Bonpoc 10. Tpuronomerpuueckue paanl Pypne. Teopema o cxoaumMocTn(0e3 10K-Ba)

10.1. Tpuronomerpuyeckas cucreMa pyHKumi

Onpenenenne 10.1. /[Be unTerpupyemsie GpyHximu | (X) u g (X) Ha3bIBAOTCS
b
OpPMO2OHAbHBIMU HA OTPE3KE [a, b], eciu I f (x)g(x)dx =0. Koneunas unu GeckoHeyHas

a
cucteMa (QYHKIMI HA3bIBACTCS OPMOZOHAILHOU HA OTPE3KE [a, b] , €CJIH JII00bIe 1Be DyHKIMH

3TON CHUCTEMBI OpTOIroHajJIbHBI HAa 3TOM OTPE3KE.

BaxHplil npuMep OpTOroHaIbHON CUCTEMBI PYHKINH NAaET TPUTOHOMETPHYECKast CUCTEMa
bYHKIHIH.

Teopema 10.1. Tpuconomempuueckasn cucmema QpynKyui
1,cos X,Sin X,C0s 2X,SiN 2X....,COS NX,SIN NX,... opmozonansna na ompesxe [—72', 72'] .

<« IIpex/ie Bcero ycTaHoBUM OPTOTOHAJIBHOCTD KaXKA0N (DYHKIIUU CUCTEMBI C NIEPBOM U3 HUX.
Nmeem

jl-coskxdx:Esin kx} =0

[ 1-sinos {—%coskx} _ —%(—1)k +%(—1)k 0

OHI/Ipa}ICB TCIICPb Ha U3BCCTHBIC U3 CpCI[HCfI IIKOJIBI TDPUTOHOMCTPHUYCCKUC (I)OpMy.HLI, MoJIy4Ynm

J'coskxcoslxdx=%_[[cos(k+I)x+cos(k—|)x]dx:0,k =1,

- -

[ sin kxsinlxdx:%_[[cos(k—I)x—cos(k+|)x]dx=0,k #1,

-7

T 157 )
J;sm kx cos Ixdx :Ej;[sm(k +1)x+sin(k —I)x]dx =0,
TTocnennee paBeHCTBO cripaBemmBo upu K =1 . p
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10.2. Tpuronomerpudeckuii pag ®ypbe

Onpenenenue 10.2. Tpuzonomempuueckum mHo2ou1eHOM Ha3bIBaeTCs QYHKIUS BUIA
T(x)= A% + (A cosx+ B,sinx)+(A,cos2x+ B,sin2x) +...+( A, cosnx + B, sinnx),

. 2 2
rae Ay, A, B, k=1,...,n—pneiicrBurensusie uncna. Ecnmu A + B # 0, 1o uncno n
HA3BIBAETCSA HOPAOKOM(CHIEneNbIo) TPUTOHOMEeTpUYeckoro Maorounena 1 (X).

O YHKIIMOHATIBHBIN P

A%Jrg(,% cosnx + B, sinnx) 1)

Ha3bIBACTCSI MPU2OHOMempudeckum paoom. Koagppuyuenmur psina
A,,....,A,B,,...,B,,n€ll —npoussonbuble nelicTBuTEbHEIC YiCcHa.  Jacmuunble cymmobl

S, (X) tpuronomerpuueckoro psza (1)

S, (X) = A%,sn(x): A%+Zn:(& coskx + B, sinkx),n=1,2,...

npeaCTaBJIAOT coOoi TPUT'OHOMETPUYCCKHEC MHOTOYJICHBI ITOPAAKa <n.

Onpeneaenne 10.3. Iycts pynxuus f (X) onpenenena u unterpupyema Ha otpeske
[-7, 7]. Yucna

1 VA

a0=;j f(x)dx @)

: ®)

17 :

bn:—f f (x)sinnxdx,n=1,2,... (4)
T -

Ha3bIBAIOTCA Kodhpuyuenmamu Dypve Gyuxuuu | (X) :
TpuronomeTpuueckuil ps
a%+nz;(an cosnx + b, sinnx) (5)



(HE3aBHCHMO OT TOTO, CXOJIUTCSI OH, HJIM PACXOIUTCs) KO OUIIMEHTHI KOTOPOTO —
ko3 duuuentsl Pypoe unrerpupyemoit pynxuun f (X) , HaswiBaercss psaoom @ypwe >1oit

GyHKIIHH.

Ces3b Mexny Gpyaxuueii f (X) u eé psagom @ypse npunATO 0603HAYATH TAK:
f(X),xe[-7,7]] %+Z(an cosnx+b, sinnx),xell .
n=1

YacTuuHbIMU CyMMaMu S (T (X)) pama dypoe (5) dynxmuu f (X) Gyayr
TPUTOHOMETPHUYECKUE MHOTOUJICHBI

so(00) =37 ,5,(1 () =%+§(ak coskx +b, sinkx),n=12,.. ©)

nopsika < N.

Teopema 10.2. Pasnomepno cxooawuiica na [—7, 7| mpuzonomempuueckuii pao (11)
ecmb psao Dypve ceoeii cymmbl.

<Ilycrs TpuroHomerpudeckuii psx (5) paaomepro cxomurcsa Ha [—7,77] u f (X) - ero cymma,

TakK 4TO

F(= "5 + (A coske+ B,sink) ™

u pyukius f (X) nenpeprina na [—72', 72']. Bonee toro, f(X) - menpepreiBras u 277 -

nepuoanyeckas (GyHKIMsS Ha BCEM MHOXKeCTBE [ .

WuTerpupys nousieHHo psaf (7) ¥ yUUTBIBas OPTOrOHAIBHOCTb TPUTOHOMETPUYECKUX
GyHKUIUH, TOTy4YUM

% j f (x)dx 2% I %dx = A, u, cornacuo (2), A, =a,. YMHOxuB paseHcTBo (7) Ha COSKX u

IIPOMHTETPUPOBAB, HAUIEM

l .[ f (x)coskdx = l J A cos? kdx = A, ., u, cormacro (3), A, =a,,k €[] . Ananornuro,
4 - T -

yMHOXHB paBeHcTBO (7) Ha SINKX, mokaxem, uto B, = bk ,k €l (1aocnoBanuu (4)). »

TpuronomeTpuyecKuit MHOTOUYJIEH MOXKHO CUUTaTh KOHEUHBIM TPUTOHOMETPUUECKUM
PSAAOM, UMEIOIIUM HYJIeBbIe KO3(DPUIIMEHTHI 17151 BCEX MHAEKCOB, OONBIIMX ero nopsaka N, u
I09TOMY PaBHOMEPHO CXOsAIIMMCs Ha BCEM MHOXkecTBe [| . Cormacno Teopemel0.2, MHOTOUIEH
T (X) coBmamaer co cBoum psom Dypbe, K03DOHUIHEHTH KOTOPOrO PaBHBI HYITIO T BCEX
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MH/IEKCOB, 00JbIINX MHAEKca N . B yacTHOCTH, 3TUM CBOMCTBOM 00J1a/1al0T YaCTHYHBIE CYMMBI
psana Oypse.

Cneocmeue. /lna nooozo N=0,1,2,... uacmuunvie cymmur S, (f (X)) (6) proa @ypoe (7)
unmezpupyemoii pynxuuu t (X) umerom oounarosvie ¢ f(X) xosgppuyuenmor @ypoe ona scex
unoexcos K,0<k <n.

3ameuanne. Pasymeercs, eciu dpyukuus T (X) paspsiBua, To €€ psn @ypbe He OyeT paBHOMEPHO
CXOIUTHCS K HEH (CyMMa paBHOMEPHO CXOJISIIECTOCS PsAa HEMPEPhIBHBIX (YHKIIMI HETIPEPHIBHA).

10.3. Ko3¢ppunuentsl @ypbe YETHBIX M HEUETHBIX (PYHKIM A
Hanomuum, uto eciu gpynkiuu | (X), g (X) UHTErPUPYEMBI HA OTPE3KE [—a, a] u
f (X) —uétnas, a g(X) —neuérnas, To

a

j f (x)dx = 2? f (x)dx, j g(x)dx =0,

—a

a

B 4€M JIETKO Y6GI[I/ITBCH, MMpeaACTaBUB MHTCTPAJIL j B BUJI€ CYMMBbI UHTCTPAJIOB

L e—o

a
+ I U 3aMEHUB
-a 0
B IIEpBOM U3 HUX X Ha —X.

[ostomy, ecn pynxims T (X) unrerpupyema na stom otpeske u  (X) —uérnas, To eé
k03 punnenTsr Pypre paBHbI

a, =§T f (x)cosnxdx,n=0,1,2,....b, =0,n=1,2,... ,
0
TaK uTo
f(x)0 % - ian COS NX,
]
aecmu f(X)—mneuérnas, To

a,=0,n=012,.., b, :Ej f (x)sinnxdx,n=1,2,...
72-0

f (x)0 > b,sinnx
n=1



Ipumep. Paccmotpum 277 —nepuoandeckyio ¢pynkumo f
f(x) :‘X‘,X el-n,x], f(—7) = f (7). Torna b, =0,n=1,2,... n

aozgjf(x)dXZEIXdX:”’an :EIf(X)Cosnde=gjxcosnxdx=
7T Y% Ty Ty

E[xsm X cosznx} _ 22 [(_1)n _1},neD ,
n n 0 n

4
7(2k -1

T

TaK 9T0 ;) = 77,8, = 0,a2k_1 =— k=12,... Kpowme toro, mo reopeme 10.2,

) XE[—7Z',7Z'], (8)

i cos(2k —1)x
2 Tk

5 (2k-1)°

MOCKOJIBKY TPUTOHOMETpUIECKUi psiy Pypre B mpaBoit 9acT GopMyIsl (8) paBHOMEPHO CXOTUTCS

Ha [J no npusnaky Beitepiurpacca( cCXOAUTCS MaKOPHPYIOIMI P Z 5 ). B Touke

o (2k-1)
X =0 umeem
T 4 1
0=F_2y__L1 _T
2 (k-2 ¢ Z(2|< 1)? 8

IToaTOoMy

=1 & 1 =1 2 1&1 721
=) — _— =—4+=) —=—+=—A,
2 R Gk-1 @k 8 4t 8 4

>

10.4. CxoqumocTh psina ®Pypbe B TOUKe

MpbI yCTaHOBUIIM, YTO PABHOMEPHO CXOSIIUNICS TPUTOHOMETPUUYECKUH Pl eCTh psig Dypbe
cBoeii cymmbl (Teopema 10.2). Chopmysupyem 6e3 1oKa3aTeabCTBa TEOPEMY, AAFOIIYIO
JIOCTaTOYHBIE YCIOBHS CXOAUMOCTH psifa Dypbe.

Teopema 10.3. B mouke X, 20e ¢pynxkuus f(X) ougppepenyupyema unu, no kpaiineii
Mmepe, umeem o00e KOHeYHble 0OHOCHOPOHHUE RPOU38o0Hvle, pad Dypve cxooumcsa, npuuém



6

cymma ezo pasna | (XO). 6 mouke X, paspolea nepeo2o pooa ynKuyuu f ona cxooumocmu eé
paoa @ypve 0ocmamouno nPeOnoNOHCUMb CYULeCHE08aAHUE KOHEYHBIX NPeOe108

. fF(x, +t)—f(x,+0 _ . f(x,—t)—f(x,-0
D+f(XO)=I|m (0 ) (0 ),D f(XO)Illm (0 ) t (0 )’

t—+0 t t—>+0

f (%, +0)+ f(x,—0)
; .

npUYEM HaA IMOm paz cymmou paoa oyoem

10.5. Tpuronomerpudeckue psiabl 2| — nepmoamuecknx dymcumii

J1o cuX HOp MBI TOBOPHUIIM O PA3NIOKEHUU (YHKIMIA, HIMEIOIMX NepHO 277 , B Pl 1O
TpuroHoMeTprueckuM GyHKImAM. PaccMoTpuM dyHKImH, Tepuos kotopsix 2| ormmuen ot 277 . B

aToM ciydae Gpynkmus | (— Xj uMeeT yxe nepuon 277 . Bé MoxkHO pasnokuts B pan Oypbe
T

f (ngj L % +g(an cosnx +b, sinnx),

rac
17 I 1% I :
an:—_[f —X |cosndx,n=0,1,2,..., bnz—jf —X [sinndx,n=12,....
Te o\ T\
I T T
[Tonoxus Y = — X, momy4um x:l—y,dx=|—dy,n
T
f 0% +OO acos”—n +bsin”—n j
(v) /{ ;(n Y +b,sin==y

rac
1 Nz 1 Nz
a, :f-[ f(y)cosTydy,n:O,l,Z,..., b, :I—I f(y)sinTydy,nzl,Z,.... (9)
| -l

[TonsiTHO, 4TO BCE pe3ysbTaThl M.10.4, OTHOCSIIMECS K CXOUMOCTH psiioB Dypbe, MEPEeHOCITCS U
Ha pssl (9).

10.6. Pa3noskeHus1 TOJIBbKO 10 KOCMHYCAM WJIH TOJbKO 110 CHHYCaM

penmonoxnm, uro pyaxmms T (X) 3amana mumms ma orpeske [0, 7]. Yacto crasures

3a/1aua IpeicTaBUTh €€ psanoM Dypre, mpuaéM TpedyeTcs, YTOOBI 3TO Pa3I0KEHUE COACPIKAI0 JTUO0
TOJIbKO KOCUHYCBI, THOO TOJNBKO CHHYCHI. |11 3TOTO clelyeT JOONpeeuTh €€ B IPOMEKYTKE
[-72,0) coorBercTByrOMIMM 06pazoMm.



s 0 < X < 77 nonoxkum
f(=x)=f(x),

TaK 4TO B pe3yNbTare MONyduTcs 4éTHas QyHKus Ha otpeske [—7, 7).

L]

T e
puc.

E& pasnosxenue GyeT conepkaTh TOJIbKO KocuHychl. Eciu 1ononHuts onpeenenne GpyHKuu
f(X) ma 0 < X < 7 pasencreom

f(—x)=—"1(x),

TO MOMy4HTCS HEUETHAS Ha oTpeske [—77, 7] dynxuus

A (

———————
-
T

U B eé Pa3JI0KECHUU 6yJIYT TOJIBKO YWICHBI C CHHYCaAMU.



