢BOM TOYKE MHTEPBAJIa CXOAUMOCTH, TO B 3TOU

n=l1
TOYKEe CymeCTBYEeT OJHOCTOPOHHASA IPOU3BOAHAA HCXOAHOIo0 p#AIa H PaBCHCTBO

COXpaHsA€CTCH.

«IlycTh X — IPOM3BOJILHOE YHCIIO M3 MHTEPBaJla CXOAUMOCTH. BpiGepeM uucna ¢,7 Tak,
[e¢]
4TOOBI BBITIOJIHSJINCH HEPABEHCTBA O<‘x‘<q <r<R . Tak xak r<R ., pan Zanrn
n=0
CXOMHMTCS, HO3TOMY €ro oOlmi wieH @ 7" UMeeT Mpeiel paBHBIA HYIIO LpH 7 —> O .
Crie10BaTeNbHO, CYIIECTBYET uuMcao L Takoe, YTO JUIst BCEX 71 BBINOJHAETCA HEPABEHCTBO
‘an ‘r" < L . Tlostomy

pla |9 L Ll

nia =n

n

q
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bunem 8. Cmenennvie psiovi. Paduyc cxooumocmu. Henpepovienocmo cymmo.
Tounennoe unmeepuposanue u ouggepenyuposanue (cmp. 8 uz 9)

n—l

= Ln
Psin Z— - cxooutcs — no  mpusHaky — Jlamambepa, Tak  Kak

n+liq| |q

lim =lim—— |~ =|=|< 1. U3 teopemsI Beliepmrpacca crexyeT, 94T0 pAx
n—>0 q n—>0 n V4 Vd

]/'-L-n.

-1
ZHanx" paBHOMepHO cxomuTcs Ha [—(¢,q]. IMostomy mowienHoe mudpdepeHIupoBaHUe

MCXOJIHOTO psijia 3aKOHHO U J0Ka3biBaemas popMyia BepHa. P>

e8]
Cnedcmeue. OGoznauum | (x)=2anx" . Toraa s J000r0 HATypaabHOro K
n=0

CYIIECTBYET IPpOU3BOAHANA (l)yHKIIPIl/I nmopsjaxKa k U ClIpaBe¢JINBO PABEHCTBO
fP(x)=>an(n-1)..(n—k +)x"*
n=k

n—1
3ameuanue. VI3 TeopeM 1 u 2 BBITEKAET, YTO PaJUyChl CXOJAUMOCTH PSAJOB ZHanx u

n=I1

e}
an n+l n
z 1 X HE MCHbBIIC, 4YEM R — pamuyC CXOOUMOCTH psAaa Za nx . OI[HaKO 9THU
n=0 n+ n=0

n+l

PagMyChl HE MOTYT OBITh U GoublIe, ueM R . JIOKaXkeM 3T0, HalpuMep, 1
o N T+

*
«llpeanonoXuM, 4YTO pPaguyc CXOAUMOCTH JToro psga pasen R ,R >R
[pomuddepeHmpyeM 3TOT PAA MOWIEHHO W IOIYYHM P Zanxn . Tlo moxaszaHHOMY BBIIIE,
n=0

pazuyc cxoxuMocTH R MOTydeHHOTO psifa JOIDKEH yIOBIETBOPSTh Hepasencty R > R . Do

HEPaBEHCTBO IIPOTHUBOPEUUT CACTAHHOMY IPEAIIOJIOKEHUIO. P>

Wtak, paguyc cXOAMMOCTH CTENEHHOIO psjla He MeHseTcsl npu ero nuddepeHupoBaHun
wid  uHTerpupoBanuu.  OJHAKO — CXOAMMOCTh B KOHLEBOW Touke X=FR y

npoaudhepeHIIMPOBAHHOTO PsiIa MOKET MPOMACTb.



Mamemamuueckuu ananus
1 kypc 11l cemecmp
bunem 8. Cmenennvie psiovi. Paduyc cxooumocmu. Henpepovienocmo cymmo.
Tounennoe unmeepuposanue u ouggpepenyuposanue (cmp. 9 uz 9)

n 0 n—1

o0
X X
IMpumep. Psag 2_2 cxomutcss Ha [-1,1]. OmHako psin Z— CXOIHUTCS TOJIBKO Ha
n=1 n=1

0 _1 n—1
nonyunTepsane [—1,1). B camom nene, psan ZL cxoautcs no teopeme JleiiOnuna, a
n

n=l1

= 1
pan Z— pacxoauTcs.

n=1

OTOT K€ MpUMep MOKAa3bIBA€T, YTO Y IPOMHTETPUPOBAHHOIO psAda MOKET MHOSIBUTHCS

CXOJUMOCTH B KOHHGBOﬁ TOYKCE.



Mamemamuueckuii ananus
1l kypc Il cemecmp
bunem 9. Psio Teunopa. Paznosicenus 0CHOGHBIX diemenmaphvlx pynxyuti (cmp. 1 uz 9)

Bunet 9. Psaa Te#nropa. Pa3A0OXEHUSI OCHOBHbIX IAEMEHTapHbIX QYHKLHUH

9.1. Psa Tennopa.

Teopema 9.1. Ecin creneHHOM psj f Zc x" HMeeT HeHYJIeBOW paauyc CXOJMMOCTH
n=0
= - 1 : 1 : Cn+]
R, Bblumcasiembiii ¢opmyaoii R=—, ¢ :llm’;/‘cn , amm R=—, d=lim|-"~, u B
C =0 d n—w| e
n

unrepsase (—R, R) psaa cxomurest k cymme f(X), To ero ko3dpuunentsr pasusi c, = f,(0),
(k) 0
e=L O ren.
k!
«Tak xak f(x)=c,+ex+c,x" +..+c,x" +..; xe(=R,R) , 10 f(0)=c, .
Cornacro teopeme 8.6, f'(x)=c, +2¢,x+..+nc,x"" +..., xe(-R,R), 10 f'(0)=c,,

_J()

NI Cl =
I!

FO@) =k(k =)k —k +1)c, +(k+Dk.(k+1—k+1)c, x+.. am  moboro

JlocnenoBarenbHoe  npUMEHEHWE — cieACTBHA  TeopeMbl 8.6 maér

k A ()
x € (R, R) umoboro k € N, tak uto 1 (0)=klc, , umu c, ZT, keN.p

Teopema 9.2. Ecau crenenHoii psag (1) ch(x—xo)” HMeeT HeHYJIeBOH paauyc
n=0

Cn+]

N . 1 ) 1 .
cxoaumocTH R, BeIumcasiemblii popmyaoii R =—, ¢ =lim ’H‘cn , wm R ZE, d =lim
c n—»0

n—»0

C}’l

TO B HMHTepBaje ero cxoxumoctu (—R + x,, R + x,) ero cymma f(x), npeicraBuma B BHIe

f(”)(xo) f( Xy) S (x)
n

f(x)= z —x,)" = f(x,)+ (x—xy)+..+ (x=x))" +...

xe(=R+x,,R+x,). ()



Mamemamuueckuii ananus
1l kypc Il cemecmp
bunem 9. Psio Teunopa. Paznosicenus 0CHOBHBIX diemeHmapivlx pynxyuti (cmp. 2 uz 9)

«llonoxus t=x—x, , nepeseném psan (1) B pan D.ct"=g(t), te(-R,R) u
n=0

(n) (n)
g(x—x,)= f(x). Cormacro teopeme 9.1, ¢, =g(0)= f(x,) u c, = £ '(O) = /(%) ,
n.

n!

n € N, tak uro cnpaseymBa popmyia (2). p

Psi, crosiumii B npaBoil uactu (2) HaseiBaercst psoom Teinopa ¢ynxuyuu [ (x) . Urak,

0001 CTENEHHOW Psii ¢ HEHYJIEBBIM PAJMYCOM CXOAMMOCTH SIBIIsieTCs psiaoMm Teisopa cBoeit

CYMMBI.

PaccmotpuM oOparHyto 3amady: Bcerna iu Qyskims f , mopoxnaromas psa Teitnopa

(x —x,)", sBisiercst ero cymmoit. OKa3bIBacTCs, HET.

(n)

if ()

n=0 n'
Haxe eciu psan Teinopa GyHKuuM f CXOOUTCA, OH MOXET HMETh IPYIyK CyMMY.

Pacecmotpum dyskumo f(X),

1
fi(x)=1e G=x0)” eciu X # X, |

0, ecmux=x,

H OJIOXKUM ¢ = X — X, . Pynkuus g(7),

1
g(f)=1¢ ’2, €Cﬂut¢0,

0, eciut=0

1

2 —
[TocinenoBaTebHO BBIYUCIISIS IIPOU3BOJIHBIE, HAXO01M g't)y=—e ¢ ,
t
23 5 2 2 5 (4 6)» 1) =
g't)y=——-e ’2 +5-—e a :(—6——4)6 S g(”)(t):PM(—zJe ?t#0, e
t ot t t t

P,

3n(u) - HEKOTODBIA anreOpandecKuii MHOTOYIEH CTENEHU 371 IepeMeHHoro i . Tak Kak



Mamemamuueckuii ananus
1l kypc Il cemecmp
bunem 9. Psio Teunopa. Paznosicenus 0CHOBHBIX diemMeHmaphvlx pynxyuti (cmp. 3 uz 9)
1

lim g (1) = lim P, (+Jy )e7 =0,neN , 10 0=g"(0)= £"(x,),neN . Tosromy
= Y+

(n)

zfo (0)(x x,)"'=0,xeR.

(9} n ~
ITocnenHuii mpuMep MOKa3bIBaeT TAKKE, YTO €CIIU Z c,(x—x,)" ectb pax Teiinopa pynxuun
n=0

f . 10 oH xe sBwstercs psagoM Teiinopa 6eCKOHEIHOTo MHOXKeCTBa APYrux byHkuuii Buga f + cf,,

celR - IPOU3BOJILHOE (IIOCKOJIBKY (f +cfy)xy)=f(xy) u
(f + /)" (xg) = £ (%) + ¢fy " (x0) = £ (%), n € N).
9.2. CxoanumocTb papa Tenropa K €ro npon3BOAALLEN QYHKLMNHA.

[peanonoxum, uro GyHkuus f OeckoHeuno mudpdepeHuupyema B uHTepBane / u Touka

(n)
[ J . o > f (xo) n I
X, € 1,1 4TO NPOMEXKYTOK J cxoaumocTu e€ psaa Teiinopa Z—'(x — X,)" HakpbIBacT
n=0

(Ha3BaHHbBIE YCJIOBUSI HEOOXOIMMBI JUIsl pEeLIeHUs 3a/1a4H, C(hOpMyIHpPOBAHHOMN B 3ar0JIOBKE ITyHKTA,

B CHJIY JIOKAa3aHHBIX B MpebIIylIeM maparpade CBOWCTB CTEIIEHHBIX pAI0B). YacTHBIE cymMMa psaa

s, (x)=P (x;x,,f), xeJ, neN, - muorounens Teiinopa ¢pyaxuun f B Touke X,. [Tosromy

cymma pama S(x)=lim s (x)=lim P (x;x,,f) mms Beex xel u s(x)=f(x) mms
n—>+o0 n—>+00

xel cJ rtorna u TonbKo Torza, Korma hm [f(x) P (x; xo,f)] s Kaxkaoro x €1 .

[Mockonbky B wmHTepBane [ s dyskumm [ copasemmmBa  Qopmyna Teitopa, ToO
f(x)=P (x;x,, f)=r,(x;x,, 1), xel,neN,rae r,(x;X,, f) - n-b1if 0cTaTOUHEIi1 4ICH B

dopmyne Teiinopa pynkuun f Ha uarepsane /. Takum 00pazoM, IMEET MECTO CICAYyIOLIEe

Ymeepowcoenue. Ecom dynxuust [ GeckoHeuno auddepenumpyema B uHTepBaige [ u

Touka X, €/, To0



Mamemamuyeckuti ananus
1l kypc Il cemecmp

bunem 9. Psio Teunopa. Paznosicenus 0CHOBHBIX dieMeHmaphvlx pynxyuti (cmp. 4 uz 9)
)

F(x)= Zf (0)(x x)xel 3

TOr/JIa H TOJIHKO TOI/1a, KOT/IA MOC/Ie0BATEeIbHOCTH (rn (x)) OCTATOYHBIX YJIEHOB
r.(x)=r,(x;x,, 1), n €N, B eé hopmy.e Teiitopa Ha / cxoxures K Hy/1eBOi GyHKUMH 115

Beex xe/.

VYkaxkeM MpocToe A0CTaTOYHOE YCIOBHE JJIsl CIIPABEATMBOCTH yTBEpKACHUA (3).

Teopema 9.3 Ecan pynkuust [ GeckoHeuno qudepeHImpyeMa Ha oTpesKe MeKIy X, u

x (ma R) u Bce eé npomssoanbie pynxumn £ (¢), n € N, paBHoMepHo orpanuueHsl Ha
(n)

S (%)

3TOM oTpe3ke, To f(Xx)= Z (x —x,)"; T.e., pan Teiinopa dpynkmun [ cxoaures B
n=0 }’l.

Touke X K cymme f(x).

<«Paccmortpum octatounsie wieHsl 7, (X;X,, ) B dopme Jlarpamka

f(nﬂ) (x, +0(x—x,))

" 0<6<1.
(n+1)! (=)

I’,l(x;xo,f):

ITo ycnosuio Teopemsl, cymectByeT uuciao M >0, uro ‘ o (t)‘ <M nns Beex ¢t MexIy X,

u X, uBcex n € N . Ilosromy,

M=l =% ).
1)'
M n u X = xO
O0603HaYUM unz—‘x—xo‘ , X#2x, , neN . Torza nil :‘ ‘ , neN , u
n! u, n+1
u,.
Iim—*=0<1. Cornacno npusnaky Jlamambepa, ps Zun CXOIMTCS, M CJIEJOBATENILHO,

n—»0
ui’l

limu, =0. Ha ocroBanuu (2), hmr - (X;X,, /) =0 u cipaseumBo yrBepxeHue (3).»

n—>o0



Mamemamuueckuii ananus
1l kypc Il cemecmp
bunem 9. Psio Teunopa. Paznosicenus 0CHOBHBIX dlieMeHmapHvlx yynxyuti (cmp. 5 uz 9)
9.3. Psaabl Ternopa aAeMeHTapHbIX QYHKLMHA.

L Oyuxums f(x)=¢€", fP(x)=e", xeR,neN,u f0)= f(0)=1, neN.
IpOU3BOJILHOTO (uKcupoBaHHoro X € R crpasemBo ‘ o (t)‘ =¢' <e mm Beex ¢ mesxay 0
u X, uBcex n € N . CornacHo TeopeMe IPeIbIAYIIEro MyHKTa,

2 n n
e =14 Xttt —1+Z—xeN
2! n! ' n! (5)

<]

Jns cymm 7, (x) ocratkoB psza (5) cnpaBennusa oueHka (4), B koropoit M =e™' u x, =0,

[+

Se—‘x
(n+1)!

n+l

Tak 4YTO , x€eR, ne N, u nocnennsas ouneHka yKkasbIBaeT Ha CKOPOCTh

cxomumoctu psaga (5) B Toukax x € R.

. . 7[
. ®ynkuus f(x)=sinx, x e R, umeer f(k)(X):sm(XJrEk)’

fP@)|<1, xeR,

k € N, u cnenoarenbho, €€ Gpopmyna Telnopa nepexoauT B s

) 3 1 n—1 0 1 n—1
smx:x—x—+... ( ) Z ) "I xeR (6)
3! 2n— 1)' T (2n— 1)'
Jlns cymm 7, (x) octatkoB psna (6) B cuity (4) cripaBeIiBbl OLCHKH ‘I’M (x)‘ < o )" o ,
n).
xeR, neN.
I ®dynxmms f(x)=cosx, xeR , umeer f(")(x):cos(x+%k), f(")(x)‘él,
xeR, k€N, u crenoparensHo,
2 n n
-1 = (-1
cosle—x—+...+gx2”+...:z( ) ¥, xeR (7)

2! (2n)! ~ (2p)!



Mamemamuueckuii ananus
1l kypc Il cemecmp
bunem 9. Psio Teunopa. Paznosicenus 0CHOBHBIX dlieMeHmapHvlx yynkyutl (cmp. 6 uz 9)

Jus cymm  7,(x) ocratkoB psina (7) Ha OCHOBaHMH (4) CIpaBe/UIMBBI  OLCHKH

2n+1

,xeR,neN.

‘ 2n+1( )‘ 1)'

IV. ®yukuus f(x) =In(1+ x), x > —1, umeer
1 0
f(x)= e =l-x4+x - +(=D)"x"+...=1+ > (-1)"x", x e (=Ll), n paguyc
+ X n=
CXOIUMOCTH psifia paBeH 1. M moatomy, ¢ yu€tom Teopemsl 12.3,

SV RII YCI

n+1 +... 2, x,xe(—l,l),omyz{a

fx) = f(0)= ff(t)dt_x—7+ ;

2 _ n-1 00 _ n-1
ln(1+x):x—x—+...+( D x”+l+...zz( D x", xe(-L1)
2 n e @®)

=n2;sx=-1-

0 _1 n
nockoneky f(0)=In1=0.B x =1 umeem psn Jleii6uuua )
n=1 n

1
pacXoasIuics psi - Z— , TAK YTO MIPOMEKYTOK CXOUMOCTH psiaa (6) CayKur (— 1,1].
n

V. bBunoMuanbHbIN psi.

Ymeepotcoenus smoeo nynkma V npusoosmes 6e3 noopobHo20 0okazamenbcmaa.

Pasnoxum B crenennoit psaa pynxkumo f(x)=(1+x)*, x>—-1, a € R. Ecmu 2 € N, 10

A+x)“=1+ax+ (2'_ )x +o+x? ZCﬁxk, xeR. Ecmu =0, 0o f(x)=1,

k=0
xeR . Tyers aeR\N, , N,=NU{0} . Torma f'(x)=al+x)*" .,
) =a(a-1..(c—n+1)(1+x)*" unpu n>a pynxmus [ we cymecrsyer B Touke
x=—1. Orcrona cneayer, 4to paguyc cxoaumoctu R crenennoro psna mis f yHOBIETBOpSET

ycnosuio R <1. Beruncnenue paauyca no treopeme 13.2 naér R = 1. Kpome toro,

(1+x)* 1+Za(a D- (a n+1) <11/IJII/I.X,'€( 1,1). 9)




Mamemamuueckuii ananus
1l kypc Il cemecmp
bunem 9. Psio Teunopa. Paznosicenus 0CHOBHBIX diemMeHmaphvlx pynxyuti (cmp. 7 uz 9)

B touke X =—1 nomyyaem psiz

1+z(_1)n a(a—l)...((x—n+1), (10)
n=l1 n!
KOTOPBIN a0comoTHO cxoautes npu & > 0 u pacxoaures npu o < 0;

B rouke x =1 - pan

Z ). (a ntl) an
n=l1
abcomorro cxomurcs npu & >0, cxomaurest yenoBHo npu — 1 < <0 u psg pacxomurcs npu

a<-1.

VI. Ucnonp3zoBanubiii B 1. IV npuéM MOXKHO NpUMEHATH K JIIOOOMY CTENEHHOMY DSy C
HEHYJIEBBIM paguycoM cxoauMocTu. lIpogemoHcTpupyeM ero Ha npuMepe paslloKeHHs B

crenennol psn Gyukunn f(x) =arctg x.

1

Umeem f'(x)=
1+x

2 b

f'(x):1 ! —=l-x xt =X (D)X —1+Z( 1)"x*",

xe(-L1), )
2n+1
n f(x)-7(0)= If(t)dt—jl dz+zj( 1)"z2"dt—x+z( ' — . xe(-11) |
n=1(
OTKYyZa
arctg x = x+z( I’ 2”+1:x_x_3+x_5_x_7+ D" 2y
Y 2n+1 375 7 T e T
e(—l,l), )

nockonsky f(0)=arctg0=0.



Mamemamuyeckuti ananus

1l kypc Il cemecmp
bunem 9. Psio Teunopa. Paznosicenus 0CHOBHBIX diemeHmaphvlx pynxyuti (cmp. 8 uz 9)
9.4. 3JKcnoHeHuUHaAbHas PyHKUMNSA KOMIMAEKCHOro nepeMeHHOoro
2 n 0 n
Z
Crenennoit psan 1+ z + 5 +...+ —' +.. z—' abcomrotHo cxoxutest st Beex z € C
n. n=0 n.

n

z
IOCKOJIBKY JUIsl ero obmiero wiena a, (z) = —upn Z# 0 nmeem
n.

fim [ %an (2 limﬂ:0<1

novol g (z) | nren 41

n

— Z
¥ ipuMensieM npusHak anamGepa. O603Haunm Z—' =exp(z), zeC.
n=0

Teopema 9.4. exp(z) - exp(w) =exp(z + w), z,we C. Be3 1oka3areibcrBa.

Takum o6paszom, ¢yHkuus exXp(z), z € C, ynoBieTBopsAeT TakoMy ke (GyHKIHOHAILHOMY

YPaBHEHHIO, YTO M OKCIOHeHIManbHas ¢Qynkuus e, x € R . Kpome Toro, ecim z=x, 1O

i’l

exp(x) = Z——e x € R. ostomy, no onpezenenuto, obosnauator eXp(z)=e”, zeC,n
n=0
7
e =14z+—+. +—+ —zeC (14)
2! ,,z;‘ n!
Eciu B (14) monoxurs z =ix, i?=-1, xeR, u samerurs, uto i- =—i, i* =1, To:
. o0 l'x n o0 o0 -1 .
e’x:z( ) —z( ) Z x* ' =cosx+isinx, xeR.
= n! (Zk)' pa 2k—1)'

Takum 00pa3om, JokazaHa popmy.ia Jiijiepa:

Y=cosx+isinx,xeR.

Ona cripaseyuBa u juist komiuiekcHbix z € C B Buge €¢” =cosz +isinz,ze C.



Mamemamuueckuii ananus
1l kypc Il cemecmp
bunem 9. Psio Teunopa. Paznosicenus 0CHOBHBIX diemeHmapiulx pynxyuti (cmp. 9 uz 9)
[IpsiMmbiM cnencTBHeM TeopeMbl M QopMylibl Jiinepa Oyaer ¢opmyaa Myappa-Jiiiepa:

.« . n .« .
(cosx+isinx) =cosnx +isinnx,xeR,neN.

< (eix)n _ einx’ x € R, ne N, u npumensem popmyiy Diinepa. p



Mamemamuueckuii ananus
1l kypc Il cemecmp
Bunem 10. Opmonopmuposannvie cucmemvl Qpynxyuti. 0600w énnvie psovi Pypoe.
Tpuconomempuueckue paovi @Pypve. Teopema o cxooumocmu (cmp. 1 uz 17)

Buner 10. OpToHOpMUPOBaHHbIE CUCTEMbI QYHKLMNH. O606LEHHbIE
psaabl Oypbe.TpuroHomeTpuyeckmne psabl dypbe. Teopema o
cxoanmocTH (6e3 A0K-Ba)

10.1. OpTOHOPMUPOBAHHbLIE CUCTEMBbI PYHKLINMA

buner comepxutr MHOro MaTepuaia, JaHHOrO MenkuM mpudrom. Ha 3x3ameHe oH Heodsi3aTesieH, HO

OYCHb I10JIE€3€CH.

MHoOXecTBO (YHKIUH, ONpEACTIEHHBIX HA HEKOTOPOM OTpE3Ke [a,b], oOpazyeT BEKTOpPHOE

IIPOCTPAHCTBO OTHOCHUTEIBHO OOBIYHOTO CJIOKEHHS M YMHOXXEHHUs (PyHKIMH Ha yucio. Jlerko

JI0Ka3aTh, YTO TaKO€ MPOCTPAHCTBO HE SBJIAETCS KOHEYHOMEPHBIM, TaK Kak, Hanpumep, QyHKIUU

X,X",..., x",... IMHEHHO HE3aBUCUMBI.

[Ipeanonoxxum, YTO ONPENETCHO CKaIApHOe Rnpou3eedeHue, T.. OWIWHEWHas QyHKIMS,

COMOCTABJIAIOIIAs KaXKION Mape paccMaTpuBacMbIX (QyHKui [ (x)n g(x) HEKOTOpPOE YHUCIIO,

0003HayaeMoe ( f (x), g(x)) ,JJIPUYEM BBINIOJIHAIOTCS TAKUE CBOWCTBA!

2. (f(x),f(x)) > 0 npuuém (f(x),f(x)) =0 Toraa u TonbKo TOrMA, KOTIA f(x) =0.
3. (o f (x) + Bg(x),h(x)) = a(f (x),h(x)) + B(g(x),h(x)).

Janee Gyznem kpaTko 0603Ha4aTh ckanspHoe npoussenesue ([, g).

Hmest ckansspHOE IPOU3BEICHNE, ONIPEICIIUM HOPMY yHKUuU H f H PaBEeHCTBOM

| l=~r 0.

Onpedenenue 10.1. Cuctema (QyHKUUN HA3bIBACTCS OPMIO2OHAAbHOUW, €CIU ISl JIOOBIX

pasnmuneix f,g w3 oroii cuctemsl umeeM (f,g) =0 =0. OproronansHas cucrema QyHKIHii



Mamemamuueckuii ananus
1l kypc Il cemecmp
Bunem 10. Opmonopmuposannvie cucmemvl Qpynxyuti. 0600w énnvie psovi Pypoe.
Tpuconomempuueckue paowvi @Pypve. Teopema o cxooumocmu (cmp. 2 uz 17)

Ha3bIBACTCS. OPMOHOPMUPOGANHON, €CIU JUId 000N (YHKIMM M3 OTOH CHCTEMBI UMEET MECTO
PaBEHCTBO Hf” =/, f).

JIroOyro opTOrOHANBHYI0 cHCcTeMy (YHKLUH, HE COIEpPXKALIyI0 TOXKIECTBEHHO PaBHYIO HYIIO

(GYHKIMIO, MOXHO HpeoOpa3oBaTb B OPTOHOPMHUPOBAHHYIO CUCTEMY (DYHKLUM, HOJIOXKHB JUIs

mo6oii pynkuun fu3 9ol cucTeMsl

f
Q=7
1 /]

PaccMOTpUM NpUMED  CKAIAPHO20 npou3eedenus Henpepvlenvix gynxuuii | (x)n g(x),

OIIPENEJIEHHOTO PABEHCTBOM

(/(x).8(0)) = [ f(0)g(x)dx. ()

Jlerko BuzaeTsh, BennuuHa (1) nedcTBUTEHLHO 00J1a]aeT CBOMCTBAMU CKAISIPHOTO MTPOU3BEIACHUSI.

CaoiictBa 1 1 3 0ueBHIHBI, CBOMCTBY 2 MOCBAIICHA JIEMMA.

b
Jdemma 10.1 Ecin ¢ynkuns / uenpepniBHa uHa [a,b], a <b,u ecian jfz(x)dx =0, 1o
f(x)=0,x€a,b].

<« Ecim 651 ToxzecTBo f(x) =0 He uMerno MecTa, TO HalLIach ObI TaKast TOYKA X, , B KOTOPOH

f? (x,)>¢&>0. Tak xak GyHKIUA HENpEpHIBHA, TO HaAETCs Takas okpecTHocTh (o, ) aT0M

&
TOYKH, TIPHHAIUICKAIIAA IPOMEXKYTKY [d,b], uto B Heil crpaBemmBo HepaBeHcTBO f(X) > —.

2

CrenoBartebHO,

b B
[ 2 dr= [ () 2%(,8 —a)>0,
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YTO MPOTHUBOPEUYHUT YCIOBUIO JIEMMBI. P>

Xotst popmyna (1) u He BHOJHE ONMpeACseT CKaSIPHOE MPOU3BEICHUE MOKHO TOBOPUTH 00

OpPTOrOHAIBHOCTH (PYHKLIUH.

Ecim pacmmputh Kjacc paccMaTpuBaeMbIX (YHKIUH, paccMaTpuBas HE TOJNBKO HENpPEphIBHbBIC

(GYHKIIMM, HO U HUHTETPUpPyEeMble, TO CBOMCTBO (2) MOXXET ObITh HE BBINOJHEHO, TO €CThb H3
b
2
paBeHCTBa I f7(x)dx=0 ()
a

e ciuenyer, uto f(x)=0,x €[a,b]. Haupumep s OTIMYHON OT TONKIECTBEHHOTO HYIIS

¢yukumn f(x), paroii 1 mpu x =0 u pasnoii 0 Bo Bcex octanbHbIX TOuKax orpeska [—1,1],

paBeHCTBO (2) BbinojHsAerca. CuTyauus HCIPABUTCA €CIM Mbl OTPaHMYUMCS HENpEepbIBHBIMU

(GYHKIHSAMH.

Onpedenenue 10.2. Jlse wunrerpupyemble GyHkuun — f (x) u g(x) Ha3bIBaeTCA

b
OpMOZOHANILHBIMU HA OTPE3KE [a,b], eciu I f(x)g(x)dx =0. Koueunast wiu GeckoHeuHast

a
cucteMa (YHKIMNA Ha3bIBACTCS OPMIOZOHANBHOU HA OTPE3KE [a,b] , €cu Jiro0ble aBe (YHKIHUU

9TOM CUCTEMBI OPTOrOHAJIbHBI HA 3TOM OTPE3KE.

BaxxHplli npuMep OpTOroHaJbHOW cHCTeMbl (DYHKUMI MAa€T TPUTOHOMETPUYECKAs CUCTEMa

GyHKIM.
Teopema 10.1. Tpuronomerpuveckasi cucrema (pynkumii 1,cos x,sin x,cos2x,sin 2x....,

COS/XSIN /X,... OPTOrOHAJILHA HA OTPE3Ke [—7[,7[] .

<« [Ipexae Bcero ycTaHOBUM OPTOTOHAJIBHOCTh KaXJA0H (PYHKLIMU CHCTEMBI C NIEPBOM U3 HUX.

Nmeem

T

Il
S

Jl-coskxdxz %sinkx

-t
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Il-sinkxdx: —lcoskx :—l(—l)k +l(—1)k =0
7 k . k k

Onwmpasicb Tenmepp Ha H3BECTHBIE W3 CPEIHEH MHIKOJIBl TPUTOHOMETPUYECKHE (OPMYIIBI,

NOJIy4YUM

T 1 T
Icoskxcoslxdxzi:[r[cos(k+l)x+cos(k—l)x]dx:0,k;tl,

=/

j sin kxsin lxdx :%i[cos(k—l)x—cos(kJrl)x:ldx =0,k #1,

/1

f sin kx cos Ixdx = %i[sin(k +1)x+sin(k—1)x Jdx =0,

=T
I[TocneHee paBeHCTBO CpaBeauBo unpu k =1 . »

10.2. KoappuumeHtol ®ypbe. MMHUMaAbHOE CBOMUCTBO KO3QPMLUUEHTOB
Qypbe. HepaBeHCTBO becceas

PaccMoTpuM MHOXKECTBO (YHKUMH, ONpeleNéHHBIX Ha HEKOTOPOM OTpE3Ke [a,b]. Ono

o0pa3zyeT BEKTOPHOE MPOCTPAHCTBO OTHOCHUTEIILHO OOBIYHOTO CIIOKEHHS U YMHOKEHUSI (QYHKIUH
Ha uucio. IlycTh ompeneneHo HEKOTOpoe CKanspHoe npoussenenue. Ilycts @,...,Q,,... -

HEKOTOpasi OpPTOHOPMUPOBAHHAsL CUCTEMA.

Onpenenenne 10.3. Yucna

¢, =(f>9,) (3)

Ha3bIBAIOTCS K0dhpuuuenmamu @ypove pynxuuu f. Psn

icn% 4)
n=l

HaszbIBaeTcs e€ paoom Dypoe.

Bompoc o cxoaumocTu psga @ypwe (4) cioxkeH u OyAeT uccienoBan mnosxe. [loka ncrnonbzyem
(dhopMalibHYIO 3aMKCh
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03HAYAOILYI0, uTo GyHKIMH f cooTBEeTCTBYET €& psig Dypoe (4).

Meakuii mpudT- Ha IK3aMeHe Heo0sA3aTeabHO! Ilepeiiném K MUHMMAaILHOMY CBOMCTBY KO3 (GUIMEHTOB

0
®ypbe. O6o3Haunm S, = ZCHQ)” — JacTHUHYIO0 cymMYy psina Oypee Gyrknnm f.

n=1

0
Iycts £ N = z bngon — HEKOTOpas CyMMa, UMeIoImas Ipyrue KodpuImeHTs!.

n=l1

0
Teopema_10.2.(Munumanvnoe _ceoiicmeo _koddppuuyuenmos_@Dypve). Inn modoii cymmbl [ N :zbngon
n=l1

BBINNOJTHACTCH HEPABECHCTBO
N
2 2
(f=1)2(f. =2 ®
n=l1
NpU4éM paBeHCcTBO B (5) JoCTUraeTcs TOrAa M TOJIBKO TOIAa, KOrjaa bn =C, Aus Beex 11 = 1,..., N.
N N
2
<4 Brrancinm CKISIpHBII KBaJpar: (f - tn) = (f - angl)n ,f - angl)n) =
n=1 n=1

(f,f>—2Zb,,,<f,<o,,)+<Zb,,<o,,)2.

N N N N
Hockomsiy (@,,0,) =0,m=n (O b,0,)" = b,0,.D bp,) = by cornaco (1), uveen

S =t = ) =22 b, + 2 b = ()= 26+ 2 =22 b, + Dby =
(/5 /)= 2 e+ 2.(¢,=b)".

N
2 > .
Teopema nokazaHa, Tak Kak BETHIUHA (Cn — bn) > () mpruém oHa paBHA HYJIIO TOTZIA M TOJIBKO TOTAA,

n=l1

Korzaa bn =, nmsBeex N =1,...,N,>
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Teopema 10.3(nepasercmeo beccens).

nE Z:,Cf . (©)

<« B teopeme 10.2 s moboro N moka3aHo paBeHCTBO

(f-t,) =(f,f)—Zc,f + Z(c,, -b,).

N
Ionoxus B HEM bn =C, M Bcex I’l=l,...,N, moJry4aem (f—Sn)2 Z(f,f)—ZCj, OTKyna
n=l

N 0
2 2 2 .
(f,f)— E c, ZO, 70307 Hf” > E c, . B neBoli uwacTM HepaBeHCTBA CTOMT YaCTHYHas CymMMa psijga C
n=1 n=l1

2
HCOTPUIATCIIbHBIMU YJICHAMH. Bcee st CYMMBI OTPaHUYCHBI JJIA m060ro N OJHHUM M TEM XKC LII/ICJIOMH‘]FH . 3Ha‘II/IT,

o0
2
psin z C, CXONUTCS U BBIIOJHEHO (6).D>

n=1
10.3. TouroHometpuyecku psia ®ypbe, ero KoO3PPMLUMEHTbI

Onpedenenue 10.4. Tpuzonomempuueckum MHO2041€eHOM Ha3bIBaeTCs QYHKIUS BUA

A : ) .
T(x)=—0+(A cosx+ B smx)+(A cos2x+ B sm2x)+...+(A cosnx+ B smnx), rae
2 1 1 2 2 n n
Ay, A4,, B,k =1,...,n — neiicreurenshsie uncna. Ecin A° + B2 # 0, 10 uucno 7

Ha3bIBACTCS MOPAOKOM (CMeneHblo) TPUTOHOMETpHYeCKOoro MHorowieHa 1(X) u umeer

ob6o3nayenue deg? =n.

OYHKIMOHAIBHBIN P

%+i(/ln cosnx + B, sinnx) (7)

n=1

HA3BIBACTCS mpuzonomempuueckum paoom. Korppuuyuenmwr  psna A, A ,A4 ,neN-—

TIPOU3BOJIBHBIC ASHCTBHTEIbHBIC Ynca. Yacmusie cymmet S, (X) TpHUroHometpudeckoro psiga (7)

s,(x) = %,sn(x) = %+ > (4, coskx + B, sinkx),n=1,2,...
k=1
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CYTh TPUTOHOMETPHYECKHE MHOTOUIeHbI opsiaka degs, < n.

[ycts Gpynkuus f(x) onpenenena u unrerpupyema ua orpeske [—,7|(re. f € R[-7,7]).
Yucia

1 T

ay=—[ f(0dv )

an:ljf(x)cosndx,nzl,Z,... , 9)
71-—71'

bn:ljf(x)sinndx,n:u,... (10)
71-—72'

Ha3bIBAIOTCA K0Ihpuyuenmamu Pypove Gpyuxuuu f(Xx).

TpuroHomeTpudeCcKuii psin

%"‘i(% cosnx + b, sinnx) (11)

n=1

(HE3aBUCUMO OT TOTO, CXOJIUTCS OH, UJIM PacXoauTcs) K03(h(UIIMEHTH KOTOPOTO — KO3 PHUIIUESHTHI
®ypoe Gpyukiun f € R[—7, 7], naspiBaercst paoom @ypoe 5101 GyHKIMH.

Caa3b Mmexny pyukiueit f(x) u eé pagom Oypbe IPUHATO 0603HAYATH TAK:

G

f(x),xe[-n,x] 5

+ i(an cosnx +b,sinnx),xeR.
n=l

Yactabeivu cymmamu S, (f;x) psana @ypee (11) gyrkiun f(X) OyayT TpUrOHOMETPHYECCKHE
MHOTOUJIEHBI

So(f3%) Z%,S,,(f;x) =%+ Z(ak coskx + b, sinkx),n =1,2,... (12)
k=1

nopsinka degs, <n.

Pasymeercst, eciu Qynkius f(x) paspeiBHa, TO €€ psag Dypbe He OyaeT paBHOMEPHO

CXOJUTHCS K HEH (CymMMa paBHOMEPHO CXOJMAIIETOCs psi/ia HEMpPEphIBHBIX (DYHKIMI HENpephIBHA).
OpnHako cripaBenMBa
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Teopema 10.4. PaBHoMepHO cxoasimuiicst Ha [—77, 77 | Tpuronomerpudeckuii psia(l) ecrn
psa @ypbe cBOe CyMMBI.

<«lycts Tpuronomerpuueckuii psaa (11) pasromepro cxomurcs Ha [—7,7] u f(x)- ero cymma,
TaK YTO

f(x)= ?+i(Akcos/oc+Bksinkx) (12)
k=1

u ¢ynkuus f(x) wenpepsiBHa Ha [—7,77]. Bomee toro, f(X) - HempepwiBHas u 27 -

nepuoanueckas (QyHKIMS HA BCEM MHOXeCTBE IR.

Wnrterpupyst nowieHHo psax (12) v yuuThiBass OPTOrOHAIBHOCTh TPUTOHOMETPUUECKUX
¢GyHKIMH, oJTy4yum

%J‘ f(x)dx :% I %dx = A, u, cormacro (8), A, =a,. YMHOXHUB paBeHcTBO (12) Ha

COS kX ¥ IPOMHTETPUPOBAB, HAWIEM

1 G 1%
— j f(x)coskdx =— j A, cos kdx = A, , u, cornacuo (9), 4, =a,,k € N. Ananoruuro,
T e T

yMHOXKHB paBeHCTBO (12) Ha Sin kx, mokaxewm, uto B, = b, ,k € N (na ocnoBauuu (10)). P

Tpuronometpuueckuii Muorowten 1'(x),degT <n,neN , mMoxHO cunTarh (KOHCYHBIM)
TPUTOHOMETPHYECKMM DSJIOM, HMMEIOLIMM HyJeBble KOd((UIMEHTH f i BCEX HHIEKCOB,

OONBIIMX 77 , W MOPTOMY pPaBHOMEPHO CXOIAIMMcCA Ha BcéM MHoxkectBe IR . CornacHo
teopemel0.4, muorounen 7 (Xx) cosmagaer co cBoum( KOHEYHBIM) psisoM Pypbe, KO3QPUIMEHTHI

KOTOPOIO paBHBI HYJIO JUI BCEX HHEKCoB, Oonbmmx wuHuekca n=deg7 . B wacrHOCTH,
yKa3aHHBIM CBOMCTBOM 00J1a1at0T YacTHbIE CyMMBI psasia Dypbe, T.€ CrpaBeIMBO

Cnedcmeue. Jas mwoGoro n=0,1,2,... gacrupie cymmnr s, (f;x) psina ®ypoe (11)
byuxkunn f € R[—r,7] nMeI0T oxuHaKoBbie ¢ [ Ko3(ppunuenTs Pypbe 11 BCeX HHIEKCOB

k,0<k<nm.

10.4. KoappunuunmeHtol Qypbe YETHbIX U HEYETHBLIX QYHKLUUU. [IpuMepbl

Hanomuunm, uto eciu dyukunn [, 2 € R[—a,a] v [ —uérHas, a g —HeuéTHas, TO

J £ =2f f (e,  glopde =0,
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a 0 a
B 4€M JIETKO YO€AUThCS, IPEACTABUB HHTETpall j B BHJIE CYMMbI HHTEIPAJIOB j + j Y 3aMCHVB
0

—a —a

B IICPBOM M3 HUX X Ha —X.

[Mosromy, eciu pyukius [ € R[—7,m] u [ —uérhas, 1o €€ koopdurments Pypbe paBHbI

2 T
a, :_jf(x)cosnxdx,n =0,1,2,..,5,=0,n=12,..., (13)
T 0
TakK 4TO
f(x)~%+2an CoSnx, (14)
n=l1

aecau [ —HeuéTHas, TO

27 .
a,=0,n=0,12,.., b,==[ f(x)sinnxdr,n=1.2,.. (15)
T 0

f(x)~ibn sinnx. (16)
n=1

Ipumep. Paccmotpum 277 — niepuoanueckyo GyHkumio f

fx)=|x

xel-n,n], f(-n)= f(x). Torna b, =0,n=1,2,... n

T

a, :%If(x)dxz%jxdx:ﬂ,an :%J‘f(x)cosnxdx:%J‘xcosnxdxz
0 0 0

0

- —| =—=[(D"-1].neN,

. T
2| xsinnx COSHx 2
+ 2
n n o TTn

T
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TaK uT0 a, = 7w,d,, =0,a,,  =————,k =1,2,... . Kpome Toro, o teopeme 10.4,

‘x‘ _ E_ii cos(2k —1)x

1 (2]{ 1)2 5 XE[—7Z',7Z'], (17)
k=1 -

IIOCKOJIBKY TpUroHoMeTpuueckuil psij @ypbe B npaBoit yact popmyisl (17) paBHOMEPHO CXOIUTCS

1
na R no npusnaxy Beliepmtpacca( cXoaurcss MaxkOPUPYIOIIUH Pl Z—) B touke x=0
‘= (2k—1)°
nMeeM
T o4& 1 =1 w’
0=—-—)» ———, oTKkyzna Z— —.
2 & (2k-1) “(2k—-1 8
IToatomy

2] L & 1&1 71
A= s Z‘(Zk 1) +z(2k) ?+ZZF_?+1A’

1

2 o

T 1

otkyna A =— ,Tak 4o 1 +—+—+.. +—+ —=—
6 2° nln

HanomuuMm npo MuHuManbsHoe cBOMCTBO Kod(hdunrentoB dypre, nepedopMynupoBaB ero s

TPUTOHOMETPUYECKON CUCTEMBI.

Teopema 10.5 (munumanvnoe ceoiicmeo uacmuvix cymm pada @Dypve). Ecau ¢yHknus

f ER[-rm,n] m Tn(x),deng(x) < 7 — HpOM3BOJIbHBI TPHUTOHOMETPUYECKHIT MHOIOYIEH, TO

[[re)=s,(fs0] dx< [[f)-T,(f:)] dx (18)

u paBencTBo B (18) mocturaercs Tonnko aus 1) (x)= S, (f;x).

HepasencrBo beccens mpumer Bua

Teopema 10.6. Eciu pynxmus [ € R[—7, 7], 10
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2
G

< 2 2 1 T 2
: +;(ak+bk)£;:[f (x)dkx. (19)

Cnedocmeue meopemwvr 10.6 (nepasencmea beccens). Korpduumentol @Dypbe HHTerpupyemoii

(pyHKIMU cTpEeMATCHA K HYJIIO.

<« Psg B meBoil wactu HepaBeHcTBa (19) cxoamrcs. [ToaToMy BBITONHEH HEOOXOAMMBIN TPU3HAK

CXOQUMOCTH, COITIACHO KOTOPOMY a,f + b,? - O,k —> o0 loatomy a,f —> O,k —> 0, b,f —> O,k —> 0.

CrnenoBarensHo, a,f — 0,k > o, b,f -0,k > 0. »
10.5. CxoaumocTtb pspa QDypbe B TOHKE

MB!I yCTaHOBUIIM, YTO PAaBHOMEPHO CXOISALIUICSH TPUTOHOMETPUYECKUN psii ecTh psan Dypbe
cBoel cymmsbl (TeopeMa 10.4). AHaIOruuHbIM CBOMCTBOM 00J1a1a10T psiabl Teilnopa: creneHHou psij
C HEHYJIEBBIM PaJyCcOM CXOJAMMOCTH €cTbh psn Teinopa cBoeil cymmbl. B cinydae psinos Telinopa
pacxoMMOCTh B TOYKE 00s3aTENIbHO BEAET K PACXOJMMOCTU U B OJHOM M3 HOJOBUH OKPECTHOCTU
TOYKU. DTO CBOWCTBO psnoB Teiinopa He mepeHocutcs Ha psaasl Dypoe. Pag dypre MoxKeT OBITH

pacxoadmumMmces B OJJHUX TOYKaX U OJJTHOBPEMECHHO OBITH CXOOAIUMCA B OKPECTHOCTH OTUX TOUCK.

1.5.1. YacTHbie cyMMbl psapa Oypbe UHTErPUPYEMOU U

NnepuoANYEeCKOMN QyHKLUNMN

PaccMoTpuM  TIpOHM3BONBHYIO  (DYHKITHIO f € R[—m,m] u notpebyem JONONHUTENHHO, YTOOHI
f (—m)= f (7). Torna dynkums f PacIpoCTpaHsieTcs Ha BCKO YMCIOBYIO mpsiMyro (—00,+00), Kak
27T — nepuojmyeckas (YHKIHSA, KOTOpas, NPH O5TOM, OyleT HHTETpUpPYyeMoil Ha II000M OTpeske

[a,b],—oo < a < b < +00. O6paruo, mobyio 27T — HePHOTUIECKYIO dynximo f na (—00,400) cunraem

ONpENEIEHHON HA OTPE3KE [—71' ,TT ] W YIOOBJIETBOPSIOIIEN YCIOBUIO f (—7[ ) = f (7[ ) .

Jemma 1. (Bes doxazamenvcmea). Ecm f € R[-mw,n]l m f(—7)= f(7), 10 nus wacTabix

CyMM S, ( f ; x) psaga @ypee GyHKIUH f CHpaBeAJIUBBI (POPMYJIbI
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sin(n + %) y

2sin —
2

1 T
s,(f30)=— [ f(x+) dy.n=0,12,.. . M)

sin{n + /)

2 sm

Yérnyto pyuxumo D(y) = ,D(—y) = D(y), nassisator adpom Jupuxne.

1.5.2. lNpnsHak AnHN cxoaumMmocTn psipa Oypbe B TOYKE U €ro

cAeaACcTBUA

VKakeM Temeph JOCTaTOYHbIE YCIOBHS cxoaumocTd psga ®ypve oynxkuwmn f € R[—m,7] ,
f(=m)= f(m), B Toukax wumrepBana (—7m,7) . Jlas 3Toro (UKCHpYeM HPOU3BOILHYIO TOUKY

X, € (—m,m) u nmpeoopaszyeM bopmyiry (1) TUTS JaCTHBIX CyMM

5 (f: xo)——jf(x0+t)81n(n+/)td ——jf(x0+t)51n(n+/)tdt+

2s1n— 2s1n—
2 2 @)
1 J. P Ui sin(7 + /)t » —lj.[f(xo i)+ fr )] sin(n + /)t .
2s1n5 2s1n5

rac B IEPpBOM HHTCIrpali€ CyMMbl BMCECTO HepeMeHHOﬁ HUHTCIpUpPOBAHUA { MBI BLI6paJ'H/I MNEPCMCHHYIO

—{ ¥ BOCIIOJIb30BATMCH YETHOCTHIO Aapa I[I/IpI/IXJ'Ie.

[Mockompky 'y  QyHKIUH f (x)=1 Bce Sn( f ;X)El , To wu3 (2) cnemyer, uTO

—Jf(x +t)s1n(n+/)t

2s1n—
2

VYMHOKasg 00€ 4acTH 3TOro PaBCHCTBA HAa MOCTOSIHHOC YUCIIO SO -- OpeamnojaracMyro Cymmy psjia B .xo ,

TOYHOE 3HaYeHUE KOTOPOTO MBI YCTAHOBUM HIDKE, U BRIUHTAA U3 (2), HalliEM
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a 2sin£
2

| sin(n+2jt
5,(/3%0) = 8, = — [ (1) ———d,

rae 411 KPpaTKOCTH MMOJIOKCHO

@) = f (xg + 1)+ f(xy =) =25,

3)

4)

Ecnu MBI XO0THUM YCTaHOBUTD, YTO SO Z[eflCTBPITe.]'ILHO SABJIACTCA CYMMOfI psaaa, TO AL 3TOTO0 HYXHO

JI0Ka3aTh, 4TO MHTErpai B (3) mpu A —> +00 CTpEeMHUTCS K HYITIO.

OO6patnmcs K BBIOOPY CaMOro 4ucna . B mpakTu4ecKkux NpUIoKeHusIX BaXKHbI JBa CITydas, Koraa (a)

dynkims f HenpepbiBHA B TOUKe X, » 60 (0) f umeer B 5Ol TOUKe Pa3pIB MEPBOTO Posia (CKAUOK), TaK

4ro 00a mpexpena f (xo +0), f (xo —0) cymectsytor. TlosToMy orpaHHuuM cebst TOILKO STHMHU ABYMS

CITyYasiMH U MTOJIOKHM
B ciydae (a): S, = f(xo) ,

_f(xo+0)+f(xo_0)

B ciyvae (6): S, =
2

Teopema 10.7.(npusnak {unu). Psin ®ypne pyHkuuu f € R[—r,m] ,f(—ﬂ) = f(ﬂ) CXO/JUTCA B

TouKe X, € (—7T,7) K cymme S, ecan npu Hekotopom /1 > () HecoGcTBeHHBIIT MHTErpa

h
J“q’f—t)‘dt — mHTerpaJu Junm —
0

cxoautcsa. (bBe3 noka3zaTesbLCTBA)

B pa3sépHyTOoM Buae nHTErpas JIuHN 3aMuChIBaeTCs TaK:

B city4ae (a):

jﬂf(xo +1)+ f(x, _t)_zf(xo)‘dt

t



Mamemamuueckuii ananus
1l kypc Il cemecmp
Bunem 10. Opmonopmuposannvie cucmemvl Qpynxyuti. 0600w énnvie psovi Pypoe.
Tpuconomempuueckue paovt @ypve. Teopema o cxooumocmu (cmp. 14 uz 17)

(5 40+ /(5 =0~ (5, +0) = f(5,-0)

h
B ciry4ae (0): j ‘f
0 t

", CJIEAOBATCIIbHO, JOCTATOYHO MPECAIIOJIOKUTD CYIICCTBOBAHUEC ITOPO3Hb I/IHTG]"paJ'IOB( CMOTps 11O

CIy4aro)
st ooy
o f‘f(xo H)_tf(xo +0) dt,j“f(xo ) _tf(xo ~0) dt.

Teopema 10.8. (npuznax Jlunwuya). Pan ®ypve dynkmwnn f € R[—m, 7], f(—m)= f (1)

CXOAUTCS B TOYKe X, €(—m,m), rae ona HenpepbiBHA, K cymMMe f(xo), ecin aus Beex [ >0

BBINOJIHSIETCS] HEPABEHCTBO ‘f(xo 1) —f(xo)‘ <Lt , B xoropom L, — noaoxurenbHble

nocrostnabie u o < 1.

. ‘f(xo it)_f(xo)‘
t

<« B ciysae o =1 umee < L, tax urto uHTerpansl (5) CyllecTBYIOT, Kak

‘f(xo it)_f(xo)‘ < L
t '

UHTErpUpyemMas QyHKIHS, TO HHTErpajbl (5) CylIecTBYIOT, Kak HeCOOCTBEHHEIE. P

co6erennbre. Ecmm we 0 < <1, TO , U TaKk Kak cIopaBa CTOUT

B uacrnocty, ycnosue Jnmmmua npu ¢ =1 3aBesomo Gyner BbMONHATECS, ecmu y Gynkuuu f B

! v )
TOYKC .xo CYIICCTBYCT MNPOU3BOAHAA f (XO) , WM, TI0 KpaWHCU MCPE, KOHCYHBLIC OAHOCTOPOHHHEC

MPpOU3BOJAHBIC

t—>+0 t—>+0

D" ) = lim L C DL ) = g L0 =0 =),



Mamemamuueckuii ananus
1l kypc Il cemecmp
Bunem 10. Opmonopmuposannvie cucmemvl Qpynxyuti. 0600w énnvie psovi Pypoe.
Tpuconomempuueckue paovt @ypve. Teopema o cxooumocmu (cmp. 15 uz 17)

XOTs1 OBl U pasIu4HbIE MEXTY CO00M («yryoBas Touka»). Takum o6pasom, B TOUKE X, r1€ QyHKIHS f
nuddepennmpyema wim, Mo KpaitHel Mepe, UMeeT 00e KOHEYHbIe OJTHOCTOPOHHHUE NMPOU3BOAHbIE, psig Dypre

cxonutest, npuaéM cymma ero pasra f (X,).
Hetpynno nepedpasuposars npusHak Jlummuma u i ciuydast (0).

Kak wacTHOE cnencTBHE, MONYYHUM 371€Ch, YTO B TOYKE X, PaspbiBa MEPBOrO pona GpyHKIMH f JUTS

CXOONUMOCTH eé psaa (Dpre AOCTATOYHO NPCAITOJOKHUTH CYIIIECCTBOBAHUC KOHCUHBIX MTPCACIIOB

D £y = lim L EAD =S Cat0) fo e G =D = [ (%, =0)

t —t

S(x+0)+ f(x,—0)
5 .

npu4€M Ha ATOT pa3z CyMMOi psiga OyaeT

Takum oOpa3oM, yCTaHOBJIEHA TeOpeMa; Ha 3K3aMeHe TpeOyeTcs 3HATh JIMILIb MPHUBEIEHHYIO

HUXe (POPMYJIUPOBKY.

Teopema 10.9. B touke X, , rae pynkuusi [ nuddepenuupyema win, no Kpaiineii mepe,
nMeeT 00e KOHeYHbIe 0THOCTOPOHHHE MPOU3BOAHBIE, psil Dypbe CXOTUTCH, MPUYEM CyMMAa ero
paBHa f(X,). B TOuKe X, pa3pbiBa NepBoro poaa QYHKUMH f IS CXOAMMOCTH €€ psiaa

(I)ypbe AOCTATOYHO NMPEANOJIOKUTHh CYIIECTBOBAHHEC KOHCYHBIX ITPpeaeI0B

D fe) = lim LGt D= a0 poe e SG =0~ f(3,=0)

t —t

S(x+0)+ f(x,—0)
5 .

NpUYEM Ha ITOT pa3 CyMMOoii psiaa Oyaer

10.6. 060061 EHHbBIE TOPUTOHOMETPUYECKUE PAADI

Jlo cux mop Mbl TOBOPHIM O pa3lioXKEeHHH (QYHKIWA, WMENMX nepuonq 27 , B PpAA 1O

TpUTOHOMETpUYEeCKUM PyHKIHSIM. OTHAKO MOTYT ObITh U QYHKIIUH, IEPHOJ KOTOPIX 2/ oTinden or 277 . B

T
3TOM CIIy4ae, €CIM YHUCJIO — — HEIIENO0e, TO Helb3s Pa3lioKUTh (QYHKIMIO B P/ IO TPUTOHOMETPHIECKUM



Mamemamuueckuii ananus
1l kypc Il cemecmp
Bunem 10. Opmonopmuposannvie cucmemvl Qpynxyuti. 0600w énnvie psovi Pypoe.
Tpuconomempuueckue paovt @ypve. Teopema o cxooumocmu (cmp. 16 uz 17)

GyHKIMsIM COS kx, Sin kx , Tak Kak cymMMa Takoro psaa umeer nepuoia 277 . Ho MOKHO packiajpiBath

Takue (YHKIUH B psAJ MO0 0OOOMIEHHBIM TPUTOHOMETpHYeCKMM (pyHKIMAM. J{JIs pemieHust 3TOro Bompoca
OpenookuM, 9to GyHKuus umeer nepuon 2/ . Torma GyHKIus f — X | umeet yxe mepuon 27 . E€
T

MOXXHO pa3ioxuTh B psag Oypbe

fl—x ~a%+i(ancosnx+b”sinnx),
n=l

T

rmue

T

a, _1 j f(ichosndx,n =0,1,2,..., b, -1 j f(Lstinndx,n =1,2,....

[ T T
Ionoxus Y =—X, nonydyuM X = Ty,dx = Tdy’ 51
T

f(y)=—+i ancos%y+bnsin?y ,

n=1

rmue

1 1
4, =1 F0Ieos ™ ydn =012, 8, =1 [ F(sin™E ydy,n=1.2,..
— -l

Taxum 00pazoM, MBI HAIILTH CIIOCO0 TpencTaBieHns GpyHKIH 0000mEHHBIME pagaMu Dypee. [loraTHO,
YTO BCE PE3YNIbTATHL, OTHOCALINECS K CXOAUMOCTH psinoB Dypbe, IepeHocATCs M Ha 00OOIIEHHBIE PSAbI

Dypre.

10.7. Pa3A0XeHHSI TOAbKO MO0 KOCUHycaM MAMN TOABKO MO CMHycam

Ipeanonoxum, uro dynkmms f (x) 3amana nuums na orpeske [0, 77 ] Kenas pasnoxurs eé Ha 5ToM

otpeske B psi1 Dypbe, MBI IOTIONHUM ONpesieNenne 9Toi Gynkmu B npomeskytke [—77, () no npoussony.



Mamemamuueckuii ananus
1l kypc Il cemecmp
Bunem 10. Opmonopmuposannvie cucmemvl Qpynxyuti. 0600w énnvie psovi Pypoe.
Tpuconomempuueckue paovt @ypve. Teopema o cxooumocmu (cmp. 17 uz 17)

Ymeepaicoenue. MoKHO MCIO0JIL30BATH TPOH3BOJ B onpeneiennu Gpyukuuu f(X) B npomexyTke
[-7,0) Tak, 4rodbl moayunts ausi f(X) pasnoskenue TOJILKO 1O KOCHHYCAM HIH TOJBKO MO

CHHYCaM.

<dIlpencraBum cebe, 9TO IS 0 < x <77 MBI monaraem
f(=x)=f(x),

TaK 4TO B pE3yJabTaTe MOJYIUTCSA YETHASI (PYHKITHS Ha OTpPE3Ke [—71' , T ] ,

Ir I8

K TOMY ke uMeromas iepuos 277 . BE pasinoxenue OyeT cojiepkaTh TOIBKO KOCHHYCHL. AHAJIOTUYHO, €CITH

JIOTIOJTHUTh ONpeieiacHre QYHKITHN f (x) g 0 < x < 7 ycnosuem

f(=x)==1(x)

Tak, YTOOBI OHA OKa3ajaach HEYETHOM,

———————
L)
)

TO B €€ pa3JIoKeHNH OyIyT y4acTBOBAThH TOJNBKO WIEHHI C CHHYycamH. P>



Mamemamuueckuii ananus
1l kypc Il cemecmp

Bunem 11: Jlugppepenyuanuvie ypasuenus nepeozo nopsoka. Ypasnenue y = f (x ). Teopema o cywecmeosanuu u

eduncmeennocmu peuienus 3adaqu Kowu (6e3 dox-6a). Ypasuenus ¢ pasoensiowumu nepemennvimu. OOHOpooHble
ypasnenus. Ipocmetiwue oupghepenyuanvhvie. ypagreHus XUMu4eckol KuHemuxuy. Ypasnenue euoa.

, ax+by+c
N

ax+by+c

) (cmp. 1 u37)

bmer 11: AuppepeHuUnarbHble ypaBHEHUS [ePBOro rnopsiaka. YpaBHeEHHe
y'=f(x,y). Teopema O CyLUECTBOBaHMU W EAMHCTBEHHOCTH PELUEHUS] 3apaqu
Kowun (6e3 A0K-Ba). YpaBHEHUS C pas3AeAdroLMMHU nepemMeHHbIMHU. OAHOPOAHbLIE
ypaBHeHuA. [lpocreihumne AUPPEPEHLMAAbHBIE. ypPaBHEHUA  XMMWUYECKOM
ax+b, y+cl]

KUHETUKK. YpaBHEHHUE BUAa: V' = f
ax+by+c

11.1. AuddepeHumaAbHble ypaBHEHNS NepBOro nNnopsiAka. YpaBHeHue
y’=f(x,y). Teopema 0 CcyL,ecTBOBaHUN U €AUMHCTBEHHOCTHU PeLUEHUSA
3aaaun Kowun (6e3 pA0k-Ba)

Onpedenenue 11.1. JluddepeHunanbHbIM ypaBHEHHEM, Ha3blBAa€TCs YypaBHEHUE BUIA

Fxyy' ..., y™) =0, rae F(tot1ts,... tn+]) — HempepbiBHAS QYHKLWUS, OIPEACICHHAS B HEKOTOPON
o6macti D npoctparcTBa R, x — HesaBucHMas epeMeHHast, ¥ — GYHKLUS OT X, V..., y(") - ee

IIPOU3BOJIHBIE.

Onpedenenue 11.2. TlopsaxkoMm, ypaBHEHHWM Ha3bIBa€TCS HAWUBBICIIUKA M3  TMOPSIKOB

MPOU3BOJHBIX ¥, BXOIAIIUX B YPABHEHHUE.

OyHkuua f(x) Ha3pIBaeTCS PELICHUEM YpaBHEHHUs Ha MPOMEXYyTKe (a; b), eciau Ui Bcex x U3

(a;b) BeImONHsIETCS paBeHCTBO: F(Xf(X).f(X)...., f"/(x)) = 0. UHTerpanpHas kpuBas — 5T0 rpaduk

peLIeHus.

IIpumep 11.1. Pemuts ypaBuenue y' = 0. Ero pemenune: f(x) = Const, onpeneneHo Ha (-
00;+00). OTMETHM, YTO 3Ta MOCTOSIHHAs — MPOU3BOJIbHAS U PEILEHHE HE €UHCTBEHHOE, a NUMEEeTCs

0ECKOHEYHOE MHOXECTBO pPEIICHUH.

IIpumep 11.2. Pemuts ypaBHeHue y' =¢(x), x € (a;b) rae ¢(x) - HenpepbiBHas Ha (a;b)
¢yuknus. Ilycts F(x) nepBooOpasHast i ¢(x). Toraa ypaBHeHUE UMEET OECKOHEYHOE MHOYKECTBO
pemieHuil Ha (a;b) u Bce oHU umeroT Bua y = f(x) = F(x) + C, rae C — npou3BoJIbHas NOCTOSIHHAS.
Ectp mpsimoii crioco0® BeIOpaTh Kakoe-TO OJHO M3 TUX PELIECHUM, MOTpeOoBaB, HaMpUMeEp, YTOOBI

JUIl HEKOTOPOH TOUKU X € (a;b) BBIMONHAJIOCH YCIoBUE Y (Xg) = V¢ Toraa, NoAcTaBuB Xy B peLICHUE,



Mamemamuueckuii anaius
1 xypc 11l cemecmp

Bunem 11: JJugppepenyuanvhvie ypasnenus nepeo2o nopsoka. Ypasuenue y = f(xy). Teopema o cywecmeosanuu u

eduncmeennocmu peutenus 3adaqu Kowu (6e3 dox-6a). Ypasnenus ¢ pasoensiowumu nepemenuvimu. OOHOpoOHbIE
ypasuenus. Ipocmetiuue oupgepenyuanbhvle. ypagHeHus XUMUYeCKol KUKEmUKY. YpagHenue 6uoa:

, ax+by+c
y=fl————| (emp.2u37)

ax+by+c

nojyyaem yciosue yy = F(xg) + C, onpenesstomee C = yy - F(xp) o 1, TeM caMbIM, €UHCTBEHHOE

pelieHue y = f(x) ¢ yka3aHHbIM yCJIOBHEM.

_ s & %, 78 /——%\\\_4
- f/,»-"_"‘\\ \\.‘___,.i’/ ‘/—'-,\‘\\J
e ) /// e \\ t’ _,,,-——-.,,_\_x '
e anee et s b e : /,--’ \ o ]
= 4 WA

Puc. 1.1. Pemenust ypaBuenus y'= 0 Puc. 1.2. Pemienus ypaBuenus y' =¢(x)

PaccmoTrpum 3HauutenbHO Oosiee oOmIyHO cuTyaluio, uyeMm Obuia B mnpumepax. Ilycts
HccaeayeMoe ypaBHEHUE UMeeT BHI: V' =f(X,y). DTO ypaBHEHHUE MEPBOTO MOPSAKA, pa3pelIeHHOE
otHocutenbHO )’ (Tepmun "pazpemeHHoe" o3HauaeT, 4TO )’ BBIpAXKACTCS Yepe3 OCTaJbHbIC
BEJIMYMHEI, B OTJIMUKE OT ypaBHEHUs oOmiero Buna F(x,y,y’) = 0, U3 KOTOPOTO BBIPA3UTh )', MOKET

ObITh U He yaacTest). ChopMynupyeM BaXXKHEHIIYIO TEOpEMY.

Teopema 11.1 (O cywiecmeosanuu u eduncmeennocmu _peuwienus 3adauu Kowu). Ilycmo

o

f (t, ,tz) - nenpepuignaa gynkuua ¢ oonacmu D € R’ , npuaem a—(t1 ,tz) - TaK:Ke HelpepbIBHA
t2

y'=f(x.»)

B D. Torna nns 11000 TOYKH (xo,yo)eD 3a0aua Kowu:
J’(xo):J’O

HMEET PpelIcHue,

NpUYeM eIMHCTBEHHOE B TOM CMBbICJIe, YTO €CJIU €CTh /IBAa ee pellleHus y; U ), onpeaeseHHbIe
Ha MHTepBaJjax (a;;by) u (az;b,), comepxammx TOUKy Xg, TO OHH COBIAJAOT, HA MepecedYeHUn

(asb) 3THMX HHTEpPBaJIOB.
TeopeMy ocTaBuM Noka 0e3 10Ka3aTeIbCTBA.

3ameuanue. 1'oBopAaT, 4TO peuieHue yi(X) auddepeHuanbHOro ypaBHEHUST HAa HHTEpBalie

(a;;b;) ecth mpomoibkeHHE pemieHHs Y2(X) Ha (azby), ecnu (azhy) € (a;sby)  u yi(x) = ya(x) Ha



Mamemamuueckuii ananus
1l kypc Il cemecmp

Bunem 11: Jlugppepenyuanuvie ypasuenus nepeozo nopsoka. Ypasnenue y = f (x ). Teopema o cywecmeosanuu u

eduncmeennocmu peuienus 3adaqu Kowu (6e3 dox-6a). Ypasuenus ¢ pasoensiowumu nepemennvimu. OOHOpooHble
ypasnenus. Ipocmetiwue oupghepenyuanvhvie. ypagreHus XUMu4eckol KuHemuxuy. Ypasnenue euoa.
, ax+by+c
y=fl———| (emp.3u37)

ax+by+c

(az;by). Taxxke TOBOPST, UTO pelIeHUE y(X) — MaKCUMaJIbHOE WJIM HENPOIOJHKAEMOE OTHOCUTEIHHO

D, ecnu y(x) He 06aiaeT NpoJ0JLKEHUSIMH, IIEIUKOM JIeKamuMu B D.

Ha ocHoBaHuMM 3TOro 3ameuyaHuss MOXKHO CKa3aTb, YTO IIPU YCIOBHUSX TEOPEMBI CYLIECTBYET

€MHCTBEHHOE MaKCcUMasbHOEe (HEmpoaobKaeMoe) peieHue 3aaadu Komu.

I'eomeTpuyeckuii cMbicia c(HOpMYIUPOBAHHON TEOPEMbI COCTOMUT B cienyromeM. JleBas yacTb
ypaBHeHUs y' =f(x,y) mpencraBiseT co0oil )y’ - TaHIeHC yrija HakJIOHa KacaTeJbHOW K rpaduky
HMCKOMOM (YHKLIMM B TOYKE (X, V), a paBas 4acTh f(X,)) 3aJaeT €ro YMCJICHHOEe 3HaueHue f(x,y) B
1ol Touke. [103TOMYy MOKHO CUMTaTh, UTO YpaBHEHHUE 3ajaeT [OJe HalpaBJeHUNH Ha obsactu D,
T.€. K K&XJI0H TOouKe (X,y) € D mpUKperyieH BEKTOp, YKa3bIBAIOIIMN HaIlpaBJIeHUE KacaTelIbHOW K

HMCKOMOM MHTEPBAJILHON KPUBO.

[TosTromy cdopmynupoBaHHas BbIIIE TEOpEMa O3HAYACT, UYTO IPU BBHIIOJHEHUHU €€ YCIOBUM
gyepe3 KaxkaAylo TOUKy (X.y) € D NpOoXOQuT €JUHCTBEHHAs HENpO0/hKaeMasi MHTerpajbHas KpuBas.
[lepeiinem k mpocTeium Tunam AudpepeHalbHbIX YPaBHEHUH, 111 KOTOPBIX MOXHO B SIBHOM

BHUJIC HOJIy‘II/ITI) nux pemeHI/m.
11.2. YpaBHEeHUA C pa3AEAAILLMUMHNCA NEePeEMEHHbIMU

ypaBHeHI/IHMI/I C pasaCIArOMIMMUCA INEPEMCHHBIMU Ha3bIBArOTCA YpaBHCHUSA BHUOa

y'=f (x) g (y ), e f(x) - HempepbIBHA Ha HEKOTOPOM (a,b), a g(v) HenpepbIBHA Ha (¢, d), TpUIeM
g(y)# 0 ma (c;d). Tlockombky

L Rlely) e = o

TO UHTETPUPYsl 00€ YacTH MOCJIETHETO PAaBEHCTBA, jd—y =I f (x)dx . O06o3Hauas G(y) 100Yy10

g(v)

MepBOOOPA3HYIO IS %, arF (x) - m00y10 MepBOOOpa3HYIO I f(X), IEPENUILEM 3TO YpaBHEHUE
g\



Mamemamuueckuii ananus
1l kypc Il cemecmp

Bunem 11: Jlugppepenyuanuvie ypasuenus nepeozo nopsoka. Ypasnenue y = f (x ). Teopema o cywecmeosanuu u

eduncmeennocmu peuienus 3adaqu Kowu (6e3 dox-6a). Ypasuenus ¢ pasoensiowumu nepemennvimu. OOHOpooHble
ypasnenus. Ipocmetiwue oupghepenyuanvhvie. ypagreHus XUMu4eckol KuHemuxuy. Ypasnenue euoa.

, (a'x+b'y+cy

y=r )(cmp.4u37)

ax+by+c

B BUJIE G(y) =F (x)+ C. D10 — ncKkoMas MHTerpaibHas KpuBas. PaccMOTpUM HEKOTOpBIE IPUMEPDI

TaKuX ypaBHEHUH.

IIpumep 11.3. PaccmoTtpum ypaBHenue y' =ay, a # 0. OueBuano pemenue y= 0. Ecim xe y #

d
0 TO ypaBHEHUE MOXHO 3aMEHUTb TAKUM: J.—y = jadx , OTKyJ1a ln| y| =ax+ C . Ecnu cuurars, 4To y
y

>0,t0 Iny=x+C, orkyna y =e“e™ um y=ke™, k=e" >0. Ananornuno, npu y <0

nosnydaem y = ke, k <0.

IIpumep 11.4. PaccmoTpuMm ypaBHEHHE y’:2\/m . OueBuaHO penieHue - y(x)EO. IIpu

y >0 nMmeeM:
dy dy dy
w ey praelypelael=ee

2
OTKyJa mnpu X > 0 Haxoqum: y = (x—C) u x > C. Ananoruuso, npu y <0 x < 0 Haxoaum

y=—(x-C)’,x<C.

/.- : ; ! j -‘;. ;:IJ.. /
/ ,

:-u::,_—_“:.‘._::-""_’ L / : /f / £
7

—

: \‘\ / / /
\\\ \\ f ; :

Puc. 1.3. K npumepy 1.1.1 Puc. 1.4. K npumepy 1.1.2



Mamemamuueckuii ananus
1l kypc Il cemecmp

Bunem 11: Jlugppepenyuanuvie ypasuenus nepeozo nopsoka. Ypasnenue y = f (x ). Teopema o cywecmeosanuu u

eduncmeennocmu peuienus 3adaqu Kowu (6e3 dox-6a). Ypasuenus ¢ pasoensiowumu nepemennvimu. OOHOpooHble
ypasnenus. Ipocmetiwue oupghepenyuanvhvie. ypagreHus XUMu4eckol KuHemuxuy. Ypasnenue euoa.

, ax+by+c
y=fl——| (cmp.5u37)

ax+by+c

B Ttoukax (C,0) equHCTBEHHOCTb pelleHUs] Hapyulaercs (Mojy4yaeM HenpepblBHOCTh B 'y = 0

KOTOPOM OBITh HE 10JKHO). OTMETHM, YTO 3TO HE IPOTUBOPEUUT TEOPEME O €JMHCTBEHHOCTH: f(X,))

daf

=2v, =k, [A]'[A']" u bysKuns d_y - HE SBJIICTCS HENPEPBIBHOMU B HYJIE.

11.3. OAHOpPOAHbIE YypaBHEHUA

ITo OTHOPOHBIMK YPABHEHHSMH TOHUMAIOTCS ypaBHEeHUs Buia ' = f [Zj JUia ux peuieHus
X

TpeOyeTcs chenarb 3aMeHy y = fx, IIOCJ€ 4Yero HOJY4YUTCS YpaBHEHHE C Da3AelAIoIIMMUCA

NEPECMCHHBIMU.

IIpumep. Pemiuts ypaBHeHME
xdy = (x + y)dx.

xX+y

!
Ono umeer pemtenne X = 0. ITycts Teneps x # 0. [Ipeobpasyem ypaBHeHHE Tak: V =
X

Y
(mpaBast yacTh mMmeeT BuI 1+ - 310 omHOpomHOe ypaBHenue). ITonaraem y = tx. IIpu TOM
X

! ! l
Yy =1 -Xx+! u nomyuaeM ypaBHeHume (x+t=1+¢, t'x=1, t'=—, t=ln|x|+C . 3Hauur,
X
y:xln‘x‘Jer,
OtBet: x =0, y = xIn x| + Cx.

11.4. [Ipocteiwmne ypaBHEHHUSA XUMUUYECKOM KUHETUKHU
(TPMMOAEKYASIPHAA peaKkLUHns).

Hccnenyem mMareMaTH4ecKyr0 MOZENIb TPUMOJIEKYIPHON peakluyy, B KaXI0M 3JIEMEHTapHOM

aKTe KOTOPOH y4acTBYIOT TPU MOJIEKYJIbI WulM aToMa. Hanmpumep, paccMOTpUM peakiuio

2N0 + 02 g 2N02
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, (a'x+b'y+cy

y=r ) (cmp. 6 uz 7)

ax+by+c

B pesynbrare B3auMOACHCTBYS IBYX MOJICKYJI, IEPBOrO BELISCTBA M OJTHOM BTOPOTO MOJIy4aeM
JIBE€ MOJIEKYJIbI TpeTbero Bemectsa. [lycts y (1) = [NO], T.e. koHUleHTpanus BemecTsa N) B MOMEHT

1, y2(t) = [0,], TOTZ1a [0 3aKOHY AeHCTBYIOIMX Macc'

dy

i - —2ky12y2, .

dt dv. =2d _nN-C

= ay, =zay, =y, =
Dy 2
dt 1.2
rue k — KOHCTaHTAa CKOpPOCTH. Haiiném Vi
Y=k} (3, -C) = —— 2 k(y,-C) = d| — |=k| ——C
Y, dt N 17y,

O6o3Hauum z = [/y; Tornaa

' 3aKOH [eHCTBYIONIMX MAcC, OJMH M3 OCHOBHBIX 3aKOHOB (PM3HUECKOH XHMHUH: YCTAHABIIMBACT 3aBHCHMOCTh CKOPOCTH
XMMHYECKOM peakIi OT KOHIICHTPAaWi pearupyloIluX BEIIECTB M COOTHOLICHHE MEXKTY KOHIEHTPAIMAMH (W
AaKTHBHOCTSIMH) TPOAYKTOB PEAKINM W HMCXOMHBIX BEIIECTB B COCTOSHHH XMMHYECKOro paBHoBecus. Hopmexckne
yaénsie K. I'ympnbepr u I1. Baare, copmynmupoBapmme 3akoH necTByromux Macc B 1864-67, Ha3panu ' neficTByrormeit
Maccoi ' BEIeCTBa €ro KOJMYECTBO B €IUHUIIE 00BEMA, T. €. KOHLICHTPAIMIO, OTCI0J]a HaNMEHOBaHNe 3aKoHa. Eciu B

HICATTFHOM Ta30BOM CMECH WM UACATHHOM KHIKOM PACTBOPE MTPOMCXOMUT PEaKIUs:
aAd+ad'A' =bB+b'B’

(A, A' m T.n. - BemiecTBa, a, a' M Mm.0. - CTEXHOMETPUUECKHE KOIPPHUIMEHTHI), TO, COTIACHO 3aKOHY

JIEUCTBYIOIINX MAcC, CKOPOCTh PEAKIIUH B IIPSIMOM HAIIPaBIICHUU:

3neck [A] KOHIEHTpAIHs BemecTBa 4 U T.1.. k+ — KOHCTaHTa CKOPOCTH PEaKIHH (B IPSIMOM HAIPABIECHHUH), V4 3aBUCHT
OT TEeMIIEpaTyphl, & B Cydae XKUAKOrO pacTBOpa - TAKXKE U OT JABJICHUS; IIOCIEIHAS 3aBUCUMOCTh CYILIECTBEHHA .THIIb
IIpU BBICOKUX JaBJIEHUAX. BUI ypaBHEHMs HJI1 CKOPOCTH PEakUUM B IPSMOM HAalpPaBICHUU ONPEAENACTCS TEM, 4TO
HEOOXOANMBIM YCIOBHEM HIEMEHTApPHOTO aKTa PEaKIHH SBJIETCS CTOJIKHOBEHHE MOJICKY MCXOMHBIX BEHIECTB, T. €. UX
BCTpeYa B HEKOTOPOM MajioM o0beMe (TIopsika pa3Mepa MOJIeKyln). BeposTHOCTh HafTH B TaHHBIA MOMEHT B JaHHOM
MaJIoM 00BEME MOJIEKyny A TpOMOpIuOHANbHA [A]; BEpOSTHOCTh HAWTH B HEM OTHOBPEMEHHO a MOJIekyl A u a’
MOIIEKYTT A’ 1Mo TeopeMe O BEPOSITHOCTH CIIOKHOTO COOBITHS MporopuroHanbHa [A4]° <[A']" . Uucno CToNKHOBEHM
MOJIEKYJ NCXOJHBIX BEIIECTB B €AMHUYHOM 00BEME 32 €AMHNYHOE BpeMs TIPOIOPITHOHATEHO 3TON BEIIIUHHE.
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, ax+by+c
y —f(;) (cmp. 7 uz7)
ax+by+c
“E =
1-zC
k= 2z _1 CZ_1+1z=—i—i21n|1—Cz|+c,:s
1-zC C° 1-zC c C

r(z)z%—%lnp—q

a1x+b]y+clj

11.5. YpaBHEeHHUA BuAa y'=f(
ax+by+c

Takue ypaBHEHUs CBOIATCA K OJHOPOJHBIM 3aMEHOW NEepeMeHHbIX. B ciydae, ecnu mpsimble
ax+by+c, =0 u ax+by+c=0 nepecekatorcs B Touke (X,,¥,) , TO 3aMeHa
X=x-x,, Y=y—y, npuBener ypaBHeHuUE K OAHOpoAHOMYy. Eciu xe 3Tu mpsMble He
nepecekarotess, 10 ax+by=k(ax+by) u samena z=ax+by mnpuBeseT K YPABHCHHIO C

pasaAC/HArIMUMUCA IICPEMCHHBIMU.
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bunretr 12. AMHeHHoe aAnppepeHunarbHoOe ypaBHEHUE NepBOro
nopsiAka. YpaBHeHue bepHyAau

12.1. AUHelHoe aAnpPpepeHLunarbHOE ypaBHEHHUE NepBOro nopsAKa

Onpedenenue 12.1. IuHeliHBIM YpaBHEHHEM IePBOI0 NMOPSAKA HAa3bIBACTCS YPABHEHHE

BHIA

a(x)y' + B(x)y+y(x) =0,
rae o(x), f(x),y(x) € C(a,b), (a,b) - 3ananHbIi HHTEPBAL.
OObIyHO cumTaroT, uto a(x) # 0, u TOorna TMHEHOe ypaBHEHUE TPUHUMAET BU/I
Y+ p()y =q(x), (1)
rae p(x),q(x) € C(a,b).

Ecmu g(x) =0, to (1) — nuHeitHOE 00HOPOOHOE YPaBHEHNUE, B IPOTUBHOM CITydac OHO
HAa3bIBACTCS HEOOHOPOOHBIM.

Pemnm oqHOpOIHOE ypaBHEHNE
y'+px)y=0. (2)

OueBunHO, uto y =0 - pemenue (2). JIuneitHoe ypaBHEHUE YIOBICTBOPSET Ha (a,b) BceM
YCIIOBHSIM TEOPEMBI O CYIIECTBOBAHMM W E€IWHCTBEHHOCTH pelleHus 3aaaun Kommm, mostomy
KaKoe-TO JApyroe pemeHue (2), OTIUYHOE OT TOXKIECTBEHHOTO HyIsl, He oOpamiaercs B 0 HU B
OJIHOM TOYKE Ha (a,b).

Hrtaxk, cunraem, uro y # 0.

, , d
YV +px)y=0y =-px)y < 7y =—p(x)dx,

OTKymaa, obo3nauast P(x) mo0yio mepBooOpasHyro s GyHKIud — p(X), HaXOAUM B CiIydae
P(x)

y>0 In(y)=P(x)+InC, C>0, nmu y=Ce”™. Bcnyaae y<0: —y=Ce"™,

y=-Ce"™, C>0. Ocranock 3ameTuth, ut0 Gopmyna y = Ce”“nu npu C =0 naer pemenne

P(x)

ypaBHeHus (2). Takum oOpazom, y = Ce - peumieHue ypaBHeHus (2) npu Bcex C, u moboe

peuieHue (2) umeeT Takoi BUJ PU COOTBETCTBYIOLIEH NOCTOSTHHON C.

)Ianee HCII0JIB3YEM Memoo eapuauuu nOCmMOAHHBIX: NIICM PCIICHUC HCOJHOPOAHOTO

ypaBHenus B Buae y = C(x)e’™

. [Ipu aTOM
¥y =C'(x)e"™ + C(x)e™™ - P'(x) = C'(x)e"™ + C(x) p(x)-e"™.

[ToncranoBka B ypaBHEHHUE TAE€T
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C'(x)e™™ —C(x)p(x)-e"™™ + C(x) p(x)-e"™ = g(x), nm
C'(x) = g(x)e”™.

Unrerpupyem u, 0603Hauas Q(x) meppoodpasnyro mst g(x)e ™

C(x) =Q(x)+C,. Tornay = (Q(x)+ C,)e"™.

, IOJTy4aem

Oty (hopMyily MHOTJa 3aIIUCHIBAIOT B BUJIE
—| p(x)dx p(x)dx
y:(J.q(x)e J +C])eI ,

MOHMMas TI0JI 3HAKOM HMHTErpajga He BCE MHOXKECTBO IMEPBOOOPA3HBIX, a OJHY MPOU3BOJILHO
BBIOpPaHHYIO MIEPBOOOPA3HYIO.

Paz6epem nmpumep:

Ipumep 12.1. Pemuts ypaBHeHHE )’ = X + .

PemmM cHavana BcromoratenbHOE ypaBHEHHE ' = y. DTO — yXe 3HAKOMOE ypaBHEHHE C

pa3IeNAIOMUMHACS TIEPEeMEHHBIMU, uMetomee perieane y = Ce”. [l HaXOXKICHHUS pEIICHUS
HCXOJIHOTO YpaBHEHHSI HCIOJIB3YeM METOJI Bapuallid MOCTOSHHOW. MieM pemieHus: Haimiero
ypaBHeHus B Buae y = C(x)e’, rme C(x) — HexoTopas muddepernupyeMas ¢yHkiusa. Torma

y' =C'(x)-e" u, moaCTaBIsis B ypaBHEHHUE, [TOTYIACM:
C'(x)-e"+C(x)e" =x+C(x)e=>C'(x)-e" =x=>C'(x)=x-e".
NHTterpupys, HaxoauM:

C(x)= Ix-e""dx =-—xe " +Ie""dx =(—xe" —e " +C)e" =—x-1+Cie".

Torma y=(—x—-1+Ce")-e" =—x—-1+Cie".

HUrak, ™Mbl HanUIM pEHIEHUWE HCXOJHOIO YypaBHEHHs. JIpyrux pemieHuid y HEro Her,
IIOCKOJIbKY BBITIOJIHEHBI BCE YCIIOBUS TEOPEMBI O CYLIECTBOBAHUU U €AMHCTBEHHOCTH PELICHUS
3anaun Ko (x+y — HenpepbiBHAsI QyHKIUS a €e IPOU3BOJIHAA O Y, paBHas 1, TOXe).

Omeem: y =—-x—1+Ce".

12.2. .YpaBHeHue bepHyAru (n PUkkartu)

Vpasuenus Buaa y +a(x)y = b(x)y”, a € R HaspiBarorcs ypasnenuamu Bepuynnu.

Jiga o =1 peuieHue cBOAUTCA K TOJIBKO UTO pa3oOpaHHOMY ciydar. B ciydae o #1 npu
JeNeHnd Ha )* mostydaem:

Y2y + p(x)y™ = (x)
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37ech MBI cienany 3ameny z(x)=1/y*". 3ameTum, uTO TpHU JeNEeHHH HAa Y” MBI JOIDKHBI HE

!

3a0bITh ydecTh pemenue y=0 mis1 o >0 1L+ p(x)z=g¢q(x). TlomydyeHHoe ypaBHEHHE-

JIMHEWHOE YpaBHEHHE IIEPBOTO IMOPsAKA, KOTOPOE MBI PEIIAeM, HaPUMEpP, METOAOM BapHALMHU
nocTosiHHbIX. [1o HaliieHHOMY z(x) MBI BHIIUCBIBAEM PELLIEHUE V .

Ipumep 12.2. Pemum ypasuenue Bepuymmu (1+x°)y =xy+x°y°
(1+x)y =xp+x°y" < (1+x7)y /y =x(1/y)+x*,y =0,
o, —(+x)z=xz+x>,

3[IeCh MBI ClleNaliu 3aMeHy z=1/y u npu neneHuud Ha y Mbl yuiu pemenue y =0. Teneps,

pemast ypasHenue —(1+ x*)z = xz+x° Kak JIMHEIHOE OTHOPOIHOE, TIONYJaeM:
Inz=—(1/2)In(1+x*)+C < z=C(1+x*)"*.

1/2

Jlanee, uieM pelieHre HCX0MHOTO HEOHOPOAHOTO ypaBHeHus B Buze: z = C(x)(1+x*)”

~(1+x)z =xz+x¥ & -C1+x)"*=x" =

x’dx J~ (1+x*)-Dydx _

= C(X)Z_J (1+x2)1/2 - (1+x2)1/2

=—x/2-1/2)In(x+(1+x>)")+In(x+(1+x*)"*)+C=
=—x/2+(1/2)In(x+(1+x*)"*)+C.

Hostomy z =(—=x/2+(1/2)In(x+(1+x*)"*)+C)-(1+x*)"?, u 3amena 1/ y = z IpUBOANT K
OTBETY.

y ' 2
Heo0s3areabnblii MaTepuan. Ypasuenus suga Y +a(x)y+b(x)y” = c(x) naspiBatorcst ypaBHEHHSIME
Pukkartu. B oOmem criyuae ypaBHeHHs PUKKAaTH He PEIIAIOTCS B KBAJAPAaTypax, OQHAKO, €CIM YHAETCS OTHICKATH

YacTHOC pCUHICHUEC TO 3aMEHOU =z+ MBI CBOJUM aBHEHME PukkaTu K aBHeHUIO bepHymmisa
9

uacmuoe uacmioe

YactHoe peuicHue nimeMm nucexoas us3 npaBof/i qacTu YpaBHCHUA. HaanM €p, B ciy4dae

2 2n-1 2n-1
c(x)=c, x"+c,, x" +..+c, wmmem ero B BHge dXx"+d _x" +.+4+d;; B ciyuae

2nx (2n-1)x

c(x)=c, x" +c,, x (n=1)x

+..+c, nmem B Bune d e +d e +...+d,; B ciyqae c(x)=

x2n
umeM B Bune d / x" uTo.

Mpumep 12.3. Pemnm ypasrenne Puxkatn (1+x°)y —(x+2x)y—x"y* = x+x°.

Ucxons W3 BHja TpaBoil 4acTw, OyleM WCKaTh 4acTHOEe pelieHue B Bupe ) = axX+b . TloxcraBus sty
(bYHKIHIO B HCXOIHOE YpaBHEHHUE, MONyYaeM:

(I1+x)a—(x+2x*)ax+b)—x*(a’x* +2abx +b*) = x+x* &
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—a’x* =2a(b+1)x’ —(b* +2b+1)x* = (b+1)x+a=0

IIpupaBHsieM K HymIO Bce KodD(UIMERTHI MPU CTENeHsAX X , oTkyaa Haxoaum 3Hadenns a =0, b=—1, te.

4aCTHOC PEUICHUEC ) =—1. Cnenaem 3aMCHY IEPEMEHHOI0 ) = Z -1:

(I+x*)z —(x+2x°)ax+b)—x*(z=-1)’ =x+x" <
(I1+x*)z —xz—x2" =0.
HOJ‘Iy'-IeHO YpaBHCHHE BepHyJ‘IJ‘II/I, KOTOPO€ PCUICHO BLIIIE.

Omser: y=—1+(1+x*)"?-(C—x/2+1/2)In(x+(1+x>)"*)", y=-1.
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bunet 13. YpaBHeHUSA B MNOAHbIX AMpPpepeHunarax. YpaBHEHHNA, He
pa3peléHHble OTHOCUTEABHO MPOU3BOAHON. YpaBHeHHe NarpaHxa,
ypaBHeHHne Kaepo

13.1. YpaBHeHHA B NOAHbIX AUpPepeHumnarax

[TycTs neBast yacth AuddepeHInaIbHOTO YPaBHEHUS

P(xy)dx + Ofcy)dy =0 0
SIBJISIETCS TIOJIHBIM A depeHImaiom HeKOTopoit GyHKIuH Z = z(X,Yy), T.€.
Pleyds + Qs y)dy =dz. P=2 0= o

dx’ dy

Kak Oyner u3zBecTHo B 4 cemecTpe, HEOOXOAUMBIM U T0CTATOYHBIM YCIIOBUEM ITOTO CIYXKHUT

BBINIOJIHEHUE TOXKJIECTBA
OP/0y = 0Q/0x. 3)

B stoMm cnyuae ypaBHenue (1) HazbIBaeTCsi ypaBHEHHMEM B MOJHBIX AuddepeHnmanax u
peliaercs CienyroluM 00pa3oM: B TOUKaX MHTErpalbHONM KPUBOM OJHY U3 MEPEMEHHBIX X U Y
MOYKHO PAacCMaTpPUBATh KaK (yHKIHI0 apyroii* . TIpemonaras aist ONpeeeHHOCTH, 9TO y €CTh
¢byHK1Ms oT X, ypaBHeHue (1), B cuny dopmynsl (2), MOXKHO 3amMcaTh B BUJIE PAaBEHCTBA, I'lie
Z(X,y) — paccMaTpuBaeMas Kak CJI0KHast QyHKIUS OT X, WU

d(z(x,y)).
Orcrona noydaeM o6muii uHTErpa ypasHeHus (1)
z(x,y) = C, 4)

rae C — mpou3BoJIbHAS TOCTOSHHAS.

['eomeTrpuueckn oOmmii mHTETpan (4) mnpeacrtaBisieT coOOW CEeMENWCTBO JMHHUN YPOBHS
MMOBEPXHOCTH Z = Z(X,)).

Ecnu BhinosnHeHo ycnoBue noiHoro auddepenuunana (3), To A HaX0XKACHUS QYHKLUUU Z
MO>KHO TIOCTYIUTH CJIEIYIOIIUM 00pa3oM: U3 ypaBHEHUs (2) uMeeM

0z/0x = P(x,y), 0z/0y = Q(x,y). %)
Otcrona, uHTErpupys nepBoe paBeHCTBO GOPMYIIBI (5), HOTYyIUM
z=[PEy)dx + o), (6)

rae ¢(y) — HekoTopasi GyHKLHUS Om ).
Ucnonw3ys BTopoe paBeHCTBO popmyis (5), Oynem nmeTh

d{| P(x,y)d
(1) = 0(x.y) i (d);y) il

[Tpu Hanuuuu paBeHcTBa (3) GyHKIUA R(X,y) HE 3aBUCHUT OT X, TaK Kak
OR/0x = 0Q/0x - 0/0x[A(JP(x,y)dx)/dy] =
8Q/0x - 0/0y[O(IP(x,y)dx)/dx] = 6Q/ox - dP/y = 0.
[Tosatomy R(x,y) = R(y). llocnennee o0OCTOSTEIBCTBO MOXKET CIYKUTh KOHTPOJIEM
MPaBUJILHOCTH BBIKJIAJOK. ClleJ0BaTeNbHO,

¢'(»)=R(»), o) = [R)dy +C:.
W3 Gopmyinsl (6) OKOHUATENIBHO UMEEM

=R(x,y) ¢

1
HckmroueHre cOCTaBIISIIOT JIUILIb TOYKU (X,V), I/ie BBINOJHEHO ycioBue P(x,y) = QO(x,y) = 0.
Takue Touku Ha3bIBalOTCA 0COOBIMU Ui U depeHnnanbHoro ypaBuenus (1)
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z=[P,y)dx +[R()dy + C,.

B mocnenneit popmyiie npousBosibHas noctosHHas C; MOXeT ObITh MPOIYIIEHA, TaK Kak
UId ToJydeHus oOuiero uHTerpaiga (4) HaMm HyXHa ojHa (YHKUMSA Z, YIOBJIETBOPSIOIIAS
YpaBHEHHUIO (2).

IIpumep 13.1 Pemnts ypaBHEHUE

(2x - y)dx — (x - 2y)dy = 0. (7
P:Zx_ya Q:_(x_zy)a
OP/oy = 0Q/ox = -1

U, CJIeI0BATENIbHO, JieBas 4acThb ypaBHeHUs (7) siBiseTcs MOJIHBIM IuddepeHiaioMm HeKOTOpoit
GyHKIMH Z, T.€.

Pemrenue. 3nece

IIpU4YEM

(2x —y)dx — (x —2) =d=z.
Ha ocHoBanuu nocnenneit GpopMyinsl uMeeM
0z/0x = 2x —y, 0z/0y = -(x — 2y). (8)
WuTerpupys nepoe u3 HepaBeHCTB (§), HAX0UM
z=]2x = y)dx + o) =x* — 2y + 9(y).

Hcnonb3ys BTropoe u3 paBeHCTB (8), OyzneM uMerhb

0z/0y = -(x — 2y) = -x + ¢oL1(p).
Otcrona Haxo UM

¢LO)=2y

)
o0 =y +Cr
CnegoBaTenbHO,
z=x—xy+)y +C.
[Tonaras y = y(x), ypaBHeHue (7) MOXHO 3alucaTh B BUJE

dz(x,y) = 0.
Otcrona, mpuHsB 11 TpocToThl C; = 0, MmoTydaeM oOIIHi UHTETpal ITOTO ypaBHEHUS
X —xy+)y’=C, €))

rae, C — Mpou3BOJIbHAS TOCTOSTHHAS.
I'eomeTrpuueckn o0mmii mHTerpan (9) ectb CEMEHCTBO JIMHUM YPOBHEU JIITUNITUYECKOTO
2 2
napabononaa z = x* —xy + ) (puc. 1).

Puc.1

13.2. YpaBHEHHSA, HE pa3peLIEeHHbI€ OTHOCUTEAbHO MPOU3BOAHOM.

OO1ee ypaBHEHHE IepBOro mnopsaka F (x, V, y’):O MO>KHO MBITaThCS PEIIaTh pPa3HbIMU
METOIaMH.

BO-HCpBBIX, MOKHO IOIIBITaTBECA BCC-TAKHW €TI0 PCIIMTL U CBECTH HCXOJHOC YPAaBHCHUC K
OJTHOMY HUJTH HECKOJIbKMM YpaBHEHHSM BHIA ' = f (x, y).
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VYpaenenue Jlacpanorca, ypasuenue Knepo (cmp. 3 uz 4)

IIpumep 13.2. Pemuts ypaBHEHHE (y’)2 —y? =0. YpaBHenue, nocjie IpeoOpa3soBaHus K

BUAY (y’ - y)(y’ + y) =( gacT paBHOCWJIBbHYIO €MY COBOKYITHOCTh {y,
y ==y

y=_Ce"

, OTKyJ1a :
l: y=Ce™

Hpyroii cnocod — 66edenue napamempa.
IMpumep 13.3. Pemuts ypaBuenune y =x+y ' —In y’.

MO>HO pelInTh ypaBHEHHE TaK: BBeaeM napamerp p =y’ . Torma y=x+ p—In p, oTkyma
d, d,

dy=dx+dp ~P Ho dy = y'dx = pdx m MBI IPUXOIMM K ypaBHEHHIO pdx = dx +dp e
P P

(p—l)dx:p—_ldp.
p

d,
Ilpu p#1 w3 oTOrO0 ypaBHEHUS IOJIy4yaeM  dx = @ , x=Inp+C. Torma

y=x+p-np=Inp+C+ +p—Inp=p+C u Mb nOTy4acM NapaMeTPHUICCKHEC YPABHCHHUS:
x=lnp+C
{ y=p+C

B aTOM cnydae mapameTp p yaaercs HCKmo4uTh: In p=x—C, p=e*“u y=e"“+C -
SIBHOE PCIIICHUE.

B cnyqae p=1 w3 y=x+ p—In p nmonyqaem y=x+1.

OrBer:y=¢"“+C y=x+I.

VYKa3zaHHbIN ITpUeM NPUMEHUM K ypaBHeHUsAM Jlarpanxka u Kiepo. Ypaeunenue Jlazpansca
UMEET BUJ ) = ¢(y’)x +(//(y’) , TIe ¢( p), l//( p) - muddepennupyembie Qyaknuu. [lomaras
y'=p, nonyyaem y = ¢(p)x +l//( p). Hudbdepenuupysi, momydaem:

dy = x¢'(p)dp +¢(pldx +v'(p)dp <
pdx = x¢'(p)dp+¢(p)dx+v'(p)dp
(¢(p)-pldx+x¢'(p)dp = —y'(p)dp .

[Ipenmnomnaras, 4ro ¢( p) # p, IOIy4aeM ypaBHEHUE:

perr 20 g vl
¢(p)-p ¢(p)-p
J'H/IHCI\/’IHOC OTHOCHUTCIBHO X . ﬁ'FM'X = —M . PeIHaCM €ro yKa3aHHI)IM BBIIIIC
dp  ¢(p)-p ¢(p)-p

METOJIOM H TIOJIydaeM BBIpQXKEGHHE Ui X Yepe3 p U MPOU3BOJIBHYIO TIOCTOSHHYIO
C, x=x(p,C). Torma y = ¢(p)x(p,C)+w(p).

Ypagénenue Knepo — 310 dactHbll citydail ypaBHeHus Jlarpanxka: y = xy’+y/(y’). BBoasa
napamerp y' = p, HoJydaeM y = xp +l//( p) (T.e. ¢( p): P, KaK pa3 OCTaBIIMIACS CITydai),

dy = pdx = xdp+ pdx+y'(p)dp <
(w'(p)+x)dp =0.

Torna, ecmut dp=0, 10 p=C U y= Cx+t//(C) - 970 obmee pemenune ypasHenus Kiepo.
Ecmm ke t//’( p)+x =0, TO 0003HAaUMM pEHICHHE O3TOTO YyPaBHCHHSI p = a)(x) Torna
y = xo(x)+y(o(x))

13.3. UHTErpupyrowmii MHOXUTEAb AMHEHHOIO YpaBHEHMUS.



Mamemamuueckuu ananus
1 kypc 11l cemecmp
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Ypaenenue Jlacpanorca, ypasuenue Knepo (cmp. 4 uz 4)

HeoOs3aTenbHbI Ha SK3aMeEHE ITYHKT, I[aIOH_[I/Iﬁ npeacTaBjJCHUEC O TOM, UYTO TaKOC HHTerprlOI]IPIf;I
MHOKHUTECJIb.

PaccmoTpum nuHelHOe ypaBHEHUE
Y o)y =qx)

dy +p(x)ydx = q(x)dx. (10)
OOIIMM UHTETPUPYIOLIMM MHOKUTEIEM IS JIEBOM M MPABOM YacTell ypaBHEHMS, KaK JIETKO HEMOCPEACTBEHHO
MIPOBEPHUTD, ABJISIETCSA (PYHKIIHS

nimn

U= er(x)dx.

B camom pene, ymuoxas (10) Ha y, oueBHIHO, UMEEM
er(x)dx dy + p (x ) er(x)dx y dx = q (x ) efp(x)dx;
orcroaa
d(y er(X)dX) =q (x) er(x)dx dx.
CrenoBaresbHO,
y er(x)dx =C+ J"q(x) er(x)dxdx’
rae C — mpou3BOIIbHAS OCTOSIHHASL. DTO HauboIee MPaKTUYHBIN CIOCO0 pelIeHHs JINHEWHOTO YpaBHEHHSL.
IIpumep. Pemuts ypaBHeHUE

y'-ay = f(x), (11)

rJie a — MOCTOSTHHAS BEJIUYHHA.

Pemenune. 31ech

U= efjadx — e—ax
WIH
dy e™) = e™ f{x)dx.
Orcrona
ye™=C+[e™ fix)dx

i

y =™ [CHe ™ f(x)dx].
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bunem 14. Jupgepenyuanvuvie ypasrenus n —2o nopsoka. 3adaua Koww ons ypasuenust

y(n) = f(x,y, y', cees y(n_l)) . Ilonuoicenue nopsoka oupgepenyuanvroco ypasnenus (cmp. 1 us 5)

buner 14. AnppepeHunarbHble ypaBHEHUSI N —ro nopsiAka. 3apaya
Kowwu anrs ypasHenua y"™ = f(x,y,y,...,y" V). MoHuxeHne nopsaka
AMppepeHUHUaAbHOro ypaBHeHHUA

14.1. AundppepeHumnarbHble ypaBHEHUA N —ro nopsaka. 3apavya Kowwu
ara ypasuenus Yy = f(x,y,9,...,y" ).
Paccmotpum muddepennmanbioe ypaBHEHHE N-TO MOPSIIKA, Pa3peIIeHHOEe OTHOCUTEIBHO
N-O¥ MPOU3BOIHOM:
Yy = fxy Yy ) (1)

-1 9 o)
™V . HexoTOpBIi 3amaHHBIi HAGOP UMCel.

!
Teopema 14.1. Ilyctb X,,¥,,Yg.- Yo
IMycts ¢ynkuus oT n+1 nepeMeHHBIX f(X,y,y,...y""" )o6aanaer ciaeaylomumu
CBOIICTBAMM: OHA HellPepPbIBHA HA COBOKYIIHOCTH IepeMeHHbIX B 00J1aCTH |x — x0| <d,,

(n-1) _ (n-1)
y A ‘ S € (2)
(n-1)

’ ’
|y—y0|380, |y _YO|S‘C"I7 )
U NYCTh YaCTHbIC€ IIPOU3BOJAHLIC o aprymeHram , ’,..., OorpaHm4ieHnl (310, B
y p pry Y, ¥,y p s

YACTHOCTH, BbINOJHEHO, €CJIH IJTH YacTHble TMPOM3BOJHbIE HeNpepbIBHbI B
paccmaTpuBaeMoii 00J1acTH).
Toraa cyumecTByIOT Takue ynciaa 6 >0 u takast pyHkuus y = ¢(x ), onpeaeaeHHas

B HHTepBaJje |x - x0| <9d,,4To

(n) _ ' (n-1)
P (X) = (X0(X). 0 (X),...0" (X)) 3)
AJIS1 BeeX X M3 3TOro HHTepBaJia, IpuYeM
_ ' . (n-1) _ (D
P(X0) =Y @' (Xg) =Yoo @7 (X ) =Y, (4)
Be3 1oka3arejbcTBa
-1
IMoydeHHOE peIIeHHe ((X) 3aBHCHT OT 3aJaHHBIX UHCEN Y,,Yh,...y, . Ecmm
CUMTATh 3TH YHUCIA U3MEHAIOMMMUCS napaMmerpamu U o6o3Hauute C,..,C |, TO pelieHne

y=¢(x) ypaBHeHus (1), cooTBeTCTByIOLIEE TaKOMy BbIOOpY HapaMeTpoB 0003HAYUM
o(x,C,,...,.C__, )1 Ha30BEM 00uUM peutenuem.

[Ipn ¢ukcupoBaHHBIX 3HAUeHUAX (4) MOJIy4yaeM uacmHoe peuieHue, UlU peuieHue
3a0auu Kowiu c¢ nauanvnvimu ycinosuamu (4). I'padux >3TOTO dYacTHOrO peIICHUS —
UHmMeZPANbHAA KPUBAS.

[IpuBeném npumep pemrenus 3aaaun Komm i ypaBHeHus

m o__
y"=1 )
¢ navanpHeIMU yenoBusamu y(0) = 1,y'(0) = 2,y"(0) = 3.

3nech QyHKIMA f TOXKISCTBEHHO paBHA | M BCE yCIOBUS TEOPEMBI BHIIIOJTHEHBI B JIFOOOH

TOYKE X,,¥,, Yo, Y- [IpPOMHTErpHpOBaB ypaBHeHHE | pas, moiaydaem
y'=x+C, (6)

IMOCJIEC CICAYIOIICTO UHTCTPUPOBAHUA UMEEM
2

y':%+COX+C] (7)
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-1

y(n) = f(x,y, y', cees y(n )). Tonusicenue nopsioxa ougpghepenyuanvroeo ypasnenus (cmp. 2 us 5)
Haxouwnerr,
3 2
x> C,x
y":?+ ‘" +Cx+C, (8)
rAc — MPOMU3BOJIBHBIC ITOKA IMOCTOSAHHBIC IMOIJIC)KAT BBIYHMCICHUTIO

3amaaum Touky X, =0,y, =1y, =2,y; =3: 9)

Torna, noacrasiss B (8) x, = 0 HaxoauM:
y, =1=C,.
[Toncrasus x, =0 B (7), monydaem y, =2 = C,, HakoHeL, u3 (6) monydaem C, =3.

Wtak, nckoMoe pelleHne ¢ 3aJaHHbIMM HavajdbHbIMM YCIOBUAMH (9) uMeeT BuUJ

3 2
" X

=—+ +2x+1.
7%

OtmeTtuM, uTO ypaBHEHHE (5) YIOBJIETBOPSET BCEM YCIOBUSIM CHOPMYIMPOBAHHOM
TEOPEMBI, TIOITOMY JIF000€ €ro penieHre noryqaercs mo Gopmyne (8) mpu moaXoAsIIeM BEIOOpe
gucen C,,C,,C,.

14.2. [loHHUXeHHe nopsiaka AmppepeHUnarbHOro ypaBHeHUSA

JuddepenuranbHOe ypaBHEHUE N-T'O MOpsIKa OOLIero Buaa

F(x,y,y,...y")=0 (10)
B HEKOTOPBIX CIIy4asX MOYKET OBbITh CBEJIEHO K YPABHEHUIO MEHBIIEr0 HOPAIKA.

Cayuaii 1. Ypasuenue (10) He cCOIEpXUT X, T.€. UMEET BU/T
F(y,y,..y™")=0 (11)
[Ipumem y 3a HE3aBUCUMYIO TIEPEMEHHYIO, @ y' = [§ — 32 HOBYIO HEHU3BECTHYIO (DYHKIIHIO.
Torna, mo npaswmity nuddepeHITupOBaHUs CIOKHON (YHKITUH,

,_dy _dy’ dy d d
_dy'_dy' dy _dp o dp (12)
dx dy dx dy dy

u, cornacHo (12),
. d " d " d " d d d2 d 2
y == ) S P o p SR P (13)
dx dy dx dy (" dy dy dy

(n-1)
0

U T.J0.
Ilpy MmojCTaHOBKE HAWIEHHBIX 3HaueHWd y'",...,y B (11) monydaem ypaBHEHHE

nopsaka n —1

n-1
F(y,p,d—p, d p] =0.
Y

IIpumep. Pemure 3anauy Komu:

yryw — 2yr3 + (yrr)Z , (14)



Mamemamuueckuti ananu3s
1 kypc 11 cemecmp
bunem 14. Jupgepenyuanvuvie ypasrenus n —2o nopsoka. 3adaua Koww ons ypasuenust

y(n) = f(x,y, y', cees y(n_l)) . Ilonuoicenue nopsoka oupgpepenyuanvroco ypasnenus (cmp. 3 u3 5)
y(0)=0,y'(0)=1y"(0)=0

2 2
IMonaraem y' =p, Torma y" =Pd—p, y"=|p d Iz) + & p
dy dy dy

cornacHo (12) u (13), oTkyna

JIu6o p =0, mubo

P _2-0. (15)

B nepBom cnyqae y'=0, y=C - oueBHIHO, pEIICHHE UCXOJHOTO YPAaBHEHHS, OJHAKO HE

naromiee pemenus 3anaun Komm (14).

WuTerpupys no y o6e yactu ypasHenus (15), noaydaem

@:2y+CO,
dy
p=y2 +C,y+C,. (16)

W3 HavyabHBIX YCIOBUI:

mpu x =0, p=y'=1,a y=0, moaromy
1+0+0+C,, C, =1, aTak kak o (12) , y”:pj—p:p(2y+C0),anx:0 nMeeM,
Y

BBHIYy TOrO, uto y(0)=0,y'(0)=1,y"(0)=0:
0=12-0+C,), C, =0.

CnenoBarenbHo, (16) mpuHUMaeT BUJ

dy 2
=—=y +1,
p dx y
dy
——=dx, arctgy=x+C,
y +1

npu x =0, BBuay (14), y=0, otrkyna0=0+C,, C, =0.
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y(n) = f(x,y, y', cees y(n_l)) . Ilonuoicenue nopsoka oupgepenyuanvroco ypasnenus (cmp. 4 us 5)
B utore nonydaem: y =g x.

Cryuaii 2. JleBas uacts (10) He comepxury, r.e. F(X,y',...y"" )=0

(n-1)

Iomaraem y' =p,y" =p’,...y"™ =p H TI0JIy9aeM ypaBHEHHE TIOpsaKa n-1

F(x,p.p,...p™™" )=0
Ecim e BMecTe ¢ y OTCYTCTBYIOT H Y,V ...,y * " k <n, T.e. ecrn

F(x,y™,..y"")=0,

10 3aMeHa z = Y/ 1aér ypaBHeHue nopsaka n-k:
F(x,z,...2")=0
IIpumep:
xy"'—y' =1

[Momoxum y' =p,y" =p'. Torna

xp'=p+1, d—p:dx, ln|p+l|:lnC+ln|x
p+1

2

cumTas, uto p > 0,x > 0, moyrygaem B 3TOi o0acTu

2
p+1=Cx, j—y:—1+Cx,0TKy)1a y=—-X+
X

+C,.

Cayuaii 3. (Ha 3x3amMeHe He00s13aTeJIbHO!)

(n)

Vpasuenue (10) — ogHOpoaHOE 110 Y, y’,...,y , T.e. s aroboro k

FCx, by, ky',.... k™) =k “F(x, v, 3",..., v™) (16)

I a — TI0Ka3aTellb OJJHOPOIHOCTH.
TTonoxxum

y = eJ‘udx

IJie U — HOBas HeW3BeCTHas (DYHKIIMSA, a MO Iudx MOHUMAaEM TIPOM3BOJIbHYIO TIepBooOpasHyro. [locaenoBarenbHO
HaXOJIMM:

y=y-uy' =(y-u)=yut+tyu'=y(u'+u’) urxn (17)
IMoxacrasinsist B ypaBuenue (10) u yuutsias (16), nomydaem:
F(x,y,yu,...)=0
yF(x,,u,.)=0
YTO MPUBOJIUT K AU((epeHITHaTbHOMY YPaBHEHHIO
F(x,uu',..,u™")=0
IIpumep:
xyy"—xy"”* =yy'

judx

xy’(u' +u?)—xy*u’ = y*u wm, npu y # 0(a y = 0, oueBuzso, pemenue),

ToKa3aTenb a OMHOpoAHOCTH 1o Y, Y',y" paBen 2, nonaraem y = € U ucnojb3yeM (opmyisr (17):

!

du Cxdx 2 2
xXu :u,—:u,u:C(x),y:ej =™ e —C e™
dx 2

b
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y(n) = f(x, y, y', cees y(n_l)) . Ilonuoicenue nopsoka oupgpepenyuanvrozo ypasnenus (cmp. 5 us 5)

rac Cl ,C2 > O - IPOMU3BOJIBHBIC ITOCTOAHHBIC.

2
Eciu pacemorpers ciydait C, =0, 1o popmyna y = Czec‘X u pemenne Y = 0.
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bunretr 15. AuHelHbIe AupPepeHLUUarbHbIE yPpaBHEHUS N-HOrO
nopsiAka. CBorcTtBa AMHEHHOIro AMpPepeHLUnarbHOro ypaBHeHHUs n-
HOro nopsiAka

OO6mwmit By JIMHEHHOTO MU PepeHINATEHOTO YpaBHEHHUS N-HOTO MOPSIIKA:
y(")+Pn_] (x)y("_])+...+P](x)y'+PO(x)y:f(x) €))
QOyuxuun £ (x) e P (x) HA3BIBAIOTCA KOXPPHUIIMCHTAMH ypaBHEHUS, [ (x) - €ero

n

CBOOOJHBIM YJIEHOM (MJIM [IPABOM YaCTbIO).
Ecmu f (x) =0, TO 3TO ypaBHEHUE HA3bIBACTCS OJHOPOIHBIM, €r0 BUJ:

Yy 4P (x)y("_]) +..+B(x)y'+B(x)y=0 ()
Ecmu ke f(x)#0, 10 ypasnenne (1) — HeOXHOPOAHOE.
Tpeanonaraercsi, uto Bee GyHKUMH Py (x),..., B, (x) u dynkuus f(x) HenpepbiBHEI Ha

HEKOTOPOM HHTEpBaJIe (a;b) (BO3MOKHO, YTO (a;b)—6GCK0HeqHLH71 WHTEpBaI).
[IpencraBnss ypaBHenue (1) B Buze
=P (x))" = =R (x)y =R (x) y+ £ (x)
COOTBETCTBYIOIIEM ypaBHeHHUIO (1) mpenbiaymiero Owmiera, oOHApYKHUBAaeM, YTO YacTHHIC

IPOU3BOHBIE HPaBOH YacTM 10 HepeMeHHbM  y,),..., " ™"

paBHBbI, COOTBETCTBEHHO,
—F(x),....,—F,_,,(x) ¥ ABJIAIOTCS HENPEPHIBHBIMH Ha (a;b) GYHKIUSAMHU.

[TosTomy, mo cdopmynupoBanHo B Ounere Teopeme 14.1 O CylmiecTBOBaHMH W
e/IMHCTBEHHOCTH pelllenus 3a1aun Ko, as mo6oro HaGopa uncen x, € (a;5), vy, Voseor vy
CYLIECTBYET €AMHCTBEHHOE pelieHne y = @(x) ypaBHeHus (1) Takoe , uTo

o (x)=y,",k=0,.,n-1.
Mo:xHO T0Ka3aTh, 4TO pelieHue y = @(x) ONpeAesieHO Ha BCEM (a;b).
VYpasuenus (1) u (2) Mbl yacTo Oy/1eM 3aITMCHIBATH B BHJIC
L() = f(x) 1 L(») =0,
COOTBETCTBEHHO, I'/I€ UCIOJIb30BaHO 0003HAYEHUE
L(y):y(") +P (x)y("_]) +..+B(x)y' +B(x)y 3)

L(y) Ha3biBaeTcs JUHEWHBIM U depeHIHaTbHbIM ONEPaTOPOM, COMOCTABIISIOIIMM N-pa3
mudpdepeHurpyeMoil (YHKUHMKM y HOBYIO (YHKIMIO, MPEICTABISAIONIYI0 COOOW pe3ysbTar
BBITIOJTHEHUS BCEX coJiepKamuxcs B (3) AelCTBHiA.

Hampumep, L(y)=)y"+y,a y=¢e",10 L(y)=¢" +e" =2¢".

B cnydae, ecnmu y = cos(x), moyaum L(y) = (—cos(x))+cos(x)=0.

Nmeer mecTo Teopema.

Teopema 15.1 Myers L(y) - nuneiinblii pudepenuuaibubiii oneparop (3). Toraa st

JIO0BIX ABYX (pyHKUMH ), ),, HMEIOLIMX HA (a; b) N MPOM3BOHBIX U JIO0BIX uncena C;,C,

nMeeM
L(Clyl +czy2)=clL(yl)+CzL(y2) 4)
<«Ilo cBoiicTBY nMpon3BoAHOM TOpsiaka k:
(clyl T, )(k) = clyl(k) + Czygk) (5)

CorunacHo onpenenenuto (3) u ucnomab3ys (5), noyryyaem:
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Ley +6p,)=(cy +6,p, )(n) + P (x) (e +6,p, )(n_l) ot

+£ (x)(clyl +czy2) = Clyl(n) +Czygn) +P,, (x)(clyl(n_]) +Czy§n_]))+ et

+h (x)(clyl +czy2) =¢ (yl(n) +F,, (x)yl(n_]) +..+F (x)y1)+
+c, (ygn) +P (x)ygn_]) +..+ P (x)yz) = clL(yl)+ch(y2) >

Cnencrue. Jlns moObIX GyHKOAHA Vi,-..., ), , HUMEIOIMIHAX Ha (a;b) N TPOU3BOJHBIX U
JrO0BIX YHCEI C,...,C, MMEEM
L(c]y] +..+ cmym): c]L(y])+ ...+cmL(ym).
PaccmoTpuM MHOKecTBO perieHuid ypaBHeHus L(y)=0.

Teopema 15.2 MHOKeCTBO pelleHUI JMHEHHOI0 OAHOPOAHOro JH(p¢epeHIHATBLHOrO
ypaBHeHHA (2) siBJIsieTCS BEKTOPHBIM NPOCTPAHCTBOM.

<« /loctaTOuHO J10Ka3aTh, YTO €CIHU J,, )V, - PElIEHUs ypaBHeHus (2), T0 y, + y, - pelIeHHe
(2), m ecnu y - peuieHue, a ¢ - Jro0as MOCTOsIHHAS, TO ¢y - peuieHue (15.2). [eiicTBurensHo,

eciu L(y])zouL(yz)zo),To nmo Tteopeme 15.1, L(y]+y2):L(y])+L(y2):0 u

L(cy)ch(y)zc-OzO.b
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buaer 16: AuHeHHas 3aBUCUMOCTb QyHKUMUHU. OnpeaeAuTeb BpoHCKOro

[lepeiinem k Oonee IIyOOKOMY H3YYEHHIO CBOWCTB BEKTOPHOTO IMPOCTPAHCTBA pPELICHUI
ypaBHeHUs (2). MBI yCTaHOBUM HHUKE, YTO OHO HMEET Pa3MEPHOCTh .

Onpedenenue. Ilycts y, Y, - QyHKOMH, MMEIOIME BCE NPOM3BOAHBEIC 10 (n — 1)-r0

HOpsIJIKa BKIKOYUTENBbHO. Onpedenumenem Bponckoco W =W (t) byakumii y, ..., Y, Ha3bIBACTCs
BEJIMYHHA
Vi S
Vi S
W=l (1)
(n-1) (n-1)
Vi S
Onpedenenue. Ilycthb y, ¥, ompeneneHbl Ha nHTepBane (a,b). Mbl Ha30BeM UX JUHEUHO
gnpeoenenue. yeres
3A6UCUMbIMU, ECITA CYIIECTBYIOT OCTOSIHHBIE C;  C, HE BCe paBHble 0, TaKue, 4To [yIs Beex
xe(a;b) gy, +..+c,y, =0 (2)

OyHKIMH, KOTOpblE€ HE SBIAIOTCS JIMHEWHO 3aBUCHMBIMH, HA3bIBAIOTCS JIUHEUHO
He3asucumviMy. JIuHEiHas HE3aBHUCUMOCTh O3HA4YaeT, YyTO M3 paBeHCTBa (2) cienyer, 4To

q=c¢=..=¢,=0

Teopema 16.1 Ecam y, yeeey Vs = JIMHEHHO 32BHCHMBI M MMEIOT NPOU3BOHBIE 10 (N —1) -
ro MOPsIKA BKJIYHTEIbHO, TO W (x) =0 ,X€ (a,b).

<« Tlo ycnoBuio, CyIIecTBYIOT He Bce paBHbie () ymcia Takue, 4yTo Ha (d,b) BBIMOIHAETCS
TOX/IECTBO

ey +..te,y, =0 3)
B3sB mpou3BoHYI0 OT 00€UX YacTel, MOIyquM:
ey +..tc,y, =0 4)
Ananorudso,
ey +ote,y =0 )
e+t "V =0 6)
PaccmoTrpum mpousBoibHOE X € (a;D) . PaBencTra (3-6) MOXKHO paccMaTpHBaTh KaK CHCTEMY
JMHEWHBIX OJHOPOIHBIX YPaBHEHHH OTHOCHUTEIBHO HEHU3BECTHBIX C,,..., C,. IOCKOJNBKY 3Ta
CHCTEMa UMEET HETPUBUAIIBHOE PEIIeHHUE C,...,C, (ITO O3HAUYAeT, HE BCE C, ,..., C, paBHBIX 0), ee

onpenenutens W(x) nomken 6biTh paBen 0, T.e. W(x)=0, x €(a,b)

ObparHast Teopema B oOuiem ciydyae HeBepHa. PaccMorpuMm, Hampumep, QyHKUUU

x5, x>0 0,x>0 C2x%,x2>20 0,x>0
= 5 = N JJIs1 KOTOPBIX = N = 158 nx
7 0,x<0 Y2 x2,x<0 P ¢ 0,x<0 72 2x,x<0
W oy : o X 0-0-2x,x>0
onpenenanuTess Bpouckoro | . |=V )V, L) = 5 TOX/IeCTBEHHO paBeH 0.
DI 0-2x—x"-0,x<0

2
Omnnako ecmu ¢y, +¢,y, =0, 10 mpu mo6om x>0 mnomysaem ¢, x” =0, otkyma ¢, =0, a

npu mobom x <0 momygaem c,x° =0, otkyma ¢, =0. ITostoMy GYHKIHE p, W ), JTHHEHHO

HE3aBUCUMEL. P>



Mamemamuueckuti ananu3s
1 kypc 11 cemecmp
bunem 16: Jlunetinas 3asucumocmo @ynxyuii. Onpedenrumens Bponckozo (cmp. 2 uz 2)

Tem He MeHee, BepHa CIIeAyIoLas BaKHas TEOpeMa.
Teopema 16.2 Ecnu Y, yeeey Vs SIBISIIOTCS pellicHHeM ypaBHeHusi (15.2) u B HeKkoTopoi

Touke X, € (a;b) W(x,)=0, 10 ), serr,Vy JIHHEIHO 32BHCHMBI Ha (a,D) (4, clen0BaTEAbLHO,
W(x)=0, x, €(a;b).

<« PaccMOTpUM cHCTEMY JTMHEMHBIX YPAaBHEHUH OTHOCHUTEIBHO
HensectHbIx

ey (x)+..+c,y,(x,)=0
e, (%) + .t ¢,y (x,) =0
TR I (7)
(n—1) + 4+ (n—1) — 0
Clyl ('xO) cnyn (xo)
Ee ompenenutens pasen W(x,) Ilo ycmosuto, W(x,)=0. 3uauur, cucrema (16.7) umeer

HETPHUBUAIIBHOE pEUIeHHe C,...,C,. Paccmorpum ¢yHKmuoo ¢y, +...+c,y, =0. Ilo teopeme

-
(15.2) aBnsiercs pemenueM ypaBHeHus (15.2). PaBeHcTBa MOKHO paccMarpuBaTh Kak yCIOBUS
3amaun Komrm,

Y (xo) =0
Y (xo) =0
2
(n=1) —
y(%)=0
KOTOpasi, 1o Teopeme 14.1 umeer enuHCcTBEeHHOE penieHue. Bmecte ¢ Tem, pynkuus y =0 Taroke
ynosierBopsieT ypaBHeHuto (15.2) u ycnosuto (8). Beuny enuucreernnoctu, y =Y =0. Takum
00pa3soM, CymecTBYIOT He Bce paBHble 0 OCTOSHHBIE ¢, C, Takue, 4to ¢, +..+¢,y, =0.

[ostomy ;. ¥, - nuueiino 3asucnmsl Ha (a,b). CnenosarensHo, no Teopeme 16.1 W(x)=0
Ha (a,b).»



Mamemamuueckuu ananus
1 kypc 11l cemecmp
bunem 17 @ynoamenmanvras cucmema peuteHutl IUHEUH020 0OHOPOOHO20 OUpDepeHYUaIbHO20 YPAGHEeHUsT 11— 20
nopsioka. (cmp. 1 uz2)

bunretr 17. dyHAaMeHTaAbHasa cucTtemMa pelweHUuu AMHEHHOro
OAHOPOAHOIo AMPPepeHLUnarbHOro ypaBHEHNA n—ro NopsAkKa

Onpedenenue. JoOble n JNUHEWHO HE3aBUCHUMBIX PELICHUM JMHEWHOTO OJIHOPOJHOIO
I epeHInaIbHOrO0 YpaBHEHUS 7 -HOTO TOPsiIKa Ha3bIBAETCA hyHOAMEeHmAanbHOU cucmemou
peuieHuti 3T0ro ypaBHEHHUS!.

W3 npenpiaymiux TeopeM cpasy cienyeT elle oJHa BaXKHas Teopema.

Teopema 17.1 Pewennst y, 7V, ypaBHeHHs o0pasyioT ¢yHIaMeHTAIbLHYIO CHCTeMY
pelieHnii 3TOr0 ypaBHeHHSl TOrAa M TOJIbKO TOIAa, KOrJa HMX ompeaeanTe]b BpoHckoro
W(x) orauven ot 0 xorst ObI B 0AHO{T TOUKe X, € (a;D).

<«PagHocuibHas 1epeOPMYIUPOBKA YTBEPIKACHUS TEOPEMbl — peWCHUT Y, . V,
JUHEWHO 3aBMCHMBI TOTJa M TOJbKO Torma, korma W(x)=0 ma (a;b). Ho 310 yrBepKIeHHE
cpa3dy cieayet u3 teopem 16.1 u 16.2.»

Teopema 17.2 Ina 1100010 JTUHEHHOr0 0OJHOPOAHOIO AU PepeHIHATBLHOI0 YPABHEHUS
15.2 cymiecTByeT yHIAMEHTAJIbHAS CHCTEMA €r0 peleHHi.

« IloctpouM Takyo (QyHIaMEHTAIBHYIO CHCTEMY pEIIeHHH, Ui 3TOT0 BO3bMEM
HPOUM3BOJIBHYIO TOUKY X, € (a;b) 1 octaBum n pasnuyHbIx 3axa4 Komm:

L(y)=0 L(y)=0 w L(»)=0
y(x0)=l y(xo):() y(xo):()

y(x)=0  y(x)=1 ¥ (x,)=0

Y)=0 () =0 ¥ (x)=0

(n-1) _

Yy (x) =1
ITo Teopeme 14.1 0 cymecTBOBaHWU U €IUHCTBEHHOCTH Y KaXXJOM W3 3THUX 3a]1a4 UMEETCS
peuieHre, U Mbl 0003HAauUuUM ), - pemieHue 1-i 3amauum, )y, - peuieHue 2-W 3ajnauy,.., ), -

peleHne 71 -HOM 3aja4u. Ml nony4unu y; y, -petucHus ypapHenus (15.2). Haiinem W(x,)

U1 9TUX QYHKIHI:
I 0 .. 0

0 1
W(x)=[0 0 .. 0=1

0 0 .. 1

CnenosarensHo, 1o Teopeme (17.1)  dymkmum  y; Y, 00pasyloT HCKOMYHO
(byHIaMEeHTaIbHYIO CUCTEMY peleHui ypaBHeHus (15.2).p

Teopema 17.3 Ilyers y, ¥, - (yHIaMeHTajIbHAsi CHCTeMa pelleHMii ypaBHeHHS
(15.2). Toraa n1st ;11060T0 pemieHUsi ) ITOro ypaBHEHUs CYIECTBYIOT NOCTOSIHHBIE €, C,

TaKue, 4YT0 ¥y =), +...+¢C, ), .

<4Bo3pMeM TMPOM3BOJIBHYIO TOUKY X, €(a;b) u paccMOTpuM CHUCTeMy ypaBHEHHI

OTHOCHUTCJIbHO HEU3BCCTHBIX



Mamemamuueckuu ananus
1 kypc 11l cemecmp
bunem 17 @ynoamenmanvras cucmema peuteHutl IUHEUH020 0OHOPOOHO20 OUpDepeHYUaIbHO20 YPAGHEeHUsT 11— 20
nopsioka. (cmp. 2 uz 2)

e (x)+.+e,y, (x,)=y(x,)
cly;(xo) +...+cny;l(x0) = y'(xo)

G ,..LG¢ (1)
(n-1) (n—1) _ (n-D
e (X)) e,y (x) =y (%)
Omnpenenurens oroit cucremsr W(x,) He paser 0, TK. ), ¥, - QyHIaMeHTanbHas
cucreMa perieHuil. I103ToMy y Hee CymecTByeT (M IPHTOM CAMHCTBCHHOC) PELICHHE C; C,.

Paccmorpum Temeps QyHkumuro ¢y, +...+c¢,y,. llo Teopeme 15.2 sBusercs peuieHueM
ypaBHeHust (15.2). Beuny pasencts (1) 3Hauenus stol QyHKUMH C,y, +...+C,y, U €€
HPOU3BOJHBIX JI0 Mopsiika (7 —1) BKIIIOYMTENPHO B TOUKE X, COBIANAIOT CO 3HAYCHUSIMHU ) U e

IIOCJIEIOBATENIbHBIX NIPOU3BOAHBIX B Touke X,. Ilo Teopeme 14.1 0 €AMHCTBEHHOCTH PELICHUS

3amaun Ko y =y, +...+c,y,, x €(a;b) .»

3ameuanue. Teopemsl 17.2 u 17.3 03HayaloT, 4TO Pa3MEPHOCTb BEKTOPHOI'O IPOCTPAHCTBA
pemenuit ypaBHeHusi (15.2) paBHa n, a mo0as ¢yHIaMEHTAIbHAs CHUCTEMa pPEIICHUI
MIPEACTABISIET CO00I 6a3uC ATOTO MPOCTPAHCTBA.



Mamemamuueckuti ananu3s
1 kypc 11 cemecmp
bunem 18. Jluneiinvie HeoOHOpOoOHbBIE OUGhdepenyuanvhvie ypasHeHus n-20 NOpsoKd.
Ipunyun cynepnosuyuu pewenuii Memoo eapuayuu nocmosinuvix. (cmp. 1 uz 2)

bunretr 18. AMHEHHbIE HEOAHOPOAHbIE AUPPEepEeHLMarbHbIe YypaBHEHUSA
n-ro nopsiaka. lMpuHUuMn cynepno3vuunn peweHnii Meroa Bapuaumnmn
MOCTOSAHHBIX.

18.1 CBo#cTBa peLeHUn AMHEUHOro HEOAHOPOAHOro AUPPepeHLUHUarbHOro
ypaBHEHMUS.
Teopema 18.1. Ilycts  y,(x)— pemenne ypaBHenusi (15.1). Torma .ro0oe apyroe

penienre 3Toro ypasHeHust )(x)umeer BHA Y(x)=y(x,)+Y(x), rae Y(x)- pemenue
ypaBHenus (15.2), t.e. L(Y)=0.

dlycrs  L(y) =q(x),L(y,) =¢(x). Torma L(y-y,)=L(y)-L(y,)=q(x)—q(x)=0.
Takum o6pasoM, y — y, €CThb HEKOTOpOE pemeHre Y oaHopoaHoro ypasHeHus (15.2).

O6patro, ecmu L(y,)=q(x) u L(Y)=0, 10 L(y, + Y)= q(x) u, cnenosarensro, y = y, + Y
yAOBJIETBOpsieT ypaBHeHUIO (15.1).p>

18.2 lpuHUMN cyneprno3ULMN peLlEeHUH

Teopema 18.2. (Ilpunyun __cynepnosuyuu __pewtenuir). Ilycmo y, =y, (x),i =1..,m

AGNAIOMCA PEULeHUAMU YPAGHEHUIL L(yl.): q, (x),i =1,...,m. Tozoa ¢ynkyua y=y +..+y,
Yyooeiemeopsaem ypagHeHuro L(y) =q, (x) +...+q, (x)
«Ilo crexcrsuio Teopemsl 15.1, L(y, +...+y, )= L(y,)+..+ L(y, )= ¢, (x) +..+q, (x) »
3ameuanue: JTa TeopeMa CIY)KHUT JJIsl HAXOXACHUS PELICHUs] YpaBHEHUS L(y):q(x) B
ciydae, Korjna (yHKIIHIO q(x) ylaeTcss NpPeICTaBUTh B BUJE q(x): q, (x)+...+qm (x), rjae
ql.(x),i =1,...,m - Takume (YHKIUH, YTO HAM W3BECTHHI  pEIICHUS ypPaBHEHUH

L(yl.):qi(x),izl,...,m.
18.3 MeTtoa BapuaLuu nOCTOSAHHbIX

Bepuemcs k HeomnopomHomy ypaBHeHuro (15.1). Ilpenmonoxxum, 94TO MBI MOXKEM HAWTH
(GyHIaMEHTAJIbHYI0 CHCTEMY pPELICHUH ),,...,», ypaBHeHus (15.2). Torma, mo Teopeme 17.3,
mo0oe pemenne Y 3Toro ypaBHeHus (15.2) umeer Bun:

Y=cy +..+c,y, (D

[TpeanonoxkuM Takxke, 4TO HaM y[4ajloCh HAWTH HEKOTOPOE pelleHue ), ypaBHeHus (15.1).
ITo Teopeme 18.1, mroboe pemenne y 3toro ypasHeHus (15.1) umeet Bum:

y=y,+Y=y,+cy +..+c,y,, cornmacio (1). Mrak, uii HaxoKAeHHs BCEX PELICHUI
ypaBHeHus (15.1) TpeOyercs HalTH Kakoe-TO OJHO €ro pemeHue y,. g 3TOoro MokHO

UCIOJb30BaTh MEMo0 6apuayuu NOCMOAHHBIX, KOTOPBIH COCTOMT B TOM, YTO pEIIECHUE
ypaBHeHus (15.1) umercs B Bune

c](x)yl(x)+"'+cn(x) n(x)’ (2)
rae ...y, - QyHoaMeHTanbHas cucteMa pemieHui ypaBHeHus (15.1). Ormerum, yro (2)
HanoMuHaeT (1), HO UMeeT CyIIeCTBEHHOE OTJIMYUE OT 3TOI'0 PaBEHCTBA, COCTOSIIEE B TOM, YTO B
(1) Bce ¢, - mocTosiHHBIE, @ B (2) 5TO — HEU3BECTHBIE (PYHKIUU OT X .

[ToTpebyeM, 4TOOBI KpOME paBEHCTBA (2) BBHIIOJIHSUINCH TAKUE PABEHCTBA!



Mamemamuueckuti ananu3s
1 kypc 11 cemecmp
bunem 18. Jluneiinvie HeoOHOpOoOHbBIE OUGhdepenyuanvhvie ypasHeHus n-20 NOpsoKd.

Ipunyun cynepnoszuyuu peuternuti Memoo sapuayuu nocmosiHusix. (cmp. 2 u3 2)
!

!
oy t+..+tc,y, =0
! ! ! !

oy +.+c,y, =0

3)

!

c y(""z) +..+c, y(""z) =0

1 n

c]’y](""]) +..+ cn’y(""]) = q(x)

n
! ! ! ! !

U3 (2) u (3) cuexyer, Huro (c]y] +...+cnyn) =cy, +¢ ¥y +..+tc,y, tc,y, =

' ' ' ' ' '
:[C]y] +"'+cnyn )4‘(0] y]+...+cnyn):C]y] +"'+cnyn 5

n ! ! ! n n ! ! ! !
(e, +...4c,v,) :[c]y, +...+cnyn) =cy, +..4c,p, +[c, Y, +..tc, yn):

" " /

=y, +..+cy, " T.1., (c]y] +...+cnyn)("_]) = (c]y](""z) +...+cny,(1""2)) =

n n

= c]y](""]) +...+ cny(""]) + (c] y](""z) +..+c, y("‘z)) = c]y](”‘]) +..t cny,(,""]) Y, HaKOHeII,

(c]y] +...+cnyn)(") :(c]y](""]) +...+cny,(1""])) :c]y](") +...+cny,(1") +

+(c] y](""]) +..+c, yi""])) = c]y](") + ...+cny,(1") + q(x).

[TosTomy moacraHoBka c¢,y,+...+c,y, B JeBylO 4YacTe ypaBHeHusa (15.1) maer
(c]y](") +...+ cny,(f) + q(x))+
TP, (x)(c]yl(n_]) +---+Cny£n_]))+---+p1 (x)[clyl T...tcy, )+p0(x)(clyl +"'+cnyn):

=c, [yf") + o (" 4 p (), + Py (X)y]) ot e, (0 4+ o ) ot

+p (x)yn’ + py(x) n)+q(x):q(x), T.e. oOpamaer ypaBHeHue (15.1) B BepHOE paBEHCTBO.

[TosTomy y, ompenensieMoe paBeHCTBOM (2) U cUCTeMOW ycnmoBuil (3) SBISICTCS PEIICHHEM
ypaBHenus (15.1). Ilo Teopeme 14.1 310 perenue — eMHCTBEHHOE.
Jns Toro, 4T00BI OTBICKATh C,,...,C, CIEIYET BOCIOIb30BaThCsA CUCTEMOI (3), paccMaTpuBas

! !
€€ KaK CHCTEMY JINHEWHBIX YPAaBHEHUH OTHOCHTEIBHO HEM3BECTHBIX C, ,...,C, C ONPEAEIUTEIEM

’ ’
W(x) # 0. Pemas cucremy, HaXOUM ¢, ,...,C, a 3aT€M, UHTETPUPOBAHHEM, HAXOIUM C,,...,C,, .



Mamemamuueckuti ananu3s
1 kypc 11 cemecmp
bunem 19. Jluneiinvie 00HopoOoHble Ou@epenyuaivhvie ypasHeHus
¢ nocmosinHbiMu Koagguyuenmamu (cmp. 1 uz 3)

buaetr 19. AMHEeHHbIE OAHOPOAHbIE AUPPEepeHLUnarbHble ypaBHEHHUSA C
MOCTOAHHbLIMU KO3QPULMEHTaMH

Jlns ypaeuennii L(y)=y" +a, y" " +..+ay' +a,y=0 (1),
A€ d, |,...,d, - NOCTOSHHBIE BETMYMHBI, CYIECTBYET CIOCO0, C MOMOIIBIO KOTOPOTO 3a/a4y

HaXO0XICHUA (bYHI[aMeHTaHLHOﬁ CHUCTEMBbI pCHICHI/Iﬁ MOKHO CBE€CTH K 3aJa4€ HAXOXKACHHA KOP-
Hell HEKOTOPOTO BCIIOMOTATEIFHOTO AJITeOpandecKoro ypaBHEeHUSL.

Jlns ortoro OymeMm ucKaTh pemenus ypasHenums L(y)=0 B Bume y =e™ . Ilpu sTOoM
Y =de™, y" = e,y = ey = Jre™ ().

[oncraBum  mojiydeHHble BeduuuHbl B ypasHenue (1):  A"e™ +a,  A"e™ +..+
+a,le™ +ae™ =0, um ™ (&" ta, A+ tad+ ao): 0. Iockonbky e™ # 0 npu Beex x,
3 TOTO ypaBHEHUs cienyet, uto A" +a, A" +..+a,l+a, =0 (3).

Takum o6pasom, QyHKIHS y = e™ ymoBIeTBOpsAeT ypaBHeHmio (1) Toraa U TONBKO TOT/A,
Korga A ynomieTBopsieT ypaBHeHHIO (3). YpaBHeHue (3) Ha3bIBACTCSA XApakmepucmuieckum
ypaenenuem ypaBuenus (1).

Jlanee Mbl YCTaHOBUM BUJl PyHAAMEHTAJIbHOM CHUCTEMBI pelieHuil ypaBHenus (1) B 3aBucu-
MOCTH OT CBOMCTB KOpHEH ypaBHeHUs (3).

Cnayuau 1. Tlyctb Bce KOpHU ypaBHEHUS (3) neHCTBUTENbHbIE U pa3iuuHble. O003HAYUM UX
Ay, W PACCMOTPHM GYHKIHH y, =e™*,..,y =e’™™, SBisionnecs peleHnIMU ypaBHEHUS
(1) mo mokxazanHomy BbilIe. JloKakeM JIMHEHHYIO HE3aBUCUMOCTb. DTO OyJIeT O3HAdaTbh, YTO
Visery, - GyHIaMeHTalbHasg cucrema pemrenuid (1). OnpenennuTtens BpOHCKOTo 3TOW CHCTEMBI

(GyHKIM paBeH,

Vi eV, e e
4 4 X AnX
W(x): b2 U T _ Ae” e A€
(n=1) (n=1) n-1_Ax (n=1) _A,x
» R Ae™ Lo A e
WJIH, TIOCJIE BBIHECEHHMS U3 CTOJIOIOB MHOXHUTENEH e ... e™"
| R |
A A
Ax| M
W(X): eﬂ.lx’ , WX n
n—1 n—1
j“] j“n
Onpenenurens
| T |
A A,
n—1 n—1
A e A

n

IpeCTaBIIsAeT cOO0M N3BECTHBIN onpenenurens Bannepmonaa. OH paBeH H(ll. - lk) (91O YT-

1<k<i<n

BEpKJIEHHE ITpUMeM Oe3 JTokaszarenbeTsa). IlosTomy ecnu Bee uucna A,,...,A, IONApHO pas3iny-
HBI, 3TOT omnpenenutens He paBeH (. CienoBaTelbHO, KaK J0Ka3aHO BhIIMIE (Teopema 7 Tpempl-
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bunem 19. Jluneiinvie 00HopoOoHble Ou@epenyuaivhvie ypasHeHus
¢ nocmosiHHbIMU Ko3pguyuenmamu (cmp. 2 u3 3)

nymero maparpada), Gyakmun y, = e ..., V, = e’ JIMHEIHO HE3aBHCHMBI M COCTABJISIOT HC-
KOMYIO yHJIaMEHTAIBHYIO CHCTEMY PEIICHHM.

2 Cﬂ[‘laﬁ. Bce KOpHH A],...,A - Pa3jIM4YHBIC, HO CPE€AHM HUX €CTh KOMIIJICKCHBIC 4YHCJIa.
ApX

n

dopManbHO eM”,...,e™" - 3T0 cHOBa (yHJAMEHTANbHAS CHCTEMA PEIleHHi ypaBHEHHS, T.K. ITH
(GyHKIMM TUHEWHO HE3aBUCHUMBI (MX OINpeAenuTenh BpoHCKOro, Kak u B ciy4dae 1, OTIu4eH ot
0). OgHako MBI paccMaTpUBaeM YpaBHEHHUE C ACUCTBUTEILHBIMU KO3 PUIImeHTaMu 1 HaM OBLIIO
OBl >KeNaTeIbHO TMOCTPOUTh (PYHIAMEHTAIBHYIO CHUCTEMY PEIICHHM, COCTOSIIYIO W3 JIEHCTBU-
TEeNbHBIX QPyHKIUH. 11 5TOTO MBI CHadaja yCTAaHOBHM CIICTYIONIYIO BAXKHYIO JIEMMY.

Jemma. Ilycts L(y) =0 - nuneitHoe ogHOpoaHOoe nuddepeHnuanpHoe ypaBHenue (1) Ta-

KO€, YTO BCE MOCTOSHHBIE a,...,d, ; - ACACTBUTENbHbIE uncaa. ITycTe KoMIulekcHas QyHKIUSA

n—

u(x)+iv(x) ymoOBIETBOpSAET OSTOMY ypaBHEHHWIO. Torma emMy YIOBIETBOPSIOT W (DyHKIUH
u(x),v(x).

«4PagenctBo L(u +iv)=0 o3Hauaer:
u™ +iv" +a, (u(""” +iv" )+ wta (W +iv)+a,(u+iv)=0, OTKyZa
u™ +a, u"" +.+au +auu +z'(v(") +a, V'V + . +ay + aov): 0, wm L(u)+il(v)=0.
Kommulekcnas Benu4ynna L(u)+ z'L(v) paBHa (0 TOrJa M TOJILKO TOI'JA, KOTJa €€ JeHCTBUTEIIbHASA
4acTh L(u) 1 MHUMas 4acTh iL(v) paBubl 0, OTKy1a L(u): 0, L(v) =0, Te u U v - peueHus

ypaBHenus (19.1), uro u TpeboBanock 1oka3ars. P
[Tycts Tenepps A =o + [i - m000W KOMIUIEKCHBIH KopeHb ypaBHeHUs (4). [Tockonbky (4)

YIMeeT JeHCTBUTENbHBIE KOXUIMEHTHI, YHCI0 A = o — Bi TaKkKe ABJIAETCA €ro KOpHEM. JTO
ObLIO s0Ka3aHo B 17 cemectpe. 3HaunT e - Toxe petieHue ypapHeHus (1).

Jlanee, ™ = e **% = ™ = o™ (cos fx + isin fx) = e™ cos fx +ie™sin fx. [lo nemme,
e”cosffx m e*sinfx Takke SBIAIOTCA pemeHUsMH ypaBHeHus (1). Jlerko BuuaeTs,

A gBNSAIOTCA NMHEHHBIMH KOMOMHAIMAMH e cosfx u

e’ =e™ cos fx —ie™sin Bx, T.e. e
e™ sin fBx. Pazymeercs, e™ cosfx U e sin fx Takke MOKHO JMHEHHO BHIPAsHTH uepe3 e~ H
e™* . TlooToMy nuHeifHAs HE3aBUCHMOCTh pelieHnii e’ u e’ ¢ 0CTaNbHBIME PEIIeHUSAMH ypaB-

Henus (19.1) paBHOCHMIIBHA JIMHEHHOW HE3aBUCHUMOCTH e” cosfx u e sin fx C OCTaIbHBIMU

PEIICHUSIMH.
[Tonsenem uroru. B cioydae, xorpa Bce A,,...,A, - pasiuunsle, npudeM A,,...,A, - JeHCTBH-
tenpHble, a A, A, A .,A4 A LA, - Tapbel KOMIUIEKCHO COINPSDKEHHBIX —4YHCEl

(r +2s = n) , mpudeM A, =a, +if,,k=1,...,s, To QyHIaMeHTanbHas CHCTEMa PEIICHUI ypaB-
wenns (19.1) nmeer Bum: e™*,....e"" ,e“”" cos Bx,e“" sin Bix,...,e“" cos f.x,e”" sin . x.
Cnyuai 3. KopHH XapakTEpUCTUYECKOTO YpaBHEHUS JIEHCTBUTEIBHBIC, HO CPEId HUX €CTh
KpaTHble. HarmoMHMM, 4TO YuCIO A HA3BIBAETCS KOPHEM MHO20YNEHA P(x) Kkpamuocmu k , ecnu
k
P(x) = (x - i) P (x) ,rae P, (x) - MHOTOYIEH, ITpH4YeM F (2,) #0.

[Tycts xopHH A,,...,A, HMEIOT, COOTBETCTBEHHO, KPATHOCTH k,,...,k,. Torma MokHO 0Ka3aTh

t
(HO MBI OCTaBUM 3TO 0€3 I0Ka3aTeNbCTBA), YTO (QYHKIIHH

A A k-1 _A
e xe™ .., x" e,
A A ky—1 A
e xe™ .., x" e,
2, 2, k-1 _A
e xe™ .., x" e

COCTaBJISAIOT (PyH/IaMEHTAJIbHYIO CUCTEMY peleHul ypaBHeHUs (1)



Mamemamuueckuti ananu3s
1 kypc 11 cemecmp
bunem 19. Jluneiinvie 00HopoOoHble Ou@epenyuaivhvie ypasHeHus
¢ nocmosiHHbIMU Ko3pguyuenmamu (cmp. 3 uz 3)

IIpumep. IlpuBenem mnpumep, MNOATBEPKAAOLNIUNA OTO YTBEPKJICHHE. Y PAaBHEHHIO
" ' 2 2
y"—=2y"+y =0 cooTBeTcTBYeT XapakTepucruieckoe ypaBHeHue A —24A+1=0, (A - 1) =0.

Ono wumeer kopeHb A =1 ¢ xpatHocThio 2. Paccmorpum ¢QyHkmu e' u  xe".
! 14

(e") = e",(e") =e" W MOJACTaBIsAA e’ B HMCXOJHOE ypaBHEHHWe, mMmoyiydaeM e —2e* +e” =0,
! 14
T.€. BepHOE paBeHCTBO. Jlanee, (xe") =e" +xe", (xe") =2¢" +xe' W MOoJCTaHOBKAa ()YHKITUU

Xe' B ypaBHEHHE J]aeT BEpHOE PaBEHCTBO: 2e" + xe* —2e" —2xe* + xe* =0. Utak, e* u xe* -
JEHCTBUTENBHO pemeHust ypasHenust " —2y' + y = 0. DTu QyHKIMK JIHHEHHO HE3aBUCHMBI, T.K.
u3 paBeHcTBa C,e’ +c,xe’ =0 mpu x =0 cnenyer c,e’ =0,c¢, =0. 3naunt, c,xe’ =0. Torna
npu x=1 c,e=0,c, =0.
B cayuae 4, xorna neiictButenbHble KOpPHU A, ,...,A. ypaBHeHMs (1) MMeErOT KpaTHOCTH
AiisPins A

k,....k., a xommiuekcuele kopHu A, A4 .4 ,,..,4,. A, umeoT kpatHoCcTH [,...[ ,

”

MO>KHO J10Ka3aTh, YTO (QDYHKIIUU

A A k-1 _A
e xe™,. ., x" e,
A, A k-1 _A.
et xe"" ... x"" e
1,-1
e” cos f,x,xe“" cos B,x,....x" " e” cos B,x,

. . 1 -1 .
e” sin B,x,xe”” sin B, x,...,.x" " e“" sin B,x,

/

-1
e”* cos B, x,xe”" cos B x,....,x" " e*" cos B x,

/

. . -1 .
e”"sin B x,xe“" sin B x,...,x" e”" sin B x,

00pa3yloT pyHJaMEHTAJIBbHYIO CUCTEMY pelieHnid ypaBHeHus (1).

Ocranock HalOMHUTbH, YTO COTJIACHO TeopeMme 9 mpenpiaymiero maparpada, mpou3BOIBLHOE
pemenue ypapHenus (1) umeer Bua: y =c, f, +...+c, f,, e B Ka4ecTBe f,,..., /, MOXKHO B Ka-
’KJIOM U3 PaCCMOTPEHHBIX CITy4aeB BHIOPATh MOCTPOCHHBIE AIIEMEHTHI (DYHIAMEHTAIBHOM CUCTe-
MBI PEIIEHUN



Mamemamueckuii ananuz
1I kypc 11l cemecmp
bunem 20.Jluneiinvle HeoOHopoOubie Ouppepenyuanvrbie YPagHeHUs.
¢ nOCMOosiHHBIMU KO3 huyuenmamu (cmp. 1 uz 2)

bunrer 20.AMHelHble HEOAHOPOAHbIE AUPPepeHLUUAaAbHbIE YPDABHEHUSA C
MOCTOAHHLIMU KO3QpPULMEHTaAMMU

CornacHo o01elt Teopuu TUHEHHBIX MU depeHIMaTbHBIX YPaBHEHUH, 1J1s1 PELIeHHs] YpaBHEHUS
L(y) = q(x) (1

JOCTaTOYHO 3HATh (DyHAAMEHTAIBHYIO CUCTEMY PEIICHUH ), ,..., ), OAHOPOJHOIO yPaBHEHUs

n

L(y)=0 )

U HalTH XOTs OBl OJHO pemieHue y,(X) HEOJHOPOAHOro ypaBHeHus. Torzma mroboe pemeHue )

HEOJHOPOJHOIO YpaBHEHHs HMeEeT BHI: y =y, +c,y, +..+c,y,, TA€ C,,...,C, - TPOU3BOJbHbIC

n
MOCTOSIHHBIE.
B cnydae ypaBHeHUs ¢ MOCTOSIHHBIMU KOA(hPHIIIEeHTaMU MBI B TIpEABIIYIIEM naparpade ykazamu

CHoCcOoObl HAaXO0XAECHUS €ro (yHAaMEeHTalIbHOM cucrteMbl peuieHui. Mcrmonb3ys Meroa Bapualuu
MIOCTOSIHHBIX, MOKHO Teleph HAaWTH pElIeHHEe M HEOJHOPOJHOro ypaBHEeHUs. OJHAKO €CTh BakKHbIE
YaCTHBIE ClIy4aW, KOTJa pEIIEHHME HEOJHOPOJHOIO YPaBHEHHS MOXKHO OTBICKATh 3HAYUTEIBHO

IIPOIIIE.
Mycts L(y)=Y. P.(x)e"", 3)

rne P (x)- mMHOTOUNEHBI, ¥, - AeiicTBuTenbHbIE ynucia. COracHO NMPHUHIUILY CYHNEpIO3UINU
(Teopema 18.2), ocTaTOuHO YMEThH pelIaTh YpaBHEHUS BUIA

L(y)= ﬁ(x)e”‘ . 4)

X

Torpa, pemuB kaxmoe U3 ypaBHeHU# L( y)ﬁr (x)e’™ u mpoCcyMMHPOBAB MOJTYYEHHBIC PEIICHHUS,
MBI TIOJIY9UM PEIIEHUE UCXOTHOTO ypaBHEeHU (3).

Ecnu uncino y He sBIsSeTCS KOPHEM XapaKTEpPUCTHUUYECKOTO ypaBHeHUs i (2), TO uIIeM
peurenne ypaBaeHus (4) B Buae e - O(x), rme Q(x) UMeeT Ty ke CTCICHb, UYTO H f’(x). Ecnu yucno
y - KOPEHb XapaKTepUCTUUYECKOTO MHOTOWIEHA KPaTHOCTHU S, TO UCKaTh pelieHue (4) ciaenyer B BUE
y=e"-x"-Q(x),
rie O(x) MMeeT TaKyio JKe CTENeHb, KAK MHOTOWICH P(x).

Ecnu npasas vacts (1) ectb

e® (P(x)cos Bx + R(x)sin fBx),
TO, B Cllyyae, Korja 4Yuclo « +iff He ecTb KOpEHb XapaKTEepPUCTUYECKOTO ypaBHEHHS 1is (2),
gactHoe pernenue (20.1) B Buze
e™ (Q(x) cos Px +T(x)sin fx)
rae Q(x),T(x) - MHOTOWIEHBI, CTETICHHM KOTOPBIX PaBHBI HAMOOJBIICH W3 CTETIEHEH MHOTOYJICHOB
ﬁ(x),R(x). B ciydae ke, korga o +iff - KOpeHb XapaKTEPUCTUUECKOTO MHOTOWIEHA KPATHOCTH S,

TO UIIEM PCHICHUC B BUAC



Mamemamueckuii ananuz
1I kypc 11l cemecmp
bunem 20.Jluneiinvle HeoOHopoOubie Ouppepenyuanvrbie YPagHeHUs.
¢ ROCMOSIHHBIMU KO3 huyuenmamu (cmp. 2 uz 2)

x'e™ (Q(x)cos fx + T(x)sin fx),
C TEM K€ YCJIIOBHEM Ha cTeneHru MHorowieHoB O(x) u T'(x).



