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Bbuner 1. HeonpeaeAéHHbIE UHTErpaA n ero cesouncrBa. Tabauua
HeonpeAeAEHHbIX UHTerpaaoB

1.1. OcHoBHoOE onpeapeneHue

[ycte f (x) omnpezeseHa B mpoMexyrtke X . @ynkuus F (x) Ha3bIBACTCS NEPEOOOPA3HOIL
dynxyueii ona f(x), ecnu wist moGoro x € X Bemonusercs pasenctso: F'(x)= f(x).

1.2. OcHoBHasa AeMMa UHTErpaAbHOro CYUCAEHUA

Ecau B HekoTopoMm npomekyTke X (KOHEYHOM WM 0ecKOHeYyHOM) pyHKIus F (x) SIBJISIETCSA
nepBooOpasHoi s f (x) , To 1 Jro0ast pyHkus £ (x)+ C - Toxe sBISICTCS IEPBOOOPA3HOM IS
f (x) ; 1 00paTHO: JUIsl 1I000H QpyHKIMK CD(x) =F (x) +C.

P JloxasareabcTBo Ouesnino, (F (x)+C)’ =F'(x)+0=f(x) u neppas 4acTb TeOpEMbI
nokazaHa. Ilycts d)(x) - Kakag-1ubo mepBooOpazHas  ans f(x). Paccmorpum pasHOCTb
@(x)— F(x). [IpousBoanast sto¥t (yHKIMH ((D(x)— F(x))’ = (D’(x)— F’(x) = f(x)— f(x) =0. Ilo
CJIEICTBUIO U3 TeopeMbl JlarpaHka moayyum, 4To d)(x) =F (x) + C, 4TO U TpebOBAIOCH I0KA3ATh.
<

MHO0kecTBO NepBO0Opa3HBIX A1l PYHKIUH [ (x) Ha 33J]aHHOM IIPOMEXKYTKE Ha3bIBaeTCs €€

HEoNpeIeIEHHBIM MHTErPAJIOM M 0003HaYaeTCs I S/ (x)dx.

[To nokazaHHOM JJeMMe, OHO UMEET CJIEAYIOILYIO CTPYKTYpPY: '[ f (x)dx = {F (x)+ C }, rae F (x) -

IIPOU3BOJIbHASA NepBOOOpa3Has, a C - Npou3BoJbHas NOCTOsIHHAA. OOBIYHO UCTIOIb3YETCS
0003HaueHue

If(x)dx=F(x)+C,
B KOTOPOM IIepBasi 4aCTh paeHCTBa 0003HAa4YaeT He OJHY U3 (PYHKIMIA, a BCE ceMeiicTBO PyHKIHIA,
00pa3yIoluX UHTErpall.

1.3. TabAuLbl OCHOBHbIX MHTETPAAOB

Kaxnas popmyna F ’(x) =f (x) cpa3y MPUBOJUT K COOTBETCTBYIOMIEH (hopmyrie

'[f(x)dx:F(x)JrC.

[TosTomy, ucnonbs3yst GOpMyJIBI JIsI MPOU3BOIBHBIX AIEMEHTAPHBIX (PYHKIMI TOTYIUM
CJIeIYIOUTYIO TaOJIuILy:

1. j0~dx:C
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2. Il~dx=x+C

p+1

3. [xtdx= +C, u#-1. (1)

u+1

Inx+C,, eciu x>0,
1 j@— 1

(2)

x ln(—x)+C2, ecau x < 0.

Omu ghopmynvl uacmo coeounsrom 6 00Hy: ln|x| + C. IIpu smom cnedyem umems 6 8u0dy, 4mo

1
MHOCECBO0, HA KOMOPOM onpedenena yHkyus f (x) =—, cocmoum u3 08yx NPOMediNCYymKos,
X

3a0aeaemvix Hepasencmeamu x >0 u x <0, coomeemcmeenno. Ha xaxcoom uz smux
APOMENCYMKO8 NOCOAHHYIO MONCHO 8bI0UPAMb HE3ABUCUMO, YMO U OMPaiceHo & popmyie (2).

Tak umo ¢popmyny ln|x| + C He cnedyem noHuMams max, Y¥mo K QyHKyuu ln|x| npubasnsemcs

oona u ma stce nocmosaunasn C kax npu x>0, max u npu x < 0. Ewe paz noesmopum — mounuwlii
cmulen ompasiceH 8 ghopmyne (2).

Omo oace 3ameuanue modxcHo coenams 0asa opmynet (1) npu p <0 u maxom, umo x*

onpedenena kak npu x >0, max u npu x <0.

dx
5. =arctgx + C,
J‘1+xz &

6. ~[L=arcsinx+C,
1+ x?
7. Iaxdx: a + C, B YaCTHOCTH, Iexdx:ex +C
Ina

8. Isinxdx =—cosx+C,

o

Icosxdx=sinx+C,

]O.J‘ .dx =—ctgx+C,
sin” x

U, max Kax @yHKyus onpeoeiena Ha 6ecKoHeUHOM MHONICECTEE NPOMENCYMKOE
m<x< ﬂ(n + 1), n e Z, 014 kaxcoo2o n credyem bioupams ceoro nocmosuuyio C, .
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d.
11.j )2 =tgx+C,
cos” x

pasymeemcsi, 3ameyanue, AHAI02UYHoe coenanHomy 6 n.10, cnpageonueo u 30eco.

1.4. T[lpaBuAa UHTErpUPOBaHUSA
o [(£(x)tg(x))dr=[r(x)drt[g(x)dx.
N ([( ()£ g(x))dx) = 7 (x)£g(x)
(J.f(x)dxirj‘g(x)dx)r =f(x)irg(x)

e Ecimma=#0,T0 J.af(x)dx=aj.f(x)dx.

:I(f(x)ig(x))dx=jf(x xijg(x)dx <

P JlokazarenbCTBO aHAJIOTUYHO NpeabayieMy 4

3ameuanue. Ilpu a=0 ¢opmyra ne eepna no 08ym npuuunam. Bo-nepewix, moodxcem He
cyujecmeosams UHMeZPAal 6 Npagou ee 4acmu, 6 mo 6pemMs KaK uHmezpan 6 Ne6ou ee yacmu

cywecmsyem 0714 110601 pyukyuu f (x) U pasex npou3soIbHOU NOCMOAHHOU. Bo-emopuix, 6 cyuae
Cyujecmeosanus uHmespaila J. f (x)dx npaeas yacms 6 ghopmyne pasna 0 u onsams He cosnaoaem c

ee 11e601ll Yacmoio.

C nomomipto 3THUX OpaBuil U (HOpMya U3 TaOIMLBI HEONPEICJICHHBIX HMHTEIPAJIOB MOXHO
BBIUMCJIMTh HHTErpajibl BCEX LEJBbIX PALMOHATIBHBIX (PYHKUMH M HEKOTOPBIX APYrux (pyHKLHH,
IIPEJICTaBUMBIX B (popMe CyMMBbI TeX (QYHKLUH, UHTErpajibl KOTOPHIX MOTYT ObITh HAMJICHBI.

Hampumep, nmeem

n n n k+l1
k k X
IZakx dx:Zaka dx:Zak . 1+C,
k=0 k=0 k=0 +
dx sin® x +cos’ x dx dx
I — —=|— 5 dx:I 5 +I ——=tgx—ctgx+C.
sin” xcos” x sin” xcos” x cos“x Ysin”x

3 2
J.(\/;'f‘l) dx = J.x%dx+3j.xdx+3jlx%dx+ J.dx = —x% Jrix2 + Zx% +x+C.
5 2
1.5. WHTerpupoBaHue no 4yactam
[Tpeapiayniue npaBuiia He TAIOT YKa3aHUI Ha COCOOBI BHIYMCICHHSI HHTETPAJIOB, HAIIPUMED, OT

¢yskmuit  x*Inx, x"e*. ug Toro, 4toObl MNPOABUHYTHCS Jajbll€, pPAacCMOTPUM IPHUEM
MHTETPUPOBAHMUS, 0OpaTHBIN pueMy JudGepeHIIMPOBAHUS TPOU3BEACHUS IBYX (DYHKITHIA.
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U3 pasenctsa d(UV )=UdV +VdU cnenyer, uto Id(UV) = J.UdV + J.VdU . Orcrona

[vdv =[a(ur)-[vdu .
Ho unterpan ot nuddepennuana GyHKIMHA COBNAAAET C ITOM (YHKUMEH WM OTIMYAETCS OT
HEe Ha MOCTOSAHHYIO BEJIUYUHY; T.€., Id (U V) =UV . YuursiBas 3710, NOJIyYUM
[vav =uv -[vau . 3)

31ech Mbl HE NIHMCAJIM IPOU3BOJIBHON IMOCTOSIHHOW IEPBOIO MHTErpaia MOTOMY, YTO TaKas
IIOCTOSIHHAsE MMEEeTCsl BO BTOPOM MHTerpajie (cymMma JBYX IPOU3BOJIbHBIX IOCTOSIHHBIX —
IIPOM3BOJIbHAS TOCTOSIHHAS ).

®opmyna (3) HazbIBaeTCsa (POPMYII0il HHTETPUPOBAHUS 10 YACTSIM.

PaccmoTpum nmpumepsl MpUMeHEeHus 3Toi (popMyIbl:

1. Ixa Inxdx, aa #-1.

a+l
Ilomaras U =lnx, dU=ﬂ, av=x%dx, V= al , HAXO UM
X o+1
xa+1 xa+1 dx xa+1 a+l xa+1
Ix“ Inxdx = lnx—J. = lnx— Ix“dx= lnx— ~+C
o+ a+l x a+l o+1 o+1 (a+1)

B yacTHOCTH, Ilnxdx =xlnx—-x+C.

2. Ixexdx.

B nepBoM npumepe y Hac He MOTJIO OBITh JBYX MHEHHUH IO MOBOJY BbIOOpa MHOXUTENeH U u
dV . TaMm MbI HE MOTJIM MOJOXUTh dV =Inxdx, IOTOMY 4TO B 3TOM CJIy4yae Mbl HE 3HAJIU Obl, YeMy
paBHO V' (mepBooOpa3Has oT JiorapupMuuecKor GyHKIIMU HaM Obljla HEM3BECTHA). MHOXUTEN X
U e" B 3TOM CMBbICJIE KaXKyTCsl OJAMHAKOBO Y100HBIMU. OIHAKO NpHU onpeeaeHu MHokuTened U u
dV HYXHO PYKOBOJCTBOBAaTbCSl TE€M, YTO B WUTOre MPUMEHEHUS (OPMYJbl MHTETPUPOBAHUS IO
qyacTsM JIOJDKEH THOJy4uThcsl Oosiee npocTodl wuHTerpan. HVHbIMH ClOBaMH, BbIpaKE€HUE

VdU = V-cil—de J0JDKHO ObITh mpoiie BepaxeHuss UdV =U -C;—de. 3Hauut, 3a U OepeM TOT U3
X X

MHOXHTEJIEH, MPOU3BOIHA KOTOPOTO OoJibiiie yrpomaercs. [Tomaraem:
U=x,dU=dx, dV=edx, V=e".

[Tpu sTom Ixexdx = xe" —J.e”dx =xe' —e" +C.
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3. J.xzexdx .
Monaras U = x?, dU =2xdx, dV =e*dx, V =e*, Haxonum
J.xzexdx =x’e" — 2J.xexdx =x’e" — 2J.xd(ex )= x’e* =2xe" + 2J.exdx =x’e" —2xe" +2¢" +C.

JlBa moOcCleIHUX TpUMeEpa IMO3BOJISIIOT CHAEJIaTh BBIBOJA, YTO HMHTErpan OT (YHKIUH P(x)ex
(P(x) - MHOT'OYJICH) MIpEACTaBIsIeTCS B hopMme:

n n
IeXZakxkdx = eXZAkxk +C.
k=0 k=0

Jns onpenenenus kodPpuuuenTos A4, ciaenyet npoauddepeHIupoBaTh 00€ YacTH PaBEHCTBA U

IPUPABHATh KOAPPUIUEHTb NpU MNOJOOHBIX cjaraeMblX. TakoW TIpUeM MHTErpUPOBAHUS
BCTPETUTCS U B APYTUX CIIy4asX.

3/1eCh MBI PACCMOTPHM TOJIBKO OJUH IPUMEP TAKOO POJA.

4. [er(ax? +x+1)dr.
[uurem J.(sz +x+ 1)exdx =e" (AO + Ax+ A2x2)+ C.
JluddepeHimpys 06 YaCTH PABEHCTBA:
(Iex(2x2 +x+1)dx)’ =" (26" +x+1) =" (4 + Ax+ Ax" )+ e (4 +24,x) =
=" [ (A +4)+(4 +24,)x+ A, |,
Tak xkak e* #0, TO
2x +x+1= (A, + A4)+ (4 +24,)x+ A, x>
CpaBHUBas K0S HULMCHTHI IPU OAMHAKOBBIX CTEICHSX X , IMEEM
A =2, A +24,=1, A4, + A =1 = A4 =3, 4,=4
OKOHYATEIBHO,
[er(2x® +x+1)dv =e*(4-3x+20 )+ C.

5. [esinxdx.

B sTOM npumepe npousBoaHble PYHKUMN e’ M Sin X HE yNpoIlarTcs. 3HAUUT, B KauyecTBe U
MOJKET OBbITh MPUHSAT 000 U3 3TUX MHOXUTeseH. [lonaras
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U=e",dU=e"dx, dV =sinxdx, V' =-cosx,
HaXoAUM

Ie" sin xdx = —e* cos x + Ie" cos xdx .

[Tocnenuuii MHTErpan okasajics TaKOW K€ CIOKHOCTH, YTO M MCXOJHBIA. OnHaKo M30paHHBIN
HaMH IyTb HE OKaXeTCs Oe3HaIeXKHbIM, €CJIM Mbl IPUMEHUM K IOCJIEHEMY HUHTErpaiy euie pas
(opMyiTy HHTETPUPOBAHUS 110 YACTAM:

U=e*,dU=e¢e"dx, dV =cosxdx, V =sinx,
Ie" cos xdx = e* sin x — Ie" sin xdx .
[loxctaBnss B paHee HaliIeCHHOE PaBEHCTBO 3HAYEHUE ITOI'0 MHTErpasia, MOJIy4uM
Ie" sin xdx = —e* cosx +e" sinx — Ie" sin xdx .
IlepeHocs nHTErpan U3 MNpaBol 4acTH PaBEHCTBA B JIEBYIO, yUTEM, UTO B JIEBOM 4acTHU YK€ €CTh

IIPOU3BOJIbHAS MTOCTOSAHHAA. Ee, cle10BaTenbHO, HAAIEKUT OCTABUTh U B IIPABOM YaCTH PAaBEHCTBA.
IIpu 3TOM NOJTyUnM:

, , : 1 .
2J.e" sin xdx = e*(sin x — cos x)+ C, J‘ex sin xdx = Eex (sin x —cos x)+ C.
(ITonosuna npouseobLHOU NOCMOAHHOU — NPOU3EOTbHASA NOCIOAHHAL).

1.6. 3ameHa nepeMeHHON UHTErpPUPOBaHUA

[Tepexonum K HM3y4eHHUIO NMpHEMa WHTETPUPOBAHHSA, 0OpaTHOro mpuemMy nuddepeHpOBaHuUs
CJI0KHOM (PyHKLIMH.

[Ipennonoxum, uro yHkuus F (x) - OAHa U3 NepBooOpa3HbIX GyHKIMHA A GyHKIMU | (x),
F’(x) = f(x) u If(x)dx = F(x)+ C . BprunciuMm uHTETpan

I f x)dx
ITockomnbKy U3 paBeHCTBA

[Flp(x))] = Filp(x))-¢'(x) = f(o(x)l'(x)

clielyeT, 4to QyHKuus F ( (x)) nepBoobpasHas 111 GyHKIMU f ( ( ))go’(x),To

| Flopl)'(x)dx = F(p(x))+C

Bce s10 Aa€T HaM IIpaBO IMUCATb PaBCHCTBA
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[ o)l (x)dx = [ £(p()dolx)= [ F(U)AU = F(U)+C = Flplx))+C,

COIJIACHO KOTOPBIM BBIYUCIIEHHE IEPBOTO M3 3TUX MHTETPAIOB C MOMOIIBIO 3aMEHbI NIEPEMEHHOU
U :(p(x) CBEJICHO K BBIUMCJICHHUIO IOCJIEIHET0 HHTerpana (IpH BBIIOJHEHUM BCEX YCIOBHUM
TeopeMbl 0 1u(pHEepeHIUPOBAHNY CIOKHON PYHKLUN).

[Ipu 5TOM BBIUKCIEHHE TMOCIEAHET0 HMHTErpajla CBOAMUTCA C TIOMONIIBIO TOM K€ 3aMEHBI
MepeMEeHHOM K BBIYUCIICHUIO MepBOro WHTerpana, eciu GyHKIMS
U z(p(x) YIIOBJIETBOPSIET BCEM YCJIOBHSAM TEOPEMBl O CYIIECTBOBAaHUM U TUDPEpEeHIMPYEMOCTH
oOpaTHOM (YHKIUH, TOCKOJIbKY B 3TOM BTOPOM CITy4yae MOCJe BHIYMCIEHUS MIEPBOr0 MHTETPalia Mbl
JIOJIKHBI OyJIeM BMECTO BEJMYMHBI X TMOJCTABUTh €€ 3HaY€HHE, KOTOPOE MOXKET ObITh HaWICHO U3

ypaBHeHuss U :(p(x), U pElIeHUEM HTOr0 ypaBHEHUs OyJeT (yHKIM x:(//(U ), oOpaTHas Ay
U= (p(x).

Takum o6pazom,
[ 70U = [ ()’ (x)dx = (x)+ € = Dy (U))+ C,

rnue @(x) - mepBooOpa3Has QyHKIUsS QyHKIHUA | ((p(x))go'(x).

[locnenHee paBeHCTBO COAEPKUT (PAKTUUECKH OECKOHEYHO MHOTO PAaBEHCTB, MOJIYYarOIIHUXCS
JUIA TeX WM WHBIX QyHKui U = (p(x). 3agava 3aMeHbl IEPEMEHHON U COCTOUT B TOM, YTOOBI U3

BCEX 3aMEH IEPEeMEHHOW BBIOpaTh TaKyl0, KOTOpas YNPOLIACT IMOJBIHTEIPaIbHOE BBIPAKEHUE.
3ajaua 3Ta CJI0XKHAs BCJIEJCTBUE OOJIBIIOTO MHOTO00pa3us BO3MOKHBIX 3aMeH. B 3ToM oTHOIIEHNH
MCTO MHTCIPUPOBAHUA IO YACTAM IIPOLIC: TaM MMECTCA KOHCYHOC YHCJIO PA3JIMYHbIX BAPUAHTOB.
Kpome Toro, Tam MO>XHO OBLIO yKa3aTh MPUHLUI, IPHUIEPKUBAsCH KOTOPOrO, MHTEIPUPOBAHUE I10
9acTsM JOBOAMUIIOCH O KOHIIA BCIKHH pa3, KOrJa Takoe J0BeJIeHHe ObLIO BO3MOXKHO.

PaCCMOT'pI/IM HCCKOJIbKO TIPHUMEPOB, B KOTOPbBIX MPUMCHACTCA 3aMCHa HepeMeHHOﬁ K
BBIYUCJICHUIO MHTECTI'PAJIOB.

Lo —w;g’(cidx

)

Tonoxus U = ¢(x), dU = ¢'(x)dx, naiinem

~[%:J‘d?l]:ln|U|+C:1n|gz)(xl+C.

3TO paBEHCTBO MMOJIE3HO 3alIOMHHUTb.
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2. Ilpennonoxum, yto GyHkuus £ (x) - mepBooOpasHas s f (x)

Breruncinm nHTETpa:

If(ax+b)dx, a,beR,a=#0.

Ilonmaras U =ax+b, dU = adx, dx =ldU , HAXOTUM
a

If(ax+b)dx:éjf(U)dU=éF(U)+C=éF(ax+b)+C.

[Tonb3ysce 3TUM, TOJIYIUM

I(ax+b)a dx =

1
arctg— +C——arctg +C,a=#0,

1+(xj2 a % a a a

j%=;j ; ;arcsm +C—arcs1na+C a#0.
(2] *
a
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Bunet 2. UHTEerpupoBaHue paLnMOHaAbHbIX QYHKLMNHA.

2.1. Aarebpaunuyeckoe BBEAEHHE

PaccMoTpuM HekOTOpBIE HYKHBIE HaM B JaIbHEHIIIEM CBEJCHH alre0pandyeckoro Xxapakrepa.

P(x)
)

Beskas panuonanbHas QyHKIMS MOXKET ObITh IPEJICTaBIICHA B BUJIE APOOU ,rae P(x) n

Q(x) — MHOTOUJIEHBI C JEHCTBUTEIbHBIMU KO3 (PPUIMEHTAMU; T.€.

P(x)=byx" +bx"" +...+b, x+b,, b, #0

m?2
-1
O(x)=ayx"+ax"" +..+a, x+a,
He napymas o0IHOCTH, MOKHO CYHMTATh, 4TO a, =1.

Takyto 1poOb Ha3bIBAIOT OOBIYHO payuoHaIbHO Opoodblo. Ecnii m < n , TO pallMoOHaIbHAsS
NpoOb HA3BIBACTCS MPAGUIBLHOM;, €CITU )K€ m > n — HenpasuabHou. Eciau panmonanbHas 1poob
P(x)

O(x)

MIpPE/ICTaBJICHA B BUJIE CYMMBbI E ; S(x)+ Rx)

0 O(x)’

B KOTOpO# S(x) (4acTHOE) — MHOTOUJIEH C IIOKa3aTesieM cteneHu k (k=m—n)u R(x) (ocTaTtok) —

SABJICTCA HeraBHHbHOﬁ, TO ACJICHUEM YUCIIUTCIA HAa 3HAMCHATCIb OHA MOXKET OBITH

(1)

TO>KE€ MHOI'OUJIEH, [T0KA3aTeJIb CTEIIEHN KOTOPOT0 HUXKE I0Ka3aTesd CTENeHH h MHorouieHa Q(x).

Takum 00pa3oM, HeNpaBUIIbHAS pallMOHANIbHAS IpOOb MOXKET BCeryia ObITh NPE/ICTaBIeHA B BUIE
CYMMbI MHOTOYJICHA U MPAaBUJIbHON palliOHAIBHON 1po0Hu.

5 3,2
X 4+3x"+x 2x+1

Ipumep I: ————— =x" +1-————

prep X +2x+1 x4+ 2x+1

B BBICIICH MaTeMaTHKe JOKA3bIBACTCS, UTO 8CAKAA NPAGUIbHASA PAYUOHATILHAA OPOOL
npeocmaguma 6 6ude CymMmul HEKOMOPO20 KOIUYECM8a MaAK HA3bl6AEMbIX RPOCMBIX Opobeil
cedyruux Yemaolpex nmunos:

L 4
X—a

II 4 , (@=23,4..)
(x—a)*

0L Mx+ N
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v, —MEN po23al)
(x2 +px+q)

2 2

I'me A, M, N, a, p, ¢ — IOCTOSIHHBIE JE€HCTBUTEIIbHBIC YUCIIA U pT_ q <0 (unu g _pT >0);

2
T.C. TPEXWICH X~ + PX + ¢ HE pacKIaJbIBacTCs Ha MHOXKHUTEIIN.
PaccmoTpum 3Ty TEOpeMy B YaCTHBIX CIIyqasix.

1. Ecmu ypaBaenne Q(x)=x"+ax"" +...+a, =0 UMEET TOJIBKO IIPOCTHIE JEHCTBUTENLHbIE

R(x)
KOpHH a, b, ... (X BCEro n ), TO MPaBUIbHYIO PAIlMOHAIBHYIO IPO0Ob MO>KHO
X
MPEICTaBUTh B BUAE CYMMBI MPOCTHIX APOOeit
R(x R(x A B
) - e

O(x) - (x—a)(x—b)... - x—a+x—b+

2x+2 2x+2 1 1

XX +2x-3 B (x—l)(x+3) x—1+x+3

Ilpumep:

2. Tlycts ypasuenne Q(x)=x"+ax"" +...+a, =0 OmATb 00IA/IAET TOIBLKO JIEHCTBUTENBHBIMA

KOPHSAMH, HO CPEJIU 3TUX KOPHEH UMEIOTCS KpaTHbIE, HAIPUMEP, KOPEHb @ KPAaTHOCTH 0,
KOpeHb b KpaTHOCTH [3, U T.J. (B YACTHOCTH BCE KOPHU MOTYT ObITh KpaTHbIMH). Torna

MPaBUJIBHYIO PAlMOHAIBHYIO IPOOH MOKHO IIPEACTAaBUTh B BUAE CYMMBbI IPOCTBIX

npooeit
R(x) — R(.X') — Aa + Aa—l + + Al + Bﬁ +
O(x) (x—a)a (x—b)'B (x—a)a (x—a)a_1 7 x-a (x—b)ﬁ
By, B,
+(x—b)ﬁ_1 Fot— (3)

TAc B HeI[OHHCﬁHHOﬁ 9aCTHu MOI'yT OBITH YICHBI, COOTBETCTBYIOUIUEC IPOCTHIM KOPHAM
ypaBHeHust Q(x)=0.

3. Jlerko mpoBepsietcs, 4To eciiu ypaBHeHne Q(x) =0 uMeeT KOMIUIEKCHBIN KOPEHb

a=u+iv (v # 0) (T.e. Q(a) =0), TO OHO 00513aHO UMETH TAKKE KOMIUJIEKCHO COTPSKEHHBIN

eMy KOpeHb a =u —iv (T.e. Q(E) =0). leificTBUTEIHHO, HA OCHOBAaHUW CBOMCTB
KOMILJIEKCHOTO COTIPSDKEHUS U YCJIOBUSI BEIECTBEHHOCTH KO3()()UITUEHTOB MHOTOYJICHA
O(x)=x"+ax"" +...+a, 3akmouaeM, uto Q(a)=Q(a), u TaK kak Q(a) = 0 = 0 (4ncio

KOMIUIGKCHO CONPSDKEHHOE K HYJIIO paBHO HYI0), T0 O(a)=0.
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B sToMm cityuae
O(x) =(x—a)(x—c7)...=(x—u—iv)(x—u +iv)...:[(x—u)2 +v2]..

2
Muoxutens | (x—u) +v* | MOKHO, OYEBHIHO, HPEICTABUTh B BUAE X~ + pX + ¢ , TAK U4TO
px+q
ypaBHeHHE X + px+ g =0 HMEET TOJIbKO KOMILIEKCHBIE KOPHH i % [V ; T.€., TPEXuJIeH

x2 + pXx + g HC paCKIaJAbIBacTCAa Ha I[CﬁCTBHTCJII)HI)IC KOpHHU.

Ilycts cpenu kopHel ypaBHeHus: Q(x) =0 MMEIOTCA KOMIUIEKCHBIE KOPHH, KOTOPHIE BCE
ABJIAIOTCS NPOCTHIMU. COIIaCHO CKa3aHHOMY BBIILIE, COBOKYITHOCTH 3TUX KOpHEH OyayT

2 2
COOTBETCTBOBATh MHOXKHUTENHU (X~ + px+q), (x +rx+ s), ... PA3JIOXKEHUS] MHOTOWJIeHa

O(x) (T.e., O(x)=(x"+ px+ q)(x2 +rx+ s) ...). [Ipu 5TOM NpaBUIIBHYIO PALIMOHATIBLHYIO

Ipo0b R(x)

) MOHO MPEACTaBUTh B BUJE CYMMBbI IIPOCTHIX ApoOeit
X

R(x) _ R(x) _ Mx+N, N Ux+W,
0(x) (x2+px+q)(x2+rx+s)... (X +px+q) (X +rx+s)

(4)

['te B HETOTIMCAHHO YacTH MOTYT OBITh YWICHBI, COOTBETCTBYIOIIHE JICHCTBUTECIIBHBIM
KOPHSIM ypaBHEHHS Q(x) =0 (cMOTpeTh NpEeABIIYIIHE IBA CITyYast).
1 1
—X
X __3
2

1
3 3.
x+1 x+1

Ilpumep: X -
X+l (P —x+Dx+1) X -

4. Cpenu xopHelt ypaBHeHus Q(x) =0 uUMeOTCS KpaTHbIE KOMIIJIEKCHbIE KOPHU, HalpUMED,

KOpEeHb U + v KPaTHOCTb — 3, KOP€Hb u, + iV, KPATHOCTH O , U T.1.

Coenacno CKA3AHHOMY 6blUte, IMuUM KOPHAM 6y()ym coomeenmcmeosani MHoOMCumeiu

(x> + px+q)°, (x2 +rx+ S)U, ... paznodicenue mrHozounena Q(x),; m.e.,
O@)= (x> + px+q)’ (x2 +rx+s)(7

X
)MOJK'HO npe()cmaeumb 8 suoe CYMMbl

Ilpu smom npasunbhyio payuoraibHyo opoos :
X

npocmuix opobetl
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R(x) R(x) _ Mx+N;
O(x) - (x2 +px+q)ﬂ (x2 +rx+s)(7 B (x2 +px+q)ﬁ
M; x+N;_, N M x+ N, L UsXtws | U5 X+
(x2 +rx+s)'6_1 © Xl 4pxtg (x2 +rx+s)0 (x2 +rx+s)0_1
s

r7I¢ B HEIOMHCAHHOW YacTH MOTYT OBITh YJICHBI, COOTBETCTBYIOIIUE IMPOCTHIM KOMIUICKCHBIM
KOPHSIM U JICHCTBUTEIIBHBIM KOPHSIM ypaBHeHUs: OQ(x) =0 (cM. npeaspiayiiue Tpy ciaydasi).

PaccmMoTpeHHble HamMHM YeThIpe Cly4yas MOJHOCTBIO PEIIAl0T BOIPOC O 603MONCHOCHIU
NpEeACTaBICHUSI BCAKOH MpPaBUIBHOM palMOHANBHOW IpoOW B BHJE CYMMBI MPOCTBIX JpOOEH.
Tenepp BCTAaET BOMNpOC: KaK B TOM MM HHOM CJIy4ae MPAKmuuecKu HAXOIATCS NOCTOSIHHbIE
KO3 (UIUMEHTbI B YUCIUTENSIX MPOCTBIX JIPOOEil COOTBETCTBYIOLIETO pasiokeHHsA? DTO JesaeTcs
OOBIYHO C TIOMOIIBIO MEMO0a HEONnPeOeNEéHHBIX KOIPPuyuenmos.

B mepByro ouepens onpenessior, mo kakoi uz gopmyn (2)-(5) caeayeT npeacTaBUTh JTaHHYIO
NPaBWIBHYIO JIpo0b. 3aTeM 3alUCHIBAIOT COOTBETCTBYIOLIEE pAa3j0oKEHHE C OYK6eHHbIMU
Kodhpuyuenmamu. Jlanee npuBoAAT Bce IpoOU K 00IIEMy 3HAMEHATEN0, KOTOPBIM, ECTECTBEHHO,

oyner Q(x).

OTtOpacbiBas cieBa U cpaBa 3TOT 3HAMEHATENb, IPUXOJAT K PAaBEHCTBY JBYX MHOI'OWIEHOB,
TOKJIECTBEHHOMY OTHOCHUTEJIBHO X: clpaBa C OyKBEHHbIMH KO3(QQUIMEHTaMHu, clieBa — C
KOHKpEeTHbIMHU uyuciaMu. CpaBHUBas KOA(PPUIMEHTHl NPU OJUHAKOBBIX CTENEHSAX X, MPUXOAAT K
CUCTEME YypaBHEHMHM, U3 KOTOPOM M HAXOAAT 3HA4eHUs OYKBEHHbIX KOA(PPUIMEHTOB.
CooTBeTCTBYIOIIME PUMEPHI PACCMOTPUM B ITyHKTE 2.3.

2.2. HeonpeAeAEHHbIN UHTErPaA OT pauMOHAALHON GYHKLMK

Teopema 2.1. Heompene/IéHHBII MHTErpaj OT BCAKOW PAllMOHAJIBHON (YyHKIMH Bcerga
BbIpakaeTcsi B KOHEYHOM BHJAe 4epe3 aaredpamyeckue, Jorapupmuyeckue M oOpaTHbIe
TPUIOHOMETPHYECKHE (KPYroBbie) (pyHKUUM; T. €., B KOHLle KOHLOB, Yepe3 3JeMeHTapHbIe
(pyHxnumn.

P NokazareabctBo C momompo dopmyn (1)-(5) (myHkr 2.1) BCAKYHO palMOHAILHYIO

P(x)
O(x)

creneHn uncnmrens P(X) Ha kenuHuu Beime nokasarens creneHu 3Hamenarens (J(X), u

(GYHKIIHIO MO>KHO NPEACTaBUTh B BHUJE CyMMbl MHOIOYICHA CTENEHU K, €CIIM MOKa3aTesb

npocThIX apobeit Tunos I-1V.

Toraa HaxOXACHUE MHTETpaIa OT JAHHOUW pallMOHATBHOW (DYHKIMU NMPHUBEAET K HAXOXKICHUIO
WHTErpajJoB OT MHOTOYIEHa M OT NPOCTHIX JpoOei. PaccMoTpuM Bce BO3MOJKHBIE Ciydau
WHTETPUPOBAHUS.

MHTerpan or MHOrO4IeHa CTENEHN k €CTh MHOT'OUJIEH CTENEHU k + 1. JIeHCTBUTENBHO,
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Coxk+1 Cl.xk
+
k+1 k

1. I(Coxk +Cx ..+ C, )dx = +...+C,x+C (anredpanyeckas QyHKIHUA).

Wnterpanel mpocteix apobeit I u Il TunoB BelpakaroTcst uepe3 Jorapumuyeckue Hu
anredpanyeckue GpyHkiuu. [leficTBUTENHHO,

2. jAdx = Aln|x—a|+C
—a

3. Adxa= 4 4+ C (0 =2,3,4....)
(x—a) (a—l)(x—a)

Wnterpanel mpocteix apoGedt III u IV tumoB BbelpaxaroTcst uepe3 anreOpauyeckue,
norapudmMuyeckue U oOpaTHele TpUroHoMeTpuueckue GpyHkuuu. Mimeem cHauana

dx

Mx+ N Mx+ N
et
2

pY P’
+o | 4 g
(x 2) (q 4J
Mp p

[lycth x+§:z Torga dx=dz u MX+N=MZ+(N_Tj' O603HaYNM q—T=a2 (T. K.

2

q- pT > 0). [loyuaem

7 =
x’ +px+q z +a
=—I 22dz @J. 2dZ =—1In(z" + )+1 N——pjarctg +C
2 +a’ 2 z"+a

BOSBpﬂHIaSICI) K HCpCMCHHOfI X W IIOACTAaBJIAsA BMECCTO a €ro 3Ha4YCHHUC, IOJTyHacM:

M; M: 2N - M, 2x +
J'zx—JrNdx=—Zln(x2+px+q)+ N pact Al e
X'+ px+gq 2 \/461—[72 \/4q P’
M;
OcTtanock ykaszarb TOJIBKO CTIOCOO BHIYUCIICHHS MHTErpalia ILNd (0=2,3,4,...).
X +px+q

Caenas npeoOpa3oBaHue U MOACTAHOBKY TaK K€, KaK U B IIPEABIAYILLIEM CIIy4ac, HOIy4aeM:

Mp
Mx+ N Mz+(N - 7 ) 2zdz Mp
I 2 X = 2, 2ve = I __)jz—za
(x"+ px+q) (z"+a”) (z +a ) 2 (z7+a”)
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TepBbIii U3 DTHX HHTETPANOB HAXOUM MOJACTAHOBKOH v = z° +a°, T. €.,

2zdz dv 1 1 1 1
—_—=|—==—— +C=— . +C
I(z2+a2)5 Iv5 5-1 v —1 5-1 (22 +a*)"
. dz .
Bropoii unterpan I( I HaxXO0JIUM C TTOMOIIBIO PEKYPPEHTHOMN POPMYIIbI
z-+a
dz 1 27°dz 1 (2’ +a’ —a’)dz
]5__’.(2 25_2 N 25+5 N 25+1_Z N 25+25 N H\0+H T
z+a) (z+a) (z+a) (z+a) (z+a)
1 2
=Zﬁ+2515—250 15+1,
(2% +d%)
OTKyJa
=200 z 5=0,1,2,...

M 254 28a* (2" +a*)’’

[Ipumensas sty  ¢dopMynyod —1pa3, Mbl OPUXOJUM K  BBIYMCICHUIO  HHTErpaia

dz 1 z

J‘ﬁ =—arclig—+c
z2+a" a a

Bo Bcex mosydeHHBIX TakuM 00pa3oM pelieHusX 3amMeHsieM zuepe3 x. Ha ocHoBaHHMM 3THUX
M +N
(x> + px+q)°
BBIpaXEHHE, COZIEPKAILIEE A12e0pauldecKyro u 00pammuylo mpu2oHOMEempudecKyro QyHKyuio

pe3yJabTaTOB IOJIY4aeM BBIpAKEHUE MJIS I X, KOTOpOoe MpeaCTaBsieT coOoi

W3 pe3ynbTaroB HMHTErpUpOBaHUs NpeAcTaBileHHbIX ¢GopMmyinamu 1, 2, 3, 4, 5 BbITeKaeT
CpaBeTMBOCTE TeopeMbl. 4

2.3. MeToA MHTErPUPOBAHUA PaLMOHAAbHBIX GYHKLUN

JlokazaHHas B MyHKTe 2.2 Teopema TMO3BOJSIET CHOPMYIUPOBATH CIECAYIOUIUN Memoo
UHMEeZPUPOCAHUSA PAUUOHATLHBIX PYHKUUIL.

P(x)
O(x)

Lesasi 4acTh CTENEHU Kk, €CIMU IN0Ka3aTeslb CTEICHU YUCIUTENs P(x) BbIIIE [OKAa3aTeNsd CTEIEHU

B nanHo# pannoHanbHOU 1poOu BBIJIEJISIETCS B KAYECTBE ClIaraeMoro MHorouseHa S(x)

3HameHatenss (O(x) Ha k enuHul; T. €. BbhIUChIBaeTcs (opmyna (1). 3aTrem packiaasiBaeTcs
3HaMmeHatelnb (J(X) Ha JEWCTBUTENbHBIC JIMHEHHBIE M KBAJApPAaTHbIE MHOXKHUTEIH, TaK 4YTO

R(x)
O(x)

MPEJCTABIACTCA B BHJE CYMMBI NPOCTBIX JpoOei corsacHo ¢opmynam (2)-(5); mpu 3ToM
KOA((UIIMEHTBHI PA3JIOKEHUsI ONPENENAI0TCS METO0M HeonpenenéHHbIX Ko3(dduuuenTtos. [Tocne

O(x)=....(x=a)-...(x’ + px+¢q)° . Jlanee npaBuibHas palroHaIbHas ApoOb dbopmyns (1)
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P(x
O(x)

MHTErpajl, KOTOpbIi ONpeeseTcs J0Ka3aHHOU B ITyHKTeE 2.2 TeOpeMOi.

BCEX 3TUX MpeoOpa3oBaHUM JaHHOUW palMOHAIBHOU ApoOU HaXOJuUTCsl €€ HEeOIpeeIeHHBII

PaCCMOT'pI/IM MNPpUMCEPLI HAa IPUMCHCHHUE U3JI0OKCHHOI'O MCTOJd HHTCTPUPOBAHU.

5 4_
1. Haiitu J‘%x“gdx
x’ —4x

Pewenue. B nonpiHTETpaibHON (PYHKIIMHM BBIACIISAETCS MHOTOYJIEH BTOPOW CTENEHH JIEJICHUEM
YUCJIUTENIS HA 3HAMEHATelb!

—xz;f;; 8 X Hx+4+ —4x2x:r164);— 8 (6)
PacknanpiBaeM 3HaMeHaTeNNb JaHHOM IpOOU HA IPOCThIE MHOXKHUTEIN

¥ —dx=x(x+2)-(x-2).

[IpaBunbHYIO palMOHANTBHYIO Ipo0b hopmyssl (6) mpencrasisgeM o popmyie (2)

4x* +16x—-8 A B C
—= ot 5t
x —4x x x+2 x-2

JIOMHOHB Ha 3HAMEHATENb X — 4X , OJTy4aeM:

4x” +16x-8 = A(x* —4)+ Bx(x—2)+ Cx(x+2) (7)
[IpuBouM 110K0OHBIE cllaraeMsble:

4x* +16x-8=x*(A+B+C)+x(-2B+2C)-44

[Tosryuaem cucteMy Tpex ypaBHEHHI:

A+B+C=4,
—-2B+2C =16,
—44=-8.

Pemas sty cuctremy, Haxonum A =2, B=-3, C =5. [loatomy

4x2+16x—8_%_ 3 N 5
x> —4x X x+2 x-2

(®)

[Tpunss Bo BHUMaHue (6) u (8), HaxoAUM:



Mamemamuueckuii ananus
I xypc Il cemecmp
Bunem 2. Hnmeepuposanue payuonanvuvix ¢yuxyuil (cmp. 8 uz 10)

3 5
+

x+2 x-2

X +x' -8 ) 2
[F=——dx = [P +x+4+=- Yx =
x —4x X

3 2
=%+%+4x+2ln|x|—31n|x+2|+51n|x—2|+c

3ameuanue. Yacmo npu HaxodrcoeHuu K03 uyueHmos paznoxHcenus npuUMeHsaom opyeou
npuem, KOmopbulii CBOOUMCS K MOMY, 4MO 8 Modcoecmae, NOJYy4eHHOM nocjie Omopacvl8aHus
00we20 3HameHamens 8 06eux e2o 4acmsax NPUOaIom X HeKOMopwvle «8bl200HbIEY YUCTO8ble
SHAYEHUs U MeM CAMbIM NOIYYAIOm ONAMb-MAKU YPAGHEHUs, CyHcauyue 0151 OMbICKAHUSA
Heu38ecmHulX Koduyuenmos npocmulx opoobetl. Imom npuem 0coOeHHO 8bl200EH 8 CIyuae
NPOCMbIX KOPHEU.

Tax, 6 paccmompennom npumepe umeem moxcoecmso (7). Ypasuenue x° —4x =0 umeem xopnu
x, =0, x, ==2, x; =2. B moaxcoecmee (7) npuoaem x nocneoo6amenbHO 3HAUEHUS, pA6HbLe IMUM
KOpHAM. Omo cpazy oaem

Ipu x=0 —-8=—44

Ipu x=-2 -24 =8B

Ilpu x=2 40=8C,

Omxyoa A=2, B=-3, C =5 (npedxcuuii pe3yromam,)

Takum obpazom, 8 5mom caydae He NPUXoOUmcs peutams CI0HCHYIO CUCTEMY YPABHEHUL CO
MHO2UMU HEeU36eCMHbIMU.

2
x“dx

X +5x*+8x+4

2. Haritu I

Pewenue. TlonpiaterpanbHas GyHKIUS €CTh IpaBUiIbHAas IpoOb. Pa3noxkum 3HaMeHares b 3Toi
2

Ipo6K Ha HPOCThIE MHOKHUTENH: X° +5x° +8x+4 = (x + 2) (x + 1) . [IpencrasisieM naHHyIO

npo6b 1o popmyie (3)

x* 4, 4 B
- = ~+ +
(x+2)'(x+1) (x+2)° x+2 x+1

Jlomuoxus Ha (x+2)” (x+1), nomyaaem
x' = A, (x+ 1)+ A(x+2)(x +1)+ B(x +2)

[TpupaBHuBas K03(GULHMEHTH! IPH OJAUHAKOBBIX CTEIEHAX X, I0JIy4aeM CUCTEMY TPEX
YPaBHEHUII:
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A +B =1,
A, +34,+4B, =0,
A, +24,+4B, =0.

Pemas sty cuctemy, Haxonum A, =—4, 4, =0, B, =1. CnenoBatesbHO

x* __ 4 ]
(x+2)*(x+1) (x+2)* x+1

C yueToMm 3TOrO:

Iﬂ—j— LA T PR +In|x+1|+C
(x+2)*(x+1) (x+2)* x+1 x+2

Adx
x> +4x

3. Haiitn I

Pewenue. x° +4x = x(x* +4), cnenoparensHo 1o popmyie (3)
pMYy.

4 A Mx+N

x(x>+4) x x*+4

2
[Tocne noMHOXEHMS Ha x(x +4) MOJIy4aeM:

4=Ax" +4)+x(Mx+N)=(A+M)x* + Nx+4x

[IpupaBHuBas K03QPUIHMEHTHI IPU OJAUHAKOBBIX CTEIIEHSX X, [10JIy4aeM CUCTEMY TpeX

YpaBHEHUI
A+M =0,
4 1 X
N =0, ,oTkyna A=1, M =—-1, N =0, Tak 4uto > =———
x(x*+4) x x +4
44=4.
CremoBaTtebHO, J‘4—dx—'|‘ de 1n|x|—ln‘\/x + ‘+C
x +4x
4. Haiitu I 5 d 5
(X" +x)-(x"+1)
1 A B Mx+N
Pewenue. Ilo popmyne (4) =—+—HrH )g , OTKyJa

x(x+1)-(x*+1) x x+1 x*+1

1= A(x+1)-(x* +1)+ Bx(x* +1) + (Mx + N)x(x +1)

©)
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IIpu x =0, nonyunm 4 =1,npu x=-1 umeem B = —% npu x =1 ¢ y4acTUEM HaUACHHBIX

N 1 1
3HauYeHUH, noayuum M + N =—1,npu x =-2 umeem —2M + N = R U cllefoBaTebHo, M = —5

1
N = 5" [Toatomy

1 I 1 1 1 x+1

= . —_— u
x(x+1D)-(x*+1) x 2 x+1 2 x*+1

dx e _Lpde Lextl -t L
I(x2+x)~(x2+1)_Ix 2Ix+1 2jmdx 1n|x| 2ln|x+1| 4ln(x +1)

1
——arctgx +C
> §<4
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bunet 3. bBUMOAEKYyAsIpDHaA peaKunsa

[Ipumep mnpuMeHEHUs HEONPEJEIEHHbIX WHTErpajoB B HCCIEIOBAaHUM MaTEeMaTHYECKHX
MOJIENEN XUMHYECKUX PEAKIIUM.

3aKoH AEMCTBYIOUIMX MacC Uil TPUMOJIEKYISIPHOM peakluu TIJIacUT: CKOPOCTh XMMHUYECKOMN
peakuuu NpONOpLUUMOHANIbHA KOHIIEHTPALUsAM Y4YacTBYIOLIMX B HEW pEareHTOB,— U BbIpa)Kaercs
cnenyromei Gopmynoi:

B f(a—x)-(b—x)-(c-x),

dt
rae x — KOHUEHTpalus Npoaykra; a, b, c, — HadaJabHble KOHLEHTPAI[UU PEareHTOB.

[lepenumeM 3T0O paBEHCTBO B BUJE:

dx

(a=x)(b=x)-(c—x) - (1)

IIpencraBuMm npu a#b, a#c, b#c pyHKUUIO (a—x)-(bix)-(c—x) B BUJE

1 _ 4 N B N C (2)
(a—x)-(b—x)-(c—x) (a—x) (b—x) (c—x)'

JUJ1s1 3TOr0 MO>KHO IPUBECTHU IIPABYIO YacTh ATOI'0 PaBEHCTBA K OOLIEMY 3HAMEHATEIIIO:

A N B N C :A(b—x)-(c—x)+B(a—x)-(c—x)+C(a—x)-(b—x)
(@) (- (o) (a—0)- (b= ()

(A+B+C)x’ —(A(b+c)+B(a+c)+C(a+b))x+Abc+Bac+Cab

(a—x)-(b—x)-(c—x)

OTKYI[a A:—; B:_; C=- 1

(@)ea) " @b)be)  o)ea)

Cornacuo (1) u (2):

dx _ 1 dx 1 dx 1 dx _
J’(a—x)(b—x)(c—x)_ (a—b)(c—a)J.a—x (a—b)(b—c)-[b—x (b—c)(c—a)-[c—x
:;In(a—x)+ ! In(b-x)+ ! In(c-x)+C,

(a—b)(c—a) (a—b)(b—c)
U, TaK Kak J.kdt:kt+C], HoJydyaeM:
1

(a=b)(e—a)

(b—c)(c—a)

In(a—x)+ ln(b—x)+mln(c—x)=kt+const

R
(a-b)(b—c)
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) ax+p
Hnmezpuposanue evipascenuti R| x,m|——— | (cmp. 1 u3 6)
yX+0

Bunret 4. UHTerpupoBaHUe HEKOTOPbLIX BbiPaXeHUH, coAepxallmux

- +
paAuKanbl. UHTerpupoBaH1e BbipaXeHUMU R x,m/%
yx+

4.1. WHTerpupoBaHWe paLuUOHaAbHbIX BblpaXeHHi

Bel1iie MbI y)ke HaydUIIUCh UHTETPUPOBATh pallioHaIbHbIe quddepeHnnansl. B nanpHelmem
OCHOBHBIM IPUEMOM MHTEIPUPOBAHUS TE€X WM UHBIX KJIaccoB U depeHInalbHbIX BEIPAXKEHUN
OyZIeT MOUCK TaKUX MOJCTAHOBOK f = a)(x) , KOTOpbIE MPUBEIH Obl MOABIHTETPATIbHOE
BBIPA)KEHUE K PALIMOHAIILHOMY BUY U Jajid Obl BO3MOKHOCTh MPEACTaBUTh UHTErPall B BUJIE
¢byukuuu ot t . Eciiu ipu 3Tom cama QyHKIMS a)(x), KOTOPYIO HAJUIEXKUT MOJICTAaBUTh BMECTO f,
BBIPA)KAETCs Yepe3 dJIeMEHTapHble PYHKUNHU, TO UHTErpal MPeACTaBUTCA B BUJE PYHKIUU OT X .

Ha3osem 3TOT npueM MeTo0M palMoHAIBHOTO MOABIHTETPAIIBHOTO BeIpaXkeHNs. B kauecTBe
IIEPBOrO IIPUMEpa €ro NPUMEHEHNs PACCMOTPUM MHTETpall BUAA

IR x’mM (1)
yx+0

R 03Hayaet panroHanbHy0 (YHKIUIO OT IBYX apryMEHTOB, M - HaTypaJIbHOE YHCIIO, a
a, B, ¥, O - IOCTOSTHHBIC.

lax+f . oax+p 51" B
H : = = m|— = ——m--- = = —.
YCTh t=w(x) e t ro x=¢(1) po—

WuTerpan nepeier B J. R(qo(t),t)go’(t)dt ;

3neck quddepeHnnan UMeeT yKe pallMoHalbHbIN BU, Tak Kak R ,@ , @' - paluoHalIbHbIE
GyHKIMY. BeIuuciuB 3TOT HHTErpal 1o npaBuily U3 Ouiiera 2, K cTapoi IepeMeHHON BepHeMCH,
MOJACTaBUB ¢ = a)(x) .

K unrerpany Buzna (1) cBoasarcs u 0osiee 00I1I1e HHTETpaIbl

IRx ax+ p r(o&x+ﬂ]S i
\Nm+6 ) U+s )77

rac BCC 1mokKa3arejiv r, S,... palluOHaJIbHbI; CTOUT JIMIIb ITPUBCCTH 3THU IMOKA3aTCIINU K O6HI€My

3HAMEHATENI0 7 , YTOOBI 1101 3HAKOM MHTErpajia MoJIyduTh PallMOHAIBbHYIO QYHKIUIO X OT

ax+ p
pagukanma m——— .
i+ 0
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) ax+f
Hnmezpuposanue evipasicenuti R| X, m (cmp. 2 us 6)
yX+0
Ilpumeppoi.

j \/XT+2

(x+1)> - Jx+1

dx.

3neck ApoOHO-IMHENHHas (YHKIHS CBeJach NMPOCTO K JIMHEWHOW QyHKuuu. Ilycth

t=-/x+1, dx=2tdt; Torma

Jx+1+2 -1
I x2+ " dx:2j.t3+2dtzj.( 2 _ 22t+2 jdt:lngtl)—zarctgth+C
(x+1)? —/x+1 -1 £ +t+1 P +t+l A3 J3

I'I€ OCTaeTCs JIUIIL NOACTAaBUTh  =~/x+1.

x+1
J.«/x x+1) '[ x=1 x+1’

x+1 £ +1 6t dt
HyCTLt—3 ,x: 3 , dx = ————; TOr1a
— 3
-1 (t —1)

x+1 —3dt 1+2 1 £ +t+1 2t -1
= = dt=_"tn——"~+-Barctg ™ —+C,
j ~1x+1 j j( (—1 +t+1] 2 (t-1) TR

x+1
rage =3
x—1

4.2. WHTerpupoBaHMe GUHOMUHAABHBLIX AMGDEPEHLIMANOB

bunomunanpHBIM Ha3biBaeTcs quddepenHnnan Bua:
x" (a +bx" )p dx,
rae a, b — nmobble moKazarenu m, n, p — palMoOHAIbHBIC YUCiIa. BeISICHUM citydan, Koria
9TH BBIPOKECHUS HHTETPUPYEMBI.

OpauH Takoil citydail sICeH HEMOCPEACTBEHHO: €CIIU P — YUCIIO 1e0¢e (I0JI0KUTENbHOE, HYIIb
WIM OTPHUIATEIBHOE), TO PAacCMaTPUBAEMOE BBIPAXKEHHE OTHOCUTCS K THUITYy, U3YyYEHHOMY B
npenpiaymeM nyHkre. ViMeHHo, ecnu uepe3 A 0003HauuTh HauMEHblIee OOIIee KpaTHOE

3HamMeHaTesnel Apobeit m W n, TO MBI UMEEM 37eCh BBIPAKECHHE BUIA R(’%/x)dx, TaK 9TO I

€ro nmpeacTaBJICHUA B BUAC PAIUOHAIIBHOTO BBIPAXXCHUA JOCTATOYHA IIOJACTAHOBKA t= }'\/ X .

[IpeobOpa3yem Tenepb TaHHOE BHIPAKEHHUE TIOJICTAHOBKOW z = X"
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ax+p

Hnmezpuposanue evipascenuti R| x,ml——— | (cmp. 3u3 6)
yx+

m+1

1
Torma x" (a +bx" )p dx=—(a+bz)'z " W, NPENONOKUB JUIs KPATKOCTH
n

L,

OyJeM UMETh:

Ix”’(a+bx")p dxz%j(a +bz)p zdz. (2)

Ecmu q — 4YHCIO 0OeJIoC, TO MbI IPHUXOAWM K BBIPAXKCHHUIO YK€ HW3YYCHHOI'O THIIA.
JleficTBUTENBbHO, €ciu 0003HAYUTh 4Yepe3 V 3HaMeHaTeNlb IpoOu p, TO MpeoOpa3oBaHHOE

BBIPAKCHHUEC UMECT BU]J R(Z ,V\/ a+bz ) PaIII/IOHaJ'II/I3aIII/II/I MOABIHTCIPAJIBHOI'O BBIPAXKCHUSA MOXKHO
JOCTUTHYTh U Cpa3y — NOACTAHOBKOM:

t=Xla+bz=\a+bx".

a+bz\’
Haxonen, nepenumem I(a +bz)" zdz B BURE J'( ] 2Py

z

Jlerko yBuaeTp, 4TO NpU p+¢g LEIOM MBIl TaKKe HMEEM HW3Y4YEHHBIM CiIydaii:

a+bz
peoOpa3oBaHHOE BBIpAXKEHUE HMeEeT BUA R z,\;/ . IlopprHTETpaNIBHOE BBIPAKEHUE B
z

. a+bz -
JAHHOM WHTETpaie PaloOHATM3UPYETCS U Cpa3y MOJICTAHOBKOH f = 1/ =+ax""+b
z

Takum o6Opa3zom, o0a uHTerpana B (opmyne (2) BbIpakaroTcsi B KOHEYHOM BUJE, €CIIU

m+l m+1
OKAa3bIBAETCS LEIbIM OJHO U3 YHCEIL: p, ¢, p + ¢ ; WIU OJHO U3 YuCel: p, —,
n

n

OTu ciaydau MHTErpupyeMocTu Oblin u3BecTHbI emé HpioToHy. OfHaKo JHIIL B CEpeUHE
npouutoro crosnerus I1.JI. YeOpiieB ycTaHOBWII 3amMedaTelbHBIA (aKT, YTO APYrUX ClydacB
HMHTErpUPYEMOCTH JUIsi OMHOMHUHAIBHBIX 1D depeHnanoB HeT.

Paccmotpum npumep:

11

J.;d'l;;;/;x:jx_;(l+x4)3dx.

1 ot

1 1 m N .
2 p= E; TakK Kax =—=— =72,T0 UMEEM BTOPOH CiIy4yau
n

1
3mece m=——, n=
2 —

4
WHTETPUPYEMOCTH. 3aMETHB, YTO V = 3, TIOJIOKHUM (TI0 00IIIeMy TIPaBUITY)

t=1+¥x, x= (t3 —1)4, dx = 12t2(t3 —1)3 dt;
TOr A f—“l;/é/;dx:lzj(té —t3}lt Z%t4(4t3 _7)+C H T.1.
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) ax+p
Hnmezpuposanue evipascenuti R| x,m|——— | (cmp. 4 u3 6)
yX+0

4.3. MHTerpupoBaHue BbipaXeHU BHAA R(x,\/axz +bx+c) . [oacTaHOBKHM
dninepa
[IepexoauM K pacCMOTPEHUIO OYEHb BAXKHOI'O KJlacca MHTErPajioB J. R (x, Nax® +bx+c ) dx.

[Ipeamnosniaraem, 9To KBaApaTHBIM TPEXUICH HE UMEET OJMHAKOBBIX KOPHEH, TaK YTO KOPECHB
W3 HEro MOXET OBbITh 3aMEHEH pallMOHAJIBHBIM BBIpAKEHHEM. MBI U3y4UM MOACTAHOBKY,
Ha3bpIBaeMyro nojctaHoBkoi Ditnepa (L. Euler), ¢ momomibo KOTOpoi MOYKHO JOCTHTHYTH 3/1€Ch
parMoHAIN3alUHA TAKOTO TOIBIHTETPAITBHOTO BBIPAKEHUSI.

[ToncranoBka mpumeHuma B ciaydae, eciid a > (. Torga nosiararot, 4To:

Vax? +bx+c =t —+ax 3)

Bo3Beném 5TO0 paBEeHCTBO B KBAaJpaT U MPUBENEM IMOJOOHBIE CllaraeMble B OOCHX YaCTsX.
t’—c
[Monyunm x = —=——. [loactaBum x B popmyny (3):
2 at +b
2
—— foc  t(Natb)Na (¢ =) 2ar +bi—ar +ea
ax* +bx+c =t—a- = =

2\/Zt+b - 2\/;t+b 2\/Zt+b
2Jar* +bt+ca
2\/Zt+b

\/Zt +bt+ \/Ea dr
(2\/Zt+b)2

Udx=2

Bcé octpoymme »HIEepoBOM MMOJCTAHOBKM MMEHHO B TOM, YTO JUISl ONPEACIICHUS X
IMOJIYy4acTCsd YPaBHCHUC nepBoﬁ CTCIICHU , TaK YTO X, a OAHOBPEMCHHO C HUM TAKXC U paguKall

Vax® +bx+c¢ BBIPOKAIOTCS PALMOHATIBHO 4epes £: ¢ =~ ax’ +bx + ¢ +Jax.

4.4, WHTerpupoBaHWe BbIpaXeHWUW, COAEpPXaLUUX TPUrOHOMETPUUECKYID M

nokasaTeAbHyl0 PyHKUUU. UHTEerpuposaHue auddpepeHunanos R(sin X,COS x)dx

Huddepenumansr  Buaa R(sinx,cosx)dx BCETJla MOTYT OBITh PAIMOHATU3UPOBAHBI

o X o
MOJCTaHOBKOM = th(— T<x< 7T) . [elicTBuTensHO,
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ax+
Hnmezpuposanue evipasicenuii R| x,m —ﬁ (cmp. 5 u3 6)
yx+
2 X
ZgS oy I-g"o 1 _p 2dt
sinx = = >, COSX= = >, X =2arcigt, dx= =,
TakK 4TO:
2t 11—t 2dt

R(sin x,cosx)dx =R , .
( M 1+¢2 1+¢% J1+¢22

Takum oOpa3oM, HHTErpajbl TUIA J. R(sin x,cosx)dx Bcerma 6epyTcs B KOHCUHOM BHAC; V1A

UX BBIP@XKEHUs, KpOME (YHKIMH, BCTPEUAIOIIUXCS IPU HHTETPUPOBAHUU PallMOHAIBHBIX
I depeHnanoB, HYKHbI JINIIb €€ TPUTOHOMETpUUYecKre (DyHKIUH.

YnomsHyTas MOJCTaHOBKA, SBISIOLIASCS YHUBEPCAIBHOM JUIsl MHTErpajia ONpeieseHHOTO
THUIIa, IPUBOJUT HHOM pa3 K CJIIOKHBIM BBIKJIaJIKaM. Hwmxe YKa3aHbl ClIydau, Korga nciib MOXKET
ObITh JIOCTUTHYTa C TOMOUIbIO 0o0Jiee MPOCTHIX MOJACTaHOBOK. IlpenBapurensHo caenaeM
CJICAYIOIINE HIIEMEHTAPHbIE 3aMeUaHMsl U3 00JIaCTH anreopsl:

Ecnu nenas unu npo6Hasi pauroHanbHast QyHKIMS R(u,u) HE MEHSET CBOEr0 3HAYCHUsI IIPU
M3MEHEHHUH 3HaKa OJJHOrO W3 apryMEHTOB, Hampumep, u (T.e. eciu R(—u,u): R(u,u)), TO OHa

MOJKET OBbITh IIPUBEJIEHA K BUIY R (u,u) =R (uz,u) , COJIepXKalIeMy JUIIb YETHBIE CTECIICHH U .

Ecnu xe, Hao0OpoT, nMpu U3MEHEHUH 3HaKa # (YHKIHS R(u,u) TaK)Ke MEHsIeT 3HaK (T.e.

ecmu R(—u,0)=—R(u,0)), To ona npusomres k Buay R(1,0)= R, (u2 ,U)A ;

OT0 cpa3y BBITEKAET U3 MPEAbIAYIIETO 3aMEYaHuUs, €CJIM €ro IPUMEHUTh K (QYHKIIUU M .
u
I.  Ilycts R(u,u) MEHSET 3HaK [IPU U3MCHEHUHU 3HAKa U |
Torna:
R(sin x,cosx)dx = R, (sin ’ x, cosx)sin xdx =—R, (1 —cos’ x, cosx)d CoSX,
Y palMOHANIM3alus JOCTUIaeTCs MOJCTAaHOBKOM f = COSX .
II. Ecmn R(u,u) MEHSET 3HaK [IPU U3MEHEHUHU 3HAKa U, TO

. . 3 . . .
R(sm X,COS x)dx = R: (sm x,cos’ x)cos xdx = —RO (sm x,] —sin? x)d Sin x , ¥ 371eCh

1enecooOpa3Ha MoJACTaHOBKA ¢ = sin x .

III.  Ilpennosioxxum HakoHeW, 4TO QyHKIUS R(u,u) HE MEHSAET CBOETO 3HAYCHUS IIPU
OJIHOBPEMEHHOM M3MEHEHUH 3HAKOB U U U :

R(— u,—u) = R(u,u).
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ax+p

Hnmezpuposanue evipascenuti R| X, ml——— | (cmp. 6 u3 6)
yx+

u u « U
B stom ciyuae, 3amensisi 4 Ha —v , OyieM UMETh R(u,u) = R(—u,u] =R (—,u] . Ilo
D) D) D)

. u
CBOMCTBY QYHKIIMU R , €ClIi U3MEHUTh 3HAKU ¢ U U (OTHOLIEHUE — IIPU 3TOM HE
v

WU3MEHUTCHA), R*(Z,—u] = R*(

L

c|=

« U = U 2
,U |, a Toraa, Kak Mol 3HaeM, R | —, v |=R, | —,v
L L

ITosTOoMYy. R(sin X, cosx) =R (tgx,cos2 x) =R, tgx,; , T.€. R(sin X,CO0S x) = E(tgx).

1+1tg°x

dt
1+2%°

T T : =
31eCh TOCTUIaeT UE/H IOJICTaHOBKA f = tgx(— By <x< 5] , 160 R(sin x,cosx)= R(t)

3ameuanue. HnyCHO cKaszams, 4mo Kaxkoeo Obl HU ObLIO PAyYUOHANIbHOE 6bIPAJICEHUE R(M,U),

€20 6ce20a MOJNCHO NpeoCmasumv 8 6U0e CYMMbl MPEX GbIPANCEHUU DPACCMOMPEHHbIX Gblllie
yacmuwlx munos. Hanpumep, mMoxicHo npeononodxcumso

Rlw,0)= R(u,0)-R(—u,v) N R(=u,0)- R(=u,~v) . R(=u,~)+ R(u,v)
2 2

H€p60€ uz smux ebzpaofcenuﬁ MEHAem 3HaK npu U3MEeHeHUuu 3HaKka u, emopoe MeHiaem 3HaAK
npu uU3MeHeHuu 3Haka L, a mpemve COXpaHAem 3HA4YeHUe npu OOHOGPQMQHHOM UBMEHEHUU
3Haxka u u v. Pazous 6blpAdiCeHUe R(SlIl X, COSX) Ha coomeemcmeyruue ciazaemvple, MONCHO K

nepeomy u3 HUX NPUMeHUmb NOOCMAHOBKY t =COSX, KO 8MOPOMY NOOCMAHOBKY - t =sin X u,
HAaKoOHey, K mpemvemy — NoOCmauoexy t=1gx muna. Taxum obpasom, 011 6vlYuUCIeHUs

unmezpanos muna (1) oocmamouno smux mpéx no0CmMaHoB8oK.

JUIs ~ BBIYHMCIICHUS HHTETPAJIOB J. sin axcosbxdx , J. sin axsin bxdx , J. cosaxcosbxdx

HCHOJIB3YIOTCS (DOPMYJIBI

e sinaxcosbx = %(sin(a +b)x +sin(a—b)x),
e sinaxsinbx= %(cos(a —b)x—cos(a+b)x),

e cosaxcosbx = %(cos(a —b)x+cos(a+b)x).
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Bbunert 5. lAoLwaab NAOCKOH QUrypbl.

5.1. [Aowaab oUrypsl

B sToM myHKTE MBI JamuM OMNpeAesieHHe TMOHATUS «IUlomans (urype». 3amgada o
BBIYUCJIICHUHN ILJIOIIIaAN IIJIOCKOM (bHprI)I, OFpaHquHHOﬁ KPHUBBIMH JIMHUAMU, SABIACTCA
BeCbMa akTyalbHOW. OTIpPaBHONW TOYKON CUMTAETCS MOHATUE IUIOLIAAb TPEYrojJbHUKA. DTO
IIOHSTHUEC CUHUTACTCSA HU3BCCTHBIM. ,21]'[5[ TOTO, LIT06I)I ONPpCACIINTD IJIOIIalb MHOTOYI'OJIbHUKA,
pa306BéM €ro Ha TpCYrojJlbHHKH, BBIYHCIINM iomaau 9TUX TPCYroJIbHHUKOB u
npocymmupyem ux. Cienyer 10Kka3aTh KOPPEKTHOCTh 3TOTO ONpPEACSICHUs. ITO 03HAYAET, YTO
€Ciu pa3OouTh MHOTOYTOJBHUK Ha TPEYTrOJBHHUKH JAPYTUM CIOCOOOM, TO €ro Iuiomagb OT
3TOr0 HE U3MEHHUTHCA. JloKaxkeM 3TO.

» Bo3bMeM JBa pa30ueHusi MHOTOYTOJIbHUKA HA TPEYTOJbHUKHU:

[TocTpoum oOuiee pazoueHue:

[Tonyuurcs pazdoueHue
MHOT'OYI'OJIBHUKOB, KOTOPBIC MOXXHO

«10Pa30oUTH» 10 TPEYTOIHHUKOB.

Toraa mnouaau yacten kak 1-ro, Tak U 2-ro pa3OnueHus NOJy4aroTcsl, KAk CyMMBI IJIOIIAeH

MaJIeHbKUX TPEYTOJIbHUKOB U3 PE3yIbTHpYIolIero pazouenus. [loatomy cymmel yacteit 1-ro u 2-
ro pa3ouenus. €

IT1o1a1s MHOIOYroJIbHHKA 00J1aJaeT CIeAyOIUMMH CBONCTBAMU:

1. Ilmomanap 10000TO MHOTOYTOJIbHUKA HEOTPUIIATETIHHA;

2. Ecuu A, B- muoroyronshuku, 10 S(4UB)=S(A)+S(B)-S(4NB) B yactHoCTH,
ecii S(AUB)=0,710 S(AUB)=S5(A4)+S(B). 10 CBOICTBO HA3BIBACTCS
aJUIMTHBHOCTBIO Mutomaau. M3 uero cienyet, uto ecmu A< B, 10 S (A) <S (B) )

Ilycts Teneps P - orpaHmdeHHas miockas Gurypa. PaccMorpiM MHOXecTBO { A4}

MHOTOYI'OJIbHUKOB TaKUX, YT0 4 C P ¥ MHO€ECTBO {B} MHOT'OYTI'OJIbHUKOB TaKHX, 4To P C B .
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MHoxecTBo miomazaeu {5 (A) } MHOTOYTOJIbHUKOB 4 C P OrpaHHY€HO CBEPXY ILIOIIA/IbI0

mo6oro MEOroyrojibHuKa B Takoro, uto P < B . I105TOMy CyIIECTBYET TOUHAs BEPXHSS IPaHb
3TOTO YHCIIOBOTO MHOXKECTBA, SUP {S (A)} .
AcP

AHaJOTHYHO, 1T MHOKECTBA Tutomanei {S (B) }MHOTOYTONTIBHUKOB B, P C B, cymecTByer

TOYHAsI HYKHSIS TPAaHb Lrég {S (B )} .

Onpedenenue 3. 1. I1nockas ¢purypa P Ha3wsiBaeTCs umerouieii niouiads (Keaopupyemvim
MHOMHCECMEOM), ECITU:

sup{S(A)} = inf{S(B)} =S (P),

AcB

IIpH 3TOM 0011lee 3HaYEHNE STUX BEJTUUYUH Ha3bIBAETCS €€ na1ouiaovio S (P) .

HerpynHo 3ameTtuts, 4ro:

1. Ilnmomanp mro0o# kBaapupyeMoi Gurypsl P HeoTpumarenbsa, T.K., 0 OMPEIETICHUIO
ni(P) = inf{nr.(B)},aBce S(B)=0.

2. AJUATHBHOCTS IUIOWIA/H, T.¢. paBeHcTBo S (P, UP,)=S(P)+S(P,)-S(P,NP,)

TaKXKe UMEeT MeCTO I KBaJpupyeMslx puryp B, P,.
P JlokaxkeM 9TO PaBEHCTBO B ciiydae, koraa S (P, N P,)=0

ITycts ¢ > 0. BeibepeM MHOTOYTOJIBHUKH A4, B,,i =1,2, Tak, 4TO0bI
4 cPcB, S(P,)—S(Al.)<§, S(Bl.)—S(PI.)<§ Torna 4, U4, c BUP,c B UB, u
ANA cBNP, otkyna S(4 NA,)<SENP)=0, te. S(4nA4,)=0.
CnegoBaTeibHO,

& ¢ g
S(AlUAZ)ZS(A1)+S(/12)>S(1’1)+S(Pz)—z—z=S(Pl)+S(Pz)—5-
S(BUB,)<S(B)+S(B,) < S(B)+S(B)+ 7+ =S(R)+S(P)+.

[Tostomy:
S(P])+S(Pz)—§<S(AlUAZ)SS(BlUBz)SS(Bl)+S(Bz)<S(Pl)+

&
+S(f)2)+5

BBuay npoussonsHocTH uncia € > 0, 310 03HAYaer, 4ToO B U P, umeer nmnomans, u
S(BUP)=S(B)+S(P,), uro u TpedboBaoCh J0Ka3aTh. 4



Mamemamuueckuii ananuz
I xypc Il cemecmp
bunem 5. [Tnowaode niockou gueypol (cmp. 3 uz 4)

Teopema 5.1. Illyers P- minockas purypa, {R}- MHOKecTBO KBagpupyeMbIX GUryp
R,R c P,{Q} - MHOKeCTBO KBaJpupyeMbIX (puryp u eciau sup{S(R)} = }Jng {S(Q)},T0 P-
RcP <
KBaJpupyemMas purypa, npuyeM eé mjiomajib paBHa o01eMy 3Ha4eHUI0 ITHX BeJTUYHH.
» /I nokas3aTenbCeTBa JOCTATOYHO Ul IPOU3BOJILHOTO £ > () BbIOpaTh CHauaa

kBagpupyemsbie purypsl R, QO tak, uto0s1 RC P Q uS(Q)-S(R) < % 3aTem BeIOEpEM

MHOTOYroJibHUk 4 u B, Ac Rc Pc Q c B Tak, 4to S(R)—S(A)<§, S(B)—S(Q)<§,

g & ¢
Torra S(B)-S(A)<—+—+—=c¢.
it (B)—S(4) RN

Taxum oOpazom, mist Gurypsl P MokHO BEIOpAaTh MHOTOYTOJIBHUKA 4 U B Tak, 4To
A< P< B umnomamu A4 u B cTo)ib yrogHO OJM3KH, 9TO U O3HAYAET KBAIPUPYEeMOCTh P . 4

5.2. OnpeaeneHUe MHTErpaaa.

JIiist manpHEeNIero moTpedyeTcst MoHATHE pa3OueHust OTpe3Ka.

Onpedenenue 5.2. Toukn x, =a <x, <..<x,, <x, =b 3a1a10T pasduenue oTpe3Ka [a;b].

Jiia kpaTkocT Oynem o0o3HayaTh pazoueHue OykBoit 7.
O6osnaunm Ax;, =x,,, —x,,1=0,1,...,n 1.

Onpeodenenue 5.3. HanOompliiee u3 4ucen
Ax;,i=0,1,..,n—1 HasbBaeTca Ouamempom

£ X A
— 12 & j: ) pas6uenus T u o6osnauaercs d(7T).
=
Onpedenenue 5.4. Ecnu 1mpou3BOJIBHBIM

obpazoM BBIOpaTh TOYKH (., e[xl.;xH]],i:O,l,...,n—l, TO MOJy4HuTCs pazbuenue T c

ommeuennvimu mouxkamu &,,i =01,..,n—1.

Huorna, ans xpaTkocTH, OyaeM 0003Ha4aTh HAOOp TOYeK &, ,...,4, , CHMBOJIOM (.

n—1

Onpedenenue 5.5. Ilyctey dyHkums f(x) ompeneneHa Ha OTpPE3Ke [a;b], U TyCTh 3aJaHO

pa3zbuenue 7 3TOro OTpe3ka ¢ OTMEUEHHBIMU TOUKaMU (. Mumezpanvhoii cymmoil Ha3bIBaeTCs

BEJIMYHMHA Z:; f(&)Ax, .

Jlist 0003HaUYEHUST UHTErPAIbHON CyMMbI OyleM HCIOJIB30BaTh CUMBON o (f(x), T ,E), W

HpOCTO O .
N f(x) Jlns  HeoTpuuarensHOW — QyHkumm  f(x)

f( 5.) 1l uHTerpanbHas cymma o(f(x),T ,E) IIPEICTABIISCT
l co0oit IIPOCTO IUI0IIA/lb CTYIIEHYaTOI0
MHOTOYTOJIbHUKA, COCTaBJICHHOTO u3

X MMpsAMOYT'OJIbHUKOB C OCHOBAaHUSIMU Axl. , AIMCIOIIINX

BBICOTHL, paBHbIE f((;).

N




Mamemamuueckuii ananuz
I xypc Il cemecmp
bunem 5. [Tnowaode niockou gueypol (cmp. 4 uz 4)

Onpedenenue 35.6. Ilycte cymectByer umcio [ € R Takoe, 4ro miusa jwoboro & >0
cymectByer uucio o(g)>0 Takoe, 4To i Jr00oro paszbuenuss T oTpeska [a;b],

ynosierBopsroniero ycinoButo d(7)<d, m mmsa modoro BeiOopa ToueKk (  BBITOJIHACTCS

n—|

2 (A, 1

i=0

OTpe3Ke [a;b], a uucio [ Ha3bBIBACTCS €€ UHMEPanoM 1O OTPE3KY [a;b]. WuTerpan

HEPABEHCTBO <é¢. Torma dbynkuust f(x) Ha3bIBACTCS UHMmMeEZPUPYEMOl HA

b
0003HaYaeTCsS CHMBOJIOM J. f(x)dx.
a
NuTerpan — o0OOHO M3 BaXHEHIIMX TMOHATUA MATEMaTUYECKOTO aHalv3a, HMEIoIIee
MHOTOYHNCJICHHBIC HpI/IJ'IO)KeHI/ISI K HpaKTI/I‘IGCKI/IM 3aa4daM. I/IMGHHO C IIOMOIIIBIO 3TOTO ITIOHATUA
yAacTcsl pelnTh 3aJ1auy O IJI0aau (pUrypbl, OrpaHUYE€HHON KPUBBIMU JIMHUSMHU.

5.3. Heobxoaumoe ycAOBHE CyLLIECTBOBAHUA UHTErPaAa.

Teopema 5.2. Ecnu ¢ynkuuss f(x) uHHTerpupyeMa Ha oTpe3ke [a;b], TO oHa
orpaHuvena Ha [a;b].

» Bo3pMeM B ompeseieHnu MHTerpajia € = | | paccMOTPUM COOTBETCTBYIOIIEE €My O .
[Iycte T — nroboe pa3dueHue, ymomierBopstomee ycinoButo d(T)< 6. Hnsa Toro, 4ToOBI

yOeauThcss B CHPaBEUIMBOCTH  TEOPEMBI, JOCTAaTOYHO JOKa3aTh, YTO TPU  BCEX
J» G=0,1,....n=1) ¢ynkuus f(x) orpanuveHa Ha oTpeske [x;x,,], T.. |f(x)|£Mj.
HenicrBurensHo, Torna anst M = max(M,...,M, ) nmeeM npu x € [a;b]: |f(x) <M

Y, 3HAUUT |f(x)| <M, <M.

, TK. X

BXOJUT B HCKOTOPBIH OTPE30K [x 5x ]

Bri6epem moboe j, (j =0,1,...,n—1) u npencraBum uHTerpaibayto cymmy o( f,7T, {f_ }) B

BUJIC:
j-1 n—1
DS EDAX, + f(&)Ax, + D f(&)Ax, (1)
i=0 i=j+1
3aukcupyeM NpOW3BOJNBHBIM ~ O0pasoM wucna &y, &, &, &, BbIOpaHHBIE B

COOTBETCTBYIOIIUX INpoMexyTrkax. [Ipu aTom mepBoe u TpeThe ciiaraemble B paBeHcTBE (1)
MPUMYT ompeneseHHoe PukcupoBaHHOe 3HaYeHHE. O003HAYNM CyMMY STHX ClaraeéMbix OyKBO#
J . Takum 06pasom, npu jiodbom &; € [x;5x,,]:

o(f.T{E) =T+ (&)Ax, @)
[To ycnosutio, pyHK1US HHTErpUpYyema, 3Hauut |o(f,7, {f_ }) -1[<1, T.e.
—1<0(f,T,{§_})—I <l,mm [ -1< G(f,T,{é_}) < I +1, oTtkyna, yuutsiBas (2):
I-1<J+ f(E)Ax, <I+1, I-J-1<[f(§)Ax; <I-J+1,

I1-J-1 I1-J+1

T<f(§,-)<T (3)

j J
JleBast u mpaBast yacTu HepaBEeHCTBA (3) MPECTABISAIOT COOOM BEIMYUHBI, HE 3aBUCSIINE OT

&, Tlosromy HepaBeHCTBO (3) 03HayaeT, YTo ‘ 1, )‘ < max %I -J - 1| |1 ;i + 1|

2

=M,. 4

J J ‘



Mamemamuueckuii ananuz
I xypc Il cemecmp
bunem 6. Cymmot Japoy u ux ceovicmsa (cmp. 1 usz 4)

bunretr 6.Cymmbl Aapby n ux ceoKcrBa

[Ipu ucciienoBaHUM BOMPOCA O CYIIECTBOBAHWU HWHTETrpaja BaXHYIO POJIb HIPAIOT CYMMBI
HapOy (I'. HapOy (1842—-1917)).

Ilo nokasanHoit B nynkme 2 6urema 5 teopeme [ (x) orpanndena Ha [a,b] u, ciegosarensHo,

i m06oro pa3Ouenuss 7 oTpe3Ka OHAa OTpaHMYEHA Ha BCEX OTPE3Kax [xl.,x.

i+1

| (r.e. MmHOXECTBO €8
3HAQUYEHHH Ha 3TOM OTPE3Ke OIPaHMYEHO CBEpXy M CHu3y). O003HauMM M, — TOYHYIO BEPXHIOIO
rpaHb, a /1 — TOYHYI0 HWXHIOIO TPaHb MHOXXECTBA 3HA4YeHUH OQyHKUUM f (x) Ha

],i=0,1, .,n—1.

i+1

[x.x

n—1 n—1
Onpedenenue 6.1. Uncna S(T)= ZM Ax, uos(T)= Zml.Axl. Ha3bIBAIOTCS, COOTBETCTBEHHO,
i=0 i=0

eéepxHeil v HuxMcHel cymmamu lapoy pyakuum [ (x) TSt pa3ouenust T Ha OTpe3Ke [a,b] .

Teopema 6.1. Bepxusisi cymma Jlapoy S (T ) npeacTrapJsieT 000l TOYHYIO BEPXHIOK) IPaHb,
a HuxkHAA cymma J[lapOy s(T ) — TOYHYK) HHW/KHIOKW TIpaHb MHOKeCTBa 3HaYeHUil

HHTErpaJIbHbIX CYMM IIPpH 3aJaHHOM pa36ue1mn T ¥ BCeBO3MOKHBIX BblﬁOan TOYECK {g } .

» Ilposenem ero s BepxHed cymmbl JlapOy. [lns HIKHEH CyMMBbl pacCyXJIeHUs
AHAJIOTUYHBIE.
Bo-nepBeIX, i mo0oro i ¥ ans 000 Touku & e[xl.,xm] UMEET MECTO HEPABEHCTBO

f (51.) <M, (o onpenenennio M,). 3Haumr,
£(E)Ay, <MAx i=0, 1, ..n—1, (1)

CymMmupyst HepaBeHcTBa (1) mo Bcem i =0, 1, ..., n—1, momydaem:

n—1 n—1
ol 7,T,{E})= JAx, <> M.Ax, =S(T). To ectb S(T) — BepxHSsA I'paHb MHOKECTBA
(£ 7.4E}) =2 /(&) Ax < 3 MAx, =S(T) (T) — Bepxuas p

i=0 i=0

G(f,T,{f_}) 10 BCEBO3MOKHBIM BbIOOpaM {f_}

Ocranoch noKa3ath, 4To S (T ) — mouHaa BEpXHsA rpaHb. [y 5TOro BO3bMEM MPOU3BOJIBHOE
&> 0. IlockomnbKy M, — TO4HAs BEpXHsis TpaHb MHOXeECTBA 3HaueHnil f (x) Ha oTpeske [x,,x,, ],

i=0, 1, ..,n—1 cymecrByer touka & €[x,,x,, | Takas, 4o

f(f;)>Ml.—bg i=0,1, n—1n
—da
f(é-)Axi > M Ax, — Séx;’ i=0,1, ...,n-1. )

CymMmupyst HepaBeHcTBa (2) mo i =0, 1, ..., n—1, moxydaem, 9to



Mamemamuueckuii ananuz
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bunem 6. Cymmot Japby u ux ceovicmsa (cmp. 2 us 4)

n—1

o(/.T4E)) =3 7 (&)Ax, >ZMI.Axl. _Z():ZA—xa :S(T)—biaZAxl. = §(7)-¢,

i=0

T.K. nz_]:Axl. =b—a (cymmapHas AJMHA OTPE3KOB, COCTABJISIONIMX OTPE30K [a;b], paBHa JUIMHE
3Torol _ooTpe3Ka).

Wrak, nokazaHo, 4ro g JI00oro & >0 MOXHO Tak BbBIOpaTh TOYKH &, ..., &, 4TO
G(f,T,{g?}) >8(T)-¢, aro kak pas, u osHadaer, 4to S(7T') :sup{a(f,T,{é_})}, re BepXHsAs

rpaHb B34Ta 10 BCEBO3MOKHBIM BBIOOpaM To4ek &, ..., & ,. Teopema nokasana. «

3ameuanue. Ouesuonvl Hepasencmea: s(T) < a(f,T,{f_}) < S(T).

B\

a fo X 51 X2 52 Xn-2 fn—Z Xn-1 gn—l b X

3amemum, ymo HUDICHS15L cymma  Hapoy, coomeemcmeyiowas — pazoueHuro
a=x,<x <..<x,,<x,=b, npeocmasnsem coboii n1owadb MHO20Y20IbHUKA, BEPXHAAL ePAHUYA

KOmopo2co Ha pUCYHKe eCnlb HUJICHAA IOMARAA, OMMEYEeHHAaA JfCupHOIZ JUHUELL.

Bepxuas cymma Jlapby — smo niowadb MHO20Y20NbHUKA, 6EPXHAA 2PAHUUA KOMOPO20 —
BEPXHAAL U3 3 NOMAHBLX TUHUL, OmMedeHa ewe Doee HCUPHOU TUHUE.

Haxoney, unmeepanvnas cymma, coomeemcmeyowas evioopy mouex &, ..., & |, — 2mo

I’l]lOu/;(lab MHO2O0Y2O0NIbHUKA, 6EPXHAA ZpaHUuUya Komopoco HaA pPUCYHKE 3AdKII0YeHda M@chay
ONUCAHHbIMU 6blUie TUHUAMU U 1/l306p6lJfC€Ha I’lpOCWIOIZ JUHUELL.



Mamemamuueckuii ananuz
I xypc Il cemecmp
bunem 6. Cymmot Japby u ux ceovicmsa (cmp. 3 u3s 4)

Onpedenenue 6.2. Pazouenue 7, orpeska [a,b] Ha3bIBACTCS npooocenuem pasouenus 7,

(uu uszmenvuenuem), €Ciii OHO NOJTYYEHO IPUCOEANHEHUEM K 7, HOBBIX TOYEK JICJICHUSL.

i —t f ] T1
a b
i - +— - —eo ] T2
Teopema 6.2.
1. Ecnu T, npodonscaem T, mo s(T,)<s(T,), S(T,)=S(T,). (3)

2. Ina noovix pasouenun T, u T, umeem mecmo Hepagencmeo: s (T ) <S (T2 ) 4)

» Chauasa JokakeM HepaBeHCTBa (3) B ciyuyae, korga 7, HOJIy4eHO IMPUCOEIUHEHHEM K T,

onHO# HOBO#M Touku. ITycTh 3Ta Touka, 0003HauMM e€ x', momajma B MHTEpBal X, <X <X,
PaccmoTpum cymmer JlapOy, COOTBETCTBYIOIIUE CTAPOMY Pa30MEHHIO M HOBOMY Pa30MEHMUIO.

[lockonbKky oOCTalbHblE OTpPE3KM CTAporo pa30MeHHs oOcTaauchb 0e3  HM3MEHEeHus,
COOTBETCTBYIOIINE UM cliaraembie cyMMm J[apOy He usmenstcs. [loaTomy paznuane ctapoid 1 HOBOM
cyMMblI J[apOy TOJIBKO B TOM, UTO:

1. mma  BepxHeih cymmpl  JlapOy  cimaraemoe M Ax;  3aMeHseTci Ha  CyMMY

M!(x'—x)+M l.”(xm —x'), rme M| — To4Has BEpXHsisi IPaHb MHOXECTBA 3HaueHUH [ (x)
"
Ha [xl.,x] M, [x xm]
2. nmuda HIDKHEN CYMMBI HapOy  cmaraemoe m,AXx, 3aMEHsIeTCA CyMMOU
m!(x'—x,)+m](x,, —x), rae m/, m] — COOTBETCTBYIOIIIE TOYHBIC HHKHHAC TPAHN.

OueBuaHbl HepaBeHcTBA: M, <M,, M<M,, m >m, m'>m, (TOU4HAs BEpXHsS TIpaHb
MHOXKECTBA 3HAYeHHMH f(X) Ha wacmu OTpeska HE NPEBOCXOJUT TOYHOH BEPXHEH TIpaHH
MHO’KECTBA 3HadeHMil [ (x) Ha écem OTpe3Ke, a TOUHAS HIIKHSS IPaHb MHOXKECTBA 3HAYCHHIA
f(x) Ha wacTu oTpeska He MEHbIIe, YeM TOYHAs HIDKHsS 'PaHb MHOXKECTBA 3HayeHHH f(x) Ha

BCEM OTpE3KeE).

[TosTomy

S(T)=S(T) = M35~ M (¥~ )= M3, ) = M, () (3, ~)) =M (=) M3, —) =

=(M,—M))(x' —x,)+(M,—M))(x,,—x') 20, mk. M, >M;, M, >M, X' >x, x,,, >x.

i+l

Auanoruuno, s(T,)—s(T)=m/(x'—x, )+ m/(x,, —x")—m,(x,, —x,) =

= ml.’(x’—xl.)+ml."(xl.+] —x')—ml. ((xm —x')+(x'—xl.)) = (ml' —ml.)(x' —xl.)+ (ml."—ml.)(xm —x') >0,

me>m m>m x>x x.. >x.

i+1
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bunem 6. Cymmot Japoy u ux ceovicmsa (cmp. 4 us 4)

Wrak, nepoe yTBepKAeHUE TEOPEMBI JJOKA3aHO B ciaydae, Koraa 7, moiydeHo u3 1, noOaBiieHHEM

OJHOUW HOBOU TOUKH.

Ecmm ke TaknX HOBBIX TOUEK — HECKOJIBKO, TO MBI MOXXEM paCcCMaTpuBaTb T2 KaK pe3yibTaT

IIOCJIE0BATENIBHOTO MPUCOCIUHEHUS 110 00HOuU TOuKe. IIpu 3TOM, 1O NOKa3aHHOMY BBIIIE, NPU
KaKJOM TaKOM IPUCOECIUHEHUM TOYKU BepxHsAs cymma JlapOy He yBenuuuBaeTcs. 3HAYMT,

S(7,)<S(T;) u B obmem ciaydae. AHATOTHYHOE PACCYXKICHHE CIPABEUTHBO U JUIsl HIKHHX CYMM.

[ToaTOMy nepBo€ yTBEpkKACHUE TEOPEMBI JOKA3AHO.

Hoxaxxem yrBepxaeHue 2. HepaBeHcTBO (4) Jerko cienyeT W3 IMEPBOM 4YacTU TEOPEMBI.
JIeCTBHUTENILHO, PACCMOTPUM pazbueHue 7, KOTOpoe IMOJydaeTcs, Korjaa Mbl OepeM Bce TOYKH,

BXoIdIue B 71,

1» ¥ Bce ToukM, Bxogamue B T,. Torma 7, — mnpoxmoinkenue 1, m 7,. Ho Torma

s(T,)<s(T,)<S(T,) < S(T,). TlepBoe 1 mocieiHee HEPABEHCTBA CICAYIOT U3 JOKA3aHHOI HEpBOil

4aCTHu TCOPEMBI, CPCIHEC HCPABCHCTBO OYCBHUIHO. <



Mamemamuueckuii ananus
I xypc Il cemecmp
Bunem 7. Kpumepuii unmezpupyemocmu (cmp. 1 u3 6)

Bunet 7. Kputepuu UHTErpupPyeEMOCTH.

Teopema 7.1.: Inst Toro, urodbl ¢pynkuns f(x) Gblia HHTerpupyema Ha oTpeske |[a;b]
HE00X0IMMO M J0CTATOYHO, YTOOBI 1JIs1 JIK000r0 £ >0 CylecTBOBAJIO YUCJIO O (s) >0 Takoe,

9TO s BeexX pasGmemmii 7, yaoBierBopsiomx yciaosmio d(7)<S, BBINOIHSIOCH

nepasencrBo: S(7)-s(T)<e 1)
» Heooxooumocme.
Jlist uucia % BeIOepeM & Tak, urobsl VT, d(T ‘a f, T })—I‘<§, VT, uro

MOXKHO cjenath BBHAy uHTerpupyemoctd f(x) ma [a;b]. Torma —§<a(f,T,{E})—I<§,

I—§<G(f,T,{§_})<§+I 1 moboro BeIOOpa {E} 3HAYUT, YUCIIO §+I - BEPXHsAA IpaHb

MHO>K€CTBA 3HAYCHU I a( f,T ,{cf }) IIPU BCEBO3MOXKHBIX BBIOOpax {zf } .

g .
3uaunt, S (7)< §+ I , IOCKOJIEKY 10 I0Ka3aHHOi Teopeme 6.1, S(T') - TouHas BepXHsisi IPaHb
3TOTO MHOKECTBA, a TOYHAsl BEPXHSS I'PaHb ABISICTCS HAMMEHBIICH U3 BEpXHUX IPaHel U HE MOXKET
£ £ € gl 2
IPEBOCXOANTh YHCIIA §+I. Ananornano s(7T') > I—g. [TosToMy S(T)—S(T)SI+§— 1—5 ==<e.
Hepasenctso (1) nokazaHo.
HMocmamounocmeo.
IMTockonbky fuist m0OBIX 7;, 7, BBINOJIHAETCS HEPABEHCTBO:
s(7)<s(72) (2),
MHOYECTBO {s(T )} suadennii s(7') npu BCeBO3MOXKHBIX pasouenusx I otpeska [a;b]
OTPaHUYEHO CBEPXY (JIFOOBIM YHUCIIOM BUaa S (T )) AHAJIOTUYHO MHOXECTBO { S (T )} OTPAaHUYEHO

cuusy. [Tostomy cymiecTByroT I, = sup {s(T )} ,I" =inf {S (T )} . U3 nepaseHcTBa (2) cpasy cieiyer,
yro I'—1 >0.

Tokaxem cHadana, uto u3 (1) cieayer, uro [" =1, . Jeiictsurensuo, S(T)=>1", s(T)<I u

I'—1.<§(T)-s(T)< ¢ .3uaunr, BBUIY IPOU3BONBHOCTH &, [* =1". O603Haumm [ =1 =1..

Hanee, 5(T)-S(T) <o (f.T(E}) -1 <S(T)=s(T), wan |o (£, 7{E} - 1) < S(T)-5(T) <2

cornacto (1). ITostomy f(x) - uarerpupyema na [a;b]. Teopema nokasana. <



Mamemamuueckuii ananus
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Bunem 7. Kpumepuii unmezpupyemocmu (cmp. 2 u3 6)

3ameuanue 1. Yacto ucnosbsyercs o003HayeHUE o, =M,—m,. BennuuHy @, Ha3bpIBAIOT
xonebanneM f'(x) Ha otpeske [x;x,,].
n—l1
Hepasenctso (1) MokHO nepenucats B BUE Za)iAxi <g.
i=0
3ameuanue 2. B nokaszaTeibCTBE TEOPEMBI YCTAHOBIIEHBI paBeHCTBA [ =" = [, 03HAyYaoIIKeE,
b
4TO Sup {S(T)} = inf{S(T)} = If(x), IIc TOYHAs HWXKHAA U BEpPXHAA TIPaHU B3ATHI CO
T T
a

BCEBO3MOXKHBIMH pasOuenusamu ' otpeska [a;b].

3ameuanue 3. JlokaxeM, UTO CYLIECTBYET HEHMHTEIpUpYEMble OrpaHHYeHHble (yHKIMH. B
Ka4ecTBe NpHMepa pacCMOTPUM @yrkyuto Jupuxie

1, eciiu X — payuoHallbHOe YUCio,
D(x)=

0, eciiu X —uppayuoHailbHoe 4ucio

Jlnst mo6oTO pa3bueHus T oTpe3Ka [a;b] BBITIOJIHAIOTCSA paBeHCTBa:

) S(r)=5Max =3 1A =b-a,
i=0 i=1

2) s(7)= S mAx =3 0-Ax, =0,
i=0 i=1

MOdTOMY ISl Bcex paszOueHuid 7T umeeM S(T)—S(T) =b—a, u TpebOOBaHHE KpUTEPUS

HHTETPUPYEMOCTH HE BBIIOJIHACTCS.

[IpocThIM ciieACTBUEM JOKa3aHHOI'O KPUTEPUS SIBIAETCS MOHOTOHHOCTh (DYHKIIHH.

Teopema 7.2. Ecam f (x) He yObIBaeT (He BO3pacTaeT) Ha [a;b], TO OHA HHTErpUpyeMa Ha
[a;D].

> Nokazarenncrso ycrs f(x) He yosiBaer. Torma Ha oTpeske [x,;x,, | BeImomssoTes
pasenctBa: m, = f(x,), M, = f(x,,). Ecou f(b)= f(a), 10 f(x) - nocrosuHas u ee

MHTETPUPYEMOCTL OYEBHIHA (S(T) = S(T)).ECJII/I f(b)> f(a), To monoxum

&
0 =——————— . Tornaecin Ax, <&, 1o:

()= 1(e) _
208 <82 M =m =63,/ (3) = f (%) =6(f () =/ (x)) =5 (/ (b)-f (a)) = . <
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Bunem 7. Kpumepuii unmezpupyemocmu (cmp. 3 u3 6)

7.1. WHTErpupyemMocTb HENpepbiBHON GYHKLUN.

MAowaAb KPUBOAMHEMHOM Tpaneuuu

Teopema 7.3. Ecim f(x)e Cla;b], T0 f(x) — unrerpupyema ua [a;b].

» okasaresncrio o Teopeme Kanropa, f(x) paBHOMEpHO HenpepbiBHa Ha [a;b], T.e.

&

Ve>038>0Vxx": [x'—x"|<8 ‘f(x’)—f(x”)‘<m

Paccmotpum pazbuenue 7 oTpeska [a;b] C IMaMEeTpOM MEHbIIUM, 4eM BblOpaHHoe O . Torna

Ha KQXJIOM OTpe3Ke [x;;x,,, | MMeeT MecTo HepaBeHCTBO:

&
Mi—mi<m (3)

JleicTBUTENBHO, JOCTATOYHO MOI00paTh TOUKY X' Tak, 4To:

&

Mi—f(x’)<m 4)
M TOUKY X" TaK, 4ToGbI
f(x")=m, < ——— 5).
4(b-a)
(3TO MOKHO CAeNaTh, T.K. WHCTA M., m, — MOUHbIE TPAHH MHOKECTEA SHAMEHH).
Torma sBuny (3), (4), (5): M, —m, =M, — f(x')+ [ (x')= £ (x")+ £ (x")=m;, u
& & &

M, =m <M= f (&) +|f () + 1 () +|f (") m\<b T

Hepasenctso (3) nokazano. Torna

S(T)-s(T

i=0 i=0 i= 0 i=0
To ecTh KpUTEpUI HHTETPUPYEMOCTH BhINOIHAETCS. 4

Bepnémcs k mocTaBieHHOM 3aaue HaX0XKAEHUs IJI01aanl (PUTrypbl, OrpaHUUYEHHOW KPUBBIMU
JIMHUSAMU.
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Bunem 7. Kpumepuii unmezpupyemocmu (cmp. 4 u3 6)

Teopema 7.4. Ilyctb P — ¢urypa, orpaHM4eHHAsi CHU3Y OCbI0 X , 10 H0KaM — OTpe3KaMu
BEPTHKAJBHBIX IPAMBIX X =a U Xx=Db, a<b, a cBepXy — rpa)MKoM HelpepbIBHOM HA

orpeske [a,b] gpynxmun f(x) (cm. puc.1). Torza P uMeeT njiomaxs, npudemM

I’lﬂ.(P) = ;’if(x)dx.

yA yA

fx)

<Y
<Y

Puc. 1 Puc. 2.

» Jloka3zatesabcTBO 114 npoun3BosbHOrO pa3ouenuss 7 oTpes3ka [a;b] HUXKHAS cymma J[apOy
s(T) npencrasnser coboii miomans Muoroyronsunka 4, A C P, a Bepxmsis cymma Jlapoy —

ILIOIIa/b MHOTOyronbHIKa B, B> P (puc. 2). Tak kak f'(x) HenpepbiBHa Ha [a;b], oHa

MHTErpUpyEMa Ha ITOM OTPE3Ke U JIs 06oro & > () cymecTByeT & > () Takoe, 4To JUis BeeX
pasouenuii T ¢ quamerpom d (7)< & umeer mecto HepasenctBo S (7')—s (7)< &. 3HauuT, L1t

00010 ¢ > (0 CyIecTBYIOT MHOTOYTOJIBHUKU A C P C B Takue, 4To I’lﬂ.(B ) - nfz.(A) <eg. Or10
o3HayaeT KBajgpupyeMocts P. Hakownen, miomans P paBHa sup{nﬂ.(A)} = inf {nﬂ(B)} u
AcP <
b

b
ir%fS(T) =sups(7T)= If(x)dx.. OTH paBEeHCTBA 03HAYAIOT, 4TO /1. P) = If(x)dx. |

T
a

Cneocmeue. Ilycts f,(x) u f,(x) — nenpepvignvie na [a;b| @ynxyuu, npuaem ans Beex
x €[a,b] Bemonusiercs nepasenctso f;(x)< f, (x). Torna nrowads kpusonruneinoi mpaneyuu,
OrpaHHYCHHOM CBepXy rpaduxom Gynkuun y = f, (x), cansy — rpaduxom bynkuun y = f;(x), a

b
110 60KaM — OTPEe3KaMU BEPTUKAIBHBIX IPSAMEIX X =a U x =b (puc. 3) paBHa j[ fo (%)= £ (x) Ja.

a
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A

1.
\___

A

v

1]

J&)

Puc. 3.

» NoxkazareanctBo T.k. f,(x) u f,(x) HenpepbBHEI Ha [a;b], OHM OrpaHMYEHBI HA STOM

orpeske. IlosToMy cymecTByer uncino M Ttakoe, uto M + f, (x) >0.

Torna miomane paccmMarpuBaeMon
¢Gurypsl ecTb pa3HOCTb IUIOLIANEH

\/ M+ £, (x) KPUBOJIMHENHBIX TpaleLyii, U OHa €CTh

S

J.[M+f2(x)]alx—j[M+f1 (x)]dx =

a a

M+ f,(x) _j!i[fz (x) = /i (x) Jax,

YTO U TpebOBaAJIOCh J0Ka3aTh. 4

VYcnoBue HenpepbIBHOCTH (DYHKLMHU SBISETCS JAOCTATOYHBIM, HO HE HEOOXOAUMBIM Ul €€
HMHTErpupyeMocTu. B yacTHOCTH, HMEET MECTO

Teopema 7.5. Ecan ¢ynkums f(x) orpammyena ma orpeske [a;h] m mmeer Ha Hem
KOHEYHOE YHCJI0 TOUEK Pa3pbiBa, TO OHA HHTEIPHPYeMa HAa 3TOM OTpe3Ke.

OrpaHnyuMcsi CXeMOM J0Ka3aTebCTBa.

» Noxasatenbcrso [l moGoro pasouenus T orpeska [a;b] momydenHsie oTpeskn [x;;x,,, |

1160 cozepKaT TOUKy pas3pbiBa, MO0 He coaepkar. KoauyecTBo OTpe3KoB, Kyda MOXKET BXOJUTh
TOYKa pa3pbiBa, HE MPEBOCXOIUT YABOCHHOTO YHCIIAa TOUEK Pa3phiBa, TaK KaK TOYKA pa3pbiBa MOXKET
IIPUHAJUIEkKATh OJHOMY OTpe3Ky (KOrja OHa He COBIAAAET C TOUKOW JiesieHus ), 1100 IBYM OTpe3KaM

(korna oHa coBmajgaeT ¢ Toukoi nenenus). Ilo ycnosurto, pynkuums f (x) OrpaHHUYEHA, TOITOMY
CYILIECTBYIOT TOYHAsl HWXKHSAS TPaHb m M TOYHAs BEPXHsS IpaHb M MHOXECTBa €€ 3HAYCHUH.
CnenoBartenbHo, Koje0aHue @, Ha JII0OOM OTpe3Ke, COAEpKalleM TOYKY PaspbiBa, HE MPEBOCXOIUT
M —m.

Takum 06pasom, s moGoro & >0 MoxHO BbIOpath o (7T) CTONb MalbiM, 4TOGbI CyMMa
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&
BEJIMYHUH . AX. 1] O €3KOB, COACpXKaAMX TOYKHU pa3pbiBa, CTajla MCHbBIIIC —.
1 1 2

Tak >xe, Kak NpH JOKa3aTelbCTBE TEOPEMBl 00 HMHTEIPUPYEMOCTH HENpPEepBhIBHOW (yHKIHNH,
MOKHO JOKa3aTb, YTO CyMMa BEJIMYUH ®,Ax; I OTPE3KOB, HE COJECPKALIMX TOYEK pa3phiBa,

£
MEHBIIIE, YeM 5 , IPU IOCTATOYHO MAaJIbIX 3HAYEHUIX d (T )

n—1
Ho 310 03HauaeT, 4TO MpU JOCTATOYHO MAJIBIX d(T) BCS CyMMa Za)l,Axi <& W TeopeMma
i=0
noka3zaHa. 4
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bunem 8. Unmeepupyemocmo monomonnou pynxyuu. Unmeepupyemocmo Henpepuoléhotl Qynkyuu (cmp. 1 uz 2)

bunretr 8. UHTerpupyemMoctb MOHOTOHHOM QYHKLUMN. UHTErpupyemocCTb
HernpepbiIBHOW QYHKLHH.

Teopema 8.1. Ecin f(x)e Cla;b], To f(x) - unterpupyema na [a;b].

» Jloka3aTeancTBo. [1o Teopeme Kanropa, f (x) PaBHOMEPHO HEIpPEPhIBHA HA [a; b], T.€.

£
2(b—a) .

Ve>0 35>0 vx', x": ¥ —x|<§ |f(x’)—f(x”)|<

Paccmotpum pazouenue T oTpeska [a;b] C AMaMEeTPOM MEHBIIIUM, YeM BbIOpaHHoe o . Toraa

Ha KaXA0M OTPE3KE [xl. , X ] HMECT MECTO HEPABCHCTBO!:

i+1

Ml.—ml.<b_a (2).
JleliCTBUTENBHO, JOCTATOYHO MOI00paTh TOUKY X' TakK, 4TO
M, f(x)<—-5 3)
l 4b-a)
M TOYKY x" TaK, YTOOBI
" g
SO < 4.

(D10 MOXKHO cnenars, T.K. uucia M, m, - mouHble TPaHA MHOKECTBA 3HaueHui). Torna BBumYy

M, 3, @ M, —m, =M, - f(x’)+ F) =)+ f(x")=m,,
E E E E

M=, <M= S0 = SR )=ml < s o S e ma) ™ “ha

Hepasenctpo (2) nokazano.

]

Torma S

=0
T.o. kputepuit I/IHTerI/IpyeMOCTI/I BBINOJIHAETCSL. TeopeMa JI0Ka3aHa. 4

Teopema 8.2. Ecom f (x) He yObIBaeT (He BO3pacTaer) Ha [a;b], TO OHA UHTErpupyeMa Ha
[a; b].

» Jlokasatesnnerso. [Tycts f(x) He yGuiBaer. Torma Ha otpeske [x,, x,,, | BuimonmHsioTes
pasenctBa: m, = f(x,), M, = f(x,.,). Ecm f(b)= f(a), 10 f(x) - mocrosnHas u ee

UHTErpupyeMocTb o4eBuaHa (S (T ) = s(T )). Ecmu f (b) > f (a), TO TIOJIOKUM

° =07t )
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bunem 8. Unmeepupyemocmo monomonnou pynxyuu. Unmeepupyemocmo Henpepuléhotl Qynkyuu (cmp. 2 u3 2)
Tornma ecim Ax; <6, 10

Zwa <52M1- -m, =5gf(xm )= (x)=8(f(x,)= f(x, )= (1 () fla))= & mBURY (5).

T.o., Teopema nokazana. €
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I xypc Il cemecmp
Bunem 9.Csoticmea onpedenénnozo unmespana (cmp. 1 uz 6)

Buner 9.CBoicTBa onpeAeAEHHOro UHTErpaana.

Pacnpoctpanum onpeneneHre nHTerpaia Ha ciyyail a < b.

Onpeodenenue 9.1. Ecniu a < b, 10

[f(e)de=-] f () 1)
conn f (x) mirerpupyena wa opesse [@5].
TakKe 110 ONpE/IENeHUIO TOIOKIM
[£(x)dx=0 (2)
Jamerin, 9o pasercTso (1) CHPABEATHEO 1 B CIyHae @ > b, TaK KaK Tora

a b
If(x) dx = —If(x) dx , 4TO paBHOCUJILHO paBeHCTBY (1).
b a

OT0 3aMeuaHue, BMECTe ¢ onpeaesaeHueM (2), 03HadaeT, YTo paBeHCTBO (1) BBINOJIHIETCS MPU
BCEX au b.

Teopema 9.1. Mycts dpynkuus f(x)maTerpupyema na orpeske [a;b], a <b.Toraa
f (x)murerpnpyema na [c;d]| c[a;b].

» Jloka3zatesibeTBO PaccMOTpuM Mpon3BOJIbHOE pa30ueHNne OTpe3Ka [c; d ] U MIPOBEIEM
pasbueHue OCTaBIIMXCs YacTeil oTpeska [a;b).

B utore Oyner nonyuyeHo pazouenue 7' oTpeska [a;b] , IPUYeM TOUYKHU ¢ U d BOUIYT B UUCIIO

TOYEK JIeNIeHUs YTOTr0 Pa3OHeHH .
n—l1
PaccMoTpuM cymMy ) @,Ax, , COOTBeTCTBYIOILYIO pasouennto T otpeska [a;b] n BeLie M
i=0

4acTb 3TON CyMMBI Z 'a)l,Axi , COOTBETCTBYIOIIYIO TEM OTpe3KaM pa30OUeHusi, KOTOpbIe BXOJAT B
[e:d].
n—l1

Tak kak @, 20, Ax >0, a cymma Z @,AX, ABISETCS YaCTBIO CyMMBbI Za)lei , OYEBUIHO
i=0

n—l1
HEpPABEHCTBO z w,Ax; < Za)lei .
i=0

n—l1
[TockombKy 3a cuet BbIOOpa AHMaMeTpa pa30MeHHs BEIHUNHY Za)l,Axi MOXHO CZIeJIaTh MEHbIIIE
i=0

mOGOT0 3aaHHOTO & >0, TO e BEPHO M IS Y @,AX, , 4TO 03HAYACT HHTErPUPyeMOCTh [ (x) Ha

[c;d]. <
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Teopema 9.2. Mycts [ (x) muTerpupyema na orpeskax [a;c| u [¢;b], a <c <b.Torna ona

MHTerpHpyemMa H Ha oTpeske [a;b], npuuem

C

jf(x)dx+jf(x)dx=jf(x)dx (3)

a

» Jloka3aresnbcTBo [lo ycioButo mis moboro &€ >0 cymiecTByeT Takoe 6 > 0, uTo aJis
pasbuenus 0Tpe3koB [a;c| u [c;b] ¢ AMaMETPOM MEHBIINM & , BHIIONHAIOTCS HEPABEHCTBA

z 0,Ax; <§, Za)lel, < % PaccMoTpum Teneps npousBosibHOE pa3ouenue 7' oTpeska [a;b].
[a:e] [c:0]

n—l1
e ¢
Ecnu Touka ¢ nonaia B UMCJIO TOYEK JEJIEHUS, TO CyMMa z w,Ax, = Z w,Ax; + Z WA, <—+—<¢
i=0 [ase] [e:b]

Ecnu ke ¢ He nonana B YUCIIO TOYEK JEJIEHUs, TO IPU HEKOTOpoM j, 0< j<n—1,

ce [xj;xj+1 ] . Torna

n—I1 J-1 n—1

Za)lei =Z w,Ax; + a)ijj + Z w,Ax, 4)
i=0 i=0 i=j-1

O06e cyMMBbI cTOsALIME B TIPaBOid 4acTH (4), He MPEBOCXOIAT, COOTBETCTBEHHO, z w,Ax, 1
[azc]
Z W,Ax; .
[e:8]

Tak kax ¢pynkuust f (x) orpanndena Ha [a;c| u [c;b] ona orpannyeHa u Ha BCeM OTpe3ke

[a;b] .Ilycte m u M COOTBETCTBEHHO, TOYHAsI HWKHSASI U TOUHAs BEPXHASA IPAHU €€ 3HAYCHUS.

IosTomy w, <m-M.

CrnefoBaTebHO, NP I0CTaTOYHO ManoM d (7)) BCe TpH BEIHYMHEI Za)l.Ax,

i

Za).Ax. , B

1 1

[a:c] [e:6]
& n—l1
COjAX'j MCHBIIC, YEM g , 4 C HUMH U BCJINYHUHA Za)lei <&
i=0
Takum oGpasom, f (x) unrerpupyema Ha [a;b].
PaBenctBo (3) cpasy cienyer u3 paBeHCTBa
Z[a;c]f(gi)Axi +Z[C;b]f(§i)Axi = Z[a;b]f(gi)Axi (5)7

B KOTOPOM B JIEBOM YacTH CTOSAT HMHTEIPajibHble CYMMBbI, COOTBETCTBYIOLIME NPOU3BOJIbHBIM
pa3OueHNAM OTPE3KOB [a;c] u [c;b] , @ B IPABOM 4acTH — UHTErpajibHas CyMMa, COOTBETCTBYIOIIAs

pa30oueHuto 0Tp631<a[a;b], Cpenu TOYeK JEJEeHHsS KOTOporo ectb Touka c. [lpu crpemnenun k 0
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JMaMeTpa BBIIICYIIOMSHYTOrO pa3OHUeHusi OTpe3Ka [a;b] 00€ CyMMBI, CTOSIIIME B JIEBOM 4YacTH

c b
PaBEHCTBA, CTPEMSTCS, COOTBETCTBEHHO, K HMHTErpaiaM I f (x)dx u I f (x)dx, a TaK KaK MBI
c

a

b b
JIOKa3aJii CyIIECTBOBAHUE I f(x)dx, TO 1 IpaBas 4aCTh paBEHCTBA (5) CTPEMUTHCS K I f(x)dx <

a a

PaBencTBO (3) BhIpa)kaeT CBOWCTBO @0OUMUBHOCMU UHMeSPALa TIO OTPE3KY. 3aMETUM, YTO 3TO
CBOMCTBO, BBULY (1) ocTaHeTCss BEpHBIM MPH JI0O0M B3aMMHOM PAcHOJIOKEHUud, b, c.

Csoiicmeo 9.1. Ecnu f(x) nurerpupyema Ha[a;b], To st moGoro uncna k Gpyuxmms kf (x)

HWHTErpupyema Ha [a;b] u jikf(x) dx = kj.f(x)dx (6)

Ceoiicmeo 9.2. Ecnin f(x), g(x) - mmrerpupyemsr Ha [a;b], To dynxums f(x)+g(x) -
b

UHTErpUpyeMa Ha [a;b] u I(f(x)+g(x))dx = j‘f(x) dx+j.g(x)dx (7)

a
okazamenvcmeo ceoticme 9.1. u 9.2.

» NokaszareascrBo O6osnaunm S (7),S,(T),s (T),s,(T) cymmsl [lapOdy must f(x)u g(x).
ITockonbky sup{kf (x)} = ksup{f(x)}

inf{kf ()} = kinf{f ()},
Sy (T)—s5,(T)< %, 47O BbINoNHAETCS Npu d(7T) < & BBUIY UHTETpUpyeMOCTH f(x).
Hanee, sup {f(x) +g(x); <sup{f(x)} +supig(x)}, infif(x)+g(x)j 2inf{f(x)}+inf{g(x);.

Hoaromy, mpu S, (T')—s (T) <%, S,(T)—s,(T) <§, MMEeeM:

e &
S (M) =5,,(D)<S,(T)-s5,(T)+S,(T)—5,(T) < 5+5 =c.
Urak, uaterpupyemoctsb B cBoiicTBax |1 u 2 noka3ana. PaBenctsa (6) u (7) ciaeayioT Tenepb u3

OYE€BUIHBIX paBeHCTBZG(kf,T,{E}) = ka(f,T,{ﬁ_}) u 0(f+g,T,{§_}) =0(f,T,{§_}+0(g,T,{§_})

JUIl MUHTETpaJIbHBIX cyMM nipu ctpemiiennu d(7)k 0. <

Ceoiicmeo 9.3. Ecnu f(x) >0 Ha [a;b], (a<b),u f(x) —unrerpupyema na [a;b], 10

j.f(x)dx > 0.
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[lo ycnoBuro pasbuenus 7T u  BeIOOpa TOUEK &, O'(f,T,{f})ZO. [TosToMy
s(T)=0, S(T)20m,1.x. s(T)<I<S(T),0ke [20.

Csoiicmeo 9.4. Ecnu f (x), g(x) nnterpupyemsi Ha [a;b] (a <b) u uus Beex x €[a;b] umeer

mecTo HepaBeHCTBO [ (x)< g(x), T0 If(x)dx < Ig(x)dx (8)

» loxazareabcTtBo Ilo cBoiictBam 9.2. u 9.3. ¢yHkuus f (x)— g(x) uHrerpupyema. Ilo

cBoiicty 9.3., [ (g(x) — f(x))dx > 0. 9)

b b b
BuoBb mo cBoiictBam 9.2. u 9.3., I(g(x) — f(x))dx = I g(x)dx—j f(x)dx =0 Iloatomy u3 (9)

cienyert (8). «

Ceoiicmeo 9.5. Tlycts f(x) — wumrerpupyema Ha [a;b] m a<b. Torma ‘f(x)‘ -

unrerpupyema Ha [a;b] u | j f(x)dx |< j | f(x)] dx. (10)

» U3BecTHO, uTO /I Beex A, B |A—B| ZHA|—|B” . 3nauur, Vx', x"

Hf(x")‘—‘f(x')‘ < ‘f(x")—f(x')H. U3 3T0T0 clieyeT, 4To @, - KojieOanue GpyHKIuM ‘f(x)‘ Ha

otpeske [x;;x,,| He mpeBocxomut KomeGamms o, dymkumnm f(x) Ha [x;x,,]. 3nauwt,
n-l1 n—1

z o, Ax, Sz W,Ax, <& TpU JOCTATOYHO MAJIOM d(T ) OTO J10Ka3bIBa€T HHTETPUPYEMOCTb
i=0 i=0

byHKIIIH ‘f(x)‘ .

n—1

Haxoren, |3 f(&)Ax, <Y [f(£)Ax (1)

i=0

(1. K. |Ay+...+ A,

< |A0|+...+|An_1| JUIs IIOOBIX uMcell A,..., A, ).
W3 (11)mpu d(T)— 0 creayer (10). <

3ameuanue 9.1. 13 moeo, umo ‘f(x)‘ uHmezpupyema Ha [a;b] He_cnedyem, 4mo f(x) —

unmezpupyema Ha [a; b] .
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Ipumep.

/()1

1, eciu x — payuoHajlbHoe 4Yucio

—1, ecnu x— uppayuonanshoe uucno
Toz0a S(T)-s(T)=2(b-a)>0,a f(x)=1 — ouesuono, unmezpupyemas gynxyus.
Csoiicmeo 9.6. Ilycts f(x) — unrerpupyema Ha [a;b], a<b nnpn xe[a;b] m< f(x)<M.
Torna m(b—a)< ff(x)dx <M(b-a)
b

D10 cpasy cienyer u3 cBoiictsa 9.5. U TOro, 4TO JIsl MOCTOSIHHOM ¢ chx = c(b - a)

a

Teopema 9.3. (Teopema o cpeduem 3nauenuu). Ilycrs [ (x) — HHTerpupyemMa Ha [a;b], a<b

u mpn  xel[a;b| m<f(x)<M. Torma cymecrByer p, m<u<M  TaKoe, HTO

b
jf(x)dx = u(b—a). Ecam, kpome Toro, [(x)eC([a;b]), To cymecrnyer & e[a;b]: pu=f(&),
b
r.e [f()dx = f(£)(b-a).
» Jloka3zaresbeTBO [lepBoe yTBepkIeHHE Cpa3y CleayeT U3 ceoiicmaa 9.6.

b b
[ £ [ FGodx
HeiictButenbpHo m<4+——< M. O0o03HaYUMB U =“"———, TIOJy4aeM Tpebyemoe
(b—a) (b-a)
yTBEPXKICHUE.

Ecmm xe f (x) — HEIIPEPBIBHA, TO OHA IIPUHUMAECT BCE CBOU IPOMEKYTOUHBIE 3HAUYCHUS MEXKIY

HaMMEHBUINM 719 U HaMOOJIBIIMM M, 3HAYEHUAMH Ha OTPE3KE [a;b] .

b b
I[Ipu sToM m, (b—a)ij(x)dx SMO(b—a) u ~[f(x)a’x :,u(b—a),rz[e my<us<M,.

Bauny nenpepsisroct f(x) Ha [a;b], kak oTMeueHo Boime, 4= [ (&), & €[a;b]. 4



Mamemamuueckuii ananus
I xypc Il cemecmp
Bunem 9.Csoticmea onpedenénnozo unmespana (cmp. 6 u3 6)

Teopema 9.4. (O600wennas meopema o cpeonem 3navenuu).
IIycrs:
1. g(x) uf(x) - narerpupyemsl Ha [a;b];

2. m<f(x)<M nasBeex xe[a;b];

3. g(x)me mensier 3nak Ha [a;b],
b b
Toraa cymecrByer u, m< u<M Takoe, 4TO jf(x)g(x)dx = ,ujg(x)dx . Ecan, npu 3TomMm,

f(x) — nenpepeiBua ua [a;b], To cymectsyer & €[a;b]: p=f(&).
> Nokazaresnberso Hycrts, st onpenenennocr, g(x)>0 Ha [a;b], a<b.

Torma

mg(x) < f(x)g(x) < Mg(x) u mjg(x)dx < If(x)g(x)dx < Ig(x)dx . (12)

b b
[To coiicTBy 9.4. I g(x)dx 20. Eciu okazanoce, 4To I g(x)dx =0, to u3 (12) cnenyer, uto

a a

b
j f(x)g(x)dx =0 u Teopema crpaBeauBa PH JH0OOM 3HaUCHUU L . 4

a



Mamemamuueckuu ananus
I xypc Il cemecmp
bunem 10. Onpedenennviii unmezpa ¢ nepemeHHbIM 8epXHUM npedeiom (cmp. 1 usz 2)

buaetr 10. OnpeAeA€HHbIH UHTErpaA ¢ nepeMeHHbIM BEPXHUM MPEAEAOM.

Iycrs f(x) mnrerpupyema Ha [a;b]. Torna, 1o CBOWCTBY aj/IATHBHOCTH HHTerpana, f (x)

UHTErpupyema Ha [a;x] IIpH JIIO0OM X € [a;b] .

PaccmoTpum ¢yHKIMIO d)(x) = I f (t)dt

a

Teopema 10.1. (Dopmyna Hoiomona-Jlenionuua). Ecim f(x) e C([a;b]), TO JJ1s1 JII000ii

b
nepsoo0pa3Hoii /'(x) uMeeT MeCTO PABEHCTBO I f(x)dx = F(b)—F(a).

» Jloka3zareabcTBO, [10o n10KazanHOMY CieACTBUIO, TepBooOpazHas P (x) cymectByer. Ecium F(x) —

mo0ast Ipyrasi mepBooodpasHasi, To cymectByer C = const Takas, 9TO
O(x)-F(x)=C,1e. O(x)=F(x)+C.Torma

j f(x)dx = ®(b) — D(a) = (F(b) + C)—(F(a) + C) = F(b) - F(a), 4To 1 TpeGOBATOCH I0Ka3aTh. 4

Teopema 10.2. Ecam f(x) — unrerpupyema Ha [a;x| npu mobom x € [a;b], 10 ®(x)e C([a;b]) .

» lokasaTeabcTBo. JJocTaTo4HOo 10Ka3ath, 410 pH Ax — 0 @ (x +Ax)—®(x) > 0 (1pu 510M

npeamnoaraercs, uro x, x +Ax €[a;b]). Ilo reopemam 9.2, 10.1.
x+Ax X x+Ax

d)(x + Ax)— d)(x) = I f()- I f(H)dt = I f(¢t)dt = puAx , cornacHo TeopeMe O cpeHeM (TIpu ITOM

m<u<M,rne m= [inbf]{f(x)}, M =sup{f(x)}). Ipu Ax — 0 oueBugHO, uAx — 0. Teopema
@ [a3b]

noxasafa. <«

Teopema 10.3. Tycts f(x) unrerpupyema Ha [a;b]un nenpepsiBua B Touke x €[a;b]. Torna

d)(x) uMeeT MPOU3BOJAHYI0 B TOUKE X , IPUYEM q)'(x) = f(x) .
» J/loka3aTejibCTBO.
x+Ax

[ r@de- f(X)AX‘

X

X+Ax X+Ax

B(x+ A - Do) [Fro-r@k  [lro-feol
o — /(%) = - — < |

ITo ycnosuto, f (x) HEenpephIBHA B TOYKE X, CIICA0BATCIBHO,
|CD(x + Ax) — D(x)
Ax

f(0)— f(x)| < &, Kax TONBKO

aAS)

|t—x|<5.Ho |t—x|<Ax. 3HauuT, npu Ax < 9 =&, YTO KaK pa3 u

&
< JRE—

Ax
o3mauaet, uto O'(x)= f(x). <



Mamemamuueckuu ananus
I xypc Il cemecmp
bunem 10. Onpedenennviii unmezpa ¢ nepemeHHbIM 8eEPXHUM npedeiom (cmp. 2 us 2)

Onpedenenue 10.1. Ecom s Beex x € (a;b) cnpasemmso pasenctso @'(x)= f(x) To ®(x)

Ha3bIBACTCs NIepBOOOpa3HOM s f (x) Ha (a;b).

Mo:xHO paccMaTpuBaTh MEPBOOOPA3HYIO U HA OTpe3Ke [a;b], Toraa B TOUKE @ JOJHKHO BBITIOTHSTCS
pasenctBo @' (a)= f(a),aB 1ouke b — pasencrso @', (b)= f(b).

Cneocmeue. Ecmu f(x) € C([a;b]) @'(x)= f(x) u ®(x) — nepsoobpasnas ms f(x).

l,1=0
0,t#0

) (x) =0), m.e. CD’(x) # f(x) =1, nosmomy 6 ciyuae mouku paspviea meopema mMoxcem oKa3amovcs

®(x)= jif(t)dt noxaswieaem, umo ®'(0)= £(0) (m. «.

-1

3ameuanue. Ilpumep f (t) :{

HeBepHOU.



Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 11. Ilpuémor sviuucaenusi onpedenéunvix unmezpanos (cmp.1 uz 1)

bunet 11. MNpUéMbl BbIHUCAEHHUSA ONPEAEAEHHbIX UHTErParoB.

VYxe chopmynupoBaHa u goka3ana Teopema Hprorona-JlerOnuma (cm. 6mi. 10)

Teopema. 11.1. (3amena nepemennoii.) Mycrs f(x)e C([a;b]) u x=¢(t), rae:

1. ¢(¢) onpenenena u nenpepbiBua na [, 3;

2. 3mavenms ¢(t) npm ¢ €[, B He BbIXOAAT 3a npexesl oTpeska [o, f];
3. ¢(a)=a, $(B)=b;

4. ¢'(t)eC([a,B])-

Torxa jf(x)dxsz(qs(t))qs'(t)dt

» Nokasareancrso. [lycts F'(x) — mepoo6pastas as f (x). Torna

} ) o' ( ) F ’(gb( ))q)’(t) [To3TOMY BBITIOIHSIFOTCS PABEHCTBA!

7o
j:f )dx = —F(a), !f(¢(t))¢’(t)dt:F(¢(b))—F(¢(a))=F(b)—F(a) u Tpebyemoe

PaBEHCTBO YCTaHOBJIEHO. €
Teopema. 11.2. (Humezpuposanue no yacmam) Mycers u(x), v(x), u'(x), v'(x)
b b
HenpepbIBHbI HA [a,b] . Torna ju (x)v’(x) dx =u (x)v (x)i - Iu’(x)v (x) dx.
P llokasareancrso. (u(x)v (x))’ =u'(x)v(x)+u(x)v'(x). Hockombky u'(x V(x) —
HenpepbIBHas QYHKIHS, TO CymiecTByer eé nepoodpasuas ¥ (x), T.e. u'(x)v(x)=¥'(x).

Torma u(x)v'(x) = (u(x)v (x)) —u'(x)v(x)=(u(x)v(x)) =¥'(x) u

b

[u (o) (x)ae = f((u(x)v(x))’ -\y'(x)jdx — (v (x)

a

—¥(x)), =

Teopema nokaszana. 4

b

a

J"P dx = u (x)




Mamemamuueckuii ananuz
I xypc I cemecmp
bunem 12. Ipunosicenuss unmeepana: 0o6vém mena (cmp. 1 uz 3)

Bunretr 12. [IpuroxeHUss UHTeErpara: o6bEM TeAa.

Ompenenenne o0beMa MOXHO JaTh AHAJIOTHYHO OMPEICIICHHIO IIJIOMIAId O0Opa3oM: CUHTast
W3BECTHBIM MOHATHE 00beMa MHOTOTPAHHHKA, PACCMOTPETh MHOYKECTBO 0OHEMOB COJIEPKAIINXCS B
JAHHOM TeJ€ MHOTOTPAHHMKOB W  MHOXECTBO OOBEMOB COJCpKAIlUX JIaHHOE  TEJO
MHOTOTpaHHUKOB. Eciu TouHasi BepXHsisi rpaHb NMEPBOTO M3 PACCMATPUBAEMBIX MHOECTB PaBHO
TOYHOM HWIKHEW TpPaHU BTOPOTO, TO TEJO HA3BIBACTCS KyOuUpyemvlmM, WIA WUMEIOIINM O0BEM,
paBHBII 00111EMY 3HAUEHUIO ITUX TOUHBIX I'paHeH.

Teopema 12.1. Ecniu T npencrasiisieT co00il NpsiMoil HUJIMHAP BbICOTHI // B OCHOBAaHUM
KOTOPOIO0 JIEXKUT KBaapupyemas purypa P ¢ miomaapw S (P) T0 T - KyOMpyema, nmpuiem

V(T)=S(P)H.

» JlokasaTeabcTBo. Ilycth ¢ >0. Paccmorpum MHoOroyronbHuku A c Pc B Takue, 4TO

S(B)—S(A)<§.

s 3 [Toctpoum  copepxammiica B 1T U
B coaepxanui T MHOIOTpaHHUKH BBICOTOU /1, B
OCHOBAHUHU KOTOPBIX JI€XKAaT, COOTBETCTBEHHO,
A u B. Torga oO0bemMbl 3TUX MHOTOTPaHHHUKOB

OTJIMYAIOTCS HA H(S(B) —S(A)) <H % =¢.

BBuny nmpoumsBomsHOCTM £ >0, Teopema
. noka3aHa. 4

/ S N
N
W

Teopema 12.2. llycts T - NIpOCTPAHCTBEHHOE TEJIO, 3 OCH PACIOJIOKEHbI TaK, UTO JII000€
ceyeHHe, MepPIeHINKYJISPHOE OCH X 3TOr0 TeJa, IpeAcTaB/sieT c000i KBagpupyeMylo Gpurypy

¢ maomaneio S(x), a <x<b, npuuem 1ist MOOLIX x,, x, €[a;b] npoekuus ogHOro U3 cedeHmii

HA IUIOCKOCTH OYZ UeJMKOM COJEepPKUTCH B IPOCKUMH JApyroro cedyenus. Torma 7 -

b
Ky6upyemoe temno, u V (T)= IS(x) dx.

» JlokazaTeabcTBO. [[1s1 TPOM3BONBHOTO pPa3OMEHHUS OTpe3Ka [a;b] cymmbl  JlapOy

MIPEJICTaBISAIOT co00il 00beMbl Ten, coaepxkamuxcs BHyTpu 7 (HwkHsIs cymma /[lapOy) u
coapepxamux 1 (Bepxuss cymma [lapOy). [lockombky S(x) WHTErpUpyeMa, MPU HU3MEJIbUYCHUU

pa30bueHus pa3sHOCTh MEXAY BepXHel U HuxHel cymmoit JlapOy cTpeMuTcst K Hyimo. OTO O3HAyYaerT,

b
yro T umeeT 00beM, IpuueM V(T) = IS(x) dx. 4




Mamemamuueckuii ananuz
I xypc I cemecmp
bunem 12. Ipunosicenuss uumeepana: 0o6vém mena (cmp. 2 uz 3)

Cneocmeue. O0beM Telnla, MOJYYEHHOIO BpalleHHMEM BOKpYr ocu OX rpaduka (yHKUHH
b
y=f(x) pasen V(T):ﬂjfz(x)dx.
» okasareancrso. [liomans kpyra paguyca f(x) pasna 7 -/ (x). <
12.1. TPUAOXKEHWE MHTErpPana: NAOLLAAb B MOAAPHbBIX KOOPAUHATAX.

Teopema 12.3. (ILnowads 6 nOAAPHLIX KOOPOUHAM AX).

IIycTts ¢purypa npeacranJsieT co00i

yacTh yria: o <¢ < 5, orpaHu4eHHYI0

rpapukom r=r(¢), r(¢) - HenpepbIBHAS HA

"(¢)

B
[; B] dynxums. Torna nu.(P)= Irz (¢)dg.

R
N | —

» Jloka3aTeabcTBo. PaccMmoTpum pa3bueHue oTpes3ka [a; ﬂ] U COOTBETCTBYIOUIUE €MY

HIDKHIOIO U BEpXHIO cyMMBI JlapOy miist nHTerpana u3 GopMynupoBKy Teopembl. [1o u3BecTHOM U3
IIKOJBHOTO Kypca dhopmyse Uil TUIOMAad KPYyrOBOTO CEKTOPa, STH CYMMBI MPEACTaBISIOT COO0M
wiomamu puryp 4, c Pc B,.



Mamemamuueckuii ananuz
I xypc I cemecmp
bunem 12. Ipunosicenuss uumeepana: 0o6vém mena (cmp. 3 uz 3)

[Ipyn u3MenpyeHun pazOMEHUs 3TH CYMMBbI

n—1 n—l1 A ]
meA—qs‘ u ZMfﬁ, e
i=0 2 i=0 2

m, ﬂi@fﬁl@]r(m’ M, :¢$@i§i]r(¢)] cTpemsTCs

B
1
K 00lLIeMy 3HAYEHMIO: I§r2 (¢)d¢ , xoropoe u

o

paBHO HCKOMOM BEJIMYMHE IJIOLIA/IH,
NOCKOJIBKY 4, U B, - kBagpupyembie Gurypsl. 4




Mamemamuueckuu ananus
I xypc Il cemecmp
bunem 13. Ilpunooicenuss unmeepanra: 01unHa 0yeu Kpueou,
nrowaov nogepxnocmu epawjerus (cmp. 1 us 3)

Bunret 13. MpUAOXEHNA MHTErpara: AAMHa AYrM KPMBOM, MAOLLAAb
NOBEPXHOCTH BpalleHUsa

13.1. AAMHa AyrM KpUBOM

I[lycTh HEe3aMKHYyTasi, He MMEIOLIas TOYeK caMoIllepecedeH s KpHBas 3a[aHa apaMeTpUYECcKHM
ypasuennem x=x(t), y=y(t), T, <t<T,, npuaem x(t), y(¢), x'(¢), y'(¢) HenpepeiBHEI Ha

[70:73]-

Ilycte M, wmmeer koopmmHatsl x(t,), y(t,).
ty=T,<t,<t,<..<t =T. Paccmotpum

JJOMaHbIC JIMHHH, COCIUHAIOIINC BI)I6paHHI>I€
BBIICYKA3aHHBIM CII0OCOOOM TOYKH.

M

m_

B

Onpedenenue 13.1. Eciiu cymiecTByeT npeaest

A=M, JUIMHBL  JIOMAaHOM 1pu  crpemsienun Kk 0

MAaKCUMaJIbHOM JUIMHBI 3B€HA JOMAaHOW, TO 3TOT

mpezesl Ha3bIBACTCS JUIMHOW IyTM KPUBOM (@ KpHWBas HA3BIBACTCS CHPAMIAEMOU WIH UMEIONIEH
JUIAHY).

Teopemall.l. Ilpu chpopmMyIHMPOBAHHBIX BbIlE YCJIOBUAX (T. €. €CJIM KPUBasi He3aMKHYTast
u 0e3 Touek caMolepecevyeHHsl, NMpUYeM ee mapamerpusanus x=x(f), y=y(f) 3agaercs

HenpepbiBHO auddepeHnpyeMbIMH  (QYHKIUSAMH OT () KpHUBas HMeeT [JIHHY

1= [ O + (o) dr.

» Jloka3aTesbcTBO. PaccMOTpUM BIHCaHHYIO JIOMaHYl0 W COOTBETCTBYIOLIUME €H TOUKH

n—l

nenenus orpeska [7,;7;]. Jnuna nomaHoi# paBHa Z\/ (x(t,,)—x(.)) +((t,,) - y(t))* (noxn
i=0

3HAKOM CyMMBbI CTOUT JUIMHA i -OT0 3BEHA).

IlpuMeHnM K Kaxaoi u3 passocredt x(f,,)—x(z,) u y(1,,)— y(t,) Teopemy Jlarpamxa,
coriacHo  Kotopoil  x(f,,)—x(t,) = x'(&§,)At,,
fh Y)Y =Y 0)AL T town £ u o,

it nexar Ha wuHTepBane (¢,,f¢,,). Ilosromy mimna
1+

i+l

BBILIEYIIOMSIHYTON JIOMaHOM eCThb

SAEE 0y A=)

x{t, ) e, )

DTa BeJIMUYMHA HAIOMUHAET COOTBETCTBYIOIIYIO

MHTETPAIBHYIO CYMMY



Mamemamuueckuu ananus
I xypc Il cemecmp
bunem 13. Ilpunooicenuss unmeepanra: 01unHa 0yeu Kpueou,
nrowaov nogepxnocmu epawjerus (cmp. 2 us 3)

>R ED O EN A =0 @

(pasnu4ue TOJILKO B TOM, 4TO B (1) cTosT Toukm &, , 7,, B (2) — TOABKO &,).

Tpebyetcst mokazaTh, YTO MpU cTpeMiIeHUU K () MaKCHMaJIbHOW JJIMHBI 3BEHA JIOMAHOW JIMHUU
Pa3HOCTb BEIUYUH p U ¢ cTpemutcs K 0.

MoxHO oKa3aTh (HO MBI 3TO OCTaBHM 0O€3 CTPOTOro J0Ka3aTelbCTBa), YTO cTrpemiieHue K 0
MAaKCUMaJbHOM JUIMHBI 3B€HA JIOMAHOM 5SKBUBAJICHTHO cTpemiieHM0 K (0 aguaMeTrpoB
COOTBETCTBYIOHIMX pa3Ouennii otpeska [7;,7]].

Urak, Oymem mpokasbiBath, 4yro npu d(7)— 0 |p—6|—>0. Jlnst 3TOrOo 3amMeTuM, 4YTO

n—l

Z(J(x'(éi NP+ 1)) =& (EN +(NED) )Arl-

i=0

lp—ol= <

JEEN +(' 1) =€) + (V')

n-1
<2
i=0
[ocnemnuit  mepexoj  cjelaH  HA  OCHOBAHMM  SJIEMEHTapHOTO  HEpPaBEHCTBa
2 2
> -2 jp+b)
Ja* +b’ +\/a2 +b2 Aa*+b’ +\/a2 +b/

,T.K. Na’ +b’ 2|b ,Aa’ +b] 2|b,|.

MY @)-YE) )

Ja? +b” —\Ja* 57| b-b,| <

DO I
_\/a2+b2+\/a2+b]2 h ]

ITo ycnosuro, GyHkuus )' HempepsiBHa Ha [7,7]], cnenoBaTtensHo, mo teopeme Kanropa, )
paBHOMEpHO HemnpepbiBHA Ha [7},, 7], nostomy Ve >0 36 >0 V pasbuenus [7,,7,] ¢ ycnoBuem
& n—1

€
b_a.Torna |p—0'|<;b_aAti =c.

maX|Ati| <o |y'(§i) —y'(ﬂi)| <

1
[TockonbKy HHTErpanbHbIE CYMMBI CTPEMSTCS K J. \/(x'(t))2 +(y'(t))’dt npu max|Ati|—>0,
TO
CYIIECTBYET TMpenes IUHBI JOMaHBIX, MPHYEM OSTOT IMpPEIeNl PaBeH YKAa3aHHOMY HWHTETpaiy.
Teopema nokazana. «

Cneocmeue 1. Eciim xpuBasi 3amaHa A6HbIM ypaBHEHUEM Y = f(X),x € [a,b], T0 (opmyia

b
NpUHUMAET BUJ [ = J.1/1 +(f"(x)) dx.

» Jloka3aTeabcTBO. CBOJIUM K IIPEIBLIYIIEMY CIydaro: x =X,y = f(x). <



Mamemamuueckuu ananus
I xypc Il cemecmp
bunem 13. Ilpunooicenuss unmeepanra: 01unHa 0yeu Kpueou,
nrowaov nogepxnocmu epawjerus (cmp. 3 us 3)

Cneocmeue 2. Ecnm xpuBas 3a7aHa HOJAPHBIM YpaBHEHUEM r:r((b),(be[oc, ﬁ], TO

B
1= [P @)+ 90 dg.

a

» Jloka3aTeabcTBO. [lonoxum x = r(@)cosp, y =r(¢)sing. Torma x'=r'(¢)cosg—r(¢)sing,

y'=r($)sing+r(@)cosd, (x')* +(3')* = (r'(¢)cosd —r(¢)sin ¢)* +
+(r'(¢)sin ¢ + r(¢)cosd)® = (r'(4))* cos’ ¢ — 2r'(¢)r(¢) cosdsin ¢ + > (¢)sin> ¢ +
+(r'(9))* sin® @+ 2r' (P)r(d)cosgsin ¢ + r* (d) cos’ ¢ = (r'(§))* + (r(4))*, M MOXHO HPUMEHHUTb

dhopmyny U3 T0Ka3aHHOU TeopeMbl. €

Ilpumeuanue. B cnyuae mpexmepnoiu kpusou x = x(t),y = y(t),z =z(t), t € [T 0s 1 ] 20e Xx,y,z

T
— HenpepwviéHo ouppepenyupyemvle Qynxyuu, | = J. \/ (xX'())> + (') +(Z'(¢))*dt.

Ty

13.2. MNAowaab NOBEPXHOCTU BPALLEHUS

x=x(t)
[IycTs { 0 ,To <1 <T,- He3aMKHyTas KpuBasi, X, V, X', V' - HempepbIBHbIC (YHKIHUN.
y=y

Bpamaem kpuByro Bokpyr ocu Ox . [Ipu 3ToM nosmydaercst HOBEpXHOCTh BpaiieHus. He Bxonas B
JETaTN OTPECIICHHS TUIOIIAAN TIOBEPXHOCTH B 00IIEM ciTydae - 3To OyleT caenaHo B Kypce 4-oro
CEMeCTpa, W CUYUTAs, YTO IUIOMIA s TIOBEPXHOCTH BPAIICHUS CYIIECTBYET U 0071a/1a€T CBOMCTBOM

7
2
aJUIMTHBHOCTH, YKaXXeM (pOopMyITy IUIsl ee BhIUucieHus: S =271 J. y(t)\/ (x’(t)) +( y’(t))dt :
&)
JlefCTBUTENIBHO, CUUTAsI IOBEPXHOCTH BPAIICHHUS MAJIOTO y4acTKa KPUBOW BOKPYr ocu Ox OIM3KOM
K 4aCTHU ITOBEPXHOCTH YCEYEHHOTO KOHYCa C OCHOBAHUSAMU y(tl. ), y(tm ) U JJIMHOW 00pa3yromein

\/ (x’ (& ))2 + ( V(& ))2 (KaKk ¥ B TEOpEeME O JUIMHE IYTH), MOJTY4HM, YTO

AS = zﬂw\/(f(é ))2 + (y’(ém ))ZAII. . CyMMHUpYsI U TIEpexX0/isl K Ipeeiy mpu

At; — 0, momydaem Tpebyemoe.



Mamemamuueckuu ananus
I xypc I cemecmp
bunem 14. Hecobcmeennvie unmezpanvt u 0000ujeHue NOHAMuUs. RI0waou niocKou gueypul.

+o dx

¢ dx
Cxooumocms unmezpanos _[1 " j—q (cmp. 1 us3 2)
X X
0

bunretr 14. HecobcTBEHHbIE UHTErpPaAbl U 0600LWEHNE NOHATUA

. Tdx td
NAOWAAU NMAOCKOU ouUrypbl. CXOAMMOCTb UHTEFPaAOB j g

-, .
P q
XX

b
[Ipeamnonoxum, aro aiis Bcex b €[a,+o) cymectByer F(b) = J. f(x)dx . Ecnu cymecTByer

a

lim F(b) =1, To 3TOT Ipeen Ha3bIBACTCS HecoOcmeeHHbIM unmezpanom f(x)oT ajao +ou

b—+0

obOo3Hagaercs

[ fax (1),
['oBopsr eme, uro unTerpan (1) cxooumeces.

b
AHaJIOTHYHO, MYCTh IS BceX b € [a;w),w € R cymectByeT F(b) = J. f(x)dx . Ecmm

a

cymectByer lim F'(b) =1, TO 3TOT Ipenes Ha3bIBACTCS HECOOCH BEHHBIM UHIMEZPATIOM
b—>w-0

f(x)oT ano wwu obo3HavyaeTcs

[ f(ax ).

OtMmeTuM, YTO eclin f(x) MPOCTO
WHTETpUpyeMa Ha OTpe3ke [a;w]|, TO BBHUAY
HETIPEPHIBHOCTH UHTETPAJIa C IEPEMEHHBIM BEPXHUM
MpeAesioM TOHSATHE HECOOCTBEHHOTO WHTErpasia i)
COBIIaJaeT ¢ OObIYHBIM HMHTETpasioM. Ho ObiBaeT u
TaKk, 4YTO B OOBIYHOM CMBICIE MHTETrpal He
CYIIIECTBYET, & B HECOOCTBEHHOM — CYIIIECTBYET. a x

[TonsiTHE HECOOCTBEHHOTO UHTETpalla O3BOJIIET 0OOOIIUTH MOHATHE IJIOAAN Ha CiIydaid
HeoZpanHuyeHHvIx uzyp.

[0}
NMeHHO, MOKHO CUMTaTh BEJIMYMHY HHTErpaia J. f(x)dx mmomanpio GUTYPBl TIOJ
a

rpaduxkom y = f(x), eciu paccMaTpUBaEeMblil HHTErpaj CXOIUTCS.

[0}
AHaJOTUYHO, TUIOIIAIb TAKOW (GUTYPHI MOXKHO BBIPA3UTHh HUHTETPATIOM J. f(x)dx , ecnu oH
a

CXOJHUTCH.



Mamemamuueckuu ananus
I xypc I cemecmp
bunem 14. Hecobcmeennvie unmezpanvt u 0000ujeHue NOHAMuUs. RI0waou niocKou gueypul.

+odx Ly
Cxooumocms unmezpanos fl " j—q (cmp. 2 u3 2)
X X
0

+00
dx
Brisicanm, xorna cxoaurtes J. — 5 a> 0 (3).
"X
—X7"+C,p#1

dc |1-p
H3BecTHO, uTO | — =

xP

Inx+C,p=1

b
) . 1 1
[Toaromy iput p >1: lim ﬁ:hm L N by
b—>+ooa x? b—>+o0l 1_p 1_p

b

npu b — 4o Ilpu p =1 blim ﬁ:blim lnéz+oo unpu p <l
—+0d  x —+0 (g

b—>+ooax1’ b+ 1_p 1_p

CXOJOUTCA IIpU p > 1n pPacxoauTcCs IMpU OCTAJIBHBIX 3HAYCHUAX p .

b
lim [ = lim (Lb“” —La“”] =+, T. K. b'? — 400. To ectb unterpain (3)

[ dx
AHaJOrM4HbIE pacCyX/I€HUS [IPOBEIEM IS J. — (4).
X
0

IIpu g <0 310 — 00BIYHBIN HHTErpad. [Ipu g >0 3TOT MHTErpas HE MOXKET CYIIECTBOBAaTh B

1
COOCTBEHHOM CMBICIIE, TaK Kak —, HE OrPaHHYCHA B OKPECTHOCTH X =0. Janee mpu ¢ #1

x
+00,q > 1
1 1- 1
. . 1 1 . .
lim [ = lim | — £ = , a mpu ¢ =1lumeem lim ﬁ:11rn(—lng):+oo.
e>+0d x4 eot0| 11— q 1-— q 1 e>+0d £—>+0
& I_’q <1 £

3HauuT, UHTErpai (4) pacxoaurcs npu g > 1.



Mamemamuueckuii ananus
I xypc I cemecmp
bunem 15. Teopemvl 0 cpashenuu 05t HeCOOCMBEHHBIX UHINEZPAN08 O HEOMPUYAMETbHBIX QYHKYUL
(cmp. 1 uz 2)

bunretr 15. Teopembl 0 cpaBHEHUU AAST HECOOCTBEHHbIX UHTErpaAoB OT
HeoTpuuaTeAbHbIX QYHKLHUNI

Yacro ObIBaeT BaKHO YCTAaHOBUTH HE CAMO 3HAYEHUE MHTETPaja, a TOJBKO CXOJUTCS OH HITU
HeT. [l 3TOTO MCHOJNIB3YIOTCSl npusHaku cxooumocmu. OCOOSHHO NMPOCTOl BUA OHU MMEIOT
JUI HEOTPULATEIbHBIX (YHKIHMH. DTO CBA3aHO C TEM, 4YTO Uil HEOTpULATEeIbHOW f(x)

b
unrerpan F(b) = J. f(x)dx ectb Heyovrearowas dyakius ot b . [ToaToMy, UCTIONB3YS TEOpEMY
a
Beiiepmtpacca o mpezene MOHOTOHHOW OTPAaHWYCHHOW (PYHKIIMH TOJydaeM, YTO CXOJUMOCTD
TAKOTO WHTETpajla paBHOCWJIbHA OTpaHHYEHHOCTH BceX F(b), b <@ B COBOKYMHOCTH. DTO

COO6pa)KCHI/IC IMO3BOJISACT JOKAa3aTh BaAXKHBIC TCOPEMBI CPABHCHU .

Teopema 15.1. Ilyers f,(x), f,(x) onpenejeHbl 1 HHTErPUPYeMbl B OOBIYHOM CMBbIC/IE
Ha J00M [a;b), rne b < w (a @ - Au60 OeCKOHEYHO yaaJeHHasl TOUKA, Ju6o o € R). [lycTh

npu a<a,<® BbINOJHAeTcS HepaBeHCTBO (< f (x)< f,(x). Torma ecam cxoauTcs

J. f,(x)dx, To cxonuTcs U J. fi(x)dx .

[0}
» JlokasaTeabcTBO. Bo-mepBblx, 3aMeTHUM, YTO CXOJAMMOCTh HHTerpala J. f(x)dx

a

[0}
PaBHOCUJIbHA CXOJIMMOCTH MHTErpasia J. f(x)dx , MIOCKOJIbKY 3TH BEITUYHHBI OTINYAIOTCS JIUIIH

g

o
MTOCTOSIHHBIM CJIaraeMbIM J. f(x)dx .

a

b b
Hamnee, Vb J. fi(x)dx < J. fo(x)dx , mmm F,(b) < F,(b) . Ilo noxazaHHOMY BBIIIE, CXOAUMOCTb

g g

[ b
J. f,(x)dx paBHOCHIBHAa OTpPaHHMYCHHOCTH BeMWUYUHBI F, (D)= J. fo(x)dx . 3naunr, 3C:Vb

g g

F,(b)<C. Ho torma u F,(b)< F,(b)<C, 10 ectb F,(b) orpanudena u, 3HaAYHT, J. fi(x)dx

g

cxonurcd. 4

Hpumeuauue. Oma meopema pasHoCulibHa makoui: npu  6blnOJIHEHUU OCMATIbHbIX yCJZOGZ/lZZ

meopembl, eciu J. f,(x)dx pacxooumcs, mo pacxooumcs u J. fr(x)dx.

a a

[0} [0}
eticmeumenvro, eciu Ovl J. f>,(x)dx cxoouncs, mo no meopeme 1, cxoouncs vl u J. fi(x)dx.

a a



Mamemamuueckuii ananus
I xypc I cemecmp
bunem 15. Teopemvl 0 cpashenuu 05t HeCOOCMBEHHBIX UHINEZPAN08 O HEOMPUYAMETbHBIX QYHKYUL
(cmp. 2 u3 2)

Teopema 15.2. lyetb npu a<x<w f(x)=0,f,(x)>0 u mycrp 3 limo%:k;to,
X—>0— ,(x

rae f,(x),f,(x), kak 0o0bIYHO, OmpedeeHbl W HHTErpHpyeMbl B OOBIYHOM CMbIC/IE HA

aoooMm [a;b], tne b < w. Torna amdo o6a uHTErpaia J. fi(x)dx, J. f,(x)dx cxopsiTes, 1160

a a

00a pacxoasTcs.
» Jloka3aTeabcTBo. OueBuaHO, yTO k >0 (T.K. TO 4TO £ >0 Ciemyer U3 CBOWCTB Impejera,
k
u k#0 mo ycnosuro). Torna mist & = UCTIOJIB3Ysl OTpENIeNIeHUe Tpeiena, MoJydaeM, 4To

A& —k‘<£ I £<_f](x) <%
f(x) 2 2 Lo 2

CYIICCTBYECT OKPECCTHOCTh TOYKH (W TaKas, 4TO B Hel HnJIn,

Tak Kak f,(x)>0, g f(x) < f](x)<% f,(x). Hamee, ecmu cxomutcs J. fi(x)dx, To, 1o

(o} k (o} (o}
teopeme 15.1, cxomutcs |— f,(x)dx wu, 3HAYWT, x)dx. Ecimm cxomurcs x)dx, TO
2 2 2 2

a

CXOIMTCS J. % f>(x)dx n, 3Ha4MT, J. f,(x)dx . Teopema noxa3zana. €

a a

i .1
Ilpumep. Jloka3zath, 4TO UHTETPAI I In(1+ sin x—z)dx CXOJIMTCH.
1

1 .1 .1
» lokazarenberBo. 0 <—- <1, 3nauur, sin— >0 u In|I+sin— |>0. Kpome Toro,
X

x x
: 2 : 2
lim ln(l +1s/1n(21/x )) = lim % =1. (Mcnomws3oBamu, uyro In(l+¢)=t,sint~t tpu
X—>+0 X X—>+00 X

t = 0). [TosTomy mpumennma Teopema 15.2. u cXoauMOCTh JoKa3zaHa. 4



Mamemamuueckuu ananus
I xypc I cemecmp
bunem 16. Abcontomuo cxoosuuecs uHmezpaivl, YCI08HO cxoosuuecs unmezpaiot (cmp. 1 uz 1)

Bunretr 16. AGCOAIOTHO CXOAALLUECHA MHTErpaAbl, YCAOBHO CXOAALLIUECH
WHTErpaaAbil.

[lepeiinem Kk HeCOOCTBEHHBIM MHTErpajIaM.

Onpedenenue 16.1. J. f(x)dx Ha3pIBaeTCA AOCONIOMHO CXOOAWUMCA, €CIU CXOIUTCS

a

0] b
J. | f (x)|dx (u, pazymeercs, ecli J. f(x)dx cymectByeT s Jirob0r0 b < ).

a

Jlerko BUaETH, YTO aOCOJIIOTHO CXOJSALIMICS MHTErPajl CXOIUTCS, YTO CIEAYET U3 KPUTEPHS

b
Komm cymecrtBoBanus nmpenena (QyHKUMM, NOpUMEHEHHoro kK  F(b)= J. f(x)dx m

b bz
F(b) = [|f(x)|dx. Jlano, uro V& >0 3B(¢)>0 Vb,,b, > B(&), b,b, <o [|f(x)|dx<e. Ho

b, b,
TOrJ1a j f(x)dx| < j | f (x)|dx < & 1o cBoMcTBY 9.5 W, 3HauMT, BBINONHEH Kputepuil Komm s
by by

F(b) = [ f(x)dx.

[0} [0}
Bmecte ¢ Tem, CyIIECTBYIOT CXOJSIIMECS HHTErpajbl J. f(x)dx Ttakme, dTO J. | f (x)|dx
a a
pacxoautca. Takwe WHTErpayibl HA3BIBAIOTCS YCA06HO cxo0aujumuca. lIpuMepoMm CIyKuT

smx sin x sin x . .
J. J. dx + J. ——dx . IlepBoe cnmaraemoe — 3TO COOCTBEHHBIN MHTerpai. Bropoit

X
WHTETpal, 10 OTIPEICTICHUIO, paBeH
0 . b - b
sin x . sin x . [ —cosb cosl [cosx . [—cosb
J dXthj dx = lim + —J drx|. Tak kak Ilim|——|=0, a
X b—+o0 X b—>+o0) b 1 ] x2 b—>+0 b
|cosx| < .
I - CXOJIUTCS, TO PACCMaTPUBACMBII MHTETPAIT CXOIUTCS.
1
. |s1n x|
C npyroil CTOpOHBI, €CIIH OBl CXOIMIICS I dx, TO W3 HEPaBCHCTBA |s1n x|>s1n X
X
Tsin? x ., 1—cos2x
cieoBayo Obl, YTO I dx - cxomurca. Ho 310 He Tak, MOCKOJBKY sin x:T
X
1
71-cos2x Tdx  fFcos2x . .
I —dx = I —— dx. IlpydeM nepBeIi U3 MHTETPAIOB PACXOAMUTCS, a BTOPOU —
X X X

1 1

1

dx.

0
Sin x
CXOOUTCA, YTO MOKHO JOKa3aTh aHAJIOTUYHO J0KAa3aTCIbCTBY CXOOJUMOCTHU J.

]



Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 17. @opmynvt npubnusicénnozo unmezpuposanus (cmp. 1 uz 3)

bunetr 17. DopmMyAbl NPUBAUXEHHOIO UHTErPUPOBAHUS

[Tycte f(x)- HempepbiBHas Ha oTpe3ke [a,b] o¢ynkuusa. Ecnmm ynamoce Haiith eé
nepBoooOpaznyo F(x), To

jf(x)dx = F(b) - F(a).

OpHako BO MHOTHX 3a/ladaX OTBICKAaTh IEPBOOOPa3HYIO B BUJAE AJIEMEHTApHOW (QYHKIUU HE

b
ynaércs. Tem He MeHee, HHTerpal I f(x)dx BO MHOTHX CiIy4asiX JIE€TKO BBIYMCIUTH C TpeOyeMoit
a

TOYHOCTBIO, UCTIOJB3Ys (POPMYIIbl MPUOIMKEHHOTO HHTETPUPOBAHUSL.

[Ipocreiimas popmyna MoxkeT ObITh MOTydeHa Tak. Pa3o0bEéM BClo Gpurypy — noa rpapuxom
f Ha oTpe3ke [a,b] - Ha BepTHKAIbHBIC TTOJOCKM PAaBHOW IIUPHUHBI, & 3aTEM 3aMEHUM KaXKTYIO
U3 3THX IOJIOCOK INPSAMOYrOJBHUKOM, 3a BBICOTY KOTOPOro InpumeMm BenuuuHy f (&), rae
b—a
n
IUIOUIA/IbI0  HEKOTOPOM COCTOSIIENd W3 NPSIMOYrOJbHUKOB CTyrneHuaTol ¢urypsl. HMHbpIMU
CIIOBaMH, HEMOJIHBbIA MHTErpajl 3aMeHsIeTCs €ro MHTErpajJbHOM CyMMOW. OTa NMpHUOIMKEeHHas
xi + xi+]

(bopMyna HOCUT Ha3BaHUE POPMY/Ibl NPAMOY207IbHUKOE. B Hell 00b4HO OepyT &, = 5 "

x, < <x i=0L.,n-1 1 Ax, = [Ipu »TOM wHCcKOMas TUIONIAAbL 3aMEHSACTCS

i+1°

0003HaYalOT 3Ty BEJTUUYUHY X
i+

- a /{x IJ: y - ATak, popmyra npsaMoyroabHUKOB (CM. puc. 1)
2 )M

b—a

If(x)dxz y%+y%+...+yn_] (D)

I'eomerpuueckue cooOpaxxeHUsT — 3aMeHa MPSAMOYroJIbHHKA Tpameuuen (cm. puc. 2) —
MIPUBOJIAT K JPYTrOM 4acTo MCIOIb3yeMol Gopmyiie, ghopmyne mpaneyuit. B veii rpadux f(x)
3aMEHsAETCA JOMaHOM ¢ BepIIMHAMH B Toukax (x;,»,), rae y, = f(x,), i=0,...,n; miomanu
HOJIyJafOMIMXCS  TPAlelyil  PaBHBI b-a (yo i ] , b-a (y, Y ] yeees b-a (y"“ Yy ] :

n 2 n 2 n 2
CIOXMB 3TH IUIOMIA N, TTOJIYIUM (POpMYyITy Tparneruii:

f b—aly,+y
J.f(X)dsz(%'Fyl ++yn—]] (2)

KakoBa TouHoCTb 310 (hopmynbl. be3 nokazarenbcTBa coolmmM, uto ecinu f(x) obnamaer

BTOpO# mpom3Boauoi f"(x) Ha [a,b], u eciu M, = max| f"(x)|, To abCOIIOTHAS TTOIPEITHOCTD

x€la,b]
R, dopmynsl (2) yIoBIETBOPSET HEPABEHCTBY

(b—a)’

T



Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 17. @opmynvt npubnrusicénnozo unmezpuposanus (cmp. 2 uz 3)

Ecomu BMecto mnpubmmkenuss rpaduka (YHKIHH JIOMaHBIMHA JIMHUSAMH HCIOJb30BaTh
MpUOIKEeHHS TapadolaMu, TO, IJIs1 YETHOTO YHCIIa 7 TTOTyIuM GOopMyITy

b
h
[ f(oydx = g[(yo )AL Y et Y, )20+ Y et v, )] )
Ha3bIBaeMyI0 gpopmynoit Cumncona (napabonamaeckoit GpopMyIion).

TouHOCTH 3TOM (GOpMyYIIBI, IIpU ycaoBuM cymectBoBanus f ' (x), x €[a,b], oueHuBaercs
TaK:

b-a)’
R <QM4,FHG M4:£2§)[§]‘fIV(x)‘

n 4
180n
y y
A A
— g e,
e i I ] \
L1 | I L 7" o~
1 ! ! | | I \
! Vo ! ™~ '
1 H H | 1 1 ~p |
! P ! , ! N
N I A R A IR R R
Ll
; | : | i i ' i
S I O N I B A B
P! R R
' . | 1 !
L ! ! H L I ! . e X a X
a g% g X & X b aox X X b
puc. 1 puc. 2

[TonpoOyem Teneps pelunThb Te )K€ caMble 3a7a4u, IPUBJIEKast BEPOSATHOCTHBIE COOOPaKEHUS.
1

s 3TOro cHoBa BEpHEMCA K OJHOKPATHOMY HHTErpaly j f(x)dx ¥ BCHOMHHM, UYTO
0
reOMETPUYECKU OH MpPEICTaBisieT coOoi miom@anp obnactu A, OorpaHUYeHHOW rpaduxom

¢byakmun f(x) (puc.3).

nE-—
B 1)
i
1

0 g puc. 3 1

[TpoBenéM OMBIT, 3aKITFOYAONTUICS B OPOCAHUN CIyYaillHBIM 00pa3oM (T.€. B COOTBETCTBHUH C
MPUHIIAIIOM TEOMETPUYECKONW BEPOSTHOCTH) IBYX TOo4eKk Ha otpe3ok [0,1]. Ob6ozHaumm

KOOpJMHATY OJIHOM U3 HUX yepe3 &, a Ipyroil —yepe3 1 U OTIIOKUM & U 7] 1O OcsIM aOCIUCC U



Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 17. @opmynvt npubnruscénnozo unmezpuposanus (cmp. 3 uz 3)

opAMHAT CcOOTBETCTBeHHO (cM. pwuc.3). IlpoBepum BbeIMONHEHHWE HepaBeHCTBA 1 < f(&).
CripaBeisIMBOCTh 3TOTO0 HEPAaBEHCTBA O3HauaeT, Yro Touka (&,77) momana B obnactb 4. Ho B
COOTBETCTBUU C IPHUHIIUIIOM T€OMETPUUYECKON BEPOSITHOCTU BEpOSITHOCTh P(A) mnomanaHus
ToukH (&,77) B 0065aCTh A €CcTh OTHOUIEHHE IJIOWAAN A K IO €IMHUYHOTO KBaApaTa, T.€.

P(4) = [ f(x)dx.

[ToBTOpUM OMNUCAaHHBIA BBIIIE ONBIT # pa3 W IO pe3yiabTaTaM HaONIIOJEHUN ONpenenTuM

n
yactoty f =— mnosmienus coObituss A, T.e. momaganus Ttoukd (E,17) B obmacte A.
n

[Tockonbky 1o Teopeme bepHysm yactora f ¢ pocToM 7 cTpeMuTcs K BeposiTHOcTH P(A), To,
MO/ICTaBJIsis1 BMECTO BeposiTHOCTU P(A4) ee 3HaueHue, [ojydyaeM NpUOIMKEHHOE PaBEHCTBO

[feode~f="4,
0 n

KOTOPO€ U CIYXUT Ul OLEHKU MHTErpaja 1o pe3yiabTaTaM CIy4aiHbIX UCIIBITAHUM.

OnucanHolii. Memoo NPUOTUNCEHHO20 BbIYUCTICHUSI ONPEeOeleHHO20 UHmMe2pana HOCUMm
HA368aHUe Memooa Cmamucmuyeckux ucnvlmanuu uiu memooa Moume-Kapno (2opoo Monme-
Kapno — mecmo cocpedomouenus ecemupro uzgecmmuvix ueopHuvlx 0omos). Hazeanue «memoo
Moume-Kapnoy ceazano ¢ mem, uYmo npogooumbvle UCHbIMAHUL OYeHb HANOMUHAIOM
noobpaculéanue MoHemuvl, Opocanue uzparbHoUu KOCMU Ul uzpy 8 pyiemky.

Hmeemcs  cywecmeennoe — KayecmeeHwoe — paziudue — Mexcoy — NOSPeuHOCMAMU,
BO3HUKAIOWUMU NPU NPUMEHEHUU MeMmOO08 YUCIeHHO20 unmezpuposanus u memooa Monme-
Kapno. B nepsom cnyuae npu 6wvinoineHuu coomeemcmeyiouux Yciosuli MOMCHO O0amb
2apaHmMupOBaAHHYI0 OYEHKY MOYHOCMU, Mm.e. YKA3amb 00CMOBepHble 2PAHUYblL, 8 KOMOPbIX
obsa3amenvHo 6yoem 3aKNO4eHO UCMUHHOe 3HAYEHUe BblYUCTAeMO020 unmezpand. Bo emopom
cyyae 2apaHmuposanHylo OYeHKY Helb3sd 0amb 6 NPUHYUne, a MOXNCHO CKA3amb MOIbKO, YMO
OMKJIOHEHUe 3HAYeHUsl UHmMe2pand, 6bl4yucienHo2o memoodom Monme-Kapno, om ucmunno2o
3HA4eHUus 2Mmo20 JHce UHmezpana He HNpesoCcxXoOum HeKOMOpOU GelUdUHbl C ONpeoeseHHOU
8EPOSIMHOCMBIO.



Mamemamuueckuu ananus
I kypc Il cemecmp
Bunem 18. IIpocmpancmeo R", mnoscecmea 6 nem (cmp. 1 uz 3)

bunet 18. lMpocTpaHCTBO R", MHOXECTBA B HEM.

Hamomuunm, 4to apugpmemuueckoe n-meprnoe npocmpancmeo R" npencrasiser coboit
MHOXECTBO TOUEK X = (X,,...,X,), X, € R,i=1,...,n.
DT0 BEKTOPHOE IMPOCTPAHCTBO C ONEPAIUSIMHU CYMMBI X + J U MPOU3BEICHUS HA YUCIIO A ,

OnpeCACIIsIEMBIMU TaK

X+y=x+y,0x, +3.),Y=0,)-
Ax = (A, AX,)

Bonee Toro — 3T0 €BKINIOBO MPOCTPAHCTBO CO CKATSIPHBIM MTPOU3BEICHUEM
(x-y)=x,y, +...+x,y,. CienoBarensHo, OIpe/ic]IcHA HOPMA 6eKMopa X , paBHas

14 — p—
fo U PAcCTOSTHUE MEXIY X U V ,3a7aHHOe (GOpMYJIOil:

i=1

p(x,y) =[x -] = (1)

IIpu n =2 u n=3 31a Gopmyia CTAHOBUTCS OUEBHUIHOMN POPMYIIO ISl paCCTOSIHUM Ha
IIJIOCKOCTH M B IPOCTPAHCTBE, TO3TOMY 0011yI0 hopmyny (1) mis paccTOSHHUS MOKHO
paccMaTpuBath Kak ecmecmeennoe 000011eHe U3BECTHBIX (OpMYIT Ha Cy4ail #-MEpPHOTO

IIPOCTPAHCTBA.

B kxypce nuneiino# anre6psl ObLIO T0KA3aHO:

1. V;,; p(;,;) >0, npuyem p()_c,;) =0 x= ;;

2. VEY p(x.y)=pr,3);

3. VELTLE p(x,2) < p(xp) + (v, 2).

CBOWCTBO 3 Ha3BIBACTCSI HEPABECHCIMBOM MPEY20bHUKA.

Onpedenenue 18.1. MHOXECTBO, HA KOTOPOM OIpesieieHa PyHKuus o , 00aaaaronas
CBOWCTBaMHU 1-3, Ha3BIBACTCS MEMPUUECKUM RPOCHIPAHCIEOM, A O - MemPUKol (VI

paccmoanuem) a STOM IPOCTPAHCTBE.
Urak, R"- MeTpHUYECKOE IMPOCTPAHCTBO C PACCTOSHUEM P .



Mamemamuueckuu ananus
I kypc Il cemecmp
Bunem 18. IIpocmpancmeo R", mnoscecmea 6 nem (cmp. 2 uz 3)

OKPECTHOCTh
¥
TOUKH B R™

n=2

Puc. 1

Onpedenenue 18.2. € - okpecmnocmoio TO9KU a € R" HA3bIBACTCS MHOXKECTBO TOUCK
x € R" takux, uto p(x,a) <& . Ob60o3naunm ee U, (a) (puc. 1)

Onpedenenue 18.3. Ilyctb a € A R". Torna a Ha3bIBaeTCs 6HympeHHel MOYKOIl 3TOTO
MHOXecTBa, eciau 3¢ > 0:U, (a)c A (puc. 2)

a

& U@

puc. 2

Onpedenenue 18.4. E — R" - omKpbimoe MHOXECTBO, €CITH BCE €r0 TOYKH — BHYTPCHHUE.

Ilpumepwi: uaTepBai, Kpyr 0e3 rpaHHILIbL.

Onpeodenenue 18.5 Ilycts A R". Touka a € R" Ha3bIBACTCS NPeOebHOU MOUKOUL
muoxcecmea A, ecmn Ve >0 U, (a)m A+D.

Onpedenenue 18.6. F — R" Ha3bIBaCTCS 3aMKHYMbLM MHOXKECTBOM, €CJIM OHO COJCPIKUT BCE
CBOU NIPCACIbHBIC TOYKH.
[Ipumepsl: OTpe30K, KPYTr ¢ TpaHULEH.

3ameuanue. Yacmo emecmo «Kpyeavixy OKpecmHocmel paccmampuaom
«NPAMOY20TIbHBLEY, M.€. {;:|xi —al.| <g,i=1L...,nJ.

JIerxo BHUJCTH, UTO KAXKAYIO KKPYTIIYIO» OKPECCTHOCTH MOYKHO BITMCATDh B «IIPAMOYI'OJIbHYIO»
1 HaoOopoT (puc. 3, 4).



Mamemamuueckuu ananus
I kypc Il cemecmp
Bunem 18. IIpocmpancmeo R", mnoscecmea 6 nem (cmp. 3 uz 3)

y + Y

2
N

puc. 3 puc. 4

Onpeoenenue 18.7. MuoxectBo K Ha3bIBACTCA KOMRAKMHBIM €CIIN U3 OO0

OECKOHEYHOM CHCTEMBI OTKPBITBIX MHOXKECTB G, TakoH, 4yTo K C UGa MO>KHO BBIOpATh

a
KOHEYHOE YUCIIO ,,...,0,, TaK, 9T0 K < G, UU G,

m

WupiMu CJIOBaMH, U3 1100020 ROKpblmun K MOXHO BBIICIUTL KOHEUHOE nodnoprlmue.

Teopema 18.1. (6e3 nokazareibcTBa) K C R" KOMIAKTHO TOIJa H TOJbKO TOr/a, KOrjaa
OHO OrPAHUYEHHOE (T.€. COAEPKUTCS B HEKOTOPOM IIape ¢ HEeHTPOM B HayaJjie KOOPAMHAT)
U 3aMKHYTOe€.



Mamemamuueckui ananus
I kypc Il cemecmp
bunem 19. @ynxkyuu u omobpascenus. Ilpeden, nenpepvisnocmo (cmp. 1 uz 3)

bunretr 19. OyHKUMMN N oTOOpaxeHUs. lpeaeA, HENPEPbLIBHOCTb.

Onpedenenue 19.1. Oyuxuus f (;) = f(x,.0.x,), f (;) : X = R comocCTaBIseT dJeMEHTaM

MHOKecTBa X C R" (Ha3pIBaeMOro 00J1aCThIO OMPEC/ICHHs ) Yrcia )y € R .

Onpeodenenue 19.2 Orobpaxenue f(x): X — R” cOmoCTaBiIsIeT AIEMEHTaM MHOYKECTBA

X < R" snemenTsl y € R™.

Takum oOpa3zoM, GYyHKITHS — ITO YACTHBIN citydaid oToOpaxenus (m =1). 3agaTh
0TOOpa)k€HUe — 3TO BCE PABHO, UTO 3a/1aTh M (PYHKLHH

Y= f](xl’"-’xn)
ym = f;'n (xl ””’xn)
Ipumeppoi.

1. z=x+y - QyHKUMS IBYX IEPEMEHHBIX, Nape (X, )) COMOCTABISET YUCIO Z,Z =X+ ).

V=X X, Xy
2. Orobpaxenne R’ — R’ .,
Y, =X, + X5 +X]

X =acost
3. Bekrop-¢yukuus R' — R’ {y=asint,t — (x, y,z). BunToBas mnus.
z=>bt

[TycTh aeR",beR" ,7 ‘R" >R",a - npeAesibHasi TOUKa 00JIaCTH ONpeIeTIeHuUs 7
b=1lim f(x) < YV () 3U(a) VxeU(a) f(x) eV ().

“KoHkpeTu3upys” OKpeCTHOCTH, 3TO ONpeAEICHIE B METPUUECKUX IIPOCTPAHCTBAX

&S Ve>0 36>0 V;e(.](s(;) 7(;)€VS(E),I/IHI/I,HJ'I$I 7:R" —> R"

Ve>035>0 Vx:0< p(x,a)<d p(f(x),b)<e Umu Ve>0 35>0
Rn RWL

_ n
Vx:0< /Z(x —a, )? < & BBHINOJIHSETCS HEPABEHCTBO
J
Jj=1

\/ﬁ(f,(})—bf <s (1)




Mamemamuueckui ananus
I kypc Il cemecmp
bunem 19. @ynkyuu u omobpascenus. Ilpeden, nenpepvisnocmo (cmp. 2 u3 3)

Teopema 19.1. f(x):R" — R",lim f(x)=b < Vi, i=1,...m lim f.(x)=b,.

» /loka3zaTejbCTBO.

= TlockoIbKy \/i(fi(;)—bl.)z > max‘fi(;)—bl.

=1,...,m

, 13 (1) cnenyer, uTo ‘fi (;) —bl.‘ <& mpu
i =1,...,m. Ho 510 kak pa3 u o3Hayaer, 4To lim f; ()_c) =b,.
< Ilyctp & > 0 - puxcuposano. Beibepem 0, ,...,0,, Tak, 4ToOsl 1pu 0 < p(;,a) <9,
g

Jm

0 < p(x,a) < O BBINONHSIETCS CIEAYIOIIEE HEPABEHCTBO:

BBITIOJTHSJIOCH HEPABEHCTBO ‘ fi(x)— bl.‘ < . B3gB 6 =min(J,,...,0,,) ToIy4aeM, 4TO MpH

\/ﬁ(fi(})—bi)z <\/2;— .4

Onpedenenue 19.3. OToOpakeHne 7(;) HenpepvleHO B TOUKE a, ecnu lim 7()_6) = 7(5).

X—>a

CormnacHo cka3aHHOMY BBIIIE, HEMTPEPHIBHOCTH OTOOPaKCHUS 7(;) =(/, ()_c),..., . (;c))

PAaBHOCHJIbHA HENPEPBIBHOCTU BeeX QyHKIMH f|(x),..., f, (X) .
Tak ke, kak ¥ B ciaydae QYHKIUNA OJHOM MIEPEMEHHOM, CITpaBeINBa CISAYIONIas Teopema.

Teopema 19.2. Ecan lim £, (x) = 4,,lim £, (x) = 4,, 0 im(f,(x)+ f,(x)) = 4, + 4,,

= - . fix) 4
lim(f,(x)— f,(x) =4, — 4,, m ecim A, #0, 10 lim f]()_c =1,
x—a x—a f2 (X) A2
Cneocmeue. Cymma, pa3HOCTb, IPOU3BEJICHUE U YaCTHOE (IIPU £, ()_c) # () HenpephIBHBIX

GbyHKIUA f,| (;) u f, ()_c) SIBJISIFOTCSI HETIPEPHIBHBIMU (DYHKIIUSMHU.

Teopema 19.3. Ecan ; = 7(;) HeNpepbHIBHO B TOUYKeE aeR" b= 7(5) , 0TOOpakeHue

z= §(}) HeNpepbIBHO B TOYKeE beR",To oTo0OpakeHue z= §(7(})) HeNpepbIBHO B TOUYKeE

a.

» Jloka3zaTeJbcTBO. [ BCsAKOM OKpecTHOCTH W, (§(1§)) cyuectByer V, (Z) TaKasi, 4YTo
VyeV, (b) g(y)eW,(g(b)).Ho VYV, (b) 3U,(a):VxeU,(a) f(x)eV,(b).ma
oKkpecTHOCTB Uy (5) - ICKOMasl, T.K. 7(;) ev, (Z) = §(7(;)) eW, (§(1§)) . 4

Teopema 19.4. (Teopema o coxpanenuu 3naxa Henpepvienoi pynkuuu). Ecian
feC(a),f(a)#0, To AU(a):VxeU(a) f(x)- f(a)>0.




Mamemamuueckui ananus
I kypc Il cemecmp
bunem 19. @ynxkyuu u omobpascenus. Ilpeden, nenpepvisnocmo (cmp. 3 uz 3)

» JlokazaTesbcTBO. JlocTaTOUHO JOKA3aTh, 4TO €CIH [ (5) >0, 01 f (;) >0.

f(a)
2

JIeliCTBUTENBHO, B3SB & = MOJIy4aeM 1O OMPEACIICHUIO HEMPEPHIBHOCTU OKPECTHOCTh

f() f(a)

U(a) Takyio uto Vx € U(a): \ f(x)- f(Z)‘ = f(x)> L2

Teopema 19.5. (06e3 noka3arebcTtBa) HenpepbiBHBI 00pa3 KOMIAKTHOI0O MHOKeCTBA
€CTh KOMIIAKTHOE MHOKEeCTBO.

3ameuanue. dma meopema HenocpeocmeeHno 0bobuaem meopemol 1 cemecmpa o mom,
YMo HenpepuvleHAs Ha OmpesKe YYHKYUsL 02PaHudeHa u 0ocmuzaem Hauboabule2o u
HauMeHbue20 3HAYeHUll.

Teopema 19.6. (06e3 noka3zarebcrBa) HenpepbiBHBII 00pa3 CBA3HOI0 MHOKeCTBA (T.e.
MHOKeCTBA, JI00bIe 2 TOYKH KOTOPOT0 MOKHO COeTMHUTH KPUBOM, eJTHKOM JIesKanlei
BHYTPH 3TOI'0 MHOKECTBA) €CTh CBSI3HOE MHOKECTBO.

3ameuanue. Oma meopema 0bobwaem meopemy 1 cemecmpa o mom, umo HenpepvieHAs HA
ompesKe pyHKYUs NPUHUMAEM 8Ce C8OU NPOMENCYIMOUHbLE 3HAYEHUS.

Teopema 19.7. (Teopema Kanmopa). HenpepbiBHAsi HA KOMIIAKTHOM MHOKeCTBe K
(yHKIMSI pABHOMEPHO HellpepbIBHA HA HeM, T.e. V& >0 36 >0 Vx,,x, : p(x,,x,) <J

[fGe)=flx) <e.




Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 20. Jupgepenyupyemocmo @pynxyuu mroeux nepemennvix. dacmmuvie npouseoomnvie
(cmp. 1 usz 3)

bunet 20. AudppepeHUnpyemMoCTb QYHKLUU MHOIMMX NEPEMEHHDbIX.
YHacTHbie NpoU3BOAHbIE.

[Tycte f(x) ompeneneHa B HEKOTOPOH OKPECTHOCTH TOYKHM a € R", x - TOYKa M3 ITOH
OKPECTHOCTH.

Onpedenenue 20.1. Benmuuuna f (;) -f (5) =N (5) Ha3bIBACTCSl npupawienuem GHyHKIANA

f BTOYKE, @ COOTBETCTBYIOIINM IPUPALICHHAIO apTyMEHTa X —a = AX .

Onpedenenue 20.2. Oyuknusa | (;) Ha3bIBACTCSl Ouphpepenyupyemoit B To4Ke a, ecnu

CYILECTBYIOT TaKWe IIOCTOsSHHbIE uucia A,..,A, n ¢ynkmun o, =a,(x), a,(x) >0 mnpu

n

)_c—>5, i=1,..,n
Af(a)z A(x, —a)+..+4,(x,—a,)+o,(x —a)+..+oa,(x, —a,) (D)

Yacro obo3Hauator Ax=x—a U Axi=xi—ai,i=1,.,n. Torna (1) nepenumem B BUJIE

Af(a) =D AAx, + D o, ()Ax, a,(x) > 0,x > a,i=1,..,n.
i=1 i=1

IIpu n =1 name onpenenenue (1) coBnagaer ¢ U3BECTHBIM M3 MaTepualioB l-ro cemecrpa
onpenenenueM auddepenmupyemoctn  f(x). Jug  GyHKIUME  OmHOW — mepeMeHHOU
muhdepeHIUpyeMOCTh pPaBHOCHIIbHA CYIIECTBOBAHHMIO TMPOM3BOJAHON. B cilydae HECKOJIbKUX
MNEPEMEHHBIX CUTyallud HEMHOI'O CJIOKHEC.

Chayana BBeleM B paccMoTpeHue BennuuHy A, f(a)= f(a,,...,a,,,X;,a,,,...a,). OHa

IpejacTaBiIsieT co0oM mnpupamieHue (QyHKIUM 0Opu  (UKCUPOBAHHBIX 3HAYEHHUSIX BCEX
IIPOU3BOIHBIX, KPOME i-TOH.

Ilycte f (;) muddepeHnrpyeMa B TOUKe a. Torxa st 106010 i, i=1,...n paBeHcTBo (1)
TaeT:

A f(a)=A,(x, —a)+o, (x)(x, —a,) upp x —>a 2)

IIocKOJIBKY X —>a TpH (UKCHPOBAHHBIX 3HAYCHUSIX X, =d;,]#I PAaBHOCHUIBHO TOMY,

4TO X, —> d,, PAaBE€HCTBO (2) 03HAYaeT, YTO (PyHKIUSA OJHOM NEPEMEHHON X, .

f(a,...,a,,,x;,a,,,..a,) mbdepeHEpyeMa B TOUKE g, U, 3HAYUT, CyHIECTBYET

- Af(@)of ~

th:l(a):A, 3)
X; >4 X, —a; 6xl.

Ha3bIBAEMBIH, IO ONPENENCHUI0, YaCTHONW MPOU3BOJHONW (YHKLUUHM f 10 NEpeMEHHOH X, B

TOYKE a .

MBI TOABKO YTO, TEM CaMbIM, I0Ka3aJId TEOPEMY:



Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 20. Jupgepenyupyemocmo @pynxyuu mroeux nepemennvix. dacmmuvie npouseoomnvie
(cmp. 2 uz 3)

Teopema 20.1. Ecau f(;) auddepeHnupyemMa B TOUYKe a, To past Beex i, i=1,..,n

a —
cyuecTByT —(a).
ox,

1
Taxum o6pa30M, CyII€CTBOBAHHEC YaCTHBIX IPOU3BOJHBIX — Heobxo0umoe YCJIOBHUEC

muddepenuupyemoctu. [lpu stom Af (5) = zgl (E)Axl. + 2051. (;)Axl., a, (;) — 0, npu x—a.

i=1 OX; i=1

Hpyroe Heob6xoaumoe ycinoBue 1uddepeHIpyeMOCTH — HENPEPBIBHOCTD (DYHKIIMH, KaK
MOKAa3bIBAET CIIEIYIOMIas TeOpeMa.

Teopema 20.2. Ecam f (;) auddepeHpyemMa B TOUKe a,To feC (5) .

» Jloka3zaTreabcTBO. Jl0CTaTOYHO JOKA3aTh, UTO MPHU x—a, Af (5) — 0, (T.x.
f (;) -f (5) =Af (5) ). Ho 310 cpasy cnenyer us papeHctsa (1), Tak kak lim Ax, =0 . <

xX—>a

of —
OpHako, B OTJIMYME OT ciiy4yasi n = 1, U3 CyILleCTBOBAHHUS YaCTHBIX TPOU3BOIHBIX al(a) ,
X .

1

OTIpEeJIeNIEHHBIX PAaBEHCTBOM (3) He credyem naxke HETPEPHIBHOCTh PYHKUUU f(X) B TOUKE a U

TeM Oosee He crenyeT nuddepeHunpyemMocTs f (;) B TOUKE @, COIIIACHO teopeme 20.2.

Hpumep. n=2, f(x,,x,) = {0’ M = 0_ Torna i(0,0) ~ lim S (Ax,0) - £(0,0)

=0, TaK
Lxx,#0 ox, Ax >0 Ax,

kak f(Ax,,0) =0 (Ax, -0 =0). Amanorud=o, SL(O,O) =0.Opnako f(x,,x,) maxe He

Xy
HenpepsiBHa B Touke (0,0) .

Jocratounoe ycioue quddepeHInpyeMOCTH AaeT ClIeAYoNIas Teopema.

o

Teopema 20.3. IlycTh 4YacTHBIE IPOU3BOJIHbIEC v CYLIECTBYIOT B OKPECTHOCTH TOYKH
X .
1

a W HempepbIBHBLI B 3TOM Touke. Torna f(x) nuddepenunpyema B ToUKe « .

P Jloka3aTesabcTBo. [lycTh x NpuHAANEKUT paccMaTpuBaeMoil okpecTHocTH a . [Ipu 3ToM
BCE TOUKH (a,,X,,...,X,),(a,,a,,X;...,X,),(a,,...,a, ;,X,) TaK ke MPUHAAIEKAT PACCMATPUBACMON

okpectHocTH. [Ipupamenue pynkuuu f (;) -f (5) IIPEACTABUM B BUJIE:

SOsenx,) = f(a,x,,..0x, )+ f(a,a,,%5,...,x,)+...+ f(a,,..a, ,x,)— f(a,,..a,) (4)

U paCCMOTPHM Pa3HOCTH:

fa @y | 3X; s X)) = f(Q) ey @) s X 5y X)) ®)

COCTABJISIONINE B CyMMe TIpupaiieHue (4).



Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 20. Jupgepenyupyemocmo @pynxyuu mroeux nepemennvix. dacmmuvie npouseoomnvie
(cmp. 3 u3z 3)

IMycts ¢(x,) = f(a,,...,a,_,,X,,...,x,) (TO ecTb (QUKCUpyeM Bce NEPEMEHHBIE, KPOME X, ).
Torna paccmatpuBaemas pasHocTb (5) umeer BUI @(x,)—¢(a,). PyHKUUS ¢ IO YCIOBHUIO
nrddepeHIIpyeMa Ha OTPE3KE, COCIUHAIOMMM a, U X, . 3Ha4UT, OHA HENpPEpbIBHA HA 3TOM
OTpE3Ke u MOYHO IIPUMEHUTH TeopeMy  Jlarpamxa, COTJIaCHO KOTOpPOU

¢(x,)—¢(a,)=¢"(a, + O (x, —a,))(x, —a,), rre 0<O, <1.

, 0
Ho ¢'(a; + O, (x, —a)) :l(a]""’ak—l’ak +0, (), —a,),X,0,%,).

ox,

ITo YCIIOBHIO HEIMPEPHIBHOCTH YaCTHBIX TIPOU3BOJIHBIX
0 of — — - - =
i(a],...,ak +0,(x, —a;),x,,,,x,)= l(a) +o,(x), e o, (x) >0 nmpu x > a.
ox, ox,

. of — -
[TosTomy xkaxmas w3 pasHocTed (5) wMeeT BHI a—(a)(xk —a,)+a,(x)(x, —a,), a
X

npupaiienue (4) copnaaaer ¢ (1) uz onpenenenus nuddepenuupyemoctu. Teopema nokazana. €

3ameuanue 1. Henpepvignocmb yacmuvlx NPOU3BOOHBIX He AGIAEMCA HeoOXO0OUMbIM
yenosuem ouggepenyupyemocmu  @ynxyuti. Hanpumep moorxcno ookazamo, umo ¢hynkyus
x*sin(1/x)+ y*sin(1/ y), xy # 0;

x*sin(1/x), x#0 y=0;
Sx,py)=

ougppepenyupyema 6 mouke (0,0), Ho uacmusie
y*sin(l/y), x=0y #0;

0, x=0y=0;

np0u360()Hbl€ 6 oMot mouke He HeENnpepPvlGHbl.

3ameuanue 2. Tem ne menee, ona pynkyuu f(x,y) =3/Xy uacmuvie npouzBooHbvle 8 MOUYKe

of 13y

(0,0) pasuwvr 0, max xkax f(x,0)=0 u f(0,y)=0 (8 ocmanvubix moukax —— =

1
ox, §.3x2
of 1 Ax

Ve 3 iy’

)

U ACHO, Ymo smu npoussooHvle mepnam paspwie 6 mouke (0,0). Ho npupawenue

Yxy —0-0 ne umeem 6uo O0x+0y+o,(x,y)x+a,(x,y)y, 20e a,x,y), o,(x,¥) >0 npu

(x,y)—(0,0). eticmeumenvho, nonaeas y=Xxu npeononazas, umo

3Yxy =0x+0y +a,(x,y)x+a,(x,y)y nonyuaem Vx? = (o, (x,x) + a, (x,x)x, unu
1

1= (a,(x,x)+a,(x,x)) x> umo neso3zmoodicrho, max kax npu x — 0 npasas yacme cmpemumcsi

x 0, a 1esas nem!



Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 21. JJocmamounvle ycaosus ougpepenyupyemocmu @gyuxyuu (cmp. 1 uz 2)

bunet 21. AocTtaTtoyHble YCAOBUSA ANPPEPEHLUHUPYEMOCTU QYHKLUM.

Hocratounble ycnoBusi auddepeHnupyeMoctd  (QYHKIUM HECKOJBKHX IMEPEMEHHBIX
coJiepKarcs B CIEAYIOIEH TeopeMe.
of

Teopema 21.1. Ilyecrb 4acTHble TPOM3BOJHbIE Pt i=l..,n CylIeCTBYOT B
X

i
OKPEeCTHOCTH TOYKH & M HempepbIBHbI B camMoil Touke a . Torna f nuddepenuupyema B
TOUYKE a .

» Jloka3aTeJbCTBO.
Orpanuuumcs ciiydaem n =2.

ITycts Toukm (x,,x,) u (a,,a,) OIpUHAUISKAT paccMaTpUBaeMoi okpecTHocT! U(a) TOuku
a . PaccmotrpuM mpupamenue ¢yHkuuu B Touke (a,,a,): f(x,,x,)— f(a,,a,) n npeactaBum
€ro B BHJIE:

S, x0)= fa,a,) = f(x,x,) = f(a,,x,)+ fa,x,) - f(a,a,) (1
3adukcupoBas X, , pacCCMOTPUM (PYHKIIMIO OT IEPEMEHHON X, BHJA
@, (x,) = f(x,x,) = f(a,x,) (2)

ITockoseky B U(a) cymecTBYIOT YacTHBIE IPONU3BOAHBIC, GYHKIMS ¢, muddepenmupyema
Ha JI000M INPOMEXYTKe, coaepkameM x, U a,. [loatomy npumenum teopemy Jlarpanxka,
COTJIACHO KOTOPOM

o, (x)=9,'(a, +0,Ax,)Ax,, tne 0< 0 <1. 3)

[1o onpenenennto 4acCTHOM NPOU3BOIHOM,

(p]'(a]+9]Ax1)=i(al+9]Axl,x2) (4)
0x,
[TosTomy
of (5)
.f(xlexz)_ .f(alaxz) = g(al +8|Ax|ax2)Ax|
1
AHaJOTHYHBIM 00pa3oM,
flay )= f(a.a2) = 2 (ay.a, + 0,8x, )ax, (6)
X,

N3 (1), (5) u (6) nosryyaem:

0 0
S(xp,x,) = fa,,a,) = %(al + Qlelaxz)Axl + é(al’az + ngxz)sz (7)
1 2

Ax, 0 a, +0,Ax, a, a,
Hainee, npu — TOYKH u CTPEMSITCS K TOUKE :
Ax, 0 X, a, +6,Ax, a,



Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 21. JJocmamounvle ycnosus ougpepenyupyemocmu gyuxyuu (cmp. 2 uz 2)

HCHpepBIBHOCTI) YaCTHBIX TPOU3BOAHBIX B 3TOM TOUYKE O3Ha4acT, YTO HUX MOXKHO
MMpEACTaBUTH B BUIC!

(a +0,Ax,,x, )= 8f (a,,a,)+ o, (Ax;,Ax,)>

1 1

af

(al,a +0 sz)— L/ ——(a,,a,)+ a,(Ax,,Ax,) (8)
Ox

2

( )50 Ax, 0
TIc o. Ax ,Ax —> IIpnu g .
e a, 1 2 p \x, 0

N3 (7) u (8) cnenyer:
F )= f a0 =2 g SUSAIS +af (a,)A, +a, (A%, Avy)Ax, +ay (Ax,, Ax, Ax,,

o3Hayvaromiee auddepeHnupyemMocts GyHkuu | . d



Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 22. Jlugpgpepenyuan. Ipouszeoonas crosicnoii pynrxyuu. Hneapuanmuocmes Gopmol nepsoco
oughgpepenyuana (cmp. 1 uz 3)

bunetr 22. AnppepeHumnan. lNpon3BoaHass CAOXHOHU QYHKLUH.
UHBapuaHTHOCTb ¢pOpPMbI NEPBOro AMppepeHUHana.

[Iycte f ompeneneHa B HEKOTOPOM OKPECTHOCTH TOUKH @ , U IYCTh B 3TOM TOUKE

CYIIIECTBYIOT sl(ﬁ), i=1,...,n.
xi

Onpedenenue 22.1. Jluneiinas QyHKUMSA OT 71 HE3aBUCUMBIX IIEPEMEHHBIX /,,...,/, BUJA

I . 9 .
x @) b+t (@), (1)

n

HazbIBaeTCs ougppepenyuanom f B TOUKe g M oOo3Hauaercs df (a).

Kax1yro 13 He3aBUCHMBIX IIEPEMEHHBIX X,, I = l,...,7n MOKHO PacCMaTpUBaTh KaK ()yHKIHIO

OX, . . .. ox,
X;, IpH4YEM 8_ =1, i=1,..,n, a1 m000T0 { ¥ AOOOTO j #i UMEEeM 6_ =0.
X, X

i J
Torna, nocnenoBatenbHO BeIOMpas f = x,, i =1,...,n ¥ npumMeHss paBeHCTBO (1), momydaem
de,=0-h +..+1-h,+0-h  +..+0-h =h,. 2)

[Toncrasnas B (1) BMecTO /; BenuyuHy dx; COTIacHO (2), moirydaeM 0oJiee 4acTo
ynoTpeOisieMyro 3anuch auddepeHimana:

df(c?):i(ﬁ)dx, +...+1(5)dxn. 3)
ox, ox,

OOBIYHO BETMYMHAM IIEPEMEHHBIX /1, TIPUIAIOT 3HAUeHHUs AX; IPUPALICHUI HE3aBUCHMBIX
MIEPEMEHHBIX, HE BXOSIINX MpU J00aBICHUN AX K pacCMaTpUBaeMON TOUKE 3a FPAHUILY
paccMaTpuBaeMoii o6iacti. He3aBUCHMOCTb IEPEMEHHBIX X ,...,X, O3HAYAeT, YTO €CJIU B3STh
Kakoe-To npupamenue Ax = (Ax,,...,Ax, ), To OHO He MEHSETCs IIPU IePEX0Ae OT OJJHOH TOUKH

o0yacTu K Ipyroi (a Juist 3aBUCUMBIX IIEPEMEHHBIX IePeX0/]] K APYroil TOUKe BbI3bIBAET
COOTBETCTBYIOILIME U3MEHEHUS BeKTopa AX ).

[ToaTomy BhIpaxkeHue (3) MOXKHO 3aMEHUTH Ha

df(E)zi(E)Ax, +...+§l(E)Axn (4)

ox, X,

IJIsl HE3aBUCHMBIX IIEPEMEHHBIX X,,...,X, (111 HUX, Ax; = dXx,).



Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 22. Jlugpgpepenyuan. Ipouszeoonas crosicnoii pynrxyuu. Hneapuanmuocmes Gopmol nepsoco
oughgpepenyuana (cmp. 2 uz 3)

Bcenomaum (cm. 6mner 20) ompenenenne nuddepeHupyeMord QyHKIMU: ee MpUpaIleHe

HMEII0 BUJT

Af(a) = sl(ﬁ)Ax, + ...+g(E)Axn + o, (AX)Ax, +...+ o, (AX)Ax, , ®))]

1 n
rae o,(Ax) — 0 npu AX —>0.
CornacHo (4), paBeHCTBO (5) MOKHO TepenucaTh B BUC

Af (@) = df (@) + o, (AD)Ax, + ...+ a, (AT)Ax, . (6)

f o

(a) —(a) €CTh OTJINYHOE OT HYJs, TO df (@)

n

IPEACTABIAET COOOM IIaBHYIO, IPUTOM JIMHEWHYIO N0 AX,,...,AX, 4acTh IpHpAIIEHHS.

Ono 0O3Ha4YacT, 4TO €CJIM CPEAN YHCCII

Onpenenmum  (moka  ¢dopmanbHO)  Bektop  Vf(a) = (f a,... f ( )} Torna

df(a) = (Vf (a), df) (ckaysipHOE  TIPOUW3BEICHHE, TMpUYeM BekTop TrpaaueHTa CIy)KHUT
000011eHneM MOHATUS TPou3BoAHON (yHKIMK. Hamomuum, uto df (a) = f'(a)dx .)

Jlns  oToOpakeHus f()_c):(ﬁ()_c),...,fm()_c)) npoctpanctBa R" B R™, cocTosiiero wu3

df (a)
mudbepeHEpyeMbIx GYHKIMH, TAKKe MOXKHO onpenenuts auddepenuuan df (a) =
df,(a)
[Ipu sToM
of, _ of, _ o 9
——(a)dx, +...+ —(a)dx —(a)...
@ s @i, | SE@ @ g
df (a)= = . . | =Jdx.

Zf'“( ), +. +afm(a>dx af'”() af'“() dx,

1 n

Martpunia J HaseiBaetcs mampuyeit SAkoou omoopaxcenua [ (cBoWicTBa MaTpuIlbl Skoou
JaHbl B MPUJIOKEHUH | K JIeKIIMOHHOMY MaTtepuana). [lepeitnem k Bompocy o Tom, 4To OyzeT B
Clly4ae 3aBUCHMBIX IIEPEMEHHBIX X, .



Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 22. Jlugpgpepenyuan. Ipouszeoonas crosicnoii pynrxyuu. Hneapuanmuocmes Gopmol nepsoco
oughgpepenyuana (cmp. 3 uz 3)

MpousBoAHaA  CAOXHOW  ¢GYHKUMW.  UHBApUaAHTHOCTL  GOpPMbl  MEpPBOro
AModepeHLmnana
Homyctum, uyto f  muddepeHnupyeMas B TOUYKE a bynkuuda, x;, =x,(t) n x,(t,)=a

npudeM x,(t)— nupdepenuupyemsie B Touke f, Gynkuuu. Ionoxum F(t) = f ()_c(t)). Torga

AF(t,) = Af(a) = f(xX) = f(@)= f (X, (O, () = (@),0r,) =
%@(x, (1) —a,>+...+g(2>(x,, () —a,)+o, (), () —a) +...+a,(X)(x, () —a,) =

%@(x;(r)(r—row] (r)(r—ro>>+...+g@)(x;(r)(r—ro)+ﬁ,, (O —1))+,(3)-

(] (O) + BLONE = 1)+t @, (X)X, () + B, (Nt ~1,) , e B, — O 1ipu £ —> 1.

Ilpasuno 1

B onpenenennu muddepeHIupyeMoCTH MOKHO JOONIPENeIUTh QYHKIMH ¢, (x) B TOYKE a,
nonoxuB o, (a) =0. Torna npu t — ¢, x,(t) = a,(a MOXKET ObITh, U NPUHUMAEN 3HAYCHUS a, ).

Ho Torma a; ()_c) — 0(Tak Kak ¢, (;) y Hac JI0OTPEICIICHbI B TOUKE a HYJIEM) U

AF
lim (t) z g (a)-x!(t,), Takum oGpasoM:
oty t—t, ' Ox X;
' SO~ '
P =3 L@ x,) ™
i=l1 axl-
Ilpasuno 2

PaccmotpuM Teneps ciydaii, korga x, = x,(f,....¢t,), i=1,..,n.IIpuMenss noaydeHHOE

BBILIC IIpaBUJIO, IIOJIYYHUM, B OUCBUAHBIX 0003HaYEHUAX

_ n - ox. —
0 = ()X = %zzgmgm

Jj i=1 i

(®)

Pasenctsa (7) u (8) marot npasuna evluucieHus nPoU3800HbIX CLOHCHBIX QYHKYWIL.

Cneocmeue 1. uBapuanTHOCTH popM niepBoro AuddepeHiuana.

Myers [ = f(x),x = x(t),F@) = f(x(¢)). Torna
n 8 i 8 n k
dF () = Z—dt _z{zii B ) S _z Z—ldt 3T _yr.

Tox, o, ST Sox, o, Tox, 7= ox

./' =1 ;

9710 O3Ha4acT, 4YTO KakK B CJIydac HC3aBUCHMbBIX ICPEMCHHBIX X, ,...,X, , TAK U B CIyJac

3aBHCUMBIX NIEPEMEHHBIX df = zgld
i=1 OX



Mamemamuueckuii ananuz
I kypc Il cemecmp
bunem 23. Kacamenvuas niockocms (cmp. 1 uz 1)

buaetr 23. KacaTteAbHasa NAOCKOCTb.

ITycts z = z(x,y) muddepenunpyema B Touke (x,,Y,) . Jlokaxkem, 4To CyIIECTBYET

KacaTelbHas INIOCKOCTh K 3TOU IMOBCPXHOCTHU B TOUYKEC (XO ’yO) M YTO OHAa 3aJ1a€TCA YPABHCHUCM!
0z 0z
z - Z(xuayu) = _(xur yu)(x - xu) + _(anyu)(y - yu) (])
ox Oy

I[To ananoruu ¢ OTHOMEPHBIM ClIydaeM (IpsMasi Ha3bIBACTCs KacaTeIbHOM K KPUBOH B TOUKE X, ,

€CJIM pacCTOSIHUE OT TOYKU M 110 3TOM MpsIMOM MpeacTaBisieT co00i OECKOHEYHO MalTyro OoJiee
BBICOKOTI'O IOPsAJKa, YEM X — XO Inp1u x —> XO . HpI/I OTOM KacaTtcCjibHasA UMCCT YPAaBHCHUC

v—=f(x,)=f"(x,)(x—x,)) OyaeM Ha3bpIBaTh INIOCKOCTb KACAMENbHOIL K NO6EPXHOCMU B TOUKE

(X905 Y4>2,)» ECIIM PACCTOSTHAE OT TOUKU M (X, y,z) J10 TO IIIOCKOCTH €CTh OECKOHEUHO Majas

60 Ja=x, P +(r=y,) -
Jiee BBICOKOTO MOPAJKA, UeM /(X — X, Y=y ,) mpu (x,y) = (x,,,)-
PaccMOTpUM HEKOTOPYIO IIOCKOCTD, IPOXOIAILYIO Yepe3 TOUKY (X, Vy,Z,) -
z—zy=Ax—x,)+B(y—y,) (2)
W3 kypca aHaTUTHYECKOH T€OMETPHUH U3BECTHO, YTO PACCTOSHHUE OT TOYKU TTOBEPXHOCTH
(x,y,z(x,y)) no mnockoctu (2) paBHO (HOpManIbHOE ypasHenue ni0CKOCHU):

|A(x_x0)+B(y_yo)_(z(xsy)_ z(x,, yo))|

3
NA* + B> +1 G)
Ecmm z(x,y) muddepenuupyema B Touke (x,,),) , TO IOJOKUM B (2)
0z 0z
A:a(xooyo)a Bza(xo’yo) (4)

" 3aMCTHUM, YTO:

z—z(xo,yo>=%(xo,yoxx—xm%(xo,yoxy—yo>+ao(x,y>(x—xo>+ )= 30). (5)

rae o, (x,y),B,(x,y) = 0 mpu (x,y) = (x,,,). Torna us (3), (4), (5) cnexyer, uto
paccTosiHUE OT PacCMATPUBAEMOI TOYKH J0 TUIOCKOCTH €CTh

oty (36, »)(x = x0) + By (26, 1)y = ¥,) < oty (x, ) + By (x, )|

\/(x—x )2 +(y—-y )2 , YTO
A2+ B +1 JA2 4B +1 ’ ’

MpeAcTaBisieT co00¥ OECKOHEYHO MalTyt0 00Jiee BRICOKOTO TIOPAJIKA, YeM \/ (x—x) +(y—y,)" .

OOpatHo, eciu ecTh KacaTelnbHas MII0CKOCTh (2), T.€.
A(x=xy) + B(y = ,) = (2(x,y) = 2(x¢, ¥, )
| : — = |=ao(x,y>|x—xo|+ﬁo(x,y>|y—yo
VA" + B +1
npu (x,y) = (x,,),) TO, PaCKpbIBas MOIYJIb, II0JIy4aeM, 4TO
z(x, ) = 2(x, ) = A(x = x¢) + B(y = yy) + a(x, y)(x = x,) + B(x, ¥)(¥y = ¥,), rne a, B — 0 npu
(x,y) > (x,,¥,), T.€. z - updepennupyemas B Touke (x,,y,) QyHKIUA 1

,rne o, f —> 0

Oz Oz
A :_(xo’yo)’B :_(xo’yo)-
ox oy



Mamemamuueckuu ananus
I xypc I cemecmp
bunem 24. Ilpoussoonas no nanpaenenuio, epaduenm (cmp. 1 uz 2)

bunet 24. [lpon3BoAHass No HanpaBA€HUIO, TPAAUEHT.

[Tycth MBI CHOBa paccmaTpuBaeM rpaduk QyHKIUH Z = z(x, y) U CEYEHUS ITOM MOBEPXHOCTH
IUIOCKOCTSIMH, ITPOXOAAIIUMH Yepe3 TOUKy M (xo, yo) mockocTd OXY u mapamuienbHBIMU OCH
Z. B cedeHMAX IOIY4arOTCs KPUBBIE, IPOXOISIINAE YEPE3 TOUKY (xo, yo,zo). [Ipoexnnsa Takou

KpuBOil Ha miaockocte OXY ecTe mnpsMas JIMHUS, Ipoxofsdmas 4depe3 Touky M. Bynem

0003HauaTh HAMPABISIONIMIA BEKTOP ATOW HpsAMOW depe3 /, a TOYKH TpsMoil — OykBamu M.
BBeném nonsrue Benmunnel otpeska M M :

MM = nnune orpeska M M co 3Hakom ‘47, ecmu MM u [ HMEIOT OJUHAKOBBIC
HaIlpaBJICHUS;
MM = nmune orpeska M M co 3HaKOM

132

, et MM w | MMEIOT pasHbIe HANPABIICHHS;

[Ipenmnonoxum Tenepb, 4T0 Mbl pacCMaTpUBaEM HEKOTOPYIO IIOCKOCTb, HA HEW (UKCHUpYEM
TOYKy M, M HalpaBJICHUE [. TIycTh 11 3TOM TOYKHM INIOCKOCTH OIpejiesieHa BeIUYMHA Z(M ) -
¢GyHKIMS OT Touku M.

BaxxHO OTMETUTh, UYTO TIOKA MBI He 6600UM HUKAKOU cucmembvl Koopounam (TOUKH Ha
IJIOCKOCTH, HaMpaBIeHUs U PyHKIIUU OT TOYEK MOKHO OINPEAETUTh 0€3 CUCTEMbI KOOPUHAT).

PaccmoTrpuM Teneps Toukn M, nexamue Ha IpsAMOM, MPOXOJAIen yepes M, B yKa3aHHOM

7 Z(M)_Z(Mo)

HaNpaBJICHUU [ U COOTBETCTBYIOIIYIO BETHUUHY [YRY,
0

BEJIMYMHBI NIPU cTpemiyieHnd M k My BIIoJib IpsMOI, TO OH Ha3bIBaeTcsl Mpou3BOgHON z(M) B

; €CII CYILIECTBYET Mpee 3TOU

1574
Touke Mo Mo HampaBiieHHIO [ W 0003HAYaCTCS E(M 0). Kak MbI BHAUM, B OINpPEACICHHH

MIPOM3BOTHOM 110 HAIIPABJICHUIO KOOPAMHATHI HE ydyacTBOBaM. OJIHAKO IS MOTYyYEHUs MPOCTOM
(dbopMysBl 1T BBIYMCIICHHS 3TOW MPOU3BOJHON yTOOHO BBECTHM CHUCTEMy KoopauHart. Wrak,

nyctb M, HMeeT KOOpAMHATHI (xo, yo), M — xoopauHaThI (x, y), [ WMeeT KOOpPIUHATHI

(cosa,sina). Toraa, BBOAS MapaMeTPU3ALMIO X =X, +1COSQ, Y=Y, +Isina, M IPIMOH,

coeqUHSIONIEeH My c M, MoM=t , MOJTy4aeM:
z(M)—z(MO) _ z(x, +tcosa,y, +tsina) —z(x,,y,) —(T. K. MBI TPEINONOKWIL, 9T0 Z —
MM t
mdpepeHnrpyema B (%95 70)
0z 0z . .
a—(xo,yo)-tcosa + a—(xo,yo)-tsma + ao(xo +tcosa,y, +ism a)-tcosa
X y
= +
t
+ Bolx, +1cosa,y, +isina)-tsina = %(xo,yo)msa +%(xo,yo)sina T
t ox oy
+a,(x, +1cosa,y, +tsina)cosa + B, (x, +tcosa, y, +tsina)sin a.
[Tpn t—0 (x, +tcosa, y, +tsina)—(x,,v,) u a,, B, =0. [TosTomy
Oz . Z(M)— Z(M ) Oz 0z . ( ‘j
—(M,)= lm ——Y = " (x,,y,)cosa +—Ix,, v, )sinc =| Vz(M, ),/ 1
61( o) v MM, 6x( 0:Y0) ay( 0 yo) ( o) (1)
AHaJIOTU4YHO, B Ciy4ae 3-X EPEMEHHBIX
a—uza—ucosoc +a—ucosﬂ +a—ucos7/=(Vz(Mo)j) (2)
ol oOx oy 0z

CkansipHoe npousBeieHre B MpaBbIX yacTsX (1) wim (2) MOKHO NpeACTaBUTh Kak



Mamemamuueckuu ananus
I xypc I cemecmp
bunem 24. Ilpoussoonas no nanpaenenuio, epaduerm (cmp. 2 u3 2)

Vu(M,)|-cosg, 3)

_ <«
IIOCKOJIbKY ‘l‘ =1, rne ¢ - yron mexny Vu(M 0) Y 3a/IaHHBIM HAIIpaBJICHUEM /[ .

Mpl BuauM, uTO BhIpakeHHE (3) MMeeT HauOOJbIIYI0 BEIWYMHY, Korja cos¢ =1. Ot1o

MO3BOJIIET OMNPEICIUTh TPATUEHT, KaK BEKTOP, MOIYJIh KOTOPOTO paBEH HAWOOJbIIEH u3
BEJIMYMH MPOU3BOJIHBIX 1O HAMPABJICHUIO B ATOW TOYKE. A HampaBJEHHE €ro KaK pa3 Takoe, B
KOTOPOM TPOM3BOJIHAS JTOCTUTACT HAMOOJBINCH BEIMYMHBL. DTO ONpEAeJeHHUE TPaJueHTa, B
KOTOPOM HE€ Y4YacTBYIOT KOOPAHMHATBI, TO3BOJISIET PACCMAaTPUBATh €r0 KaK XapaKTEPUCTUKY
(GYHKIMY, He 3a8UCAULYI0 Om HADII00amens.

VYCcTaHOBUM psAJl BaKHBIX CBOMCTB I'paJHEHTa: IyCTb f](}) u fz(}) UMEIOT BCE YacTHbIE
npou3BoHbIe 1-ro nopsiaka. Toraa

Lo V(£ 0)+ £,()= V7 x)+VE, (x);
2. Vef(x)=cvf(x);
3. V(AE) £E)=£GNVAR)+ £ EVAR);

o £ (2)20. 10 v AE) _ ANV ANV ).
4. Ecmn f,(x)#0, vfz(x) o ,

5. Ecm F (u) - GyHKIMS OJHOW MEpPEeMEHHOHM, UMeIoIasi MPOU3BOJHYIO, TO

VE(f(x)= F(fV7 (x).

JlokazaTenbcTBa BCEX ATHUX CBOMCTB aHANOTHMYHBI. Pazbepem, Hampumep, cBoicTBO (3).
[lycTs, A1 ONIpEAEIEHHOCTH, X = (x, y,z). Torga, no npasuinam auddepeHunpoBaHus,

N URARYE S VAR S
(ISR EIVAR AL g(fl-fz)Hfafz 18528 L 1Ly D)

= hVL+ LV
ITycTh ;:(x,y,z), r:‘;‘:«/xz +y*+2%.

Haiiném

Vr=Vqx*+y’>+2° (air,gr,gr]{ il , Y , z }
X

2y f Loy O
AR SYA S

N s

Q oz \/x2+y2+z2 \/xz+y2+z2 \/x2+y2+z2
Jlyst gacto BeTpevaronuxces B GU3uKe paguaibHbIX QyHKIUNA F (r) COTJIACHO CBOMCTBY (5)

I0JIy4aeM: VF(r) = F‘(r)Vr = F‘(r)- L.
r



Mamemamuueckuu ananus
I xypc I cemecmp
bunem 25. Ilpouszsoouvie svicuiux nopsioxkos (cmp. 1 uz 3)

bunetr 25. lNpon3BOAHbIE BbICLUNX MOPSAKOB

Ecmu dpynkmus f (x) 00I1aiaeT B HEKOTOPOI OKPECTHOCTH TOUYKH @ YaCTHOM IPOM3BOIHOIM

2
of (- o’ f
— (Cl) , 4 9Ta IMPOMU3BOJHAA o0o03HavaeTcs

(a). Manee umyKTHBHEIM 06pa3OM MOXKHO
ox; Ox,0x

OIIPEe/IeNIUTh IPOU3BOAHBIE OOJIee BBICOKOTO Mopsiaka. Bo3HukaeT Bompoc: Beeraa i
L )-ZL ()
Ox,0x; Ox ;0x,

OTBeT Ha Hero Takoi: HeT, He Bcerjaa! MoXHO oka3aTh, 4TO (PyHKIIUS

—,x +y #0 0* 02
f(xy)= ey ¥’ ey VIMEET HEPABHBIE IPOU3BOTHBIE A (0,0) u A (0,0).
0 0 0 X0y Oyox
» X=U,y=

OJTHaKO UMEET MECTO CJICAYIOIAs TeopeMa.

Teopema 25.1. llycty f (x y) onpeaejieHa B OTKPBITOi 00j1acTd D U MycTh B 3TOM
of of OoOf 6fH o’f o0f

OﬁﬂaCTI/I CYHIECTBYROT —, — CTb —— U —— HeNnpeEPBbIBHLBI B TOYKE
YTy o & axoy” ayax C axay | oyox PP

0’ 0
(x,,7,)- Toraa B 3T0ii TOUKE axaj;(xo,yo) Gyﬁfc( Xo» Vo)

» /loka3zaTejbCTBO.

[lycts h,k # 0 ducna Takue, 4To 001aCTh D CONEPHKUT BCE TOUKH U3 IPSIMOYTOJIbHIKA CO
CTOPOHAMH OT X, 10 X, +h M OT y, 10 y, + k.

HyCTBW(h,k)Zhlk(f(xo +h,y, +k)—f(x0 +hayo)_f(xo’yo +k)+f(xo’yo))-

f(xo"'hay)_f(xo’J’)

TTosoxum ¢(x):f(x,yo+kk)—f(x,yo)’ y(y)= p ; Torma
W= { (xo+h) ¢( )}ZI{W()’O"'IC)_W()’O)}
k h k
B npomexytke [xo;xo + h], 0 YCJIOBHUIO TEOPEMBI, (DYHKITUS ¢(x) HMMEET MPOU3BOIHYIO
0 0
T (v +0)-L ()
¢'(x) =0 k X W, 3HAYUT, ¢(x) HENpepbIBHA, MpUYeM 10 Teopeme Jlarpanxka
W= 1{¢(x0 +h)= ¢l )} (6f( +0,h,y, + k)—g(xo +0,h,y, )] = (BHOBB 110 TEOpEME
k h k\ ox ox
o* f
Jlarpanska) = 8y(xo +0,h,y, +0,k), t1e 0<0, <1, 0<0, <1.
X



Mamemamuueckuu ananus
I xypc I cemecmp
bunem 25. Ilpouzsoouvie svicuiux nopsioxkos (cmp. 2 uz 3)

2

aaf(x0+®3h,y0 +0,k), rie 0< 0, <1,
X

C npyroi#t CTOPOHBI, aHAJOTUYHO, [TOJTy4aeM

0<0, <l.
CnenoBatenbHO, YCTPEMIISS (h,k) K (0,0), MOJTy9aeM, BBUIY HETIPEPBIBHOCTH

: 0’ : 0’

lim W= o (xo , yo) lim W= —f(xo Yo ) Takum o0pa3oM, TeopeMa 1oka3zaHa. 4
(,k}>(0,0) Ox0y (n,k)-(0,0) Oyox

3ameuanue. Ilo ananocuu mModxcno 0okazame cieoyouyio meopemy.

Teopema 25.2. Ilycts u = f (x] ,...,xn) omnpesieJieHa B OTKPBITOii 00s1actu D c R" m

UMeeT B 3TOH 00/1aCTH BCEBO3MOKHbIE YACTHbIE IPOM3BO/IHBIE 10 N-I'0 MOPSAKA
BKJIIOYHTEJHHO H CMelIaHHbIe MPOU3BOAHBIE £ -I0 MOPSI/AKA, IPUYeM Bce ITH
NMPON3BO/IHbIE HellpepbIBHBI B D . [Ipu 3THX yc/JI0OBHAX 3HAYeHHE JIK000ii £ -0if cMemaHHO|
NPOM3BOHOM HE 3aBHCUT OT TOI'0 NMOPSAAKA, B KOTOPOM IPOU3BOAUTCS I0CJIe10BaTEIbHOE
au¢p¢epeHIUPOBAHKE.
o o
Hampuwmep, / = A U T.IL
2 2 2
ox" oy~  OxOy oOx

25.1. AuddepeHLManbl BbICLLMX MOPAAKOB .

[Mycts u = f (;c) MUMEEeT HelpephIBHbIC IPOU3BOIHBIC B 001acT D — R". Toraa

df(x)= igldxi 1)

i=1 OX;

1

ITpu 5TOM, €cnu X, ,...,X, - HE3aBUCUMBIE IEPEMEHHBIE, TO dX,,...,dX, MOKHO CUUTATh

MOCTOSIHHBIMH BEJIMYMHAMH, HE 3aBUCAIIUMHU OT X . [TosTomy d le. =0,i=1,.....,n.

[Tycts f (x) VMMeEET HETPEPBIBHBIE YACTHBIE POU3BOAHBIE 2-T0 nopsaaka. [lonoxum o

OTIPE/ICTICHUIO
2 (T i o 4 [ f o' f _
d f(x)—d(df(x))—d(; ] Zd( =X By et S s, | =
= ZZ—dx dx; (2)
P x@x
311ech MBI BOCIIONB30BAITKCE TeM, uto d°x, = 0 .Hampumep:
o’ f o’ f o’ f
d* fx, —Zdx* +2 dxdy + —=dy* , ipu n=2
Sley) == iy S+ oy
2 2 2 2 2 2
dzf(x,y,z): 0 J:abc2 +6 J:afy2 +6 J;dzz +2ﬂdxdy+2ﬂdydz+2 s dxdz., ipu n=3
ox oy oz oxoy 00z XOz



Mamemamuueckuu ananus
I xypc I cemecmp
bunem 25. Ilpouszsoouvie svicuiux nopsioxkos (cmp. 3 uz 3)

Boo0iue, J1erko 3aMeTuTh, 4TO, UCIOB3Ys (POPMATIBHYIO OIIEPATOPHYIO 3aIUCH,

2
dzf:(idx, +...+idxn] 7x) 3)
X, ox,
Awnanoruyuno, nonaras d* f = d (d s ), HaxOJIUM:
0 o Y
d"f:(—dx, +...+—dxn] 7x) 4)
X, ox,

(B npennosiosxkeHuu, 4to sl f CYIIECTBYIOT YaCTHbIE POU3BOJIHBIE 10 k - IO HOpsAIKa
BKJTFOYUTENHHO. )

JloKa3aTenbCTBO 3TOTO YTBEPKICHUS MOKHO MTPOBECTH MHAYKIMEH 10 k . MbI He Oynem
MOJIPOOHO OCTaHABIMBATHCS HA STOM.

OTMeTHM, 4TO €CNU X; = X, (t] ,...,tk) (T.e. IEpeMEHHBIE X, HE HE3aBUCHMBIE, a IPEACTaBIIAIOT

coboit QyHKIIMM OT APYTUX MEPEMEHHBIX), TO, BOOOIIIE TOBOPS, OHU HE paBHBI 0 U, XOTS BBUIY
MHBapuaHTHOCTH 1-ro nuddepennmana, popmyna (1) coxpansercs, yxe B popmynax (2) u (3)
(1e roBops o (4)) crieayeT BHECTH U3MEHEHHUSL.

Nwmenno, BmecTo (3) B 3TOM citydae BepHa dopmyna

[ O )
d f(x)—(ax] +...+axn] f+;ax d’x, (5).

i

«Jlo0aBok» Mo oTHOMIEHUIO K (3) mostydaercs, u3-3a Toro (CM. BbIBOJ (2)), UTO B HaIlIEM
ciydae

2 2
d gdxi _| 9 dx,dx, +...+ of dx,dx, +id2xi.
OX; Oox;0x, 0ox,0x, OX,

1

Opnnaxo, ecv x; = a, t, +...+a, 1, +b, (6)
10 dx, = a, dt, + ..+ a, dt, u d*x, = d(const)= 0. [lo3TOMy B CiTydae IMHEHHOI 3aMeHBbI

nepeMeHHbIX (6) hopmynsl (3) u (4) cOXpaHAIOTCS.
25.2. Bropoun auddepeHuman GyHKUUN.

Bepuemcs x  dopmyne (2). Ona o3navaer, 4to BTOpor muddepeHunan sBiIseTCA
KBaZpaTU4HON (QopMOH OT NEepeMeHHbIX dX,,...,dx,. Kak u3BecTHO H3 Kypca aiureOpsl,
KBaJpaTUYHON (PopMEe COTMOCTABISETCS MaTpUlla KBAaIpPaTUYHOW (OPMBI, B paccMaTpUBacMOM
ciydae Ha3zblBaeMasi HHOTIa MaTpuuei ['ecce n nMmeronas Buj

o’f &f of
Ox; Ox,0x, Ox,0x,




Mamemamuueckuii ananus
I xypc I cemecmp
Buner 26. ®opmysner Tetinopa (ctp. 1 u3 1)

bunretr 26. ®opmyaa Terropa

Teopema 26.1.

Mycrs ¢Qynkmus [ (;c) HMeeT HelpepbIBHbIE IPOU3BOJAHBIE /0 N-I0 TMOPSJIKA

BKJIIOUHTEILHO B OKpecTHOCTH U (xo) TOYKH X, W HelpepbIBHbIC NPOU3BOIHbIC MOPSIKA
n+l B U(xo). Torna nis Ja1060if TOUKH X € U(xo) cymecTByeT yucao 6, 0 <0 <1 Taxoe,

2(E), ea) 4ol
2 n! (n+1)!

4T0 f(;) =f (x_0)+ df (x_o) + 1) )

rae Bce 1 depeHnHaIbI BBIYUCICHbI IPH Ax_o =x— x_O (2).

P> /loka3aTeabCcTBO.

CoemuHUM B TpocTpaHcTBE R” TOYKY X, C TOYKOH X IPSIMOJIHHEHHBIM OTPE3KOM;
0

3alMMIIEM MapaMCTPUICCKHUEC YPABHCHUA 3TOT'O OTPE3KaA: JIF00as ero To4ka X(I) UMECT BUJ

x(t)=x, +1(x-x,) 3)
Ilpu ¢ = 0 monydaeM x, , npu ¢ =1 momydaem x.

PaccmoTpuM ¢yHKIMIO OAHON mepeMeHHOW F (t)z f (x(t)), OIPENEICHHYI0 Ha OTpPE3KE
tefo,1].

[lostomy, mpm BbumcieHuH d‘F (0) MoJTy4aeM, B COOTBETCTBHH C Oujetom 25, 4TO

d"F(0)=d" f(x), k=1,..n. (4)
d'F(0)=d"™ f(x,+0(x—x,)) (5)

Octanoch npuMeHuTh K GyHkuuu F (t) Teopemy 25.1:

d"F(0) N d"'F(0)

F()-F(0)=AF©)= aF(0)+ d*F(0)+..+ = S+ 70

(6)

[Toacransis B (6) u3 (4) u (5), nojiyyaem yTBepiKJieHHUE TeOpeMbl. 4

Teopema 26.2.

Mycrs  ynkuus f(;c) HMeeT HelpepbiBHbIe NPOU3BOAHbIE /10 MOPSAAKa 7

BKJIKYUTECJIbHO B U (xo ) TOYKH }() . Toraa

f(})—f(x_o)zdf(x_o)+...+dfx° +OWZ X -, ]k],me}»x_o.

Jlyia nokazaTtenbCcTBa JOCTATOUHO MCIIONIb30BaTh TeopeMy 26.1.




Mamemamuueckuu ananus
I xypc I cemecmp
bunem 27. dxcmpemymor hynkyuil Heckonvkux nepemernuvix (cmp. 1 uz 3)

bunet 27. IKCTpEMYM PYHKLUUU HECKOAbKMX MEepPEMEHHDbIX.

[Tycts f (x) oIIpe/elieHa B OKPECTHOCTH TOUKH Xo € R . ByJieM roBOpHUTh, 4TO X - TOYKA
MUHHMyMa (CTPOTOro), €Cll Ul BCEX X U3 HEKOTOPOil IPOKOIOTOM OKpecTHOCTH U (xo)

f(x)> f(xo ) Touka X - TOYKAa MAKCUMYMa, €CJIH /IS BCEX X € U(xo) f(x) < f(xo ) Touku
MHUHHUMYMa U MaKCUMyMa OOBIYHO Ha3bIBAIOTCS TOUKAMHU HKCTPEMyMa.

Teopema 27.1. Eciin Xxo - TOUKA IKCTPEMYMA H CYILECTBYeT sf (xo ), TO sf(xo ) =0.
x x

i i
» /loka3zaTejbCTBO.

PaccMOTPUM TOYKH, Y KOTOPBIX BCE KOOPAUHATHI, KPOME I - Ol (PUKCUPOBAHBI M PABHBI
KOOp)II/IHaTaM TOYKH Xo, A KOOp)II/IHaTa xl. MCHJICTCA. TOFI[a (i)yHKHI/IIO
f (x,o ey X 13 X5 X0 e x;’) MOYKHO PacCMaTpPUBATh Kak QYHKIHIO OT 9T0i Touku. [losTomy

. of
npou3BoiHas 3Toi ¢pyHkuu paBHa 0. Bmecte ¢ TeM oHa, 110 ONpeeieH o, eCTh 6f (xo )
X .

1

Teopema noka3zaHna. «

3ameuanue 1. Paay/weemc;z, 6 MOYKe IKCmpemyma 4acniHsvle I’lpOLL?GOOHble moeynt U He
cyuecmeoeamsn.

Ilpumep. z = Jxt + y2 , (xo , yo) = (0,0). JTa ToYKa, OUYEBHUIHO, TOUKA MUHIMYMA, T.K. €CITH

XOTs OBl OJIHO M3 uncen X,y Obuio oTMyHO oT 0, BenmuuHa z > 0. Ho z(x,O) = \/XT = \x‘ u
2(0.y)=1/y* =|»

3ameuanue 2. Eciu 6ce uacmmuvie npouzsoo0Hbie 8 MouKe IKCMpeMyMa Xo CYWecmsyiom, mo
6ce oHu pasHul O u Vf(xo ) =0, a maxorce a’f(xo)s 0, kax @pynxyus om dx,,...,dx,,.

, IOATOMY YaCTHBIC MPOU3BOIHBIE B ToUkaX X =0 u y = 0 HE CYIIECTBYIOT.

3ameuanue 3. B mouke sxcmpemyma ouggepenyupyemori pyHxyuu z(x, y) KacamenbHas
niockocmuv napannenvia niockocmu OXY .

27.1. AocCTaToyHblE YCAOBUSA IKCTPEMYMA.

CHayvaJia MbI H3JIO)KHM CXeMY UCCIICIOBaHUS QYHKIHH [ (;c) Ha 3kcTpemym. [Ipexe Bcero,
HaliJleM CTallMOHAPHbIE TOUKK Xo, T. €. TakKe, uto V/ (;co ) =0 (wm df (}o ) =0). 3atewm,
npernosaras, 9ro f (;c) MMEET YaCTHBIC TPOU3BOIHBIC JI0 2-TO MOPSIIKA BKIIFOUUTEIBHO,
HENPEepBhIBHBIC B CTAIIMOHAPHBIX TOYKAX, IPUMEHUM B 3THX TOUkax Gopmyny Teittopa
Af(}o) = df(;o)+%d2f(}o +@A}) =(0<®<1) =%d2f(;o)+ y iau (;)Axlej T

i=1 j=1
aij(})—> 0 mpu Ax = 0.

(ITockonbky OAx - Touka, 6mm3Kas K 0, a IPOM3BOIHBIE 2-T0 TOPAIKA HEPEPbIBHBIE U

df (xo ) =0.) Takum oOpa3oM, 3HaK MPUPAIICHUS COBMATACT CO 3HAKOM 2-To nuddepennnana.



Mamemamuueckuu ananus
I xypc I cemecmp
bunem 27. dxcmpemymol hyHKyull HeckonbKux nepemenuvix (cmp. 2 uz 3)

Bropoit muddepennman ecte kBagparnyHas popma oT Ax,,...,Ax, . Ecin 3T0 — NOJI0KATEIBHO

ompeneneHHas popma, To Af (xo ) >0 U B TOYKE X - MUHUMYM. ECii OTpHUIaTensHO

omnpeneneHHas, To - MakcumyM. Ecnu dhopma Heonpeenennas (T.€. MEHSIET 3HaK), TO
IKCTpeMyMa HeT. J{J1s BRISICHEHHS BOTIPOCA OIIPEENICHHOCTH (POPMBI MOYKHO MCTIOIH30BAThH
kputepuil CuiibBecTpa U3 Kypca JMHEHHON anreOpsl.

J1is 3TOTO CleAyeT pacCMOTPETh OIpPENENIUTENb (TeCCUaH)

VAR
. o’ f [~

, TIIe fl.j 0003HAYAIOT TIPOU3BO/IHBIC 87()60) Y €ro TJIaBHBIE MUHOPHI,

X.0X .
f;n ...-f;’ln l !
f11f12f13 f]]"'fln

ﬁlﬁZ :
T... f;) s | SiaSon oz sl

ﬁ2f22

f13f23f13 fln fnn

—0
Ecnu Bce 3T MHHOPBI ITOJIOKUTECIBHBIC, TO X - TOUKa MUHHUMYMa.

—0
Ecau 3naku atux MHHOPOB YCPCAYIOTCA, HAYWHAA CO 3HAKa «-» - TO X - TOYKa MaKCUMyMa.

B nBymepHOM ciiydae MMeeM reoOMeTpUYecKyr WuIocTpanuio. [Ipu NaHHBIX yCIOBUSIX B
OKPECTHOCTH TOYKHU OJKCTpeMyMa Tpaduk OGyHKOUM 2z =z(X,y) HMEET BUJ <«II0YTH»

AJUIANITUYECKOTO Mapadoionia;

e B ciayyae TOYKH MHUHHMYMAa




Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 27. dxcmpemymol hyHKyull HeckonbKux nepemenuvix (cmp. 3 u3 3)

e B ciavyae TOYKH MaKCHMMYMa

Ecnm ke rpaduk «mmouTti» runepboamdeckoro napadoionsa (Ceaio), To SIKCTpEMyMa HET.



Mamemamuueckuii ananuz
I kypc Il cemecmp
bunem 29. Hesisnas ¢pynxyus. (cmp. 1 usz 3)

bunetr 29. HeaBHaa ¢yHKUMUA.

TepmuH «HesiBHAsE (QYHKIMS» OTHOCUTCSA K CIIOCOOY 3aaHus (yHKIIMOHAIBHOM 3aBUCUMOCTHU

MEXAYy X W Y U O3HayaeT, 4TO BMECTO sBHOU (opmynsl y= f (x) 9Ta 3aBUCHUMOCTD
IIpEACTABJIEHA YpaBHEHUEM [ (x, y) =0.

Crnemyer OTMETUTD, UTO ypaBHEHUE F (x, y) =0 He Bcerjaa onpeaensetr PyHKuw y = f (x) .
Hamnpuwmep, ypaBuenne x =1 ¢yHkuo y = f (x) HE OIpEJETsET.

Kpowme Toro, ypaBaenune F (x, y) =( He Bcerja No3BOJSET OJHO3HAYHO BBIPA3UTH ) YEpe3

x . Hanpumep, ypaBHenue x° +)” =1, 3anaoniee OKpyKHOCTb Ha IUIOCKOCTH, ONPEENSeT NPH
~1< x <1 jBe HenpepbiBHBIE yHKIMU ¥, =V1—Xx" U y, =—/1-x" .

B sTOM npuMmepe MOXKHO, HalpuMep, JONOJHUTEIBLHO MOTPEOOBaTh, YTOOBI BBIIOJIHSIIOCH
2
HepaBeHCTBO ¥ > (. Torzaa Mbl MOJIy4nM TOJIBKO J, =vV1—Xx".

B oOuieit cutyanum ycinoBusi, IpH KOTOPBIX CYLIECTBYET €IMHCTBEHHAs PyHKUUA y = f ( ),

3a7aBaeMasi ypaBHEHUEM F (x, y) =0 3amaer cienyronias TeopemMa.

Teopema 29.1. Ilyctp F (x, y) ompeaejieHa W HelpepbiBHA BMeCTe € YaCTHbIMHU
oF

MPOH3BOMHBIMH —~ H —- B OKPECTHOCTH TOKH (xo,7,), TaKoi, uro F(x,,y,)=0 u
X y
oF
a—(xo, ¥,)#0. Toraa cymecTBYlOT 4YHcIa & M § TaKHe, YTO HA MHOMKeCTBe
y
|x—x0| <0, y—y0| <& YypaBHeHHE F(x,y) =0 paBHOCWJIBHO YPaBHEHUIO ) = f(x) rae
o
f(x) nenpepeiBuas u quddepenunpyemas na [x, —85,x,+ 5| dynxums, u f'(x)= —g—]’;
£l

3ameuanue. Pasnocunvrnocms F (x, y)zO u y=f (x) osHauaem, 4mo YpasHeHue

F (x, y)=0 00OHO3HAYHO oOnpeoensem 6 paccmampueaemol ooracmu ouggepenyupyemyo

ynryuio y = f(x) makyio, umo y, = f(x,), 6oobuye, F(x,f(x)) =0 npu x €[x,—68,x,+5].

» JlokasaTeancTBo. I[lo ycnoBuro

oF

o (xo, yo) > 0. BBuny HenmpepsIBHOCTH 5 , TO HEPABEHCTBO BBINOJIHACTCSA MPU BCEX (x, y)

5(%’ ¥,)#0. Tlycts, mIst ONIpeRcICHHOCTH,

13 HEKOTOPOM OKPECTHOCTH TOUYKHU (xo, yo) .



Mamemamuueckuu ananus
I kypc Il cemecmp
bunem 29. Hesisnas ¢pynxyus. (cmp. 2 usz 3)
CrenoBarenbHo, & >0 Takoe, uto GyHkums F(x,,y) oGmaaer Ha oTpeske [y, —&,y, + 0 |

TOJIOXHTENBHON IPOM3BOIHOM |, 3HAUYNT, Bo3pacTaeT. ITockombky F (X, , ), U3 3TOTO CIEYET,

qTo pu y, — € < ¥y <y, QyHKIUA F(xo,y)<0,anp1/1 VoSYy<y,+e F(xo,y)>0.

(X9, ¥y +€)

F
OKpecTHOCTB, T1Ie Z— >0 ,yo)
X

Xos Vo —€)

Flz,p1 20
Hanee, F (x, y) - Takke HenpepbiBHA. [loaTomy

OHa COXpaHsET 3HaK B HEKOTOPOIl OKPECTHOCTH 10001
TOYKH, TJIe OHA MOJIOKUTENIbHA WIH OTPULIATENIbHA.

3HauUT, MOXKHO BBIOpaTh & TakK, 4YTOObI

F(x,y,+ P30 <0
{ (5.7, 8),xe[x0—5;xo+5] ’

F(x,y,+¢)

IIpn nro6om dukcupoBaHHOM X € [Xx, —O; X, +O] GyHKIHA
F(x,y) Bo3pactaer Ha [y, —&5p, +€]. [Tpu 3TOM
F(x,y,—-¢)<0, F(x,y,+&)>0. IloaToMy CyIIECTByeT, MIPUTOM
€AMHCTBEHHOE 3HA4YeHHEe ) Takoe, uto F(x,y)=0. D10 3HaucHUE
COOTBETCTBYET TOYKE X. OTO COOTBETCTBHE U 0003HAYACTCS

y=f(x).

Takum oOpaszom, uckomasi pyHkius nocrpoena. [Ipu stom, no
noctpoenuto F(x, f(x))=0 npu x €[x, —9;x, +9J].

Hokaxem, uto f(x) HempepsiBHA. [lycTh mpupameHnio Ax COOTBETCTBYET NpHpalleHHE
Ay. Tlpu stom F(x+ Ax,y+Ay)=0 mno mocrpoenuto f(x). Ho F - muddepernmpyemas
(GyHKIMS, TOITOMY

0=F(x+Ax,y+Ay)—F(x,y) = (Z—F(x,y)Ax +—‘ZF (x, ¥)Ay + aAx + BAy (3),
X Y
rae a, — 0 mpu (Ax,Ay) — (0,0).

oF
Tak Kak 1o MOCTPOCHUIO OKPECTHOCTH 5 # 0, u3 paBenctBa (3) ciaenyer, uyto ipu Ax — 0
v

Takke U Ay — 0, 9TO 03HAYaeT HEMPEPHIBHOCTH IOCTPOCHHOH f'(X) .

(Ay = f(x+Ax) = f(x)).



Mamemamuueckuii ananuz
I kypc Il cemecmp
bunem 29. Hesisnas ¢pynxyus. (cmp. 3 usz 3)

F
W3 paBencrsa (3) cinemyer, 4yTo (Z—F(x,y)+ﬁ]Ay = (—Z—F(x,y)—a]Ax, T.K. o 0, amn
Wy X

oy
f — 0 mpu mocrtaToyHO Manbix Ax (a 3HAYUT, MO JOKAa3aHHOMY BbIIIE, U Ay ) KOIPPHUIHEHT
oF (x.y)+a oF
A o . A o
npu Ay orimueH ot 0 u y__ox 3naunt, f'(x)= lim a__ox Teopema
oF A0 Ay oF
—— () +B .
oy oy

noxasafa. 4

AHAJIOTUYHBIMH PACCYXKIECHUSIMU MOKHO JI0Ka3aTh TaKyl0 TEOPEMY:

Teopema 29.2. Ilycrs pynkumsa F(x,...,x,,»y) HempepbIBHA U HMeeT BCe HeNpepbIBHbIE

YacTHble TNPOU3BOAHBIE B  OKpecTHOCTH ToukM  (x.,..x ,»’)  Takoil, 4YTO

&

no

oF
F(x!,...,x),y")=0, npuuem 5(xf),...,x3,y°)¢0. Toraa cymecrBylT 4ucaa &,...,0

TaKkme, 4YTO B 00J1aCTH ‘xi—x?‘sd, i=1,...n, ‘y—y°‘<8 ypaBnenue F(x,,...,x,,y)=0

PaBHOCHJILHO YpaBHeHHIO ) = f(x,,...,x,), npu4yeM QyHkuus f(x,,...,x,) HempepbIBHA H
HMeeT HellpepbIBHbIE YACTHbIE IPOU3BOJAHbIE, IPHYEM

oF x .7)
ox (X, X )——axi e
ax 19°° 9, —_ aF .
i —(X505X,,))
ay




Mamemamuueckuii ananuz
I kypc Il cemecmp
bunem 30. Cucmema nesisuovix @yurxyuii (cmp. 1 us 4)

buaet 30. Cuctema HesIBHbIX QYHKLNH

BaxHyro poib Urpaer aHalorudHas TeopeMa sl cucmemwt ypasHeHuil. Chopmynupyem
HEKOTOPBI YaCTHBIN cllyyail 10J0OHON TEOPEMBI.

x =x(u,v)
Teopema 30.1. Ilycmo<y = y(u,v) (1),
z=z(u,v)

rae (l)yHKIII/II/I X,),z HCNPEPBIBHBI U UMEKT HEIIPEPLIBHLIC IIPOU3BO/IHLIC B HeKOTOPOﬁ

obaactu D c R* (touku (u,v) € D). Iyers maTpuna Sko6u J MMeeT B 3Toii 061acTH paHT

x &y & x Y
2. j=|0u Qu Ou| Torpa, ecim, HANpUMep, MHHOP Ou Oul,(, 1o B obaactu D
ox Oy oz ox Oy
v v v o v
cucremy (1) MmoxkHO npeodpa3oBaTh K yPABHEHHUIO
z=2z(x,y) (2),

npuyeM zecTb HenpepbiBHO Jauddepenuupyemass ¢GyHknuss 0T X,y H

Q Oz| Jlox Oy 0z x| [lox Oy
@:_&z ou ou Ou @:_&z ou ou Ou A3)
ox (O Oz [ |ox Q" gy |0z Ox| [ |Ox Oy '
ov ov ov ov ov oOv ov oOv

Teopema oana BE3 JIOKA3ATEJIbBCTBA, ooOnako nudice, 6 3ameuyanuu, npueeoeHa eé
2eoMempuyecKas ULIoCmpayusl.

3ameuanue. Ypasnenus (1) npeocmasnsiom cobou maxk Hazvleaemoe NapamempuiecKoe
3a0anue nosepxHocmu. Ypaeueunue (2) — 3mo 3adanue mou dxce camoi NOGEPXHOCMU AGHbIM

x(u,v)
ypasnenuem. Yacmo obosnauarom r(u,v) =| y(u,v) |.

z(u,v)

Ecimu 3adukcuposare v,, T0 7(u,v,) - KOOpAWHATHBIC JIMHUU (QHAJIIOTUYHO, 7 (u,,V) IpH

(GUKCHPOBaHHOM 4,  TaKXKe IPEICTAaBIAIOT  COOOM

KOOPAMHATHBIE JIMHUN). [pu 3TOM BEKTOPBI

- Ox Oy Oz - ox Oy Oz

' =|—,—,—| ®m F =|—,—,— | - KacarelbHbIC
Ou Ou ou ov Ov oOv

BEKTOPBHl K KOOPIMHATHBIM JHHHAM. Ecnm B34Th TOUKY
MIOBEPXHOCTH, COOTBETCTBYIOIIYIO MapamerpaMm (o Vo) |
paccMOTpeTh KacaTeNbHYI0 IUIOCKOCTh B 3TOM TOYKE, TO
BEKTOpBl 7, W 7, JIeKaT B 2TOM Iiockoctd. Ecim panr




Mamemamuueckuii ananuz
I kypc Il cemecmp
bunem 30. Cucmema nesisnovix @yurxyuii (cmp. 2 uz 4)

ox Oy oz
MaTpHIIBI g?c gﬁ‘; ‘gz paBeH 2, 3TO 03HAYACT, YTO 7, M F, HE MapajueIbHbl K HX BEKTOPHOE
ov oOv Ov

Ipou3BeeHNE OYIET MPeACTaBIsATh CO00 HOPMAaIbHBIM BEKTOP K KacaTeJIbHOM IMIIOCKOCTH.

i ok |y e | & | w
oy QZE E;_E 5‘74_671 ouly
ou Ou Ou| |0y Oz ox 0Oz ox Oy
& o o o Wl o wl o o
ov ov Ov

S
I

k=Ai +Bj+Ck 4),

rae OykBol A, B,C 0003Hau4al0T COOTBETCTBYIOIIUE onpeaenuTend (y B ydaren 3Hak “-*).

A o B
Torna gpopmysnsl (3) MOKHO nepenucarb B BUE % L Z__ 2 (5).

x Coy C

[Ipu 3TOM eciu Mbl XOTUM paccMaTpUBaTh BMECTO (4) HOPMAJIbHBIN BEKTOP €IMHUYHON
JUTHHBI, TO, e (4) Ha ero Mok, T.€. Ha VA + B> + C* , monydaem

A B C
JA&+B +C* A+ B+ C ’\/A2+B2+C2]
IpeoGpasyem Bepaxerue v A° + B* + C* . [lo onpexenennio 510 ectb |7 X7,
e ¢ - yron mexay 7. u 7. Torna 4’ + B> +C? =(#)*(F )’ sin’ ¢ = (7))’ (¥)’ (l—cos P) =
= (@) (E) ~(( )(7)005(15)2 =(7) (@) - (.7 =EG-F’,rne

s =(5) +(3] (5] o= =[5 (2] (5]

Fe(F.i)= 0Ox Ox 6y6y 0z Oz
w7 By oy 6u6v Bu By

(6).

n=(cosa,cos f3,cosy) = (

(7).
30.1. MPUAOXEHHUA AOKA3aHHbIX TEOPEM

3adaua. Jlano ypasHeHue ln(«/x2 +y° ) = arctg 2 . Haiitn ', )"
X
1
Pewenue. llpuBeneM ypaBHEHUE K BUILY Eln(x2 +y) - arctgl =0.
X

2
IIpu x # 0 neBas yacTh — HeNpepbIBHASL (YHKIIMSL. 6_F: r ( 4 / al ) - Xty ;

ox x2+y2 1+);2/)c2 _x2+y2

1 - /i
o__ vy _ /x S xz,a—;to,ecnnyix.

oy xr+yd 1+ /xr xP+y? T oy




Mamemamuueckuii ananuz
I kypc Il cemecmp
bunem 30. Cucmema nesisuovix @yurxyuii (cmp. 3 us 4)

Urak, ecmu x #0 1 y # x, TO paccCMaTpUBaeMO€ ypaBHEHHUE OMPEILISIET ¥ Kak (PyHKIHIO
X+ y _ X+ y (8)
y—x X=Jy

or x,u y' =-—

Jlns moacyera BTOPOM MPOU3BOIHOM:
!

(o _[x+y) A+ =)= (x+y)1-y)
(y) - - 2
x—y (x-»)
x=u+Inv

, coryacHo (8).

., 0z Oz .
3aodaua. Ilycte |y =v—Inu. Halitu — u — B TOuKe, cooTBeTCTBYIOIIECH © =1, v =1.

0 )
z=2u+v * Y

Pewenue. CripaBeyinBsl Bce ycinoBus Teopemsl 30.1, T.K.

ox Oy oz
A A Al 1 -1 2
ou Ou Ou|_ = = 7
% 6_y @ —(1 1 1] (TTpOM3BOIHBIC BEIYUCIICHBI B TOUKE # = 1,V =1 u paHr 3TOoi
ov Ov Ov
Oz -1 2 /0 -1 3 &z 2 1/ =1 1
MaTpHLbI PaBeH 2). — = — ==, == —
ox 1 14/ 11 1 oy 1 /1 1 2
30.2. 3ameHa nepemMeHHbIX
3aodaua. IIlpeoOpa3zoBaTh ypaBHECHUE
oy x+y
o= 9)
ox x-—y

K IMOJIAPHBIM KOOPAWHATaM.

Pewenue. x =rcos¢p, y=rsing, dx=drcosg—rsingdg, dy =drsin¢+rcosgdg , u (9)
drsing +rcosgdg cos¢+sing

MIPUHUMAET BHI: - - umu dr =rd@ .
drcosg—rsingdg cos¢ —sin¢
0z 0z . .
3aodaua. IlpeoOpa3zoBaTh ypaBHECHUE ya— - xa— = (¥ —Xx)z, cunTas HOBOU (pyHKIIHEH
X v
w=Inz—-(x+y) (10),
s 1 1
HOBBIMH HE3aBUCUMBIMU IIEPEMEHHBIMU U =X~ + )°, V=—+— (11).
1( oz oz
Pewenue. Cornacuo (13) dw=—| —dx+—dy |-dx—dy (12).
z\ Ox oy
C nmpyroit CTOpoHBI, dw = a—Wdu + a—de = a—W(2xabc + 2ydy) + ol d—f —d—); =
ou ov ou ovi x* y

:(2xa—w—ia—wldx+(2ya—w—ia—w]dy (13).
y- ov



Mamemamuueckuii ananuz
I kypc Il cemecmp
bunem 30. Cucmema nesisnovix @yurxyuii (cmp. 4 us 4)

N3 (10) u (11) nomyqaem: l%—1:2356—W—L26—W, l%—1:2318—W—L28—W.
z Ox ou x~ 0Ov zO0y ou y- ov
OTtkyna %— zZ + Z(Zxa—w—ia—wj x%—xz+xz 2 ow_ 10w "
Vo T ou x> ov) oy ry y? ov
0z 0z Xz yz |ow
e T CE RN B
0 oy y- x")ov

zx  yz |ow
[TosToMy MCXOIHOE YPaBHEHUE MOYKHO 3aMEHUTH YPaBHEHUEM | —-—— |— = 0. Ono
y- x")ov
L ZX Yz ow .
PaBHOCHJILHO COBOKYITHOCTH YpaBHEHUH —-—-—=0 n ol 0, 9TO M TaeT NCKOMBIN
vy ox A

pe3yJibTar.



Mamemamuueckuii ananuz
I xypc I cemecmp
bunem 31. Yenoenuuit sxcmpemym (cmp. 1 uz 7)

buaet 31. YCAOBHbIN 3KCTPEMYM

31.1. OnpepeAeHUe YCAOBHOIO 3KCTpeMyMa

[Tycte nana Qyskuma f (x],...,xn+m) U NPEANOJIOKUM, YTO IEPEMEHHBIE X,...,X, .,

YAOBJICTBOPAIOT YPABHCHHUAM CBA3U

d)l.(xl,...,xn,x X ):0, i=1,....m (1).

n+12°° 2V n+m

0
n+m

Onpedenenue 31.1. B touke (x,o yeerX ), yaoBieTBopsAoomel ypaBHeHUsIM (1) GyHKuus

f (x] U ) UMEeT  YCJIOBHBIH  MHUHUMYM  (MakCUMyM),  €CIM  HEPaBEHCTBO
Flxenx,, )< f(x,o, . ,xn+,2) (flxnnnx,, )> f(x,o,. X, )) BBIIIOJIHACTCS. B HEKOTOPOMH
OKPECTHOCTH TOYKH M| JUIs BCEX TOYEK (x] U ) , yaosneTBopsoomux (1).

Jlnst yrmpoieHusi BBIKJIAZAOK PacCMOTpUM cirydail gyHKouu f (x, y,z,t) U 2-X ypaBHEHUH
cBa3u F (x, Vv, z,z‘)zO, G(x, Vv, z,z‘)zO. [Ipeamnonoxum, uto f,F,G 001amar0T HEMPEPHIBHBIMU
oF oOF OoOF OoF
& oy oz o
oG oG 0G 0G
& oy oz o

YaCTHBIMU IPOU3BOJHBIMHU, IIPUYEM DPAHT MATPHULIBI paBen 2. [ns

oF OF
OIPEIETIEHHOCTH, IYCTh gé aaé #0. Torma mo TeopeMe O CHCTEME HESBHBIX YpaBHEHHIA
oz Ot

z=z(x, y), tzt(x, y), rae z, t — HemnpepbiBHbIE TuddepeHurpyemMble QyHKIUU U YCIOBHbIN
KCTPEMYM byHKINH f (x, V,Z, t) COBIAJACT c KCTPEMYMOM byHKIIIHN

f (x, V, z(x, y), t(x, y)) = ¢(x, y). Crano ObITh, JOJDKHBI BBITIOTHITHCS YCIOBUS Z—¢ =0, Z—¢ =0,
X Y
T.C. d¢(x, y) =0 (2).
WupIMu cioBaMu, l 6f 62 6f 6t =0, % + %% + %g =0. g HAXO0XKICHUSA % ,
ox Oz 6x ot ox oy 0z0oy Ot oy ox
ot 0z
BOCIIOJIB3YEeMCSl YPABHEHHUSIMU CBSI3U
o’ 8y 6y
a—Fd oF —dy a—Fd + oF dt=0
ox oy 0z ot 3)
a—Gd aGd a—Gdz+a—Gdt—0
ox oy 0z ot

W3 3T0it cuCTEMBI MOXKHO JIMHEllHO BBIPA3UTh dz W dt depe3 dx W dy, 9TO M JaeT HCKOMOE
0z Ot 0z Ot

BBIPAXKCHUC I —, —

ox’ Ox 5 5



Mamemamuueckuii ananuz
I xypc I cemecmp
bunem 31. Yenoenuuit sxcmpemym (cmp. 2 uz 7)

Ectb, o1HaKo, crienManbHbIA MPUEM, HA3bIBAEMbIA METOJOM HEONPENCICHHBIX MHOKHUTENEH
Jlarpanxxa, KOTOpbIN MO3BOJSIET 00OWTHCH O€3 pemieHust 3Toil cucteMbl. [lo MHBapUAHTHOCTH

dopmbl uddepeHnmrana, ycioBue d¢(x, y)=0 PaBHOCHIJIBHO YCJIOBHIO df (x, y,z,t)zO, T.C.

%dx+%dy+%dz+%dt:0 4).
ox oy 0z

YMHO)HUM ypaBHEeHUs (3) Ha A M 1 COOTBETCTBEHHO H CIIOXUM C (4):

(;% @&, & ]dx 7, 5_F+§ay(@ 6_F+,ﬁ]dz (@ x, ﬁ}zf 0 ()
& o ox oy & & & a a o '

Beibepem A u u Ttak, 9T00bI K0O3PPUIMEHTHI IPU dz U df OmMHOBpEeMEeHHO oOpamaiuch B 0.
DTO0 MOKHO CJIeNaTh IIOTOMY, YTO ONPEACIUTENh CHCTEMBI

JOF L 86
Oz Oz Oz
JOF L 86O
ot ot ot

(6)

He paseH 0.
Torma (5) mpumer BuUn [g+ﬂ,a—F+ ua—G]dx+ @+16—F+ oG dy=0, rne dx,dy —
ox ox X oy oy 8y
maddepeHnnansl Hezasucumpix iepeMeHHbIX. [losTomy 1
6f 6F 528 oG 0
6x 6x ox 7
6f 6F e oG 0

6y 6y oy

Takum o00pazoMm, HEOOXOAUMBIE YCIOBUS OKCTPEMyMa BCIIOMOraTelbHOM (QYyHKIUU
q)(x, V, z,t)z f(x,y,z, t)+ lF(x, V, z,t)+ uG(x, V, z,t) coBmanaroT ¢ ypaBHeHusmu (6) u (7) u,
TEM CaMbIM, C HEOOXOIMMBIMH YCIOBHSIMH YCIOBHOTO SKCTPEMyMa.

JloctatouHble yCI0BHS MOTy4aloTCs MPU UCclieoBaHuu 2-10 tuddepeHnuana.
IIpumep 1. Haiiti 5kcTpeMyM QYHKIUM z =X + ) [PH YCIOBUM X +p° =1.
JanuMm 2 perieHus 3Tou 3aJa4u.

Pewienue 1 OCHOBaHO Ha TOM, YTO YPAaBHEHHME CBSI3U MOXKHO

x: z=x++1-x", z,=x-+1-x". Tlepas wu3 HUX uMeeT
2
N /

MaKCUMyM B TOYKE X = 7 , BTOpasd — MUHUMYM B TOYKEC X = ———.

pPECIINTE: ) = iyl—xz " IIOJYYHUTH, COOTBETCTBCHHO, 2 (byHKHI/II/I oT O
1




Mamemamuueckuii ananuz
I xypc I cemecmp
bunem 31. Yenoenuwuit sxcmpemym (cmp. 3 uz 7)

Pewenue 2. Ctpoum O(x, y)=x+y+ ﬂ,(x2 +y° - 1).

oD 1
_— = X=——
~ 1+2Ax=0 21
() 1 2
a—:1+22,y:0:> y:——,l:ii.
oy 22 2
x2+y2:1 i:l;/lzzl
42
IT I/IA—Q H0JTy4aeM x——i——ﬁ ——Q IT Hl———z x—ﬁ _V2
p > y4 NG > >V > p > > >V 5
BHIICHAM, 4YTO IIPOMCXOAMT B 3THX Toukax. C 9Toil uensio Haiizem d’d .
O'D OO0 0D
— =21, =0,—=24. W3 yemoBus x’+)y°=1 cuemyer 2xdx+2ydy=0,
ox Ox0y oy
2 N2 2
xdx+ydy=0 u B TOUKe (%,g] —g(dx+dy)=0, T.e. dy=—-dx. B Touke

(—Q,—Q] : %(dx+ dy): 0, T.e. cHOBa dy = —dXx .

2 2

[Mostomy d*® =2Adx* +2Adx* = 4)dx*, u B Touke (%,g] nonyuaeres: —2+/2dx> <0,

T.€. MAKCUMYM, a B TOUKE (—%,—%} — MOJTy4YaeTCst 272dx* > 0, T.6. MUHUMYM.

Bompoc o ToM, HET 1M cpeau ypaBHEHUN CBSI3U JIMLIIHUX, PEHIAETCS C MOMOIIBIO IPUEMA,
ONMCAHHOTO B KOHIIE OuseTa (He3aBUCUMOCTh (DYHKIIHIT)

31.2. AocraTouyHble YCAOBUSA CyLLLECTBOBaHUA 3KCTPEeMyMa (YCAOBHOIO).
JUis IpOCTOTHI MBJIOKEHUSI OrpaHudYuMcs QyHKUuuen f = f (x],xz) OT JIByX IIEPEMEHHBIX,

MOJTYMHEHHBIX  YCIOBHIO g(x,,xz). [Ipennonaraem, uro (QyHKUUH /g oOnanaror

HENpPEepPhIBHBIMU MPOU3BOJIHBIMU JI0 BTOPOTO MOPSAIKA BKIIOYUTENBHO U 0003HaYaeM, HalpuMmep,

0 of . o’ N
g, z—g; i:l’ i=1, 2; fl.j = / U T.I. Jlis HaXoXIEHUS TOYKH, B KOTOPOW BO3MOKEH
ox;, ox; Ox,0x ;

YCJIOBHBINM 3KCTPEMYM, UCIIOIB3YEM METOJ MHOXKUTENEHN Jlarpanka, OnMCaHHbIA HUXKE.



Mamemamuueckuii ananuz
I xypc I cemecmp
bunem 31. Yenoenuuit sxcmpemym (cmp. 4 uz 7)

Crpoum ¢ynkiuto Jlarpamxka
L(XUXZ): f(xlaxz)"' ﬂ’g(xlﬂx2)'

(oT™METHM, YTO WHOTAA MUIIYT f (xl,xz)—),g(xl,xz). Hukakoil pasHuLbl 3TO HE AACT, T.K.
ypaBHEHUE g(xl,xz)z 0 paBHOCHJIBHO YPaBHEHUIO — g(xl ' ) =0).

Touku, B KOTOPBIX MOXET OBITh YCIOBHBIN SKCTPEMYM, YIOBIETBOPSIOT CUCTEME

oL
—=f,+1g, =0,
ox,

oL
6_:f2+lg2 =0,

X

—o
st Toro, 4TOOBl BBISICHUTH, €CTh JIU IKCTPEMYM B HAWJIEHHOW TOYKe X (MJIM OJHOU W3
HaWJIEHHBIX TOYEK, €CJIM CHCTeMa MMEET HE OJHO PEIICHHE), CIEAyeT HMCIOJIb30BaTh BTOPOI
muddepeHnran, Kak U B ciiydyae 00bIYHOrO 3kcTpemyma. OJHAKo B paccCMarpuBaeMOM Cllydae

g(xl,xz)z 0, orkyma muddepenuupys, HaxomquMm g dx, +g,dx, =0, wim, Hanpumep,

dx, = —&dxl .
&>

Kpome toro, mpu ycnosuu g(xl,xz):O paccMaTrpuBaemas (PyHKIUS L(xl,xz) IIPOCTO

coBmazaer ¢ f (xl,xz) u mosromy L =f,, L,=f,, rAc NPOM3BOAHBIC BBIYHCICHBI B

—o

HCCIENYEMOM TOUKE X .
2
Urak, d’ f =d’L = f,dx +2f dxdx, + fd =| £, +2f, | =S |+ £, -| B4 | |ax? =
8> &
2

dx
=(f.8 -2/,8.8 +f22g12)g—2'
2

3uak d’f (IpH YCIOBUHM 4TO TIEPEMEHHBIE X,,X, CBA3aHBI ypPaBHEHUEM g(xl, x2)= 0, oTkyna

dx, =— & dx,) coBIIaIaeT cO 3HAKOM BEIMUYMHbI
&>

118 —2/1:8.8, + fng! (8)

Jnst  ynoOcTBa  3amOMUHAHUS  PAaCCMOTPUM  ONPEICIHUTENb, (MHOTA  Ha3bIBAEMBIi
OKQUMJICHHbBLIL 26CCUAH):

0 g & |0 g g
g L, Ly=|g fh [fol=
g L, Lyl |g& fo [/

(HamoMHHM, 9TO B HCcreayemoit Touke d’ f =d’L, mostomy L, = f,)



Mamemamuueckuii ananuz
I xypc I cemecmp
bunem 31. Yenoenulit sxcmpemym (cmp. 5 uz 7)

(paznoxeHue 1o nepBoii CTPoKe)

g N g N
=—g|”" Plrg|” N=—glfut fh88 88 S -GS =

] &> f22 P flz )
:_(g12f22 -2/,8.8, +g22f11)

CpaBuuBas (8) u (9) Buaum, 4TO B paccMaTprMBaeMou 3ajade 3HaK BTOporo auddepeHiumana
MIPOTUBOTIOJIOKEH 3HAKY OKaMMJIEHHOTO reCCHaHa.

0 g g
—o
Mostomy ecnu |g, L, L,|>0, 10 d’f<0 u B TouKke X €CTh yCIOBHBIA MAaKCHMYM,
g L, Ly

0 g g
—o
ecnu |g, L, L,|<0,710 d’f>0 u B TOuKe X €CThb YCIOBHBI MUHMMYM. BHOBbL 06paTum

g L, Ly
BHHMAHHE HA TO, YTO €CJIN ypaBHeHI/Ie CBA3U g(xl,xz)z O MOXHO peIHI/ITI), BBIpaSHB, HaHpI/IMep
X, =x,(x,), T0 BOIPOC 06 YCIOBHOM JKCTPEMyME CBENETCS K HMCCIIEIOBAHHIO HA DKCTPEMYM

OOBIYHBIX (DYHKIMH OT OJJHON MEPEMEHHOI.
Hanee: HA 9K3AMEHE HEOBA3ATEJ/IBHO!
31.3. MoHATHE He3aBUCUMOCTU OYHKLIUM
PaccmoTpum cuctemy QpyHKumit

yi=f(x,%,....x,),
v, = fo(x,%,,..,x,), 10)

OTIPEICTICHHBIX U HEIIPEPHIBHBIX, BMECTE CO CBOMMH YaCTHBIMU MTPOU3BOAHBIMU, B HEKOTOPOI
1 -MEpPHOU OTKPBITOM obmactu D.

PaccmorpuM cimywad, Korma 3Ha4€HME OJHOW W3 HHUX, HanpuMmep ), OIJHO3HAYHO
OTIPEAETSAETCS COBOKYIIHOCTBIO T€X 3HAYEHHH, KOTOPbIE IPUHUMAIOT OCTaJIbHbIE (DYHKIIUU

(y]""’yj—]’yj+l’""ym)'

Tounee romops, eciu So €CTh MHOKECTBO TaKHX (m—l)-MepHHx TOYCK, OTBCUAIOIINX
BCEBO3MOKHEIM TOYKaM (x],...,xn) B D, To mpenmonaraercs 4To B So OyIeT MUMETh MECTO

(byHKIIMOHATIBHAS 3aBUCHMOCTh
yj:qo(yl’""yj—]’yj+l""’ym)’ (1)

IIPUYEM ATO PABEHCTBO OKAa3bIBAETCS TOXKJAECTBOM OTHOCHUTENBbHO X B D, eciu BMecTo Bcex
v, noxacrasuth ¢yHkuuu (10). Torma roopst, uro B obmactu D ¢yHKIMSA ), 3aBUCUT OT
OCTaJIbHBIX. Brpouem, A TOro, 4roObl UMETh BO3MOXHOCTh IPUMEHATH AU(QepeHuanbHoe



Mamemamuueckuii ananuz
I xypc I cemecmp
bunem 31. Yenoenulit sxcmpemym (cmp. 6 uz 7)

UCUHCIICHHE, Mbl BKIIIOYMM B OIpejaeieHue emie TpeOoBaHHe, 4YTOObl (QyHKUusS ¢ Oblia
ompesielieHa U HENmpepbIBHA CO CBOMMHU YaCTHBIMU TPOW3BOJHBIMH B HEKOTOPOM OTKPBITOM
ob6nactu I (m—l)-MepHoro IIPOCTPAHCTBA, COAEPIKAIIEiT MHOKECTBO 3.

Ecny, B yactHocTH, onHa 3 ¢pyrkuwuii (10), y;, CBOIUTCS K MOCTOSHHOM, TO OHA SIBHO Oyxet

3aBUCETHh OT OCTAJIbHBIX: 3[I6Cb MOKHO IIPOCTO MOJIOKHTh @ =const. OyHKIUMHA Y, V,,..., Y,

Ha3bIBAIOTCSl BOOOIIE 3aBUCUMbIMH B obnactu D, ecnu ofHa U3 HUX (BCe paBHO Kakas) 3aBUCHUT
OT OCTaJIbHBIX.

Ipumeppoi.
1) Ecnu npennonoxuTh

VI =X+X+. X,
2 2 2
Yy =X X+t X,
V3 = XX X+ XX+ + X, X

no

TO HETPYIHO TIPOBEPUTH, YTO BO BCEM 71-MEPHOM NIPOCTPAHCTBE OYAET BBHITTOJIHATHCS
TOKIECTBO Y, = y; — 2.

2) AHanoru4so aus GyHKUun

N =XX —X

Yo =X X3 =X,

2

y, = (x]3 +1)(x22 +x32)—(x]2 —1)x2x3 - X, (x32 —x3)

HMMEEM TOXKJIECTBEHHO (B TPEXMEPHOM MPOCTPAHCTBE)
.3 2

YVi=V =WVt )5
Bce 310 — 3aBUCHMBIE (DYyHKIIMH.

Ecou vu B obOmactu D, HM B KakoW-1MOO 4YaCTUYHOW, B HEW cojaepxkaiieicsi, obaacTu He
AMEET MECTO TOXJIECTBO BHA F(x, Viseeos yn), TO QYHKIMHA V), ),,...,), Ha3bIBAIOT

HE3aBUCHUMBIMU B o0yacTu D.

OTBeT Ha BOIIPOC O HE3aBUCUMOCTH (PYHKIMI Aae€T PAaCCMOTPEHHE TaK Ha3bIBAEMOU MaTpPHIIbI
SkoOM, cocCTaBlEHHOW M3 YaCTHBIX MPOM3BOJIHBIX 3TUX (YHKIHMI IO BCEM HE3aBUCHMBIM
IIEPEMEHHBIM:



Mamemamuueckuii ananuz
I xypc I cemecmp
bunem 31. Yenoenuwlit sxcmpemym (cmp. 7 uz 7)

R 1
ox, Ox, ox,
ox, Ox, ox, (12)
ox, ox,  Ox,

[pennonarast n > m, UMEEM TaKyrO TEOPEMY:

Teopema 31.1. Ecan X0Th OAMH ompeneauTe]b /71 -0r0 NOPSAAKA, COCTABJCHHBIN M3
3j1eMeHTOB MaTpuubl (12), oriimyeH or HyJas B ob0iaactu D, To B 3T0H 00sacTH (PyHKUIMH
VisVys-eerV,, HE3AaBHCHMBI.

I T )
ox, 0Ox, ox,,

#0 (13)
W D W
ox,  ox, gm

Ecnu Obl He paBHBIM HYIIO ObLI HE ATOT, a KaKOH-HUOY/b JPYroi onpenenuTesb, To, U3MEHUB
HYMEPaIHIO IEPEMEHHBIX, MOKHO OBLIIO OBl CBECTH BOIIPOC K ciay4ato (13).

» Jloka3aTesbCcTBO TeOpeMBbl OyieM BECTH OT NpoTUBHOTO. [Ipeanonokum, 4to ogHa U3
(GYHKUMHI, HaIpUMeEp Y, , BBIPAXKAETCS Yepe3 OCTallbHbIE, TAK YTO

Y =00 Vase oo V) (14)
XOTs1 ObI B HEKOTOpOit uactu Dy obmactu D.

[IpomuddepeHunpoBaB 3TO TOXKIECTBO MO KaKIOM W3 MEPEMEHHBIX xl.(izl,...,m), MBI
MOJIy4uM psizt ToxaecTB (B Do) Buna

Dy 6ym%+6ym%+m+_ﬁym Dt rne i=1,2,...,m.

ox 0Oy Ox, 0y, O, Wyt OX;
Msb1 BUAMM, YTO 3JEMEHTHI TOCHenHEW CTpoku ompenenutens (13) momydaroTcs myTeMm
CJIOKECHHUSI COOTBETCTBEHHBIX 3JICMEHTOB TIEPBBIX m —1 CTPOK, YMHOKCHHBIX ITPEIBAPUTEIHLHO HA

19 19
MHOXXHUTEIHN ﬁ, ...,i

W, W
MPOTHBOPEUYHUT YCJIOBHIO TeopeMbl. llomydeHHOE MpOTHBOpEUYHE IOKA3bIBAET HEBO3MOXXHOCTH

paBeHcTBa (14). <

Takoit ompenenutenb, Kak HW3BECTHO, paBeH HYIO. ITO



ITycts y,

I xkypc Il cemecmp
IIpunoocenue 1. Mampuya HAxobu u eé ceoticmea (cmp. 1 usz 2)

Mamemamuueckuii anaius

MpuaoxeHne 1. Matpuua AAkobu u ee ceolicTBa.

= f; (x] seees Xy )""’ym

otobpaxenue u3z R" B R".

MIPOU3BOAHBIC IIO BCEM ICPEMCHHBIM X, ,..

Torga maTpuna

=f (x;50x,) - dyHKUMH,
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,JIOOTOMY UMECT MCCTO PaBCHCTBO:



Mamemamuueckuii ananus
I xkypc Il cemecmp
IIpunoocenue 1. Mampuya HAxobu u eé ceoticmea (cmp. 2 usz 2)

B cnyuae, xorna m=n, onpenenutens MaTpunbl SAkobu
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ITo JOKa3aHHOMY, B ciayuae KOMIO3UIIUU oTOOpakxeHuu
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Ecin oTobpaxkenue y=f(x) umeer obparnoe oroGpaxennue, T.e. x=¢(y), To
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Orta ¢dopmyna o606111aeT NpaBUJIO IS TPOU3BOAHOW o0OpaTHOW (QYHKIHH
dx 1

dy d/

OTMeTHM BakxHOE npaBUuJO AJd BBIYUCICHUA sxkoOnaHa B cily4dac, Koraga

eciiu —¢0

Y = (x],xz,x3)
¥, :yz(x],xz,x3)
X, =X, (t],tz)
X, =X, (t],tz)
X, :x3(t],t2)

D(y]’yZ): D(y]’yZ)_D(xl’x2)+D(y]’yZ)_D(XZ’x3)+D(y]’yZ)_D(XS’XI)

D(tl’tZ) D(XI’XZ) D(tl’tZ) D(xz’xs) D(tl’tZ) D(x3’xl) D(tl’tZ)

Jloka3aTtenbCcTBO 3TOT0 IMpaBHUJa OCHOBBIBAETCA Ha MNPUMEHEHUHM IMpaBuUiIa
nudpepeHIUPOBAHUS CIOXHON (QYHKIMM H TOCIEAYIOUUX alredOpandyeckux
npeobpaszoBaHuii. BBUJy rpOMO3JKOCTH MBI €r0 OMYCKAEM.




